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Abstract

For a large class of operators acting between weighted (> spaces, exact
formulas are obtained for their norms and the norms of their restrictions to the
cones of nonnegative sequences and nonnegative monotone sequences. The
weights involved are arbitrary nonnegative sequences and may differ in the
domain and codomain spaces. The results are applied to the Cesaro and Copson
operators, giving their norms and their distances to the identity operator on the
whole space and on the cones. Simplifications of these formulas are derived in
the case of these operators acting on power-weighted />°. As an application,
best constants are given for inequalities relating the weighted /> norms of the
Cesaro and Copson operators both for general weights and for power weights.
Moreover, we characterize the optimal non-absolute domain for the Hardy
operator (and its dual) minus the identity, in the Lebesgue space L?(0, c0),
I <p<oo.

For variable coefficient Helmholtz equation, using appropriate parametrix,
we formulate boundary-domain integral equations (BDIEs) for the Dirichlet
and mixed (Dirichlet-Neumann) boundary value problems (BVPs) in a two-
dimensional bounded domain. The Dirichlet BVP is reduced to two different
BDIE systems, depending on whether the trace or co-normal derivative of the
third Green identity is employed on the boundary. On the other hand, the mixed
BVP is reduced to four different BDIE systems, depending on whether the trace
or co-normal derivative of the third Green identity is employed on the Dirichlet
and Neumann boundaries. It is not clear in advance which of them will be
more suitable for particular applications and for numerical implementation, and
hence we analyzed all the BDIE systems. The equivalence between the BVPs
and the formulated BDIE systems are shown. Fredholm properties, invertibility
and unique solvability of BDIE systems are investigated in appropriate Sobolev
spaces.
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1 General Introduction

Functional analysis, particularly the study of linear or quasi-linear operators,
plays a crucial role in various fields of mathematics and has applications in
quantum mechanics, differential and integral equations and signal processing,
to mention just a few of them, see e.g., [7]. Among the most studied operators
in my field of research are the Hardy operator and its dual or their discrete
analogue Cesaro and Copson operators.

The Hardy operator has significant importance on its own, primarily within
the context of analysis and functional spaces. The operator and the associated
inequality are historically important in the development of functional analysis
and remains a central topic in the theory of inequalities. Hardy’s inequality
provides a way to estimate integrals and sums involving functions and their
derivatives.

The connections between the Hardy operator and partial differential equa-
tions are profound and illustrate the deep interplay between pure analysis and
applied mathematical problems.

The multidimensional Hardy operator, in particular, has numerous appli-
cations in the spectral theory of operators, in the theory of partial differential
equations, in the theory of integral equations, in the theory of function spaces,
see [8] and the references therein. For the one dimensional case we refer to
[49]. For instance, in [49] the connection between operator / — H and the Euler
differential equation

J(x) ~—y(r) = g(a). 4(0)=0, 7> 0 n
is discussed. It has been shown that the solution of (1) is y(z) = [, f(t)dt
where (I — H)f = gor f = (I — H)"'g. Moreover, from the remarkable

mapping property
(I — H)fllzz = |fllz= forall fe L

the relation ||3/|| 72 = ||g]| 12 is found.



The study of embedding theorems, which play an important role in the
study of elliptic equations, in arbitrary open sets in R" requires investigation
of the multi-dimensional Hardy operator, and there is a need for estimates of
this operator in various function spaces, among which the weighted Lebesgue
spaces are very important, see [8] and the references therein.

In the last thirty years, considerable attention has been devoted to the be-
havior of averaging operators on function spaces, especially the study of some
functional properties as boundedness between weighted Lebesgue spaces or the
determination of their optimal domains.

In this thesis, two distinct, yet related topics are discussed: the end-point
norm estimates for Cesaro and Copson operators and the determination of
optimal non-absolute domains for the Hardy operator (or dual Hardy operator)
minus identity. Moreover, boundary domain integral equations are derived and
analyzed for variable coefficient Helmholtz boundary value problems (BVPs)
in 2D.

