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Banded Hessenberg semi-infinite matrices

Tetradiagonal Hessenberg matrices

€o

b1
az

0.

1

1

by

CL3_

0.

1
C2

by

Positive bidiagonal factorization

3/26



Banded Hessenberg semi-infinite matrices

Positive Bidiagonal Factorization (PBF)

T = L1 LU

where L1, Lo, and U are bidiagonal matrices.

1 (0] 1 0] aq 1 (0]
Qg ag 1 0 ag 1

positivity requirement: o; >0, j € N
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Banded Hessenberg semi-infinite matrices

Important issue for the
spectral Favard theorem for
multiple orthogonal polynomials
with two weights
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Jacobi matrices

Jacobi matrices are tridiagonal real matrices of the form
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with Z; >0, j €N
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Jacobi matrices

Contiguous principal submatrices:

, AN = | JIVH]|
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A tridiagonal matrix is oscillatory if and only if

positive

All leading principal minors are positive

Positive bidiagonal factorization
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The matrix entries of the first subdiagonal and first superdiagonal are



Jacobi matrices

Contiguous principal submatrices:

- 1 oo 0o0o00050505050505 0 ]
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Oscillatory Jacobi matrices (Gatmancher, Krein)

A tridiagonal matrix is oscillatory if and only if

. The matrix entries of the first subdiagonal and first superdiagonal are
positive

. All leading principal minors are positive
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Jacobi matrices

For ||.J]|lso < 00, all the possible eigenvalues of the submatrices .JIV]
belong to the disk D(0, ||J||s). As all the eigenvalues are real, let b be the
supremum of the absolute values of all negative eigenvalues. Notice that

b < |[Jloo

Jacobi and total positivity
For s > b, the matrix J; = J + sI is oscillatory

Take s > b, then J has the eigenvalues of its leading principal submatrices

JIN = Il 4 sy all positive. The corresponding characteristic polynomials
are Pyo1(z — 5) = det(zIns1 — JIM), so that det J = (—=1)N+1 Py (—s).
As —s is a lower bound for any possible zero of this monic polynomial, we have
that (—1)V 1Py, 1(—s) > 0. Hence, the leading principal minors of .J, are all
positive, and the entries on the subdiagonal and superdiagonal are positive. Thus,
we conclude that Js is an oscillatory matrix
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Jacobi matrices

Positive bidiagonal factorization

A Jacobi matrix is oscillatory if and only if it admits a PBF

Let us assume that the Jacobi matrix J

factorization of

B2 .
gV 0, Ba
0.0

leads to Z,, = B2,,—202n—3, With By := 0. Hence, as &, > 0,

get that 5, > 0 for n € N.

[N,1]

8 10
0] ) ‘83
L By
Ovvvvennnn

is oscillatory. Then, the Gauss—Borel

ne€{2,3,...}, we

If the Jacobi matrix JV:1 admits a PBF, we deduce that it is oscillatory from the

Gantmacher—Krein Criterion Theorem
Positive bidiagonal factorization
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Jacobi matrices

Positive bidiagonal factorization
A Jacobi matrix is oscillatory if and only if it admits a PBF

Proof.

Let us assume that the Jacobi matrix JIV-1 is oscillatory. Then, the Gauss—Borel

factorization of

10
Ba
V1] _
S = 0. P,
oo

leads to &, = Ban—282n—3, with By := 0. Hence, as ¢, > 0, n € {2,3,...}, we

get that 8, > 0 for n € N.

If the Jacobi matrix JIV:1I admits a PBF, we deduce that it is oscillatory from the

Gantmacher—Krein Criterion Theorem
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Tetradiagonal matrices

bl C1 1
a9 bg C2 1
TNl = 0. a3 b3 c3 I

TINHK — | 0. akts br+s  Crts 1

Positive bidiagonal factorization

sV =
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Tetradiagonal matrices. Gauss—Borel factorization

0 53. 73 1
Q- vvvn-- . .10 N mN

a; 1 0... ........ 0

0 or

Cap, 0

O cevvneennnn 0 ‘asn41]
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Tetradiagonal matrices. Gauss—Borel factorization

Gauss—Borel factorization of tetradiagonal matrices

The Gauss—Borel factorization exists if and only if all leading principal
minors 6, n e {0,1,..., N}, of T are nonzero, i.e., 8" £ 0 for

n €{0,1,...,N}. For n € N, the following expressions for the coefficients
hold:
B anq16 2 s 5] B §ln—1]
Cny1 = W 7tp = Cp m a3p—2 = W

where 511 =1 and a1 = 0. The recurrence relation for the determinants
is given by:

ol = g, 631 _p g2 4 o 50—l

and it is satisfied for n € {0,1,..., N}
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Auxiliary submatrices and continued fractions

