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Logarithmic Jacobian ideals, quasi-ordinary hypersurfaces
and equisingularity

Pedro Daniel González Pérez

Dedicated to the memory of Arkadiusz Płoski

Abstract. Let (S, 0) ⊂ (Cd+1, 0) be an irreducible germ of hypersurface. The germ
(S, 0) is quasi-ordinary if (S, 0) has a finite projection to (Cd, 0) which is unramified outside
the coordinate hyperplanes. This implies that the normalization of S is a toric singularity.
One also has a monomial variety associated to S, which is a toric singularity with the
same normalization, and with possibly higher embedding dimension. Since (S, 0) is quasi-
ordinary, the extension of the Jacobian ideal of S to the local ring of its normalization is
a monomial ideal. We describe this monomial ideal by comparing it with the logarithmic
Jacobian ideals of S and of its associated monomial variety and we give some applications.

Introduction. An equidimensional germ (S, 0) of complex analytic va-
riety of dimension d is quasi-ordinary if there exists a quasi-ordinary projec-
tion, that is, a finite map π : (S, 0) → (Cd, 0), which is unramified outside a
normal crossing divisor in (Cd, 0). This class of singularities plays an impor-
tant role in the classical approach to study singularities by Jung’s method
(see [44, 1]).

In this paper we suppose that (S, 0) is an analytically irreducible hyper-
surface germ of dimension d ≥ 1. The quasi-ordinary hypersurface (S, 0) may
be defined by a quasi-ordinary polynomial f ∈ C{x1, . . . , xd}[y], that is, a
Weierstrass polynomial whose discriminant ∆yf is of the form a monomial
times a unit in the ring C{x1, . . . , xd}. The germ S has certain fractional
power series parametrizations y = ζ(x

1/n
1 , . . . , x

1/n
n ) for n = degy f , which

generalize the Newton–Puiseux series of plane curve singularities. These frac-
tional power series have a finite set of characteristic or distinguished mono-
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mials, which generalize the characteristic exponents in the case of plane
branches. Joseph Lipman [44] and Yih-Nan Gau [18] proved that these mono-
mials classify the embedded topological type of (S, 0) ⊂ (Cd+1, 0).

As in the case of plane branches, one has a notion of semigroup Γ asso-
ciated to the quasi-ordinary singularity (S, 0). The semigroup Γ determines
and is determined by the characteristic monomials, and it is independent of
the choice of parametrization of (S, 0) (see [57, 22, 39]). The semigroup Γ
defines an affine toric variety ZΓ , which is a complete intersection of dimen-
sion d, called the monomial variety associated with S.

Quasi-ordinary hypersurface singularities are well adapted to toric ge-
ometry methods: for instance the normalization (Z, 0) → (S, 0) is a toric
singularity determined by the characteristic monomials (see [21, 57]). The
composition (Z, 0) → (Cd, 0) of the normalization with the quasi-ordinary
projection is also a quasi-ordinary projection. Recall that the singular locus
of S is defined by the Jacobian ideal Jac(S) of S. It follows that the pull-
back of the singular locus of S by the normalization map is contained in
the complement of the torus of Z. This implies that the ideal Jac(S)OZ is a
monomial ideal with respect to the toric structure of the ring OZ . The main
goal of this paper is to provide a description of the ideal Jac(S)OZ .

This goal is related to the study of the normalized Nash modification. Re-
call that the Nash modification of an algebraic (or complex analytic) variety
is a canonical morphism which replaces each singular point by the limiting
positions of tangent spaces at non-singular points. Since S is a complete in-
tersection, the Nash modification of S is isomorphic to the blow up of the
Jacobian ideal in OS (see [45] and also [48] for a similar result in the case
of Gorenstein singularities). Then, the normalized Nash modification of S,
which is the Nash modification followed by the normalization, is isomorphic
to the composition of the normalization map of S with the normalized blow
up of Jac(S)OZ . This follows from the properties of normalized blow ups of
ideals (see [43, Propositions 3.2 and 3.3]).

The Nash modification of an affine toric variety defined over an alge-
braically closed field of characteristic zero is isomorphic to the blow up of a
monomial ideal, called the logarithmic Jacobian ideal (see [26, 42, 25]). We
define the logarithmic Jacobian ideal Jlog(V ) of a d-dimensional variety V
with toric normalization V as the image of the module of differentials Ωd

V
by the composite

Ωd
V → Ωd

V
→ Ωd

V
(logD) → OV ,

where Ωd
V
(logD) is the module of d-forms with logarithmic poles on the

complement D of the torus of V , the first map is induced by normalization,
the second map is the canonical one from the toric structure of V , and the
third map is an isomorphism.
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We describe the Jacobian ideal of an affine toric variety in Proposition 1.6.
By Remark 4.9 this result implies, in the case V is the affine toric variety ZΓ
associated to the semigroup Γ of a quasi-ordinary hypersurface singularity
(S, 0), that

(1) Xγ0 Jlog(Z
Γ ) = Jac(ZΓ ),

where γ0 is the minimal Frobenius vector of the semigroup Γ (see Proposi-
tion 2.10).

It is natural to ask if (1) can be extended to the quasi-ordinary hy-
persurface germ (S, 0). The ideal Jlog(S) and the Frobenius vector γ0 are
determined by the characteristic monomials, hence by the embedded topo-
logical type of (S, 0) ⊂ (Cd+1, 0). The ideal Jlog(S) was described by Helena
Cobo and the author [8]. Our main results are Theorem 4.13, which shows
the inclusion

(2) Xγ0 Jlog(S)OZ ⊆ Jac(S)OZ ,

and Corollary 4.15, which states that equality holds in (2) in the two-
dimensional case.

We will apply a particular re-embedding of the germ S in an affine space
of dimension d+g, where g is the number of characteristic monomials. Using
this embedding we can build a deformation with fibers Sp, for p ∈ ZΓ , such
that if p belongs to the torus then Sp is isomorphic to the germ S, while if
p is equal to the origin 0 then the special fiber S0 is isomorphic to ZΓ . In
both cases the fibers have the same normalization Sp = Z. There is a toric
modification of Cd+g which provides an embedded resolution of Sp, for p in
the torus or p = 0 (see [21]). In the case of plane branches this result was
proved by Rebeca Goldin and Bernard Teissier [19].

In order to describe the Jacobian ideal Jac(Sp), we introduce a matrix
R(p) in terms of the Jacobian matrix of the functions defining the fibers
of this deformation. The matrix R(p) specializes when p = 0 to a matrix
with integer coefficients encoding the relations between the generators of the
semigroup Γ .

As an application, we give a method to compute the number νJac(S)(ϕ)
associated to a function ϕ ∈ OS , when the dimension of S is 2. The number
νJac(S)(ϕ) is studied by Monique Lejeune-Jalabert and Bernard Teissier [43]
in a more general setting. The number νJac(S)(ϕ) can be expressed in terms
of ϕ and the divisorial valuations associated with the irreducible components
of the pull-back of the Jacobian ideal of S in the normalized Nash modifi-
cation (see [43]). By [43, Section 6], the number (νJac(S)(ϕ))

−1 may be seen
as a Łojasiewicz exponent associated to the ideal Jac(S) and the function ϕ
in a compact neighborhood of 0 ∈ S. The study of Łojasiewicz exponents
has been one of the research interests of Arkadiusz Płoski, and he has pub-
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lished many articles on this topic, either alone or with collaborators (see for
instance [49, 50, 51, 52, 53, 54, 55, 34, 40, 10]).

The results and proofs of this paper hold in the category of complex
analytic spaces, and also in the algebroid category over an algebraically
closed field of zero characteristic.

The structure of the paper is as follows. In Section 1 we introduce the
basic notions of toric geometry, we review the construction of the Nash modi-
fication of an affine toric variety and we give a combinatorial description of its
Jacobian ideal. In Section 2 we review the basic properties of quasi-ordinary
hypersurface singularities and their associated semigroups. In Section 3 we
recall the construction of the logarithmic Jacobian ideals of a toric and of a
quasi-ordinary hypersurface. In Section 4 we describe the deformation of S
which specializes to the monomial variety ZΓ and then we prove the main
results about the relations between the Jacobian ideal and the logarithmic
Jacobian ideals. Finally, in Section 5 we give an application to the compu-
tation of the number νJac(S)(ϕ) associated to a function ϕ ∈ OS .

Notation

• The result of erasing the term rj in the sequence r1, . . . , rs is denoted
by r1, . . . , r̂j , . . . , rs.

• Let A = (aij)
i=1,...,k
j=1,...,l be a matrix with k rows and l columns, and with

coefficients in a ring. If 1 ≤ i1 < · · · < is ≤ k (resp. if 1 ≤ j1 < · · · < jr ≤ l)
we denote by Ai1,...,is (resp. by Aj1,...,jr) the submatrix

Ai1,...,is := (aij)
i∈{1,...,̂i1,...,̂is,...,k}
j∈{1,...,l} (resp. Aj1,...,jr := (aij)

i∈{1,...,k}
j∈{1,...,ĵ1,...,ĵr,...,l}

).

• If A is a square matrix we denote by |A| its determinant. If A is a
matrix we denote its rank by rkA.

• If γ, γ′ ∈ Rd we set

(3) γ ≺ γ′ iff γ′ − γ ∈ Rd≥0 and γ ̸= γ′.

We write γ ⪯ γ′ iff γ′ − γ ∈ Rd≥0.

1. Nash modification of an affine toric variety

1.1. Equivariant embedding of an affine toric variety. We first
give some basic definitions and notations (see [12, 61, 9]).

If N ∼= Zd is a lattice we denote by M its dual lattice, and by NR
(resp. NQ) the vector space spanned by N over the field R (resp. Q). We use
similar notations for a lattice homomorphism ϕ and the associated vector
space homomorphism ϕQ (or ϕR). We denote by

⟨ , ⟩ : N ×M → Z, (u, v) 7→ ⟨u, v⟩,
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the dual pairing between the latticesN andM . In what follows, a cone means
a rational convex polyhedral cone: the set of nonnegative linear combinations
of vectors v1, . . . , vr ∈ N . The cone σ is strictly convex if it contains no lines.
The dual cone σ∨ of σ is the set {w ∈MR | ⟨w, u⟩ ≥ 0}. We denote by int(σ)
the relative interior of the cone σ.

Let Λ be a subsemigroup of finite type of the lattice M . We will assume
that Λ generates M as a group, that is, M = ZΛ. The C-algebra of the semi-
group, C[Λ] := {

∑
finite aλX

λ | aλ ∈ C}, is of finite type and corresponds
to the affine toric variety ZΛ = SpecC[Λ]. The torus ZM is an open dense
subset of ZΛ, which acts on ZΛ in a way which extends the group multipli-
cation on the torus. A closed point p ∈ ZΛ determines and is determined
by the semigroup homomorphism gp : Λ → (C, ·) such that gp(m) = Xm(p)
for m ∈ Λ, where (C, ·) represents the semigroup defined by C with mul-
tiplication. For instance, the unit point 1 of the torus ZM corresponds to
the constant homomorphism g1 defined by g1(m) = 1 for all m ∈ M . We
have a bijection τ 7→ orbτ between the faces of σ and the orbits of the torus
action which reverses the inclusion of the closures. Any affine toric variety
is defined by a subsemigroup of this form.

