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Banded semi-infinite matrices

Banded matrices

TO,0 + v veee e To,q @e00000000000000000600G0 0
Tp,0 .
T[N] i 0 .0
TN—q,N
@0000000000006000000000000800680 0 N TN. N

where the extreme diagonal entries are nonzero

with 7' = limy oo TV a banded semi-infinite matrix
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Recursion polynomials

Type | recursion polynomials

AD(@) = (AP @) AP@)--], ae{l,...,p}

> Left eigenvectors:

A ()T = AW (z), ac{l,...,p}
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Recursion polynomials

Type | recursion polynomials
» Initial conditions,

(2 _
A 1 Ay’ =0,
0 — 5 A(2) —1
AY =Y, 0 _ o
Ay’ =1y,
A(l—)1 = V(l—)p 2 2
P P Az()fl = V;()—)h

Vj(i) being arbitrary constants

Multiple orthogonal polynomials
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Recursion polynomials

Type | recursion polynomials

» |nitial condition matrix

r (1) (1) A
1 A AR Vp_1
0 1 :
AO =
-1
Vp—1
W oooacasacoaan 0 1]
(p + g + 1)-term recursion relation, A“’q’ = vo00 = _41“1) =0,a€el,..., p}
‘4i/uk](/7ﬂ“*‘/-” +o ‘-151”))/)71”‘?/'-” - ‘1.‘451‘1>‘ n e \Q(,

deg Al < [MW — 1. Normality iff < is replaced by =

p
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Recursion polynomials

Type | recursion polynomials

» |nitial condition matrix

PR T v, T
0.1 é
Ag = -
"'-...V;(fi;l)
[0 . 0 1 _
» (p+ ¢+ 1)-term recursion relation, A(_“g =..=A9=04ae{y,...

AgLa_)anfq,n = A;(:)-aner,n = l’AsLa), n e No
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Recursion polynomials

Type | recursion polynomials

» |nitial condition matrix

PR T v, T
0.1 é
Ag = -
"'-...V;(fi;l)
[0 . 0 1 _
» (p+ ¢+ 1)-term recursion relation, A(_“g =..=A9=04ae{y,...

AgLa_)anfq,n = A;(:)-aner,n = l’AsLa), n e No

> deg ALY < {%W — 1. Normality iff < is replaced by =
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Recursion polynomials

Type Il recursion polynomials

T

B®(x) = [BY(2) B§b>(x).....] , be{l,...,q}
> Right eigenvectors:
TB® (z) = zB®) (), be{l,...,q}
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Recursion polynomials

Type Il recursion polynomials
» Initial conditions,

BY =0
1 )
BY =1, 204 B o,
1 1 = 4y
B — 1) 1 .
1 1 B@ _ 2 :
: 2 2 (9)
1) _ : .
1 1 . q
B2y =81 2 2 B, =1,
1 ? Bl(Jf)l = 5(5317 1
§]@ being arbitrary constants
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Recursion polynomials

Type Il recursion polynomials

> Initial condition matrix

]' 0.. ................
1 .

o 1
55_)1 ............. gé‘l_l) ,
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Recursion polynomials

Type Il recursion polynomials

> Initial condition matrix

P> (p+ q+ 1)-term recursion relation, B@l =

b
Tn7n—pB£L—)p R Tn,n+qB£z+q

1 0.
1
R
1
55—)1""

Multiple orthogonal polynomials

................. 0
......... gé‘l_—ll)'q_

9 =zB®, neNg
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Recursion polynomials

Type Il recursion polynomials

> Initial condition matrix

1 Ocvereaeaeenns 0
1)
o
By=| :
1 “(g—1) .
_515—)1 ............. gé‘l_l ) =y
P> (p+ g+ 1)-term recursion relation, Bﬁ’; =coo= Bg’i =0,be{l,...

