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The work we present revolves around the theory of  
Stieltjes derivatives applied to ODE as well as to EDP 
models, a field which has started expanding recently 
with important findings and a wide range of  
applications. On one hand, the ideas are applied to 
infectious diseases by considering ODEs involving 
Stieltjes derivatives. Moreover, the importance of  
these derivatives are shown by considering a 
mathematical model to analyze the population 
dynamics of  Vespa Velutina.



Khrushchev’s formula on the real line

M.J. Cantero, L. Moral, L. Velázquez

Abstract

Khrushchev’s formula was introduced in 2001 by Sergei Khrushchev to
take advantage of continued fraction methods to study Orthogonal Polyno-
mials on the Unit Circle (OPUC).

He surprised OPUC community with new and deep results in OPUC
theory which revolutionized this theory. Key for these results is the so-called
Khrushchev’s formula that identifies the Schur function of the orthogonality
measure modified by the corresponding OPUC.

Curiously, the analogue of Khrushchev’s formula for Orthogonal Polyno-
mials on the Real Line (OPRL) was not known until 2018. It was uncovered
by Grünbaum and Velázquez, who obtained the OPRL version via operator
theory. This result had the drawback of being only valid for the determinate
case. The new approach to OPRL Khrushchev’s formula presented in this
talk shows its validity for any measure. This allows us to use such a tool
to obtain information about convergence properties of OPRL even in the
indeterminate case.

We also present a simple diagrammatic proof of OPRL Khrushchev’s
formula which sheds light on its graph theoretical meaning.
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Abstract

Multiple orthogonal polynomials are a generalization of standard orthogonal polynomials’
theory that arise from considering orthogonality conditions respect to, not one, but an arbitrary
number of weight functions. This leads, on one hand, to the type II polynomials, that have been
widely studied and many families are already known. On the other hand; there are the multiple
type I polynomials, that have not been studied as extensively. Recently; an important step in
this direction has been given with the finding of explicit expressions for the type I polynomials
corresponding to some well known families such as Hahn, Meixner, Kravchuk, Charlier, Jacobi–
Piñeiro, Laguerre or Hermite; see [1], [2], [3] or [4]. These ones are expressed through special
functions like the generalized hypergeometric or Kampé de Fériet series.
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Spectral geometry and Bessel functions 
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Bessel functions play a central role in the study of 
the eigenvalues of the Laplacian, both in domains 
in Euclidean space and in more general contexts. 
In this talk, we will review some open problems 
and recent results where Bessel functions are 
prominently featured.
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Assume we have a sequence of  polynomials whose 
asymptotic zero distribution is known. What can be said 
about the zeros of  their derivatives? Especially if  we 
differentiate each polynomial several times, proportional to 
their degree? This simple-to-formulate problem has recently 
attracted the attention of  several researchers. The problem 
and its solution methods have exciting connections with free 
probability, random matrices, approximation theory on the 
complex plane, and nonlinear PDE, such as the inviscid 
Burgers equation. 
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The concept of optimal polynomial approximants arises from the study of the so-called
cyclic functions. In particular, in this talk we focus on cyclic functions in the well-known

Hardy space D0 of analytic functions f(z) =
∞∑
k=0

akz
K on the unit disk D, equipped with the

norm

∥f∥20 :=
∞∑
k=0

|ak|2 < ∞.

A function f ∈ D0 is said to be cyclic if the subspace f P is dense in D0 (P denotes the space
of all polynomials). In this context, a polynomial pn ∈ Pn is called an optimal polynomial
approximant (abbreviately, an OPA) to 1/f if

∥1− pnf∥0 ≤ ∥1− qf∥0,

for any q ∈ Pn.
In this talk we are interested in the connection of these OPA with the theory of orthog-

onal polynomials in the Unit Circle (OPUC), and the consequent asymptotic properties and,
especially, electrostatic interpretation of their zeros.

This is a joint work with J. Sánchez Lara (Univ. Granada) and D. Seco Forsnacke (ULL).
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Asymptotic and numerical approximations to the
zeros of parabolic cylinder functions
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The zeros of parabolic cylinder functions have numerous applications in science and
engineering. They are used, for example, in the analysis of fluid flow in cylindrical
channels and in the scattering of electromagnetic waves at parabolic boundaries.
In this talk, we present uniform asymptotic approximations for the real and complex
zeros of the parabolic cylinder function U(a, z), involving certain combinations of the
zeros of Airy functions [1]. The expansions are valid for a large in absolute value
(whether positive or negative), and uniformly for unbounded z (real or complex).
The accuracy of the approximations for the complex zeros is tested using a method
(implemented in Maple) for finding the complex zeros of solutions of second-order
ODEs [2]. A fixed-precision implementation of this method for parabolic cylinder
functions will also be discussed in the talk. The numerical algorithm incorporates,
among other techniques, Taylor series and Liouville-Green expansions of U(a,z) and
its derivative in the region where the zeros are located [3].

Work in collaboration with T.M. Dunster (SDSU, USA), A. Gil (UC, Spain) and
J. Segura (UC, Spain).
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Catalan’s constant  is closely related 

to   but so far it is not known whether or not this is an 
irrational number. One possible way to prove irrationality is 
to construct rational approximants that are better than 
possible for a rational number. We will give a few 
constructions for rational approximants but so far none of  
them is good enough to prove irrationality.s equation. 

G =
∞

∑
k=0

(−1)k /(2k + 1)2

π2
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In 1706, John Machin used a formula expressing p as a 
combination of  two arctangents and, with it, calculated 100 
decimal places of  p. Quite a few similar formulas are 
known today, which are called Machin-type formulas.


In the talk we will discuss some issues related to these 
formulas, and we will see a procedure for finding infinitely 
many such formulas, with any number of  summands. In 
particular, this allows us to show that there are Machin-type 
formulas with Lehmer measure as small as one wishes.


The content of  the talk comes from this article: A. Gasull, F. 
Luca and J. L. Varona, Three essays on Machin's type formulas, 
Indag. Math. (N.S.) 34 (2023), 1373-1396.
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EXTENSION OF MULTIPLE ORTHOGONALITY TO THE BIVARIATE

CASE

JUAN ANTONIO VILLEGAS, LIDIA FERNÁNDEZ

Abstract

Multiple Orthogonal Polynomials (MOPs) in a single variable generalize the standard theory
by satisfying orthogonality conditions with respect to several measures, and they hold significant
importance in various applications, including Hermite-Padé rational approximation, random
matrix theory, and integrable systems.

However, multiple orthogonality has been explored mainly in the univariate case. In this
talk, I will start by presenting some preliminaries on multiple orthogonality in the univariate
case, followed by some definitions of the two main types of multiple orthogonality, examples and
extended results, closing with a discussion on the relation between the univariate and bivariate
cases.

Keywords: Orthogonal Polynomials, Approximation Theory, Applications, Multiple orthogonal-
ity.
AMS Classification: 33C45, 33C50, 42C05.
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