The cone σ∨ := R≥0Λ ⊂ MR is rational for the lattice M , hence the
semigroup σ∨∩M is of finite type. The map of C-algebras C[Λ] → C[σ∨∩M ]
induced by Λ ↪→ σ∨∩M corresponds geometrically to the normalization map
Zσ

∨∩M → ZΛ.
From now on we assume that the cone σ∨ = R≥0Λ is strictly convex of

dimension d. The zero-dimensional orbit of the torus action is then reduced
to the origin of ZΛ, which is the point 0 ∈ ZΛ defined by the maximal ideal
mΛ := (Λ \ {0})C[Λ]. The origin 0 of ZΛ corresponds to the homomorphism
of semigroups g0 : Λ → (C∗, 0) such that g0(m) = 0 for all m ∈ Λ \ {0} and
g0(0) = 1.

We denote by C{Λ} the local ring of germs of holomorphic functions of
ZΛ at the origin. Its completion with respect to its maximal ideal is the ring
C[[Λ]] = {

∑
aλX

λ | aλ ∈ C} of formal power series with exponents in the
semigroup Λ (see [21]).

Let α1, . . . , αm ∈ Λ\{0} be a set of generators of Λ. Denote by e1, . . . , em
the canonical basis of Zm. We have an exact sequence of lattice homomor-
phisms

(4) 0 → L → Zm ψ−→M → 0,

where ψ(ej) = αj for j = 1, . . . ,m, and L is the kernel of ψ. The surjective
homomorphism of semigroups

(5) Zm≥0 → Λ, ej 7→ αj , j = 1, . . . ,m,
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corresponds to an equivariant embedding ZΛ ↪→ Cm given by
(6) ψ∗ : C[U1, . . . , Um] → C[Λ], Uj 7→ Xαj for j = 1, . . . ,m.

The support of a vector n =
∑m

j=1 njej ∈ Zm is the set supp(n) = {j ∈
{1, . . . , n} | nj ̸= 0}. Let n ∈ Zm be a nonzero vector in ker(ψ). The vector n
decomposes in a unique way as n = n+ − n−, where n+, n− ∈ Zm≥0 have
disjoint supports. Notice that the vectors n+ and n− are nonzero, otherwise
we would get a nontrivial linear combination 0 =

∑
j njαj in M , which

contradicts the strict convexity of the cone σ∨. Since n ∈ kerψ, we have the
relation

(7) ψ(n+) =
m∑
i=1

n+i αi =
m∑
i=1

n−i αi = ψ(n−).

There exists a sequence of vectors n1, . . . , np ∈ Zm such that the ideal IΛ of
the embedding ZΛ ↪→ Cm is generated by the binomials hj := Un

+
j − Un

−
j

for j = 1, . . . , p. The vectors n1, . . . , np generate ker(ψ).
We have an exact sequence

(8) Zp ϕ→ Zm ψ→M → 0,

in which ϕ maps the jth canonical vector to the vector nj for j = 1, . . . , p.
Write ni =

∑m
j=1 ℓ

(i)
j ei for i = 1, . . . , p. The matrix of relations associated

with n1, . . . , np is

(9) R :=

 ℓ
(1)
1 · · · ℓ

(1)
m

· · · · · · · · ·
ℓ
(p)
1 · · · ℓ

(p)
m

 .

The matrix R has rank m − d ≤ p. Notice that we can always relabel the
vectors n1, . . . , np in such a way that the submatrix Rm−d+1,...,p of R is of
rank m− d.

Lemma 1.1 (see [25, Proposition 60], [11, Lemma 1.8]). If the matrix
Rm−d+1,...,p is of rank m − d then for any sequence 1 ≤ j1 < · · · < jd ≤ m
we have

αj1 ∧ · · · ∧ αjd = 0 if and only if |Rm−d+1,...,p
j1,...,jd

| = 0.

Proof. We consider the exact sequence induced by (8) over the field Q.
The linear subspace L := Im(ϕQ) is generated by the images of the first
m − d canonical vectors by hypothesis. The matrix of the restriction ϕ′Q of
the linear map ϕQ to the subspace spanned by the first m − d canonical
vectors, with respect to the canonical basis, is equal to the transpose of
Rm−d+1,...,d.

The matrix P of ψQ with respect to the canonical basis of Qm and a fixed
basis of MQ has ith column the coordinates of αi ∈MQ, for i = 1, . . . ,m. By
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dualizing the sequence (8) we notice that the jth row of the matrix P defines
the coordinates of a linear form wj ∈ (Qm)∗, with respect to the dual basis,
in such a way that the vector subspace L is also obtained by the intersection
of the kernels of wj for j = 1, . . . , d.

We have represented the m − d-dimensional subspace L by equations
and by generators. We deduce the assertion as a consequence of the classical
relations of the Grassmann coordinates of a linear subspace and its dual
Grassmann coordinates applied to L (see [37, VII, §3, Theorem 1]).

A vector α0 ∈ M is a Frobenius vector of the semigroup Λ if for every
vector α ∈ int(σ∨) ∩M , the sum α0 + α belongs to Λ (see [5]). This no-
tion generalizes the Frobenius number of a numerical semigroup, in the case
M = Z. For instance, if e1, e2 is the canonical basis of Z2 and then −e1 − e2
is a Frobenius vector of the semigroup Z2

≥0.
We say that Λ is a complete intersection semigroup if the ideal IΛ is

minimally generated by m− d binomials. This means that ZΛ is a complete
intersection. If Λ is a complete intersection semigroup then Λ has a minimal
Frobenius vector α0 (see [5, Th. 3.3]). The minimality means that if α′

0 is a
Frobenius vector then α′

0 ∈ α0 + σ∨.

1.2. Nash modification of a toric singularity. In this section we
review the description of the Nash modification of a complex affine toric
variety ZΛ following [25]. As an application, we obtain a description of the
generators of the Jacobian ideal Jac(ZΛ) in Proposition 1.6.

Notation 1.2. We consider a semigroup Λ as in Section 1.1. We denote
by J (resp. J̃) the matrix with coefficients in C[Λ] defined from the Jacobian
matrix of (h1, . . . , hp) by

J :=

(
ψ∗(

∂hi
∂Uj

)

)i=1,...,p

j=1,...,m

(
resp. J̃ :=

(
ψ∗(Uj ·

∂hi
∂Uj

)

)i=1,...,p

j=1,...,m

)
,

where we recall that ψ∗ is defined by (6).

Proposition 1.3 (see [26, 25, 42]). The Nash modification of ZΛ is the
blow up of the ideal Jlog(Z

Λ) of C[Λ] generated by the images of the products
Uj1 · · ·Ujd such that αj1 ∧ · · · ∧ αjd ̸= 0, i.e., by the monomial ideal

(10)
Jlog(Z

Λ) := ({Xαj1
+···+αjd | 1 ≤ j1 < · · · < jd ≤ m, αj1 ∧ · · · ∧ αjd ̸= 0}).

Proof. We suppose first that the toric singularity ZΛ is a complete inter-
section. This means that we can assume p = m − d, and the map ϕ in the
sequence (8) is injective.

Nobile proved that the Nash modification of a complete intersection X
is the blow up of the Jacobian ideal of X (see [45, Theorem 1, Remark 2]).
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Let us fix some i ∈ {1, . . . ,m− d}. If 1 ≤ j ≤ m and j /∈ supp(ni) then
ℓ
(i)
j = 0. If 1 ≤ j ≤ m and if j ∈ supp(ni) then

Uj ·
∂hi
∂Uj

=

{
ℓ
(i)
j U

n+
i if j ∈ supp(n+i ),

ℓ
(i)
j U

n−
i if j ∈ supp(n−i ).

Since ψ(n+i ) = ψ(n−i ) we get ψ∗(U
n+
i ) = ψ∗(U

n−
i ). It follows that the ma-

trix J̃ is the result of multiplying the ith row of the matrix of relations R
defined in (9) by the monomial Xψ(n+

i ), for i = 1, . . . , p.
If 1 ≤ j1 < · · · < jd ≤ m, then we get

(11) Xα1+···+αm |Jj1,...,jd | = Xψ(n+
1 )+···+ψ(n+

m−d)Xαj1
+···+αjd |Rj1,...,jd |.

Formula (11) implies that the Jacobian ideal of ZΛ, which is generated by
{|Jj1,...,jd |}1≤j1<···<jd≤m, and the ideal generated by

{Xαj1
+···+αjd |Rj1,...,jd |}1≤j1<···<jd≤m

are related by invertible ideals, hence they have isomorphic blow ups. Finally,
by Lemma 1.1, the determinant |Rj1,...,jd | vanishes if and only if αj1 ∧ · · · ∧
αjd = 0 for 1 ≤ j1 < · · · < jd ≤ m.

In the general case, we can assume that the submatrix Rm−d+1,...,m is
of maximal rank m − d. The Nash modification of ZΛ is isomorphic to the
blow up of the ideal (Jm−d+1,...,m

j1,...,jd
)j1,...,jd (see [25, Prop. 60]). Notice that

if we replace Rj1,...,jd by Rm−d+1,...,m
j1,...,jd

, and Jj1,...,jd by Jm−d+1,...,m
j1,...,jd

, in (11),
the resulting formula holds. Then, the conclusion follows by the previous
argument using Lemma 1.1.

Definition 1.4. The logarithmic Jacobian ideal of ZΛ is the monomial
ideal Jlog(Z

Λ) defined by (10).

Remark 1.5. A prime characteristic version of the logarithmic Jacobian
ideal of a toric variety was defined in [11]. It is also a monomial ideal whose
blow up coincides with the Nash modification.

As a consequence of the proof of Proposition 1.3 we get the following
description of the generators of the Jacobian ideal of the toric variety ZΛ.

Proposition 1.6. If 1≤ j1 < · · ·< jd ≤m and 1≤ i1 < · · ·< im−d ≤ p,
set

m
i1,...,im−d

j1,...,jd
:= ψ(n+i1) + · · ·+ ψ(n+im−d

)−
∑

j∈{1,...,m}\{j1,...,jd}

αj .

The Jacobian ideal Jac(ZΛ) of the toric variety ZΛ is the monomial ideal of
C[Λ] generated by

({Xm
i1,...,im−d
j1,...,jd |αj1∧· · ·∧αjd ̸=0 and rk(R1,...,̂i1,...,̂im−d,...,p)=m−d})⊂C[XΛ].
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Proof. Notice that the Jacobian ideal of ZΛ is generated by the set of
minors

{|J1,...,̂i1,...,̂im−d,...,p
j1,...,jd

|}1≤i1<···<im−d≤p
1≤j1<···<jd≤m .