Ton-pBY 4+ To4gBL, = 2BY, neNg

> deg BY < [%H] — 1. Normality iff < is replaced by =
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Recursion polynomials

Characteristic polynomials
For the semi-infinite matrix 7" we consider the polynomials Py (x),

deg Py = N, as the characteristic polynomials of 7V -1l

Pae) = { & N=0
xXr) =
N det (zIy — TN-1), N eN
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Recursion polynomials

Characteristic polynomials

For the semi-infinite matrix 7" we consider the polynomials Py (x),
deg Py = N, as the characteristic polynomials of 7V -1l

Pae) = { & N=0
xXr) =
N det (zIy — TN-1), N eN

Left and right recursion polynomials determinants

1 1 1
Aﬁv) ...... AD B§V) .......... BY
Anv = | : : , Bn = :
1
AD .. AD By B

ay = (1) INT oo Tnip 1 N1, By = (=)@ DNT, oo Ty g N1
for Ne Nand ag =5y =1
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Recursion and associated polynomials
Theorem

Determinantal expressions for the characteristic polynomials

PN(.CU) = ay det AN(QZ) = By det BN($)

Associated polynomials

AW AP BW. .. B
1 1
o0 Agv)+ L AS\}Z . Bz(v)+ L Bz(\?l .
n,N — ) n,N — . .
1 ' 3
Agvzrpfl """ Ag\elrpfl B](V)+q71 """ B](\(flzrqfl
Qn = [Qon Qin--], QN :=[Qon Qin------ Qn,N]
Ry=[Rony Rin---]" . R™ :=[Rony Rin----- Ryn]"
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Spectral properties

Key spectral property of truncations

QMTIN £ 0. 0 TnapNQNpn] = 2Q)
0
TINI g 0 _ R

TNN+qRN+gN
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Spectral properties

Key spectral property of truncations

QMTIN £ 0. 0 TnapNQNpn] = 2Q)
0
TINI g 0 _ R

TNN+qRN+gN

Christoffel-Darboux type formulas

1 Pyi1(z)Pn(y) — Pv(x)Pny1(y)
anBn T—y

N
> Qnn (@) Ran(y) =
n=0
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Spectral properties

. N+1
Assume that Py, has simple zeros at the set {/\LN]}kjl
. - N 1
> sets of left and right eigenvectors, {w,im k; ,

{u,im}kN:ll, are given by

™ _ )
BN Yo QuN (ALN])RLN (ALN])

w ) U;im = 5NR<N) (/\ch])
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Spectral properties

N+1
Assume that Py has simple zeros at the set {/\[N]} +
N+1

> sets of left and right eigenvectors, {wk k:+1 ,

{u,im}kN:ll, are given by

(N) ([N]

() QM (N) NY o (Y (4 [N]

wy | = , u; ' =pBNR (/\ )
By SN Qv N RN ) F :

» The following expression holds

™ onQuan(A) uf)
Srn T e O pr ()
N( ) N+1( k )

= BnRn-1,n (A ECN])
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Spectral properties

» We can write w,i]’:? = A;l_)l (/\LN]),U/L],\? S ooodE Aflp_)l (A,LN])ML]?Q
Affll (/\L,N]) 00000009 Aifll (AECN])
) A () A, L ()
"t BN leio Qz,N()\EvN])Rz,N(ALN])
AilJ)rl(/\EcN]) A®) (AECN]): ........ ASzpll(AEQN])
A O A () s, )
k2
’ B Yo Qua (A ) Riw (W)
Aillll ()\ECN]) .' ....... Aiﬁ:ll) ()\LN])
Wyt 1A OF) - 2, (8)
? BN leio QZ,N()\LN])RZ,N(AECN])
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Spectral properties

> We can write u,i]\Q = B,(Tl,)l ()\ECN})PLJX] +o Tt Br(qu)l(ALN])PEcN}

7q
B](?_)H()\ECN]) """" BJ(\?-)H (’\EcN])
(N ._ B : :
Pr,1 - N : :
), (6 - 288, ()
Bz(\}zrl ()‘LN]) Bﬁ)+1 (ALN]) """" Bz(\’rqzrl(AEcN])
[N] ._ : : :
Prs = —PN : : ;

