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Problem[1,2]

Determine polynomials satisfying certain orthogonality conditions w.r.t. the weights

wj(x; ~α, β, N) = Γ(αj + x + 1)
Γ(αj + 1)︸ ︷︷ ︸
vj(x; ~α)

Γ(β + N − x + 1)
Γ(x + 1)Γ(β + 1)Γ(N − x + 1)︸ ︷︷ ︸

v(x; β, N)

, j = 1, . . . , r,

supported on the discrete set

∆ = {0, . . . , N} ⊂ N.

−→ assume that α1, . . . , αr, β > −1 and |~n| ≤ N so that the system is perfect

Multiple Hahn polynomials[5]

Type I: vectors (Q(I)
~n,1, . . . , Q

(I)
~n,r) of polynomials with deg Q

(I)
~n,j ≤ nj − 1 and

r∑
j=1

N∑
x=0

Q
(I)
~n,j(x)xkwj(x) =

{0, k = 0, . . . , |~n| − 2,

1, k = |~n| − 1.

Type II: monic polynomials Q
(II)
~n with deg Q

(II)
~n ≤ |~n| and

N∑
x=0

Q
(II)
~n (x)xkwj(x) = 0, k = 0, . . . , nj − 1, j = 1, . . . , r.

−→ unique solutions (Q(I)
~n,1, . . . , Q

(I)
~n,r) and Q

(II)
~n (with max. degrees) as system is perfect

Integral representations[4]

Type I multiple Hahn polynomials:

Q
(I)
~n,k(x) =

Q(I)
~n

vj(x)

∫
Σk

Γ(x + t + 1)Γ(t + β + |~n|)
Γ(t + 1)Γ(t + β + N + 2)

∏r
j=1(αj − t)nj

dt

2πi
, Q(I)

~n ∈ R.

Type II multiple Hahn polynomials:

Q
(II)
~n (x) =

Q(II)
~n

v(x)

∫
C

Γ(s)Γ(s + β + N + 1)
∏r

j=1(αj + 1 − s)nj

Γ(x + s + 1)Γ(s + β + |~n| + 1)
ds

2πi
, Q(II)

~n ∈ R.

The relevant contours are

Σk, which only encloses the poles ∪nk−1
l=0 {αk + l} of the integrand, and does so

exactly once (clockwise),

C, which encloses [−N, 0] exactly once (counterclockwise).

Normalization constants[4]

The normalization constants are given by

Q(I)
~n = (−1)|~n|(N − |~n| + 1)!

∏r
j=1(αj + β + |~n|)nj

(β + 1)|~n|−1
,

Q(II)
~n =

(−1)|~n|(β + 1)|~n|

(N − |~n|)!
∏r

j=1(αj + β + |~n| + 1)nj

.

Key ideas for the type I polynomials[4]

1. Consider the type I linear forms

Q
(I)
~n (x) =

r∑
j=1

Q
(I)
~n,j(x)wj(x).

2. Pick an appropriate ϕ and apply the residue theorem to write

Q
(I)
~n (x) = v(x)

∫
∪r

j=1Σi

ϕ(t)q|~n|(t)∏r
j=1(αj − t)nj

Γ(x + t + 1) dt

2πi
, deg q|~n| ≤ |~n|.

3. Use the orthogonality conditions to determine q|~n|(t) explicitly.

Key ideas for the type II polynomials[4]

1. Consider f = Q
(II)
~n v and apply a discrete variant of the Mellin transform

(MNf)(s) =
N∑

x=0
f(x)Γ(x + s).

2. Use the orthogonality conditions to determine (MNf)(s) explicitly.
3. Apply the inverse transform

Q
(II)
~n (x) = 1

v(x)

∫
C

(MNf)(s)
Γ(x + s + 1)

ds

2πi
.

Multiple Askey scheme[3]

−→ through the appropriate limits, we also obtained integral representations for the

descendants in the multiple Askey scheme

Hypergeometric representations[4]

Type I multiple Hahn polynomials:

Q
(I)
~n,k(x) ∝ r+2Fr+1

[
−nk + 1, αk + β + |~n|, (αk + 1)~1r−1 − ~α∗k − ~n∗k, x + αk + 1

αk + 1, (αk + 1)~1r−1 − ~α∗k, αk + β + N + 2
; 1
]
.

Type II multiple Hahn polynomials:

Q
(II)
~n (x) ∝ Γ(N − x + 1)

Γ(β + N − x + 1) r+2Fr+1

[
−|~n| − β, −x, ~α + ~n + ~1r

−N − β, ~α + ~1r

; 1
]
.

−→ follows from the integral representations (with explicit constants) after applying

the residue theorem
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