By (11), we obtain the equality

|J1,...,̂i1,...,̂im−d,...,p
j1,...,jd

| = X
m

i1,...,im−d
j1,...,jd |R1,...,̂i1,...,̂im−d,...,p

j1,...,jd
|.

We deduce that |J1,...,̂i1,...,̂im−d,...,p
j1,...,jd

| = 0 if and only if |R1,...,̂i1,...,̂im−d,...,p
j1,...,jd

| = 0.
Notice that if rk(R1,...,̂i1,...,̂im−d,...,p) < m − d then all the determinants
|R1,...,̂i1,...,̂im−d,...,p

j1,...,jd
| vanish. By Lemma 1.1, |R1,...,̂i1,...,̂im−d,...,p

j1,...,jd
| ≠ 0 if and only

if rk(R1,...,̂i1,...,̂im−d,...,p) = m− d and αj1 ∧ · · · ∧ αjd ̸= 0.

Example 1.7. Let α1 = (2, 0), α2 = (0, 2), α3 = (3, 0) and α4 = (7, 1).
One can check that L = ker(ψ) is a lattice with basis n1 = (3, 0,−2, 0) and
n2 = (7, 1, 0,−2). By Proposition 2.13 below, ZΛ is a complete intersection
defined by the equations h1 = h2 = 0, where h1 = U3

1 − U2
3 and h2 =

U7
1U2 − U2

4 . We have(
Uj ·

∂hi
∂Uj

)
i,j

=

(
3U3

1 0 −2U2
3 0

7U7
1U2 U7

1U2 0 −2U2
4

)
, R =

(
3 0 −2 0

7 1 0 −2

)
.

By Proposition 1.6, the monomial ideal of C[Λ] generated by the functions
Xm1,2 , Xm1,4 , Xm2,4 , Xm3,4 is the Jacobian ideal Jac(ZΛ) of ZΛ, where

m1,2 = α3 + α4, m1,4 = 7α1 + α3, m2,4 = 6α1 + α2 + α3, m3,4 = 9α1.

2. Quasi-ordinary hypersurface singularities. A complex analytic
germ (S, 0) is quasi-ordinary if there exists a finite projection (S, 0) → (Cd, 0)
which is a local isomorphism outside a normal crossing divisor. In the hy-
persurface case, there is an embedding (S, 0) ⊂ (Cd+1, 0) defined by f = 0,
where f ∈ C{X}[Xd+1] is a quasi-ordinary polynomial, a Weierstrass poly-
nomial with discriminant ∆Y f of the form ∆Y f = Xδϵ for a unit ϵ in the
ring C{X} of convergent power series in the variables X = (X1, . . . , Xd) and
δ ∈ Zd≥0.

We suppose in this paper that the germ (S, 0) is analytically irreducible.
The Jung–Abhyankar theorem guarantees that the roots of a quasi-ordinary
polynomial f , called quasi-ordinary branches, are fractional power series in
the ring C{X1/n}, for n = deg f (see [1]). If {ζ(l)}Nl=1 ⊂ C{X1/n} is the
set of roots of f , the discriminant ∆Y f of f with respect to Y is equal to
∆Y f =

∏
i ̸=j(ζ

(i)− ζ(j)), hence each factor ζ(t)− ζ(r) is of the form Xλt,rϵt,r

where ϵt,r is a unit in C{X1/n}. The monomials Xλt,r (resp. the exponents
λt,r) are called characteristic. By Lipman [44], the characteristic exponents
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can be relabeled so that

(12) λ1 ≺ · · · ≺ λg,

where the relation ≺ is defined in (3). The characteristic exponents determine
the nested sequence of lattices

M0 ⊂M1 ⊂ · · · ⊂Mg =:M,

where M0 := Zd and Mj :=Mj−1 +Zλj for j = 1, . . . , g. We set λ0 = 0 and
λg+1 = +∞. The index nj of the lattice Mj−1 in the lattice Mj is strictly
greater than 1 (see [44, 22]).

Lipman noticed that the support of a quasi-ordinary branch has very
special properties.

Lemma 2.1 (see [18, Prop. 1.3]). Let ζ =
∑
cαX

α ∈ C{X1/n} be a
quasi-ordinary branch with characteristic exponents λ1, . . . , λg. If cα ̸= 0
then there exists a unique j ∈ {1, . . . , g + 1} such that λj−1 ⪯ α ⪯̸ λj and
then α ∈Mj−1.

We say that the quasi-ordinary branch ζ has well-ordered variables if
the g-tuples (λ1,i, . . . , λg,i), which are defined in terms of the coordinates of
λ1, . . . , λg with respect to the canonical basis, satisfy

(λ1,i, . . . , λg,i) >lex (λ1,j , . . . , λg,j)

for 1 ≤ i < j ≤ d, where >lex denotes the lexicographic order. We can relabel
the variables X1, . . . , Xd so as to satisfy this condition.

Definition 2.2. The quasi-ordinary branch ζ is normalized if it has
well-ordered variables, and whenever λ1 is of the form λ1 = (λ1,1, 0, . . . , 0)
then λ1,1 > 1.

Lipman proved that the q.o. hypersurface (S, 0) can be parametrized by
a normalized quasi-ordinary branch (see [18]). The embedded topological
type of (S, 0) ⊂ (Cd+1, 0) is classified by the characteristic exponents of a
normalized quasi-ordinary branch ζ parametrizing (S, 0) (see [44, 18]).

2.1. Normalization of a quasi-ordinary singularity. We study
quasi-ordinary hypersurface singularities by using toric geometry methods.

Notation 2.3. The semigroup Zd≥0 has a minimal set of generators
e1, . . . , ed, which is a basis B of the lattice M0. The dual basis of the dual
lattice N0 spans a regular cone σ in N0,R. Then σ∨ = R≥0e1+· · ·+R≥0ed and
Zd≥0 = σ∨∩M0. If α ∈ σ∨ we write α =

∑d
i=1 αiei with respect to the basis B.

We do this in particular for the characteristic exponents λj =
∑d

i=1 λj,iei.

The C-algebra C{X1, . . . , Xd} of convergent power series is isomorphic
to C{σ∨ ∩M0}. This isomorphism identifies the monomial Xα1

1 · · ·Xαd
d with

the monomial Xα ∈ C[σ∨ ∩M0], where α =
∑d

k=1 αkek.
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We identify the local algebra OS = C{X1, . . . , Xd}[Xd+1]/(f) of the sin-
gularity (S, 0) with the ring C{X1, . . . , Xd}[ζ] = C{σ∨ ∩M0}[ζ]. The nor-
malization of a quasi-ordinary singularity (not necessarily a hypersurface)
is analytically isomorphic to a toric simplicial singularity (see [59]). In the
hypersurface case the normalization is determined by the characteristic ex-
ponents.

Lemma 2.4 (see [21, Prop. 14]). The quasi-ordinary branch ζ belongs to
C{σ∨ ∩M}. The homomorphism OS = C{σ∨ ∩M0}[ζ] → C{σ∨ ∩M} of
C-algebras is the inclusion of OS in its integral closure OS = C{σ∨ ∩M} in
its field of fractions.

2.2. The semigroup of a quasi-ordinary hypersurface. Set
(13) λ1 = λ1 and λj+1 = njλj + λj+1 − λj for j = 1, . . . , g − 1.

The following formula can be deduced from (13) for j ∈ {2, . . . , g}:

(14)
λj = λj + (nj−1 − 1)λj−1 + nj−1(nj−2 − 1)λj−2

+ · · ·+ nj−1 · · ·n2(n1 − 1)λ1.

It implies that λ1 ≺ · · · ≺ λg by using (12). Formula (14) also implies that
(15) λj ⪯ λj for j = 2, . . . , g.

Definition 2.5 (see [22, 39]). The semigroup
Γ := Z≥0e1 + · · ·+ Z≥0ed + Z≥0λ1 + · · ·+ Z≥0λg ⊂ σ∨ ∩M

is associated to a sequence of characteristic exponents λ1, . . . , λg of a quasi-
ordinary branch ζ. By convenience, we denote by γ1, . . . , γd+g the sequence of
generators e1, . . . , ed, λ1, . . . , λg of the semigroup Γ . We also set γg+1 = ∞.

A function h ∈ OS has a dominant exponent with respect to the quasi-
ordinary branch ζ if

h = Xγ(h) · u(h) with γ(h) ∈M and u(h) ∈ C{σ∨ ∩M} a unit.
We say that γ(h) is the dominant exponent of h. We denote by C(ζ) the
subset of OS consisting of functions with a dominant exponent with respect
to ζ. The set of dominant exponents of functions in C(ζ) is equal to the
semigroup Γ (see [57]). The intrinsic nature of the semigroup is more subtle.

Theorem 2.6 (see [22, 57, 23, 24]). The semigroup Γ is an analytical
invariant of the irreducible germ of quasi-ordinary hypersurface (S, 0).

Remark 2.7. If the quasi-ordinary branch ζ is normalized then e1, . . . , ed,
λ1, . . . , λg is a minimal set of generators of Γ (see [22]). Notice that Γ is a
subsemigroup of the lattice M . In [22] we also introduced a subsemigroup
Γ of Zd which is isomorphic to Γ . If d = 1 the semigroup Γ coincides
with the classical semigroup associated to the plane branch (S, 0) ⊂ (C2, 0).
Formulas (13) and (14) are analogous to the classical formulas relating the
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characteristic of a plane branch and the generators of its semigroup (see [66,
Th. 3.9]).

Remark 2.8. One may characterize the generators of Γ in terms of
some of the approximate roots of the quasi-ordinary polynomial f (see [22]).
Janusz Gwoździewicz and Arkadiusz Płoski gave a simplified approach to
the Abhyankar–Moh theory of approximate roots in terms of intersection
multiplicities (see [2, 35] and the survey [56]). Their presentation was essen-
tial in order to extend the results about approximate roots to quasi-ordinary
hypersurfaces in the irreducible case in [22], and more generally in Beata
Gryszka’s paper [30]. In connection with these results, let us mention several
irreducibility criterions for quasi-ordinary polynomials (see [31, 4, 27, 15]).
The study of polar curves was also a relevant topic in the work of Arkadiusz
Płoski (see for instance the survey [33]). Bunch decompositions of the polars
of a quasi-ordinary hypersurface have been given in [13, 58]. A subtle factor-
ization theorem for higher order polars in the quasi-ordinary hypersurface
case was obtained by Evelia García Barroso and Janusz Gwoździewicz in [16].