B kam1 () B, (07) - B, ()

B(l) ()\ECN]) ....... BI(\?J:ll)()‘LN])
Pl = (-7 By |

2, ) =it ()

Multiple orthogonal polynomials June 23rd, 2024

15/33



Discrete orthogonality

Step functions

07 T < )\5{,\11,
N N] [N N] [N N N
ba = Phoia o sy Ay <z <AL kel

N] [N N N N
P[1,b]ﬂ[1,a] +ooe Tt pEVJ]rl,bMEV-‘}-l,a x> )‘[1 ]

Forae{l,..., p}and be{l,..., q}, we have
[N] [NV] [N] Nl _ p-1 4=l
PipHia T Pni1phnt1,a = (Bo dgpAy )ba
[]u/ S R/)X‘/' (L)J{)J'._/ — (55._j
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Discrete orthogonality

Step functions

07 Tr < )\
N] . N] [N N] [N N
l[7,a] = p[l,b]u[l,a] G o004 pL,b]uLa] )‘L-I—]l <

[N] [NV] (V] (V]

Finite sums
Forae {1,...,p}and b€ {1,...,q}, we have

[N [N] N [N]

:c<)\LN]7 ke{l,...
N
PiyMia T FPNt1pMNF1,e T2 )\[1 ]

—1 1
PipHia +  F Pni1phNt1.a = (Bo LopAo ba

Iyq € RP>4, (Ipn])i,j = 5@]’
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Discrete orthogonality

Matrix of discrete measures

[N] ... ]
1/’1,1 17[11‘,19
q X p matrix of functions: WV .= | © | ¢ X p matrix of discrete

N N
e

Lebesgue—Stieltjes measures supported at the zeros of Pn1:

N N N
d,lpg’l] ...... dwg,p] N4+1 pggyl]

: : : N N [N]

auM = | B a7 a6 = AP
dw([ﬁ] ...... dpl) h=1 pgg

Multiple orthogonal polynomials June 23rd, 2024 17 /33



Discrete orthogonality

Theorem

The following biorthogonal relations hold

ZZ/B (2)dyg @) AR (@) = Sum,  mym € {0,..., N}

a=1 b=1

Corollary

The following discrete mixed multiple orthogonality for
m € {1,..., N} are satisfied:

P

Z/ AP AD =0, nel0,...,degBY |}, be{l,...q
a=1

q

Z/Bg’;)dwlﬁfi]x”:o, ne{O,...,degAfs)_l}, ac{l,...,p}
b=1
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Totally nonnegative matrices

Totally nonnegative (TN)

All its minors are non-negative

All its minors are non-negative and is nonsingular

All its minors are positive

A totally non negative matrix A such that for some n, the matrix A" is
totally positive

Multiple orthogonal polynomials June 23rd, 2024 19/33



Totally nonnegative matrices

Totally nonnegative (TN)

All its minors are non-negative

Invertible totally nonnegative (InTN)

All its minors are non-negative and is nonsingular
All its minors are positive

A totally non negative matrix A such that for some n, the matrix A™ is
totally positive
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Totally nonnegative matrices

Totally nonnegative (TN)

All its minors are non-negative

Invertible totally nonnegative (InTN)

All its minors are non-negative and is nonsingular

Totally positive (TP)

All its minors are positive

A totally non negative matrix A such that for some n, the matrix A™ is
totally positive

Multiple orthogonal polynomials June 23rd, 2024 19/33



Totally nonnegatlve matrices

Totally nonnegative (TN)

All its minors are non-negative

Invertible totally nonnegative (InTN)

All its minors are non-negative and is nonsingular

Totally positive (TP)

All its minors are positive

Oscillatory Matrix (IITN)