The results presented in this thesis contribute to the growing body of litera-
ture on operator theory, with potential applications in various areas of mathe-
matics, including partial differential equations. In addition, they help us find the
numerical solutions of the variable coefficient Helmholtz BVPs in 2D. More-
over, the techniques developed in the thesis are useful in the analysis of other
operators and BVPs.

1.1 Preliminaries

1.1.1 The space of distributions D’

The reader can refer to [41, 73] for the details of this section. Let {2 be a domain
in R”. The support of a continuous function f(x) in €2, denoted by supp f is
the closure of the set of all points = € 2 such that f(z) # 0;

supp f = {z € Q: f(z) # 0}.




f is said to have compact support, if its support is a bounded set. Then the set
of infinitely differentiable functions in {2 with compact support in €2 is called

test functions;
D(Q) := {p € C(Q) : supp(yp) is compact in 2}

This set is also denoted by C°(Q2) or C25 (£2). For example, the function

comp

6—1411,‘27 x| < 1;
(@) { -

0, otherwise,
is infinitely differentiable for all 2 € R?, with the compact support,
supp p = {z € R* : || < 1}.

So, ¢ is a test function in R?. A sequence {©,}°; in D(Q2) converges to
¢ € D(£2) as n — oo, written p,, — @ as n — o if:

i) there is a compact set K C €2 with supp ¢, C K, Vn and
i1) for each multi-index o € N,

D%p,, — D%p uniformly in K as n — oo.

A distribution is a generalization of the classical concept of a function. The
theory of distributions is far advanced and has numerous applications in physics
and mathematics.

A linear functional f on the space D is an operation (or a rule) by which we
assign to every test function () a complex number denoted ( f, ), such that

(f,crp1 4 cap2) = i (f, 1) + c2(f, 02)

for arbitrary test functions ¢ and @2 and complex numbers c; and cs.

A linear functional on D is continuous if and only if the sequence of numbers
(f,n) converges to ( f, ¢), when the sequence of test functions {,, } converges
to the test function . That is, a linear functional on D is continuous if

on—>@as n—ooin D = (f,on) — (f,p) as n— ooinC.



A continuous linear functional on the space D of test functions is called a
distribution. The set of all distributions in R" is denoted by D’'(R"). For
example, let Q be a domain in R? and a € . Then it follows immediately that
the Dirac delta function d, := d(x — a), given by

(0as p) = pla), ¢ €D(Q),

is a distribution, J, € D'(12).
A sequence of distributions { f,,} in D’ converges to a distribution f € D’ if,
for any p € D
(fu,) = (f,p) as n— oo inC.

In this case we shall write f,, — f as n — oo in D'. This convergence is called
weak convergence.
For all pairs of multi-indices « and 3, a function ¢ € C*°(R") is called
rapidly decreasing if
|©lla.s = sup |anﬁg0(:E)| < 0.

z€R”

The space of all such functions in R" is denoted by S (R"). This space does not
coincide with D (R"). For instance, the function e~1*" is in S (R?) but not in
D (R?) because it does not have compact support. Evidently, D (R") C S (R").

A sequence {¢, } in § (R") converges to the function ¢ € S (R"), written
on — pasn — oo in S (R"), if

? D%, (x) — 2’ D% (z), n — oo, x € R",

for all & and 5. From the inclusion D (R") C S (R"), we deduce that the
convergence in D implies the convergence in S. Evidently, D is dense in S;
that is, for any ¢ € & there is a sequence ¢, € D, k = 1,2,3,-- -, such that
o — pask — ooin S.

Each linear functional over the space of test functions S is called general-

ized function of slow growth (or tempered distribution). The set of tempered
distributions is denoted by &’ := S’ (R").



1.1.2 Banach function spaces

Banach function spaces extend classical spaces like Lebesgue, Lorentz, and
Orlicz spaces. Paper I and paper II are at the core of these spaces, especially the
weighted Lebesgue spaces. The Banach function spaces are built on a measure
space (€2, R, i) and defined by a function norm p that satisfies specific criteria.
These spaces are defined next to Lebesgue spaces. For further details we refer
the reader to e.g. [13, 29, 33].