Lemma 2.9 (see [22, Lemma 3.3]). We have the following properties:

(a) njγd+j ≺ γd+j+1 for j = 2, . . . , g.
(b) We have relations of the form

(16) njγd+j = ℓ
(j)
1 γ1 + · · ·+ ℓ

(i)
d γd + ℓ

(j)
d+1γd+1 + · · ·+ ℓ

(j)
d+j−1γd+j−1,

where ℓ
(j)
1 , . . . , ℓ

(j)
d ∈ Z≥0, 0 ≤ ℓ

(j)
d+k < nk for k = 1, . . . , j − 1, and

j = 1, . . . , g (see Definition 2.5).

As a consequence of Proposition 2.13, the semigroup Γ associated with
a quasi-ordinary hypersurface is a complete intersection semigroup. This
implies that Γ has a minimal Frobenius vector γ0, which was studied by
Abdallah Assi [3] (see Section 1.1 for the definition of the Frobenius vector).

Proposition 2.10 (see [3]). The minimal Frobenius vector of the semi-
group Γ is equal to

(17) γ0 :=

g∑
j=1

(nj − 1)λj −
d∑
i=1

ej .

Remark 2.11. The Poincaré series PΓ (X) :=
∑

γ∈Γ X
γ ∈ C[[Γ ]] of the

semigroup Γ has a rational form

PΓ (X) :=

g∏
j=1

(1−Xnjλj )

g∏
j=1

(1−Xλj )−1
d∏
i=1

(1−Xej )−1

(see [24]). We observe the following symmetry property in terms of the Frobe-
nius vector γ0:

PΓ (X) = (−1)dXγ0P−Γ (X).
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Note that by Proposition 2.13, the variety ZΓ is an complete intersection,
hence C[Γ ] is a M -graded Cohen–Macaulay Gorenstein domain (cf. [60,
Chapter 1, Theorem 12.7]).

Remark 2.12. Poincaré series associated with complete intersection semi-
groups are described similarly in [5, §4], where they are called Hilbert series.
We follow here the terminology introduced by Gusein-Zade, Delgado and
Campillo [32]. See also [6] for a survey of some aspects of Poincaré series of
semigroups.

2.3. The associated toric variety ZΓ . We consider the equivariant
embedding of the toric variety ZΓ ⊂ Cd+g given by Ui = Xγi for i =
1, . . . , d+ g, where (U1, . . . , Ud+g) denotes a system of coordinates on Cd+g.

Proposition 2.13 (see [21, Prop. 38]). The relations (16) define the
binomials

(18) hj := U
ℓ
(j)
1

1 · · ·U
ℓ
(j)
d+j−1

d+j−1 − U
nj

d+j for j = 1, . . . , g,

The ideal of the embedding of the toric variety ZΓ ⊂ Cd+g is generated by
the binomials h1, . . . , hg. The toric variety ZΓ is a complete intersection.

Definition 2.14. The matrix of relations associated with (18) is

(19)


ℓ
(1)
1 · · · ℓ

(1)
d ℓ

(1)
d+1 0 0 · · · 0

ℓ
(2)
1 · · · ℓ

(2)
d ℓ

(2)
d+1 ℓ

(2)
d+2 0 · · · 0

· · · · · · · · · · · · · · · · · · · · · · · ·
ℓ
(g)
1 · · · ℓ

(g)
d ℓ

(g)
d+1 ℓ

(g)
d+2 ℓ

(g)
d+3 · · · ℓ

(g)
d+g

 ,

where we have set ℓ(j)d+j := −nj for j = 1, . . . , g.
We use some elementary properties of this matrix.
Definition 2.15. For 1 ≤ i ≤ d we denote by mi the smallest integer

1 ≤ m ≤ g + 1 such that ℓ(m)
i ̸= 0, where by convention mi = g + 1 means

that ℓ(1)i = · · · = ℓ
(g)
i = 0.

Lemma 2.16. Let us take an integer 1 ≤ i ≤ d.
(a) If w ∈ σ∨ ∩Mmi−1, then wi is a nonnegative integer.
(b) mi = min({j ∈ {1, . . . , g} | λj,i ̸= 0} ∪ {g + 1}).
(c) If 1 ≤ j ≤ g and λj,i ̸= 0, then njλj,i ≥ 1.
(d) If 1 ≤ j ≤ g and mi < j, then λj,i ≥ 1.
(e) If 2 ≤ j ≤ g and 0 < λj,i < 1, then mi = j.

Proof. (a) The definition of mi implies that the lattice Mmi−1 is the
direct sum of the sublattice spanned by e1, . . . , êi, . . . , ed, λ1, . . . , λmi−1 and
the sublattice Zei. If w ∈Mmi−1 belongs to the cone σ∨ spanned by e1, . . . , ed
then wi ∈ Z≥0.
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(b) If 1 ≤ j < mi, then the vector λj ∈ σ∨ belongs to the lattice Mj ⊂
Mmi−1 by hypothesis. By (a), λj,i is a nonnegative integer. By using the
direct sum decomposition in (a), if λj,i ̸= 0 then the coefficient ℓ(j)i appearing
in (16) would be nonzero, contradicting the assumption 1 ≤ j < mi. This
implies that λj,i = 0, thus λj,i = 0 by (15). Notice also that nmiλmi ∈Mmi−1

and by definition of mi the coefficient ℓ(mi)
i is nonzero. This implies that the

ith coordinate λmi,i is nonzero.
(c) If j = 1, the property holds since n1λ1 = n1λ1 ∈ M0 = Zd, thus

n1λ1,i > 0 if λ1,i ̸= 0. Suppose that the result is true for j − 1.
If λj−1,i ̸= 0, by the induction hypothesis we get 1 ≤ nj−1λj−1,i. Hence

1 ≤ nj−1λj−1,i ≤ λj,i by Lemma 2.9(a).
Otherwise λj−1,i=0. By (13), this implies that λs,i=0 for s=1, . . . , j−1.

It follows thatmi = j and λj,i = λj,i > 0 by (13). Since njλj ∈Mj−1 by (16),
we deduce from (a) that njλj,i ≥ 1.

(d) By (b) we have λmi,i ̸= 0. By (c) we get nmiλmi,i ≥ 1. Since mi < j,
it follows from (b) that λj,i ≥ nmiλmi,i ≥ 1 by (13).

(e) Notice that λj = nj−1λj−1 + λj − λj−1 by (13), where 0 ≺ λj − λj−1

by (12). If λj−1,i ̸= 0, then we get λj,i ≥ nj−1λj−1,i ≥ 1 by (c), thus we must
have λj−1,i = 0. It follows that λ1,i = · · · = λj−1,i = 0. Then the assertion
follows by (b).

3. The logarithmic Jacobian ideal of a quasi-ordinary hyper-
surface. We introduce the logarithmic Jacobian ideal of a singularity with
toric normalization following [42] in the toric case. We review the normal
toric case following [46, Chapter 3] and [42, Appendix]. Then we apply this
to the case of an irreducible germ of quasi-ordinary hypersurface and also to
its associated monomial variety.

3.1. Logarithmic Jacobian ideals. Let Y be the algebroid germ
defined by an ideal I of C[[X1, . . . , Xn]] with analytic algebra A =
C[[X1, . . . , Xn]]/I. We denote by Ω1

Y the A-module of Kähler differential
forms and by d : A → Ω1

Y its canonical derivation. As usual we denote by
Ωk
Y the A-module Ωk

Y :=
∧
k Ω

1
Y . See [29, Chapter I, §1.10].

We consider the toric singularity Z = Zσ
∨∩M with formal local algebra

OZ = C[[σ∨ ∩ M ]] at the origin. We denote by D the equivariant Weil
divisor defined by the sum of the orbit closures of codimension 1 in the toric
variety Z. The OZ-module Ω1

Z(logD) of 1-forms of Z with logarithmic poles
along D is identified with OZ ⊗Z M . We have a map of OZ-modules

η : Ω1
Z → OZ ⊗Z M such that dXγ 7→ Xγ ⊗ γ for γ ∈ σ∨ ∩M.

If u1, . . . , ud is a basis of the lattice M we write the expansion of γ ∈ σ∨∩M
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as γ =
∑d

i=1 γiui. If h =
∑

γ∈σ∨∩M cγX
γ ∈ OZ then we have

η(dh) =
∑

γ∈σ∨∩M
cγX

γ ⊗ γ =
d∑
i=1

( ∑
γ∈σ∨∩M

cγ γiX
γ
)
⊗ ui.

The map ∧kη is a homomorphism of OZ-modules such that

∧k η : Ωk
Z → Ωk

Z(logD) = OZ ⊗Z
∧
kM,

dXγ1 ∧ · · · ∧ dXγk 7→ Xγ1+···+γk ⊗ γ1 ∧ · · · ∧ γk,
for k = 1, . . . , d. Let us fix an orientation of M and assume that the basis
u1, . . . , ud is positively oriented. We have an isomorphism

∧
dM → Z, which

sends u1 ∧ · · · ∧ ud to 1. This induces an identification Ωd
Z(logD) ≡ OZ . It

follows that ηd(Ωd
Z) corresponds under this identification to an ideal of OZ ,

which is independent of the basis of M chosen. This ideal is called the log-
arithmic Jacobian ideal of Z in [42]. It is a monomial ideal generated by
(Xβj1+···+βjd )1≤j1<···<jd≤r

βj1∧···∧βjd ̸=0 , where {β1, . . . , βr} is a generating system of the
semigroup σ∨ ∩M .

Definition 3.1. Let W be an analytically irreducible algebroid germ of
singularity of dimension d such that its normalization Z is a toric singularity.
The logarithmic Jacobian ideal Jlog(W )OZ is the ideal of OZ generated by
the image of the module Ωd

W of differentials by the composite τ of the maps

(20) Ωd
W → Ωd

Z
∧dη−−→ Ωd

Z(logD) ≡ OZ ,

where Ωd
W → Ωd

Z is the map induced by normalization.

3.2. The logarithmic Jacobian ideal of the quasi-ordinary hy-
persurface (S, 0). We consider an analytically irreducible quasi-ordinary
hypersurface (S, 0) germ as in Section 2 and we describe its logarithmic
Jacobian ideal using the fact that its normalization is a toric singularitiy.

Definition 3.2. We let Jg be the monomial ideal of OZ generated by
monomials Xα for α in the set

(21) Ξg :=
{ d∑
j=1

ej

}
∪
{
e1+· · ·+êi+· · ·+ed+λmi

∣∣ i ∈ {1, . . . , d},mi ∈ {1, . . . , g}
}
.

We denote by Ig the monomial ideal of OZ generated by Xα for α in the set

(22) {γi1 + · · ·+ γid | 1 ≤ i1 < · · · < id ≤ d+ g, γi1 ∧ · · · ∧ γid ̸= 0}
(see Definition 2.5).

Theorem 3.3 (see [8, Prop. 9.2]). The ideal Jlog(S)OZ is equal to the
monomial ideal Jg.
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Proof. We have the inclusion ι : OS → OS corresponding to the normal-
ization map, where OS = C[[σ∨ ∩M ]] by Lemma 2.4. We consider a fixed
quasi-ordinary branch ζ =

∑
α cαX

α parametrizing (S, 0). We denote by xi
the image of the coordinate Xi in OS for i = 1, . . . , d+1. By Lemma 2.4, the
function ι(xd+1) = ζ belongs to C{σ∨ ∩M} and ι(xi) = Xei for i = 1, . . . , d
(see Notation 2.3).