A totally non negative matrix A such that for some n, the matrix A™ is

totally positive
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Totally nonnegative matrices

Factorization |

From Cauchy—Binet Theorem one can deduce the invariance of these sets
of matrices under the usual matrix product
PBF = oscillatory

The eigenvalues are simple and positive

The eigenvalues strictly interlace the eigenvalues of the principal submatrix
(deleting first row and column) (also last column and row)

Translations of bounded Jacobi matrices are oscillatory matrices

[} =l = =
Multiple orthogonal polynomials June 23rd, 2024 20/33
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Factorization |

From Cauchy—Binet Theorem one can deduce the invariance of these sets
of matrices under the usual matrix product

PBF = oscillatory

Eigenvalues
The eigenvalues are simple and positive
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Totally nonnegative matrices

Factorization |

From Cauchy—Binet Theorem one can deduce the invariance of these sets
of matrices under the usual matrix product
PBF = oscillatory

Eigenvalues
The eigenvalues are simple and positive

Interlacing property

The eigenvalues strictly interlace the eigenvalues of the principal submatrix
(deleting first row and column) (also last column and row)
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Totally nonnegative matrices

Factorization |

From Cauchy—Binet Theorem one can deduce the invariance of these sets
of matrices under the usual matrix product
PBF = oscillatory

Eigenvalues
The eigenvalues are simple and positive

Interlacing property

The eigenvalues strictly interlace the eigenvalues of the principal submatrix
(deleting first row and column) (also last column and row)

Translations
Translations of bounded Jacobi matrices are oscillatory matrices
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Banded total positivity

. Banded matrices are characterized by having p subdiagonals and ¢
superdiagonals. These matrices are denoted as B, ,.

We define B, ;TN as the subset of B, , that intersects with TN,
By¢InTN as the subset of B, , that intersects with InTN, and
By,¢lITN as the subset of B, ; that intersects with [ITN.

A particular case of banded matrices arises when p = n and ¢ = 0,
resulting in lower triangular matrices, and when p = 0 and ¢ = n,
resulting in upper triangular matrices. These specific cases are
denoted by NTN or NTN for lower and upper totally nonnegative
matrices, respectively

o = = = = DA
Multiple orthogonal polynomials June 23rd, 2024 21/33
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Banded total positivity

1.| Banded matrices are characterized by having p subdiagonals and ¢
superdiagonals. These matrices are denoted as B, ,.

2. \We define By,¢ TN as the subset of B, ; that intersects with TN,
B, 4InTN as the subset of B, ;, that intersects with InTN, and
By,¢lITN as the subset of B, ; that intersects with IITN.

3. A particular case of banded matrices arises when p = n and ¢ = 0,
resulting in lower triangular matrices, and when p =0 and ¢ = n,
resulting in upper triangular matrices. These specific cases are
denoted by NTN or NTN for lower and upper totally nonnegative
matrices, respectively
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Banded total positivity

Price, 1965

Let 7' € B, 4 be a nonsingular banded matrix with contiguous minors

fori—p<j<i+gq, wherei,je€{l,...,n}. Then, T is a oscillatory
matrix

Multiple orthogonal polynomials June 23rd, 2024 22/33



Banded total positivity

Trivial submatrices T[;.l """ ;T] with T;, ;. = 0 above the ¢-th
e ,
superdiagonal are of the form:

[k vooe e e e e * O ........... 0 T

T|:le ...... l,T:| e 3 ([Qooocoocoooooo 0

J1 Jr Koee e 2 ([[Jocoocococosoos 0

£20000000000000 * %k 20000000 *
koo * * 205000000 *

Multiple orthogonal polynomials June 23rd, 2024 23/33



Banded total positivity

and for T;

k:Jk

= (0 below the p-th subdiagonal

2600000000000 0 * 200000000000
0000000000000 8 oooo0000000
[ O

. *: ......
[0 0 0 skeowvnn:

Multiple orthogonal polynomials

June 23rd, 2024
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Banded total positivity