Let (€2, R, i) be a measure space, M ,(£2) denotes the space of ;-measurable
real-valued functions on (2, R, i) and

M;(Q) ={feM,(Q): f>0 pae.}.

We write simply M (€2) and M () if p is the Lebesgue measure and R is the
o-algebra of Lebesgue measurable sets of 2 = [0, o] .

For f € M(Q), the Lebesgue space LP(), R, i), p € (0,00] or simply
LP(Q) is defined as

LP(Q) ={f: (R, ) = R, f is u- measurable and || f||z»() < 00}

where
» 1/p
Il = ([ 1r@Pdu@) " for 0<p <o,
and | f (@) := ess Sélp |f(x)| for p = oo,
Tre
with

esssup |f(x)] =inf{a > 0: |f| < a p-a.e. on Q}.

z€
In this case we apply the convention that inf () = oo.
Note that || - ||,, is a norm for p € [1, 00), but it is a quasi-norm for p € (0, 1).
We write simply L” instead of LP({2) if there is no risk of confusion.
Weighted Lebesgue spaces, LP(w, (2) generalize the classical one L”(€2) by
incorporating a nonnegative weight function w. Let f € M(£2) and w be a
nonnegative measurable function on (2, called a weight function. The weighted



Lebesgue space on €2, denoted by LF(w, ), is the set of all f € M(Q) for
which || f{|z»(w,0) < 00, where

/p
|l zrw,0) = /\f ) [Pw(z d:l:) , for 0 < p < o0

HfHLOO<w’Q) = esssup | f(z)|w(z), for p = oo.

x>0

If there is no risk of confusion, we write simply L?(w) instead of L”(w, §2).
For a counting measure p, {2 = N and a weight sequence of non-negative

terms w = (wy,), the weighted Lebesgue spaces of sequences with weight w,
denoted by /*(w), are defined as

(w) = {z = (2n) : [|2]ler(w) < 00},

where x = (x,,) is a real (or complex) sequence and

= 1/p
el = (3l ) ™, for 0 < p < oo,
n=1
||xH€°°(w) = sup |xn|wn; for p = OQ.
neN

If w(x) = 1 for all x and w,, = 1 for all n, we get the classical Lebesgue spaces
LP and /7.

Whenever 1/p + 1/p’ = 1, the numbers p, p’ € [1, 0o] are called conjugate
or dual. Using the convention that 1 /00 = 0, p = oo corresponds to p’ = 1 and
vice versa.

We repeatedly use the Lebesgue differentiation theorem to characterize
the optimal domain of the Hardy operator minus identity on L?(0, co), for
p € [1,00]. Let B(x,r) = {y € R" : |y — x| < r} denote the open ball
with radius » > 0 and |B(z, )| denotes its Lebesgue measure. For a locally
integrable function f on R" the Lebesgue differentiation theorem states that

;g%mw‘/w - (@),

for almost every x € R".



W. A.J. Luxemburg defined Banach function spaces inspired by the proper-
ties of LP spaces, see e.g. [13, 29].

For a measure space (§2, R, 1), a mapping p : M7 (€2) — [0, o0] is called a
Banach function norm (or simply a function norm) if, for all functions f, g, f,,
(n=1,2,3,---)in M (€2), for all constants @ > 0 and for all y—measurable
subsets £ of €2 the following properties hold:

(P1) p(f) =0« f=0p-ae; plaf)=ap(f);
p(f +g) < p(f)+p(9);

(P2) 0<g < f, pae. = p(g) <p(f);
(P3) 0 < fu T f, p-ae.= p(fn) T p(f);
(P4) u(E) < oo = p(xg) < oo

(P5) w(E) < oo = [, fdu < Cpp(f)

for some constants C', 0 < Cg < 0o, depending on E and p but independent
of f.

The Banach function space X = X (p) determined by a function norm p is
defined as follows.

X(p) =A{f € Mu(Q) = p(|f]) < o0}

For each f € X we denote || f||x = p(|f])-

For a nonnegative weight w, the Lebesgue spaces LP(w), p € [1, 0] are
Banach function spaces.