We analyze the image of dxj1 ∧· · ·∧dxjd by the composite τ of the maps
(20) for W = S. Since dxj1 ∧· · ·∧dxjd generate the OS-module Ωd

S it follows
that τ(dxj1 ∧ · · · ∧ dxjd) for 1 ≤ j1 < · · · < jd ≤ d + 1 generate the ideal
τ(Ωd

S) of C{σ∨ ∩M}.
If (j1, . . . , jd) = (1, . . . , d), then τ(dx1 ∧ · · · ∧ dxd) is equal to Xe1+···+ed

times a nonzero constant, hence Xe1+···+ed belongs to Jlog(S)OZ .
Otherwise, we have jd = d + 1 and 1 ≤ j1 < · · · < jd−1 ≤ d. We denote

by i the integer such that {j1, . . . , jd−1, i} = {1, . . . , d}. Let us consider the
index mi introduced in Definition 2.15. We decompose the quasi-ordinary
branch ζ =

∑
α cαX

α as ζ = ζ−i + ζ+i , where ζ+i =
∑

λmi⪯α
cαX

α and
ζ−i = ζ − ζ+i (see Lemma 2.1).

By definition we have ζ−i =
∑

λmi⪯̸α
cαX

α. Let α ∈ M be an element
appearing in the support of the series ζ−i . By Lemma 2.1, α belongs to the
lattice Mmi−1. In addition, if we expand α =

∑d
s=1 αses in terms of the

canonical basis B, then the coefficient αi is a nonnegative integer by Lemma
2.16(a). We write

τ(dxj1 ∧ · · · ∧ dxjd) = ∧dη(dXej1 ∧ · · · ∧ dXejd−1 ∧ dζ−i )
+ ∧dη(dXej1 ∧ · · · ∧ dXejd−1 ∧ dζ+i )

Then the term

∧dη(dXej1∧· · ·∧dXejd−1∧dζ−i ) =
∑
λmi⪯̸α

cα·ej1∧· · ·∧ejd−1
∧α·Xej1+···+ejd−1

+α

is divisible by Xe1+···+ed . We deduce that

∧dη(dXej1∧· · ·∧dXejd−1∧dζ+i ) =
∑

λmi⪯α
cλ·ej1∧· · ·∧ejd−1

∧α·Xej1+···+ejd−1
+α

is the product of the monomial Xej1+···+ejd−1
+λmi times a unit, since

cλmi
· ej1 ∧ · · · ∧ ejd−1

∧ λmi ̸= 0.

This implies that Jlog(S)OZ is equal to the monomial ideal Jg (see Defini-
tion 3.2).

Let Λ ⊂ M be a subsemigroup generated by α1, . . . , αm ∈ M such that
ZΛ = M and R≥0Λ = σ∨ as in Section 1.1. Then, the canonical map
Z := Zσ

∨∩M → ZΛ is the normalization of ZΛ. Notice that the logarith-
mic Jacobian ideal Jlog(Z

Λ)OZ is the extension of the ideal of OZΛ defined
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in Proposition 1.3. The following result is a consequence of the definitions
and the previous discussion in the toric case.

Proposition 3.4 (see also [42]). The ideal Jlog(Z
Λ)OZ is the monomial

ideal of Zσ∨∩M defined by the monomials

{Xαj1
+···+αjd | 1 ≤ j1 < · · · < jd ≤ m and αj1 ∧ · · · ∧ αjd ̸= 0}.

We apply Proposition 3.4 to the particular case of ZΓ taking into account
Definitions 2.5 and 3.2.

Corollary 3.5. The logarithmic Jacobian ideal Jlog(Z
Γ )OZ is equal to

the monomial ideal Ig.
Remark 3.6. Lejeune-Jalabert and Reguera [42] have shown that the

logarithmic Jacobian ideal of a normal affine toric surface plays a significant
role in the rational expression of the associated geometric motivic Poincaré
series. In a joint work with Helena Cobo [7, 8], we have shown similar re-
sults in the cases of affine toric varieties and of irreducible quasi-ordinary
hypersurface singularities.

4. Description of the Jacobian ideal. In this section we give some
relations between the Jacobian ideal of the quasi-ordinary hypersurface S
and the logarithmic Jacobian ideals of S and of its associated monomial
variety ZΓ . We need to introduce first a deformation of S which has generic
fiber isomorphic to S and specializes to ZΓ .

4.1. Overweight deformations. In [20] we construct an embedding

(S, 0) ↪→ (Cd+g, 0)
together with a deformation S of S over ZΓ , with generic fiber Sp ⊂ Cd+g
isomorphic to S and special fiber S0 = ZΓ ⊂ Cd+g. This deformation is equi-
singular in the sense that there exists a toric modification π : W → Cd+g,
characterized by the properties of the semigroup Γ , that provides a simulta-
neous normalization of (Sp, 0), and the composite of π with any toric resolu-
tion of the singularities of W is an embedded resolution of (Sp, 0) for p = 0
or p in the torus of ZΓ (see [21]). This result generalizes one of Teissier and
Goldin [19] for plane branches. See also Teissier’s [64, 65] development of
this approach in terms of valuations.

Let us describe this deformation. First, we have the exact sequence (4)
associated to the map

ψ : Zn+g →M, ψ(ui) = γi for i = 1, . . . , d+ g,

which sends the elements of the canonical basis u1, . . . , ud+g of Zn+g to the
generators of the semigroup Γ (see (5) and Definition 2.5).

We consider the map ψ∗ : C[U1, . . . , Ud+g] → C[Γ ] as in (6). We define
the weight of a monomial Uα ∈ C[U1, . . . , Ud+g] by ψ(α) ∈ Γ . This defines
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a Γ -grading of C[U1, . . . , Ud+g]. Notice that the binomials hj defined in (18)
are weighted homogeneous of degree njλj for j = 1, . . . , g.

Definition 4.1. An overweight deformation of the binomials hj in (18),
for j = 1, . . . , g, is of the form

(23) Hj = hj + cj · tλj+1−njλj · Ud+j+1

+
∑

njλj≺ψ(α(j))

cα(j) · tψ(α
(j))−njλj · Uα

(j)
1

1 · · ·U
α
(j)
d+j

d+j ,

where α(j) =
∑d+i

i=1 α
(j)
i ui and the coefficients satisfy cα(j) ∈ C, cj ∈ C∗

for j = 1, . . . , g − 1, and cg = 0. Notice that Hj is an element of the ring
C[tΓ ][[U1, . . . , Ud+g]] for j = 1, . . . , g.

The terms added to hj in (23) have weight higher than njλj . That is
why we say that Hj is an overweight deformation of hj . We use Teissier’s
terminology [65].

If p is a closed point in ZΓ we can evaluate the monomials of the form tγ ,
for γ ∈ Γ , appearing in the expansion (23). We obtain the series

(24) Hj,p = hj + cj · tλj+1−njλj (p) · Ud+j+1

+
∑
α(j)

cα(j) · tψ(α
(j))−njλj (p) · Uα

(j)
1

1 · · ·Uα
(j)
d+i

d+i .

Note that Hj,p ∈ C[[U1, . . . , Ud+g]]. The ideal (H1,p, . . . ,Hg,p) defines a
germ Sp at the origin of Cd+g, which may be seen as the fiber of a fam-
ily S defined by (H1, . . . ,Hg) over the point p ∈ ZΓ . Next, we describe some
of the fibers Sp of such a family, when p is the origin 0 of the toric variety ZΓ
or when p belongs to the torus of ZΓ .

Proposition 4.2 (see [20, Props. 3.15, 3.17] and [21, Prop. 39]). Let
(S, 0) be a germ of quasi-ordinary singularity with associated semigroup Γ .
There exists an overweight deformation H1, . . . ,Hg of h1, . . . , hg such that:

(a) If p belongs to the torus of ZΓ then the germ (Sp, 0) is analytically iso-
morphic to (S, 0).

(b) If p = 0 then (S0, 0) = (ZΓ , 0) ⊂ (Cd+g, 0).

If p belongs to the torus of ZΓ , or if p = 0 ∈ ZΓ , we have a map

(25) ιp : C{U1, . . . , Ud+g} → C{σ∨ ∩M},

defined as the composition of the canonical maps C{U1, . . . , Ud+g} → OSp

with the inclusion of OSp in its integral closure OSp
, and then

(26) OSp
= C{σ∨ ∩M}.
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For p in the torus, (26) is consequence of Lemma 2.4 and Proposition 4.2.
See [21] for the case p = 0 of (26).

Remark 4.3. Take an overweight deformation H1, . . . ,Hg of h1, . . . , hg
and a point p in the torus of ZΓ . Then

tλj+1−njλj (p) ̸= 0 for j = 1, . . . , g − 1.

We can use this fact to eliminate recursively the variables Ud+g, . . . , Ud+2

in (23). We set Xi := Ui for i = 1, . . . , d + 1 and we obtain the equation of
the embedding (Sp, 0) ⊂ (Cd+1, 0) with coordinates (X1, . . . , Xd+1). By [21]
the restriction to Sp of the projection

(X1, . . . , Xd+1) → (X1, . . . , Xd)

is a quasi-ordinary projection, and Sp is parametrized by a quasi-ordinary
branch Xd+1 = ζp, which has characteristic monomials λ1, . . . , λg. It follows
that Jlog(Sp) = Jg for all p in the torus of ZΓ (see Definition 3.2). In
particular, if 1 is the unit point of the torus ZM , we can set (S, 0) := (S1, 0),
and then the statement of Proposition 4.2 holds for this deformation.

4.2. The extension of the matrix of relations. We consider an
overweight deformation H1, . . . ,Hg of the binomials h1, . . . , hg defining the
toric variety ZΓ . It defines a deformation S with fibers Sp for p ∈ ZΓ .

Notation 4.4. We denote by J(p) (resp. J̃(p)) the matrix with coeffi-
cients in the ring C{σ∨ ∩M}, which is defined from the Jacobian matrix of
(H1,p, . . . ,Hg,p) by the formulas

J(p) :=

(
ι

(
∂Hj,p

∂Ui

))j=1,...,g

i=1,...,d+g

(
resp. J̃(p) :=

(
ι

(
Ui
∂Hj,p

∂Ui

))j=1,...,g

i=1,...,d+g

)
,

where ι is the map defined by (25). We denote by R(p) the matrix obtained
from J̃(p) by factoring out from the entries of the jth row the term Xnjλj

for j = 1, . . . , g. We denote the entry L
(j)
i (p) of the matrix R(p) in row j

and in column i simply by L(j)
i to avoid cumbersome notation.