. Given the lower triangular factor LIV, determined by the Gauss—Borel
factorization, we consider its complementary submatrix by deleting the first
row and last column. This submatrix is called the auxiliary Jacobi matrix
and is denoted as JINVU = LINI({1},{N 4 1}) € RN*N

TN = T({1},{N + 1}) € R¥*N as the complementary submatrix

J[N] . T}
. 1

obtained by removing the first row and last column of TV 4} N

TIV‘\"H is obtained form TI[‘W by removing the first k£ columns and rows. It
should be noted that '[‘l'\")J = '[‘l'\' and (5'1\'“J = (5%\'
Finite continued fractions, K[k + 1, k] := 72}, and
Lyt , )
g{[n.H =my — , ne{k+1,k+2,...}
Crt2
M1 —
Cri3
Mt —
. : (;u
7pn—1 —

7727,
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Auxiliary submatrices and continued fractions
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. Tl[N’k] is obtained form Tl[N] by removing the first k£ columns and rows. It
should be noted that TMV% = 7™ and 6l = 5]

. Finite continued fractions, K[k + 1, k] := 772, and

¢
K ln, k) = ey, — bl , nefk+1l,k+2,...}
Ck+2

741 —
Ck+3
Mp+2 —
- ‘.
Mp—1 —
77n
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Determinants and continued fractions

Assume that TN is oscillatory

. The triangular factors LIV and UM in the Gauss—Borel factorization of

TN are invertible totally nonnegative matrices
£y ..., ENy 1y oo s N, O, Oy, - .., Q3N o > 0
For k € N, the recurrence relation

D(n+1) = mpinD(n) — €rynD(n — 1),

for the initial conditions D(0) = 1, D(1) = 772, has a solution

D(n) = Agtn—1, and for the initial conditions D(0) =0 and D(1) =1

has a solution D(n) = Agin_1.kt1

The ratio of consecutive determinants is bounded:

An+42 (5[’1' Knvl -A/J,.l )
i . < m < Cp, ) T < 72y,
In+2 C 77041 n—1,1

[} =l =

Positive bidiagonal factorization

n €N

Q>
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Determinants and continued fractions
Assume that TN is oscillatory

. The triangular factors LIV and UM in the Gauss—Borel factorization of
TN are invertible totally nonnegative matrices

. Coyeo yON 1y oo s AN, O, Qg ..y Q3N —2 > 0
For k € N, the recurrence relation
D(n+1) =mpinD(n) — €xinD(n — 1), n €N
for the initial conditions D(0) = 1, D(1) = 72 has a solution
D(n) = Agtn—1, and for the initial conditions D(0) =0 and D(1) =1

has a solution D(n) = Agin_1.kt1

The ratio of consecutive determinants is bounded:

~[ I )
An+42 ot @ (uvl A/z.l < 70
o ns n
bn+2 ln—1] 77n 41 Anfl.l
=] 5 = = = & %
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Determinants and continued fractions

Assume that TN is oscillatory

. The triangular factors LNl and U™ in the Gauss—Borel factorization of
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(pt2 sl Croil Apn
bugz Ol = o = AV = 7w
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Determinants and continued fractions
. For k € N,

Fork=1 A, >0

JIV:1 s oscillatory

The following factorizations are valid:
T][A\’J - J[A\'_'l]l/;[A\L]]_’ T][A\',/‘.
Moreover, I N

— 7M1 ]Cl.l = J[
1

([N]
0
AA\'.l :

[N, k]
0
SIN—1]’ AN k41 = Q1 Q3p—2

— mk,+l(>

N k+1]77[N—1,k]
> 0, and the following relation between determinants holds:
[N]

[N, k+1]

1
SN —1]

Positive bidiagonal factorization
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Determinants and continued fractions
. For k € N,

B Fork=1,An1 >0

JIV:1 s oscillatory

The following factorizations are valid:
T]L\J — JINIIN-1] T][A\'.A.