Banded totally positive

A banded matrix is said to be banded totally positive if all nontrivial

minors are positive. The set of such matrices will be denoted by BTP or
by B, TP

Multiple orthogonal polynomials June 23rd, 2024 25/33



Banded total positivity

Banded totally positive

A banded matrix is said to be banded totally positive if all nontrivial
minors are positive. The set of such matrices will be denoted by BTP or
by B, TP

Nontrivial contiguous submatrices
For T' € R™ " such that T' €B(, ;) TN, the corresponding nontrivial

contiguous submatrices, associated with zero dispersion sequences of
indexes,

are those satisfying i —p < j < i+ ¢, withi,5 € {1,...,n}

Multiple orthogonal polynomials June 23rd, 2024 25/33



Banded total positivity
Price in disguise

Banded matrices with all nontrivial contiguous minors being positive are
oscillatory

A matrix is banded totally positive if and only if all nontrivial contiguous
minors are positive

For any matrix T" € R™*™, we define the A initial submatrices as follows:

Tooennnnn. i Y S
A[T] = | oA =T|" T §
n—i+1-.---- n | P i
and corresponding minors A*(T) and A;(T)
o> «@> «=» «=» T HAC

Multiple orthogonal polynomials June 23rd, 2024 26/33



Banded total positivity

Price in disguise
Banded matrices with all nontrivial contiguous minors being positive are
oscillatory

Our result on BTP based on Pinkus

A matrix is banded totally positive if and only if all nontrivial contiguous
minors are positive
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Banded total positivity

Price in disguise
Banded matrices with all nontrivial contiguous minors being positive are
oscillatory

Our result on BTP based on Pinkus

A matrix is banded totally positive if and only if all nontrivial contiguous
minors are positive

Initial submatrices

For any matrix T' € R™*", we define the A initial submatrices as follows:

and corresponding minors AY(T) and A;(T)
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Banded total positivity

Our result on BTP based on Metelmann

Given a banded matrix T', the following equivalences hold:
i) 7P

All nontrivial submatrices A;[T], AY[T] are InTN

All nontrivial initial minors are positive

There exists a nonnegative bidiagonal factorization of 7" into

T=Ly- - L, -D-U, --Uj where L; = [IP(;' LO} is a nonnegative

bidiagonal lower unitriangular matrix with L; being a positive bidiagonal
L . 2 I,_; 07 - . L

lower unitriangular matrix, and U; = { 5 L} is a nonnegative bidiagonal

upper unitriangular matrix with U; being a positive bidiagonal upper

unitriangular matrix, and D is a positive diagonal matrix

o = = = = DA
Multiple orthogonal polynomials June 23rd, 2024 27/33



Banded total positivity

Our result on BTP based on Metelmann

Given a banded matrix T', the following equivalences hold:
i) 7P
. All nontrivial submatrices A;[T], A*[T] are InTN

All nontrivial initial minors are positive

There exists a nonnegative bidiagonal factorization of 7" into
T=1Ly---Ly,-D-U,---Uy where L; == [[1’(;‘ LO} is a nonnegative
bidiagonal lower unitriangular matrix with L; being a positive bidiagonal
lower unitriangular matrix, and U, : {”’U*’ ,ﬂ is a nonnegative bidiagonal
upper unitriangular matrix with U; being a positive bidiagonal upper
unitriangular matrix, and D is a positive diagonal matrix

=] & = = z DA
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Banded total positivity

Our result on BTP based on Metelmann

Given a banded matrix T', the following equivalences hold:
i) 7P

. All nontrivial submatrices A;[T], A*[T] are InTN
. All nontrivial initial minors are positive

There exists a nonnegative bidiagonal factorization of 7" into

T=1L- ~~ﬁ1, -D - ﬁ’(/ ..Uy where L; = [[1‘(;‘ LO} is a nonnegative
bidiagonal lower unitriangular matrix with L; being a positive bidiagonal
lower unitriangular matrix, and U; = [I"J/ ,U} is a nonnegative bidiagonal
upper unitriangular matrix with U; being a positive bidiagonal upper
unitriangular matrix, and D is a positive diagonal matrix