Lemma 4.5. The matrix R(0) has integer coefficients and coincides with
the matrix of relations (19) associated with the presentation of the semi-
group Γ .

Proof. By Proposition 4.2 the terms appearing in Hj have weight greater
than or equal to njλj , with equality precisely for those terms appearing
in hj . This implies that Xnjλj divides the entries of the jth row of J̃(p) for
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j = 1, . . . , g. It follows that the matrix R(p) is of the form

(27)


L
(1)
1 · · · L(1)

d+1 ϵ1X
λ2−n1λ1 0 0 0

L
(2)
1 · · · L(2)

d+1 L
(2)
d+2 ϵ2X

λ3−n2λ2 0 0

· · · · · · · · · · · · · · · · · · · · ·
L
(g−1)
1 · · · L(g−1)

d+1 L
(g−1)
d+2 L

(g−1)
d+3 · · · ϵg−1X

λg−ng−1λg−1

L
(g)
1 · · · L(g)

d+1 L
(g)
d+2 L

(g)
d+3 · · · L

(g)
d+g

 ,

where L(j)
i ∈ C{σ∨ ∩M} and the coefficient

(28) ϵj := cj · tλj+1−njλj (p)

vanishes when p = 0, while it is nonzero if p belongs to the torus of ZΓ .
The coefficient L(j)

i has an expansion of the form

(29) L
(j)
i = ℓ

(j)
i +

∑
njλj≺ψ(α(j)), α

(j)
i ≥1

cα(j) · tψ(α
(j))−njλj (p) ·Xψ(α(j))−njλj

for j = 1, . . . , g and i = 1, . . . , d + j. Notice that the condition α
(j)
i ≥ 1

characterizes when the partial derivative ∂
∂Ui

(U
α
(j)
1

1 · · ·Uα
(j)
d+i

d+i ) is nonzero. The

weight condition njλj ≺ ψ(α(j)) implies that tψ(α(j))−njλj (0) = 0.

Definition 4.6. We say that the matrix R(p) is the extension of the
matrix of relations R(0).

The following lemma is a consequence of the proof of Lemma 4.5.

Lemma 4.7. If 1 ≤ j < mi then the monomial Xei divides L(j)
i for

i = 1, . . . , d (see Notation 2.15).

Proof. Consider the expansion (29) of L(j)
i . Take α(j) ∈ Zd+g≥0 such that

njλj ≺ ψ(α(j)) and α
(j)
i ≥ 1. By Lemma 2.16(b), we have λj,i = 0. Then

the condition α(j)
i ≥ 1 implies that ei ≺ ψ(α(j))− njλj , that is, Xei divides

Xψ(α(j))−njλj in the ring C{σ∨ ∩M}. This implies the assertion.

4.3. Description of the image of the Jacobian ideal of Sp. Next, we
provide a description of the Jacobian ideal of Sp in terms of the matrix R(p).
The approach is inspired by Proposition 1.6 in the toric case.

Proposition 4.8. The extension Jac(Sp)OZ of the Jacobian ideal of Sp
in the local algebra of the normalization Z of Sp is generated by

{Xγ0+γi1+···+γid · |R(p)i1,...,id | | 1 ≤ i1 < · · · < id ≤ d+ g}.
Proof. The Jacobian ideal of Sp can be expressed in terms of the gen-

erators H1,p, . . . ,Hg,p of the defining ideal of Sp. It is the ideal of the local
algebra OSp defined by the vanishing of the minors of order g of the Jacobian
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matrix
(∂Hj,p

∂Ui

)
. It follows that the ideal Jac(Sp)OZ is defined by the minors

|J(p)i1,...,id | of order g of the matrix J(p) for 1 ≤ i1 < · · · < id ≤ d+ g (see
Notation 4.4). Then we argue as in the proof of (11) to obtain

(30) Xγ1+···+γd+g |Ji1,...,id(p)| = Xn1λ1+···+ngλgXγi1+···+γid |R(p)i1,...,id |.
The assertion follows by taking into account the description of the Frobenius
vector γ0 (see Proposition 2.10).

Remark 4.9. By Lemma 1.1, if p = 0 is the origin of ZΓ we have
(31) |R(0)i1,...,id | = 0 if and only if γi1 ∧ · · · ∧ γid ̸= 0.

We obtain the following formula, which connects the Jacobian ideal and the
logarithmic Jacobian ideal:

Jac(S0)OZ = Xγ0 · Jlog(S0)OZ = Xγ0 · Ig.
It is a particular case of Proposition 1.6 (see Remark 3.4 and Definition 3.2).

Remark 4.10. Let us apply the previous discussion to the case of plane
curve singularities, which was one of the favorite research topics of Arka-
diusz Płoski. We consider the case when S is a plane branch, that is, when
d = 1. Assume that the line X1 = 0 is not tangent to S. The algebra of the
normalization of S is of the form OZ = C{σ∨ ∩M}, where σ∨ ∩M = 1

nZ≥0

and n is the multiplicity of S. This implies that γ1, . . . , γg+1 ⊂ 1
nZ≥0 is the

minimal system of generators of the semigroup Γ (see Definition 2.5).
Since d = 1, OZ is a discrete valuation ring, and if t := X1/n then

OZ = C{t}. We denote by νt its t-adic valuation. Let us denote by β0, . . . , βg
∈ N the minimal system of generators of the classical semigroup of the
branch S, defined by taking intersection multiplicities of S with other curves
not containing S as a component (see [66, 47]). We have νt(X

γi) = nγi
= βi−1 for i = 1, . . . , g + 1. The multiplicity of the Jacobian ideal of the
branch S is defined by

e(Jac(S)) = νt(Jac(S)OZ).

Let us explain how our method provides a formula for e(Jac(Sp)) for p ∈ ZΓ .
In this case, R(p) is a g × (g + 1) matrix. By Proposition 4.8, the ideal

Jac(Sp)OZ is generated by {Xγ0+γi · |R(p)i| | i = 1, . . . , g+1}. By definition
we can expand the minor |R(p)i| as a series in C{t} with constant term
|R(0)i|. By (31) the minor |R(0)i| does not vanish since γi ̸= 0, for i =
1, . . . , g+1. Notice also that mini=1,...,g+1{γ0+γi} = γ0+γ1. It follows that
Jac(Sp)OZ = (Xγ0+γ1)OZ . We deduce the equality

(32) e(Jac(Sp)) = νt(X
γ0+γ1) = n(γ0 + γ1)

(17)
=

g∑
j=1

(nj − 1)βj .

This holds in particular when p = 1 is the unit point of the torus of ZΓ ,
and when p = 0. These points define the fibers S1 = S and S0 = ZΓ .
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A particular case of a result of Teissier [63, Prop. II.1.2] in the case of plane
branches provides the relation

(33) µ(S) = e(Jac(S))− n+ 1,

where µ(S) is the Milnor number and n is the multiplicity of the branch S.
See [41, 28] for the case of complete intersection curves. Formula (32) can
be deduced from (33) by using the expression of the Milnor number of a
branch in terms of the minimal system of generators of its semigroup [66,
Chapter II.3]; see also [14, Section 15]. Let us mention the contributions of
Arkadiusz Płoski and Evelia García Barroso on the Milnor number of curves
in arbitrary characteristic (see for instance [17]).

We come back to the general case of a quasi-ordinary hypersurface S of
dimension d.

Proposition 4.11. For any point p in the torus of ZΓ we have

Xγ0(Ig + Jg) ⊂ Jac(Sp)OZ .

Proof. It is enough to prove the inclusions Xγ0 · Ig ⊂ Jac(Sp)OZ and
Xγ0 · JgOZ ⊂ Jac(Sp)OZ .

To prove Xγ0 · Ig ⊂ Jac(Sp)OZ , take 1 ≤ i1 < · · · < id ≤ d+ g such that
γi1 ∧ · · · ∧ γid ̸= 0. We obtain a generator Xγi1+···+γid of the ideal Ig (see
Definition 3.2). Then

Xγ0+γi1+···+γid · |R(p)i1,...,id | ∈ Jac(Sp)OZ

by Proposition 4.8. Notice that |R(p)i1,...,id | is a unit of OZ = C[[σ∨ ∩M ]],
since it can be expanded as a power series with constant term equal to
|R(0)i1,...,id |, which is nonzero by hypothesis and (31). Thus, the monomial
Xγ0+γi1+···+γid belongs to Jac(Sp)OZ .

To prove Xγ0 ·Jg⊂Jac(Sp)OZ , notice that by the previous case Xγ0+···+γd

belongs to Jac(Sp)OZ . By Definition 3.2, it is enough to prove that for any
vector α of the form
α = e1 + · · ·+ êi + · · ·+ ed + λmi with i ∈ {1, . . . , d}, mi ∈ {1, . . . , g},

the monomial Xγ0+α belongs to Jac(Sp)OZ .
If mi = 1 then e1∧· · ·∧ êi∧· · ·∧ed∧λ1 ̸= 0. Since λ1 = λ1 it follows that

Xe1+···+êi+···+ed+λ1 belongs to Ig and the assertion follows by the previous
case (see Definition 2.5).

We assume that 1 < mi ≤ g and we set

(34) δ := γ0 + γ1 + · · ·+ γ̂i + · · ·+ γd + γd+1.

We use the fact that

(35) Xδ|R(p)1,...,̂i,...,d+1| ∈ Jac(Sp)OZ
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by Proposition 4.8. We expand the minor |R(p)1,...,̂i,...,d+1| along its first
column to get

|R(p)1,...,̂i,...,d+1| =
g∑
r=1

(−1)r+1L
(r)
i |R(p)r1,...,d+1|.

If 1 ≤ r < mi, then Xei divides L(r)
i by Lemma 4.7. It follows that

the term XδL
(r)
i |R(p)r1,...,d+1| is divisible by the monomial Xγ0+γ1+···+γd ∈

Jac(Sp)OZ , and thus

(36)
mi−1∑
i=1

XδL
(r)
i |R(p)r1,...,d+1| ∈ Jac(Sp)OZ .

If mi ≤ r ≤ g, then we use the structure of the matrix R(p) (see (27)).
The matrix R(p)r1,...,d+1 is block lower triangular. It has two blocks on the
diagonal,

Ar(p) := R(p)r,...,g1,...,d+1,d+r+1,...,d+g and Br(p) = R(p)1,...,r1,...,d+r,

where

Ar(p) =

ϵ1X
λ2−n1λj1 0 . . . 0

. . . . . . . . . . . .

∗ ∗ . . . ϵr−1X
λr−nr−1λr−1

 ,

and

(37) Br(0) =

nr+1 0 . . . 0

. . . . . . . . . . . .

∗ ∗ . . . ng

 .