Moreover, oI

— 111 = Jl
1

()-[A\“"AA:]
A;\'.A»H = Q1032

— 772k410

N k+1]77[N—1,k]
> 0, and the following relation between determinants holds:
1j )

[N, k+1]

1
SIN—1]

Positive bidiagonal factorization

Dae
15/26



Determinants and continued fractions
. For k € N,

B Fork=1,An1 >0

. JWN:1 s oscillatory

The following factorizations are valid:
TN = VAl IN-11

T][A\'.A‘
Moreover, (5[‘\‘]

— g1l =
|

_[A\"
0
Ani =

[N,k
0]
A;\'.A»H = Q1 3k—2

JINk+1] 77 [N-1,k]
> 0, and the following relation between determinants holds:
[N]

[N, k+1
meloE t

(ﬂA\“ —1]

Positive bidiagonal factorization
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Determinants and continued fractions

. For k € N,

An k
n, k| = :
g{[ ] Ap g1
B Fork=1,An1 >0
. JWN:1 s oscillatory
. The following factorizations are valid:
TI[N} _ J[N,l]U[Nfl], TI[N,k] — mps1Brg = JIN k17 [N =1,k]

Moreover, 5EN} > 0, and the following relation between determinants holds:

(5£N] (ﬂN,k] . mk+15EN’k+1]

AN,l = m, AN,k-‘,—l = Qp Q352 SIN—1]
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Determinants and continued fractions

. The submatrix Tl[N] is oscillatory

The submatrices JIN-++1 and 1‘1[;\',1;_ are also oscillatory. In particular,
Ai\j}'qu. (SlA\“AH >0

The following relations are satisfied:

AA\T-;)()‘[A\' 1] _ (:UdEAN,],] B 02()‘[{\?,2]

e 5]

AA\\Q B (tU(FE‘V'” — (72(3&1\7-2]

The recursion relation in k is satisfied:

AJ\'AA:Jrl — f}ZAtJrlAA\'.A'AQ 7 /AtJr‘_’AA\“'.lH».‘S

=] = = E E 9DAC
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Determinants and continued fractions

190 The submatrix T/ is oscillatory

- The submatrices JV:-*+11 and TI[N’k] are also oscillatory. In particular,
N,k
AN,k+1,5£ >0

The following relations are satisfied:

A‘\';_)()‘[‘\V 1] = (‘()(S%XV-I] = (12(>~EX'.2:
Any 5]
AN, (U(S[ Al _ (IQ(SE\V'Z‘
The recursion relation in k is satisfied:

AN k+1 = 7+ 1 AN k+2 — Crt2AN k43

Positive bidiagonal factorization
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Determinants and continued fractions

. The submatrix Tl[N] is oscillatory

- The submatrices JV:-*+11 and Tl[N’k] are also oscillatory. In particular,
N,k
AN,k+1,5£ >0

- The following relations are satisfied:

AN,gd[N_l] = C()(S%N’l] — ag(ﬂN’Q]

AN st

AN@ B Co(sgN’l] — ag(ﬂN’z]

The recursion relation in k is satisfied:

AN k+1 = 71 AN k+2 — Crt2AN k43
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Determinants and continued fractions

. The submatrix Tl[N] is oscillatory

- The submatrices JV:-*+11 and Tl[N’k] are also oscillatory. In particular,
N,k
AN,k+1a5£ >0

- The following relations are satisfied:
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AN st

AN@ B Co(sgN’l] — ag(ﬂN’z]
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Continued fractions

Infinite continued fraction and tails
We introduce the following infinite continued fraction

2
K= -
3
719 —
73 —
and its tails
14
Kk +1] = rmpp1 — s : keN
Ck43
My — ——————
MEg+3 — * .
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Continued fractions

Continued fraction and quotient of determinants

s{

K= lim

N—oo Co(ﬂN’l} _ a25EN’Q]

Infinite continued fractions

. For k € Ny, the sequences {K'[n, k]},—, ., of the finite continued
fractions are positive and strictly decreasing

The infinite continued fraction K[1] converges and is nonnegative

The corresponding tails converge and are positive, i.e. K[k+1] >0
for k € N
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Continued fractions

Continued fraction and quotient of determinants

s{

K= lim N

N—o0 CO(S [N72]

1 — a0}

Infinite continued fractions

. For k € Ny, the sequences { K [n, k]},~ ;. of the finite continued
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Continued fractions

Continued fraction and quotient of determinants

s{

K= lim N

N—o0 CO(S [N72]

1 — a0}

Infinite continued fractions
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Bidiagonal factorization