=] & = Qe
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Banded total positivity

Our result on BTP based on Metelmann

Given a banded matrix T', the following equivalences hold:
i) 7P

. All nontrivial submatrices A;[T], A*[T] are InTN
. All nontrivial initial minors are positive

. There exists a nonnegative bidiagonal factorization of 7" into
T=1I5,---L,-D-U,-- Uy where L; := [IPO” LO} is a nonnegative
bidiagonal lower unitriangular matrix with L; being a positive bidiagonal
lower unitriangular matrix, and U; := [1‘10” [%] is a nonnegative bidiagonal
upper unitriangular matrix with U; being a positive bidiagonal upper
unitriangular matrix, and D is a positive diagonal matrix
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Banded total positivity

Positive bidiagonal matrices are BTP

For (L)ii—1,(U)i—1,n > 0,7 € {1,...,n}, the following bidiagonal matrices:

1 g - o0000c00s000000000 0
(L)1o 1
0 (L)Q’l 1.. .
00 (D)paa a1
1 (U)o Oeeeeeeneennn 0
0. 1 (U :
: , : o
. .. _(.Uv)n72,n71
0 e 0 1 |

are banded totally positive matrices
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Banded total positivity

Positive of bidiagonal factorization

A matrix T is said to be PBF (positive of bidiagonal factorization) if it can
be expressed as:

T=1L,---L,DU,---U;

where L; and Uj; are positive bidiagonal matrices and D is a positive
diagonal matrix

Multiple orthogonal polynomials June 23rd, 2024 29/33



Banded total positivity

Positive of bidiagonal factorization

A matrix T is said to be PBF (positive of bidiagonal factorization) if it can
be expressed as:

T=1L,---L,DU,---U;

where L; and Uj; are positive bidiagonal matrices and D is a positive
diagonal matrix

PBF vs BTP

PBF matrices are banded totally positive matrices

Multiple orthogonal polynomials June 23rd, 2024 29/33



Christoffel numbers are positive for PBF

M 1 T 1 1
0 (L1)1,0 (L1L2)1,0------ (Li---Lp-1)10 (L1---Lp)io
0 0., (LiL2)20------ (L1---Lp-1)20 (L1---Lp)2,0
Ap = |. o
[©o0acosc0aaccooaaaoocoaaacnss 0 (L1~ Lp)p,o
r (0] @coocoooocooono0o000000 0
1 (U1)o,1 0.
Ty = |1 (U2U1)0,1 (U2U1)0,2 _' e
1 (Up—1--U1)on (Up—1---Ui)oz oo, @
1 (Up---Ui)on (o Do o s oo Uy U)o p
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Christoffel numbers are positive for PBF

1 1 l cocooocoooooo00o0 1 1
0 (L1)1,0 (L1L2)1,0------ (L1---Lp—1)1,0 (L1---Lp)1,0
0 0., (LiL2)20------ (L1---Lp-1)20 (L1---Lp)2,0
Ap = |- :
0 0 (L1 Lp)po
r (0] @coocoooocooono0o000000 0
1 (U1)o,1 0.
T,= |1 (U2U1)0,1 (U2U1)0,2 .' T
1 (Up—1--U1)on (Up—1---Ui)oz oo, @
1 (Up---Ui)on (@ U Yoz e (Up -+ Ut)op

Total positivity
The matrices A, and T, belong to YTP and MTP, respectively
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Christoffel numbers are positive for PBF

Theorem (Christoffel coefficients positivity)