Notice that the coefficients (28) are nonzero if p belongs to the torus
of ZΓ . Then the equality

λ2 − n1λ1 + · · ·+ λr − nr−1λr−1
(13)
= λ2 − λ1 + · · ·+ λr − λr−1 = λr − λ1

implies that the determinant |Ar(p)| is of the form Xλr−λ1 times a unit.
The determinant |Br(p)| is a power series in the ring C[[σ∨ ∩M ]] with

nonzero constant term |Br(0)| = nr+1 · · ·ng by (37). By using (12), there
exists a unit ϵ ∈ C[[σ∨ ∩M ]] such that

g∑
r=mi

(−1)r+1L
(r)
i |R(p)r1,...,d+1| = Xλmi−λ1 · ϵ.

By (35) and (36) we deduce that Xδ+λmi−λ1 · ϵ ∈ Jac(Sp)OZ . This implies
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the assertion, since by (34) and Definition 2.5 we have

δ + λmi − λ1 = γ0 + γ1 + · · ·+ γ̂i + · · ·+ γd + γd+1 + λmi − λ1

= γ0 + e1 + · · ·+ êi + · · ·+ ed + λmi .

Next, we prove the following inclusion of the monomial ideals in Defini-
tion 3.2.

Proposition 4.12. We have Ig ⊂ Jg.
Proof. Take 1 ≤ j1 < · · · < jk ≤ d and 1 ≤ ik+1 < · · · < id ≤ d such

that

(38) λj1 ∧ · · · ∧ λjk ∧ eik+1
∧ · · · ∧ eid ̸= 0.

Set α =
∑k

ℓ=1 λjℓ +
∑d

ℓ=k+1 eiℓ . It is enough to prove that for any α of this
form there exists an element β ∈ Ξg (see (21)) such that β ⪯ α. For instance,
if k = 0 then α =

∑d
ℓ=1 eℓ ∈ Ξg and we take β = α. Up to relabeling, we

may assume that iℓ = ℓ for ℓ ∈ {k + 1, . . . , d} and then

α =

k∑
ℓ=1

λjℓ +

d∑
ℓ=k+1

eℓ

(we do not assume here that the quasi-ordinary branch ζ has well-ordered
variables). If k = 1 then α = λj1 + e2 + · · · + ed, and λj1,1 ̸= 0 by (38). By
Lemma 2.16(b), we have m1 ≤ j1. Then we can take β := λm1 +e2+ · · ·+ed
∈ Ξg, and β ⪯ α.

Next, assume that k > 1. Condition (38) means that the matrix

C := (λjℓ,i)
ℓ=1,...,k
i=1,...,k

has rank k.

Claim. If i ∈ {1, . . . , k} then

(39) mi ≤ jk,

and equality holds in (39) for at most one index i0 ∈ {1, . . . , k}.
Notice that mi > jk implies that the ith column of the matrix C is zero,

and this contradicts the condition |C| ≠ 0 (see Lemma 2.16(b)). If mi0 = jk,
the ith column vector of the matrix C is of the form (0, . . . , 0, λjk,i0) with
λjk,i0 ̸= 0. Notice that we cannot have two columns of this form since |C| ≠ 0.
This ends the proof of the claim.

• If the inequality (39) is strict for all i ∈ {1, . . . , k}, then by Lemma
2.16(d), the inequality

(40) λjk,i ≥ 1

holds for i = 1, . . . , k. Then β = e1+ · · ·+ ed belongs to Ξg and β ⪯ α. This
ends the proof in this case.
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• If equality holds in (39) for one index i0, we suppose up to relabeling
that i0 = k. By Lemma 2.16(d), the inequality (40) holds for i = 1, . . . , k−1.

We distinguish two subcases.
If λjk,k ≥ 1, then we can take β = e1 + · · · + ed ∈ Ξg, and β ⪯ α as in

the previous case.
Otherwise, we have 0 < λjk,k < 1. Then we can take β = λjk + e1 +

· · ·+ ek−1 + ek+1 + · · ·+ ed ∈ Ξg, since mk = jk. We claim that β ⪯ α. It is
equivalent to prove that

(41) λjk +

k−1∑
ℓ=1

eℓ ⪯
k∑
ℓ=1

λjℓ .

Notice that the kth column vector of C is (0, . . . , 0, λjk,k). This implies that
the first minor of order k − 1 of C is nonzero. As in the previous case, we
use this fact to prove that if i ∈ {1, . . . , k − 1} then

(42) mi ≤ jk−1,

with equality for at most one index i1. We then distinguish two subcases:
If the inequality in (42) is strict for all i ∈ {1, . . . , k− 1} then λjk−1,i ≥ 1

by Lemma 2.16(d). This implies that e1 + · · ·+ ek−1 ⪯ λjk−1
and (41) holds

since λjk ⪯ λjk .
Otherwise, we have equality in (42) for some index i1. We may suppose

that i1 = k − 1. If λjk−1,k−1 ≥ 1 then (41) holds since (42) implies that
λjk−1,i ≥ 1 for i ∈ {1, . . . , k − 2} by Lemma 2.16(d).

It remains to handle the case 0 < λjk−1,k−1 < 1. We set j = jk and
p = jk−1 for simplicity. Using (14) we compute

λj − λj + λp =

p−1∑
ℓ=1

(nℓ − 1)nℓ+1 · · ·np−1 · (1 + np · · ·nj−1)λℓ

+ (1 + (np − 1)np+1 · · ·nj−1)λp

+

j−1∑
ℓ=p+1

(nℓ − 1)nℓ+1 · · ·nj−1λℓ.

Notice that the coefficient ap := 1+(np−1)np+1 · · ·nj−1 of λp in this formula
satisfies ap > np, since ap − np = (np+1 · · ·nj−1 − 1)(np − 1) ≥ 1.

Take i ∈ {1, . . . , k − 1}. Then

(43) λj,i − λj,i + λp,i ≥ ap λp,i > np λp,i = njk−1
λjk−1,i,

where the last equality is just rewriting.
If i ∈ {1, . . . , k − 2}, then we have a strict inequality in (42), and by

Lemma 2.16(d) we get λjk−1,i ≥ 1. In addition, by Lemma 2.16(c), the condi-
tion 0 < λjk−1,k−1 < 1 implies λjk−1,k−1 = λjk−1,k−1 and njk−1

λjk−1,k−1 ≥ 1.
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By combining these inequalities with (43) we get

(44) λjk,i − λjk,i + λjk−1,i ≥ 1 for i ∈ {1, . . . , k − 1}.
This means that

λjk + e1 + · · ·+ ek−1 ⪯ λjk + λjk−1
⪯ λjk + λjk−1

+ · · ·+ λj1 .

Therefore, (41) holds and this ends the proof.

As a corollary of Theorem 3.3 and Propositions 4.11 and 4.12 we deduce
the following result.

Theorem 4.13. For any point p in the torus of ZΓ we have

Xγ0 Jlog(Sp) ⊂ Jac(Sp)OZ .

Next, we study the case of quasi-ordinary surfaces.

Proposition 4.14. Assume that d = 2 and S is parametrized by a nor-
malized quasi-ordinary branch ζ (see Definition 2.2). Take a point p in the
torus of ZΓ . Let I be the ideal of OZ generated by

{Xγi1+γi2 · |R(p)i1,i2 | | 1 ≤ i1 < · · · < i2 ≤ 2 + g}.
Then I ⊂ Jg.

Proof. Since ζ is normalized, we have

(45) λ1,1 ̸= 0 and if λ1,2 = 0 then λ1,1 > 1.

If 1 ≤ i1 < i2 ≤ 2 + g and if γi1 ∧ γi2 ̸= 0 then Xγi1+γi2 · |R(p)i1,i2 | ∈ Ig.
Here we use Ig ⊂ Jg by Proposition 4.12.

By the hypothesis (45) and (12), if γi1 = λj1 and γi2 = e2 then we get
λj1 ∧ e2 ̸= 0. Thus, if γi1 ∧ γi2 = 0 then there are two cases:

(a) i1 = 1 and i2 = 2 + j1 with 1 ≤ j1 ≤ g and e1 ∧ λj1 = 0.
(b) i1 = 2 + j1, i2 = 2 + j2 with 1 ≤ j1 < j2 ≤ g and λj1 ∧ λj2 = 0.

Case (a). The case j1 = 1 was considered in the proof of Proposition
4.11. It is enough to consider the case j1 > 1. Recall the definition of the
index m2 introduced in Definition 2.15. By the hypothesis e1 ∧ λ1 = 0, we
get e1 ∧ λ1 = 0, thus j1 < m2. We expand the minor |R(p)1,2+j1 | along its
first column to get

|R(p)1,2+j1 | =
g∑
j=1

L
(j)
2 |R(p)j1,2,2+j1 |.

We distinguish two subcases:
If 1 ≤ j < m2 then Xe2 divides the coefficient L(j)

2 (see Lemma 4.7). It
follows that Xe1+e2 divides the term Xγ1+γ2+j1L

(j)
2 |R(p)j1,2,2+j1 |, hence this

term belongs to Ig. This ends the proof of this case if m2 = g + 1.
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If m2 ≤ j ≤ g, the matrix |R(p)j1,2,2+j1 | is block lower triangular. It has
three blocks on the diagonal, Aj , Bj and Cj , where

Aj=R(p)
j1,...,g
1,2,2+j1,...,2+g

, Bj=R(p)
1,...,j1−1,j,...,g
1,2,...,2+j1,2+j+1,...,2+g, Cj=R(p)

1,...,j
1,...,2+j .

In particular, the matrix Bj is diagonal of the form

(46) Bj =

ϵj1X
λj1+1−nj1

λj1 0 . . . 0

. . . . . . . . . . . .

∗ ∗ . . . ϵj−1X
λj−nj−1λj−1

 .

Notice that
∑j−1

s=j1
λs+1−nsλs =

∑j−1
s=j1

λs+1−λs = λj−λj1 . We deduce that

Xλj−λj1 divides the minor |R(p)j1,2,2+j1 |. It follows that Xe1+λj1 |R(p)j1,2,2+j1 |
is divisible by Xe1+λj , since λj1 ⪯ λj1 . Since m2 ≤ j we have e1 ∧ λj ̸= 0,
hence Xe1+λj belongs to Jg. This ends the proof in this case.

Case (b). By hypothesis λj1,1 ̸= 0, and since j1 < j2, we get λj2,1 ≥ 1.
Assume first that λj1,2 ̸= 0. By Lemma 2.16(c) we get nj1λj1,2 ≥ 1. Since

j2 > j1, we obtain λj2,2 ≥ λj1,2 ≥ 1 by definition (13) and relation (12).
We have shown that e1+e2 ≺ λj2 , therefore Xλj1+λj2 |R(p)2+j1,2+j2 | belongs
to Ig, since it is divisible by Xe1+e2 ∈ Ig.

Otherwise we must have λj1,2 = 0 and then λj2,2 = 0, since λj1 ∧λj2 = 0,
and by definition of m2 we also have j1 < j2 < m2. We expand the minor
|R(p)2+j1,2+j2 | along its second column to get

|R(p)2+j1,2+j2 | =
g∑
j=1

L
(j)
2 |R(p)j2,2+j1,2+j2 |.

