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Mixed Multiple Orthogonal Polynomials

Given a ¢ X p matrix of measures, d 11, where each (i, , are supported on the interval A C R, and two matrix polynomials A(x) and B(z):

] ) 'B(gn ..... B(gq)' T

dppggeee-- dﬂflp Bil) ..... ng) Aé) Ag) Ag)“"
d/,L — - E B — Bél) ..... Béq) A — . ; .

A frg1ee d ftgp| A[()p) Agp) Agp). L

Associated to this matrix of measures, we introduce the following moment matrix: .Z = [, X, () du(x) X[;](x) where X[TT] () = I, «I, «°I,-- -]

If all the leading principal submatrices .Z " are nonsingular, then the Gauss—Borel factorization exists:
[ B(z) dp(x) X, (x) = %~
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The following relation also holds: [, B(z)du(z) A(xz) = I, whose entries are the biorthogonality relations: [, >°7 />, BS’)(:U) dpp.o(2) A%)(:p) = On.m
Another crucial set of objects in this construction are the Cauchy transforms of the matrix polynomials:

C(z) — /A 41l@) 4 D(z) = /A B(x)
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Let us introduce the Christoffel-Darboux (CD) kernel matrix polynomial:
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We can also establish additional families of CD kernels, assoctiated with D(x) and C'(z):
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Geronimus Perturbation Matrix Polinomial Perturbation. Simple Eigenvalues
A Geronimus perturbation for the original mixed multiple orthogonal polynomials is of the For the matrix polynomial perturbation, we will consider the following matrices:
form:
N
dp(z)R(z) = d p(z) R(z) =) Ra' R €CP?
The perturbed measure can be rewritten as: i=0 i i
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We can establish the following connection formulas: det R(x): the determinant of these matrix polynomials is a polynomial of degree
A(z)Q = R(z)A(x) OB(z) = B(x) Np=r.
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in terms of a connection matrix, {2, which is lower unitriangular with M nonzero Canonical Set of Jordan Chains

subdiagonals.
We aim to express the entries of the connection matrix in terms of the original orthogonal
polynomials. Cauchy transforms will be highly useful in this context, R(z;)v

For simplicity, assume that the zeros of det R(x) are simple, i.e., there are M = Np —r
different roots of det R(x). For any given root x;, there exists 2 vectors such that:
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The connection formulas for D(x) establish a linear system of M equations (M roots of
det R(x)) for M unkowns ({2 components).

~ Generalizations |

Notation

Let us introduce the following notation:
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On the Existence of Christoffel Perturbed Orthogonality

The existence of the perturbed orthogonality is related to the formulas for A(z) and B(x)

Tn = in the case where n < M. A non spectral method yields a connection between the
DY —wl........ DM _ yyM) formulas for B(x) and new 7,, determinats when n < M. Therefore, we find:
. . " _ Theorem: The perturbed mixed multiple orthogonality exists if and only if T,, # 0 for
These determinants represent the compatibility condition of the linear system. neN . i < v y it T 7
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Explicit Formulas for the Perturbed Polynomials
In terms of these 7 determinants we find the following Christoffel formulas, for n > M:
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