The factorization of any lower triangular matrix of the form

1 0 .................... 0
7721 1
LIV — 2 722 1
o 0 I/ﬂg. 73 ].
L Moocooooo0ood 0 'fN 7'77/N '1_

can be decomposed into bidiagonal factors, LIV = L[IN]L[QN] with

LM =

1 0. .............. 0
042- :
o '. g
O----.-.. 0 Q3N _1 1

Positive bidiagonal factorization

LM =

1 0 vveenenens
a3

O’ (675

[ 0 ‘asy
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Bidiagonal factorization

Cn
Q3p = 77lp —
Lﬂn—l
7n—1 —
bﬂn—2
7tpn—2 —
. 2
79 —
7] — Q2
Cn
Q3n—1 =
Z/ﬂn—l
7pn—1 —
fn—2
7tn—2 —
. £
my — —————
771 — Q2

The factorization exists if and only if ag, #0 forn e {1,...,N — 1}

Positive bidiagonal factorization 20/26



Bidiagonal factorization

For each ay < K[N, 1], the factorization of LNl = L[IN]LEN] ]e)
bidiagonal factors given by

0 O 07 R O P 07
(%) a3
L[lN] =10 o5 ) L[2N] =10 o
RO 0 asy_1 1] RO 0 asy 1
where a3, a5, ag, as, . . ., 3n_1, aizp, > 0, exists and is unique. If

ag € [0, K [N, 1]), then both L[lN] and L[2N] are invertible totally
nonnegative matrices
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Positive bidiagonal factorization

For ag < K [N, 1], we can determine a positive sequence a1, ag, oy,

as,. .., agn41 that satisfies the factorization TV = LQN]L[QN]U[N] with:
(1 0 0] (1 0 0]
. . . . .
L[lN]: 0 a5 aL[2N}: 0 o
0 ,i(')
(0o 0 @y 1 [0 0 ‘asy 1
(a1 1, 0 0
0 oy
gt = % BN
S .
TR 0 asnit
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Positive bidiagonal factorization

PBF in the semi-infinite case

Let us assume that the banded Hessenberg tetradiagonal matrix T is
oscillatory. For ag < K [1], there exists a unique positive sequence
{a1,as3,ay, ...} such that the PBF holds. Additionally, if as € [0, K[1]),

then Ly, Lo, and U belong to InTN.

Furthermore, the matrix entries satisfy the following relations:
Cpn = Q3p41 + Q3p + A3p—1,
bn = Q3n3n—2 + A3n-1Q3n—2 + A3n—1Q3n—3,

an = 03pn-103n—-303n—5-

Positive bidiagonal factorization 23/26



Example: oscillatory Toeplitz tetradiagonal matrices

We now consider the Hessenberg matrix 1" is a banded Toeplitz matrix
given by:

c 1 0_.. .............
b ¢ 1
a b @

T = 0. b

Positive bidiagonal factorization 24 /26



Example: oscillatory Toeplitz tetradiagonal matrices

We now consider the Hessenberg matrix 1" is a banded Toeplitz matrix
given by:

c 1 0... .............
b ¢ 1
a b @

T = 0 b

Edrei—Schoenberg

The Toeplitz matrix 7" is oscillatory if and only if there exist positive
numbers 1 > v = 73 > 0 such that:

a="7%73 b=mr2+7M3+713, c=7+rr+73

Positive bidiagonal factorization 24 /26



Example: oscillatory Toeplitz tetradiagonal matrices

The determinants 6 for Y1>72 > 73 >0

2 2 2
S gral g i

(71 —72) (1 —3) * (72— m)(r2 —73) - (v3 = 71) (73 — 72)

Positive bidiagonal factorization 25/26



Example: oscillatory Toeplitz tetradiagonal matrices

The determinants 6 for Y1>72 > 73 >0

2 2 2
S gral g i

(71 —72) (1 —3) * (72— m)(r2 —73) - (v3 = 71) (73 — 72)

Large N ratio asymptotics of the determinants )

. 5N
]\}gnoo 5[N_1] =N

Positive bidiagonal factorization 25/26



Example: oscillatory Toeplitz tetradiagonal matrices

The determinants 6 for Y1>72 > 73 >0

n+2 n—+2 n+2
71 Y2 73

(] _
’ (71 = 72) (11 —3) * (72— m)(r2 —73) - (v3 = 71) (13 — 72)

Large N ratio asymptotics of the determinants )

. 5N
]\}gnoo 5[N_1] =N

Infinite continued fractions and harmonic mean

%[1] _ N

Y1+ 72
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Example: oscillatory Toeplitz tetradiagonal matrices

Theorem
A tetradiagonal Toeplitz matrix is oscillatory if and only if it admits a PBF

Positive bidiagonal factorization 26 /26