We distinguish two subcases:
If 1 ≤ j < m2 we have λj,2 = 0 by Lemma 2.16(b). Then the monomial

Xe2 divides the coefficient L(j)
2 (see Lemma 4.7). Since λj1,1 ̸= 0, we get

λj2,1 ≥ 1 and thus e1 ≺ λj2 . The monomial Xe1+e2 ∈ Ig divides the term
Xλj1+λj2L

(j)
2 |R(p)j2,2+j1,2+j2 |, hence this term belongs to Ig. This ends the

proof when m2 = g + 1.
If m2 ≤ j ≤ g, the matrix R(p)j2,2+j1,2+j2 is block lower triangular. It has

three blocks on the diagonal, Aj , Bj and Cj , where

Aj =R(p)j2,...,g2,2+j1,2+j2,...,2+g
, Bj =R(p)1,...,j2−1,j,...,g

1,...,2+j2,2+j+1,...,2+g, Cj =R(p)1,...,j1,...,2+j .

In particular, Bj is diagonal of the form (46) with j1 replaced by j2. There-
fore, the minor |Bj | is equal to the monomial Xλj−λj2 times a unit. As in
the previous case, the term Xλj1+λj2 |R(p)j2,2+j1,2+j2 | is divisible by Xe1+λj ,
since λj2 ⪯ λj2 . Since m2 ≤ j we have e1 ∧ λj ̸= 0, hence Xe1+λj belongs
to Jg. This ends the proof in this case.
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The following corollary is an immediate consequence of Propositions 4.8
and 4.14, and Theorems 3.3 and 4.13.

Corollary 4.15. Assume that the dimension of the quasi-ordinary hy-
persurface S is 2. Then

Jac(Sp)OZ = Xγ0Jlog(Sp)

for any point p in the torus of ZΓ .
Remark 4.16. It is an open question whether the inclusion in Theorem

4.13 is an equality when the dimension of S is greater than 2.
Corollary 4.17. Let S be an analytically irreducible quasi-ordinary hy-

persurface singularity of dimension 2. The composite of the normalization
map of S with the normalized blow up of the monomial ideal Jlog(S) is the
normalized Nash modification of S.

Proof. Since S is a complete intersection, the Nash modification of S is
isomorphic to the blow up of the Jacobian ideal in OS (see [45]). Then the
normalized Nash modification of S is equal to the composition of the nor-
malization map with the normalized blow up of Jac(S)OZ (see [43, Proposi-
tions 3.2 and 3.3]). Now the statement follows from Corollary 4.15, since the
ideals Jac(S)OZ and Jlog(S)OZ are related by invertible monomial ideals,
hence they have isomorphic blow ups.

Example 4.18. Let (S, 0) be a quasi-ordinary hypersurface parametrized
by a quasi-ordinary branch ζ with characteristic exponents

λ1 = (3/2, 0), λ2 = (7/4, 0), λ3 = (2, 1/2).

The characteristic integers are n1 = n2 = n3 = 2. The generators of the
semigroup Γ are
e1=(1, 0) , e2=(0, 1), λ1=(3/2, 0), λ2=(13/4, 0), λ3=(27/4, 1/2).

Notice that the group M generated by Γ is equal to the lattice with basis
v1 := 1

4e1, v2 := 1
2e2. The saturation of Γ in M is the semigroup σ∨ ∩M =

Z≥0v1 + Z≥0v2. This implies that the normalization Z = Zσ
∨∩M of S is

smooth, and OZ is isomorphic to the ring of convergent power series C{z1, z2}
where z1 = Xv1 and z2 = Xv2 . For simplicity, we write the coordinates of the
generators of the semigroup Γ (resp. of the characteristic exponents) with
respect to the basis v1, v2. We obtain

e1 = (4, 0), e2 = (0, 2), λ1 = (6, 0), λ2 = (13, 0), λ3 = (27, 1),

resp.
λ1 = (6, 0), λ2 = (7, 0), λ3 = (8, 1).

The minimal Frobenius vector with respect to this basis is γ0 = (42,−1).
The following relations hold:

2λ1 = 3e1, 2λ2 = 5e1 + λ1, 2λ3 = 12e1 + e2 + λ1.
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The matrix of relations is

R0 =

 3 0 −2 0 0

5 0 1 −2 0

12 1 1 0 −2

 .

By Definition 3.2 and Proposition 4.12 we get

I3 = (Xe1+e2 , Xe2+λ1 , Xe1+λ3) ⊂ J3 = (Xe1+e2 , Xe2+λ1 , Xe1+λ3) ⊂ OZ .

By Corollary 4.11, if p is a point in the torus of ZΓ , then Jac(Sp)OZ is
the monomial ideal Xγ0J3. By Remark 4.9, if p = 0 then Jac(S0)OZ is the
monomial ideal Xγ0I3.

5. An application. In this section we give a method to compute the
number νJac(S)(ϕ) associated to a function ϕ ∈ OS and the Jacobian ideal
Jac(S) when S is an irreducible quasi-ordinary hypersurface of dimension 2.

We first recall the definition of the numbers νI(a) and νI(J ) associated
to an element a ∈ A and a pair of proper ideals I,J of a ring A, given
by Lejeune-Jalabert and Teissier [43]. These numbers have many interesting
applications in analytic geometry, in particular in connection with the Ło-
jasiewicz exponents and analytic arcs (see [43, 62, 36]). We show next how to
describe the invariant νI(J ) explicitly when A = C{Λ} is the ring of germs
of functions at the origin of an affine toric variety ZΛ, and I and J are a
pair of monomial ideals of A.

5.1. The number νI(a). Let A be a ring and I ̸= A be an ideal. Let
us consider first the order function νI : A → Z associated with the I-adic
filtration A = I0 ⊃ I ⊃ I2 ⊃ · · · of A, which is defined by

νI(a) := sup {n | a ∈ In} ∈ Z≥0.

If J is an ideal of A we set νI(J ) := sup {n | J ⊂ In}. We also have an
order function νI : A→ R≥0 ∪ {+∞} defined by

νI(a) := lim
k→∞

νI(a
k)

k
.

If J is an ideal of A then we set νI(J ) := limk→∞
νI(J k)

k . If J is generated
by a1, . . . , as then νI(J ) := mini=1,...,s νI(ai). These numbers belong to
R≥0 ∪ {∞} (see [43]).

5.2. Normalized blow up of a monomial ideal in a toric variety.
The Newton polyhedron of ϕ =

∑
cαX

α ∈ C{σ∨∩M} is the convex hull N (ϕ)
of the union of the Minkowski sum of the sets α+σ∨ for α such that cα ̸= 0.
Similarly, the Newton polyhedron of a monomial ideal I = (Xu/u ∈ I) of
C{σ∨∩M} is the convex hull N (I) of the Minkowski sum of the sets I+σ∨.
If N is the Newton polyhedron of a function or of a monomial ideal we
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denote by ordN the support function of the polyhedron N , which is defined
by

ordN : σ → R, ν 7→ inf
ω∈N

⟨ν, ω⟩.

The dual fan Σ(I) associated to the polyhedron N (I) consists of the
cones

σ(F) := {η ∈ σ | ⟨η, v⟩ = ordI(η), ∀v ∈ F},
for F running through the faces of N (I).

If Σ = Σ(I), the associated toric modification πΣ : ZΣ → Zσ is the
normalized blow up of Zσ centered at the monomial ideal I of C{σ∨ ∩M}
(see [38, Chapter 1] or [42]).

Let {Dk}k∈K(I) be the irreducible components of the exceptional divisor
of πΣ which is defined by the ideal sheaf IOZΣ

. Each component Dk is an
invariant divisor for the torus action, and the divisorial valuation νDk

defined
by Dk is a monomial valuation of the form

νDk

(∑
amX

m
)
:= inf

am ̸=0
⟨nk,m⟩,

where nk is a primitive vector for the lattice N in an edge ρ of Σ such that,
if τ is the unique face of σ with ρ ⊂ int(τ), then the orbit orbτ is contained
in the zero locus of I in ZΛ. Then we have

(47) νDk
(IOZΣ

) = min
u∈I

νDk
(Xu) = ordI(nk).

See [42, 38, 23] for more details.

5.3. The number νI(ϕ) in the toric case. Suppose from now on that
A = C{Λ} and I = (Xu | u ∈ I), ϕ ∈ C{Λ} and J = (Xu | u ∈ J) are
proper monomial ideals of C{Λ}, for Λ as in Section 1.1. By [43, Prop. 0.20]
we have

νI(ϕ) = νIC{σ∨∩M}(ϕ) and νI(J ) = νIC{σ∨∩M}(JC{σ∨ ∩M}).
In order to describe the numbers νI(ϕ) and νI(J ) we can assume that
Λ = σ∨ ∩M .

Proposition 5.1. With the previous notations we have

νI(ϕ) = min
k∈K(I)

ordN (ϕ)(nk)

ordI(nk)
and νI(J ) = min

k∈K(I)

ordJ (nk)

ordI(nk)
.

Proof. If k ∈ K(I) then νDk
(IOZΣ

) = ordI(nk) by (47). By the results
of [43, §4.1], if ϕ ∈ C{σ∨ ∩M} then

(48) νI(ϕ) = min
k∈K(I)

νDk
(ϕ)

νDk
(IOZΣ

)
.

Since νDk
is the monomial valuation defined by the primitive integral vector

nk, we get νDk
(ϕ) = ordN (ϕ)(nk).



Logarithmic Jacobian ideals and quasi-ordinary hypersurfaces 31

If J = (Xm1 , . . . , Xmr) we have νDk
(Xmi) = ⟨nk,mi⟩. We get

νI(J ) = min
i=1,...,r

min
k∈K(I)

⟨nk,mi⟩(ordI(nk))
−1

= min
k∈K(I)

min
i=1,...,r

⟨nk,mi⟩(ordI(nk))
−1

= min
k∈K(I)

ordJ (nk)

ordI(nk)
.

5.4. Application to the case of a quasi-ordinary hypersurface S
of dimension 2. Let (S, 0) ⊂ (C3, 0) denote an irreducible germ of quasi-
ordinary hypersurface of dimension 2 parametrized by a normalized quasi-
ordinary branch ζ. Denote by Z the normalization of S. It is the germ of
affine toric variety Zσ∨∩M at its origin. We use the notations of Section 2.

By Corollary 4.15 and Theorem 3.3 the ideal Jac(S)OZ = Xγ0Jg is a
monomial ideal determined by the characteristic exponents of ζ. By [43,
Prop. 0.20] we have νJac(S)(ϕ) = νJac(S)OZ

(ϕ). Then we can apply Proposi-
tion 5.1 to determine νJac(S)(ϕ) from the Newton polygons of ϕ and of the
monomial ideal Jg of C{σ∨ ∩M}.
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