Let us assume that T has a PBF and that Aal =A)A Bgl = BY,, and
A € RP*P js an upper unitriangular totally positive matrix and B € R9%? js
a lower unitriangular totally positive matrix. Then,

pL’j}>o, Mﬁjﬂ>o, ke{l,...,.N+1}, ac{l,...,p}, be{l,...,q}

Multiple orthogonal polynomials June 23rd, 2024 31/33



Favard theorem

Theorem (Favard spectral representation and normality)

Let us assume that

. The banded matrix T is bounded and there exist s > 0 such that T + sI has
a PBF

The sequences {AE,U, . A‘AE,”) }Zi()’ {Bf,,m, . Bf,,‘”};io of recursion
polynomials are determined by the initial condition matrices Ay and

By, respectively, such that Aal =ApA, B(jl = BY,, and A € RP*P js a
upper unitriangular totally positive matrix and B € R9*9 js a lower
unitriangular totally positive matrix

be{l,...,q} and corresponding positive Lebesgue-Stieltjes measures di)y, , with

compact support [C,n)] such that the following biorthogonality holds
P q 1
Z Z / Bl(b) (2)de)p,q (1)4,2(1)(1) = 0.1 k,l € Ny
a=1b=1"6

and we have normal degrees
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Favard theorem

Theorem (Favard spectral representation and normality)

Let us assume that

. The banded matrix T is bounded and there exist s > 0 such that T + sI has
a PBF

. The sequences {AS), e A%p)} o {B,(ll), . ,B,(,q)}zozo of recursion
polynomials are determined by the initial condition matrices Ay and
By, respectively, such that Ag' = A, A, Byt = BY,, and A € RP*P js a

upper unitriangular totally positive matrix and B € R9*9 js a lower
unitriangular totally positive matrix
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Favard theorem

Theorem (Favard spectral representation and normality)

Let us assume that

. The banded matrix T is bounded and there exist s > 0 such that T + sI has
a PBF

. The sequences {AS), e A%p)} o {B,(ll), . ,B,(lq)}:ozo of recursion
polynomials are determined by the initial condition matrices Ay and
By, respectively, such that Ag' = A, A, Byt = BY,, and A € RP*P js a
upper unitriangular totally positive matrix and B € R9*9 js a lower
unitriangular totally positive matrix

Then, there exists pq non decreasing positive functions vy, o, a € {1,...,p} and
be{l1,...,q} and corresponding positive Lebesgue-Stieltjes measures diy, , with
compact support [(,n] such that the following biorthogonality holds
p q n
> / B® (2)duy o () A () = 6.4, k1 €Ny
a=1b=1"¢

and we have normal degrees
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Favard theorem / Gaussian quadrature

Mixed multiple orthogonal relations

P n
Z/ x"dwb,a(x)Ag,‘f)(a:) =0, ne¢€ {O7 e ,dengll}, be{l,...,q}
a=1 ¢

4 n
Z/ Bff;)(m‘)dwbﬂ(x)x" =0, ne¢€ {0, .. ,degAEZ)_l}, a€{l,...,p}
b=1"6

Multiple orthogonal polynomials June 23rd, 2024 33/33



Favard theorem / Gaussian quadrature

§ / (Z;u
a=1"

JAD(2) =0, ne{0,...,degBY } be{l,...,q}
Z/ B,()[; a (11 »u( )’4” =0 n e I() """ de g 157; 1 ac {l """ p}
b=1

Degrees of precision
N +2— N+2-b
dp,a(N) degASv)-i-deng(\?)‘Fl—{ +p a-"i_{ +q -‘_1
- N+1 .
/ x"dep b,a 1)72/)] 1;1“1 ,a
J¢

| ‘: '])". 0<n<dpqo(N)
k=1

(m]

=
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Favard theorem / Gaussian quadrature

Degrees of precision

@ N+2-— N+2-b
dp,o(N) = degASV) + deg Bj(\l,)) +1= ’V—’_a-‘ + {—'_-‘ =1
p )
Mixed multiple Gaussian quadrature formulas
i N+1
/ " dyya(e ZPLNJ b ()", 0< 1 < dya(N)
¢
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