One of the properties of a Banach function space that we check for the
domain of Hardy minus identity on Lebesgue spaces LP(0,00), 1 < p < oo is
the lattice property, (P2), namely if |g| < |f| p-a.e. and f € X, then g € X
and [|g|[x < [|f]lx.

The concept of associate norms p’ leads to dual Banach function spaces X".
The associate norm p' of a function norm p is defined on M™ by

p'(9) =Sup{/9fgdu L feMTp(f) < 1}, (g € MT).



Let p be a function norm and let X = X (p) be the BFS determined by p. The
BFS X (p') determined by the associate norm p’ of p is called the associate
space of X and is denoted by X'.

It follows from the norm of a function in a BFS X and the definition of p'(g)

that the norm of a function ¢ in the associate space X’ is given by

ol = sup{ [ Ifoldn: € X.1flx <1}, @

The general version of Holder’s inequality which connects the norms of func-
tions in BFS X and its associate X’ is defined as follows. Let X be a BFS with
associate space X'. If f € X and g € X, then fg is integrable and

/Q Faldn < 1 lxllglx 3)

Since L is the associate space of L? for 1 < p < oo, the Holder’s inequality
(3) takes the form

/Q Foldu < 11l

forall f € LPand g € L¥ .
The particular class of Banach function space called rearrangement-invariant
spaces (or simply r.i. space) is defined as follows. Let f,g € M,(Q). A

Banach function norm p is called a rearrangement invariant norm if it satisfies

Jr=yg" on (0,u(Q)) = p(f) = p(g),

where
ff () =inf{s > 0: p({z € R",|f(x)| > s}) < t}
is the nonincreasing rearrangement of f,t € (0, u(2)).

The weighted Lebesgue spaces LP(w), 1 < p < oo are not rearrangement-
invariant unless the weight function w is constant a.e. That is, the classical
Lebesgue spaces L7, 1 < p < oo, are rearrangement-invariant. The two spaces
L'+ L and L'NL> over a resonant measure space are rearrangement-invariant

spaces [13, Theorem 6.4], and are respectively the largest and the smallest of



all r.i. spaces (thatis, L' N L>® — X < L' 4+ L, for an arbitrary r.i. space X
over a resonant measure space) [13, Theorem 6.6].

1.1.3 Sobolev spaces

For the details of this section the reader can refer to e.g., [17, 73]. For two
Banach spaces V' and W with V' C W, the space V' is said to be continuously
embedded in W if

< c||v YoeV. 4)

v

I I

We say the space V' is compactly embedded in W if (4) holds and each
bounded sequence in V' has a convergent subsequence in W'.

The weak partial derivative is defined as follows, see e.g., [73]. Let 2 C R"
be open. Suppose u,v € L] (£2), and « is a multi-index. We say that v is the

o'~ weak partial derivative of u, written D®u = v, provided

/uDagodar = (—1)O‘|/vg0d:1: for all ¢ € D(12).
0 0

If there does not exist such a function v, then u does not possess a weak
a!-partial derivative.
For k€ Nand 1 < p < oo, the Sobolev space W) (€2) is defined as

k . o :
Wy () = {f € LP(Q) : D"f exists weakly

and D°f € [P(Q), Ya € NI, |a| < k}
If u € W}(S2), we define its norm to be

1/p
(= 1Dullyg) " 1<p <00
[|ullwr o) = lol<k .
> esssup | D, p = oo.
la|<k  Q
For {um}ps_1, u € W)(Q), we say up, converges to u in W} (€2), written

U, — win W) (Q), provided that WILE%O [t — ullwse) = 0.

10



The Sobolev space W]f(Q), k=1,2,3,--- and 1 < p < o0, is a Banach
space.

From the definition of Sobolev space we see that L?(Q2) = W,)(€, and for
p = 2, we usually write H*(Q) = W¥(Q), k =0,1,2,--- . Thus, H(Q2) =
L*(€2). Consequently,

Hk(Q) = {f c L2(Q) : Z |‘Daf’|L2(Q) < OO}

|a|<k

is the Sobolev space of order £ with the norm

N[

vy = Z 1D fI 720

|o|<k

In particular, the norm in H'(Q) is given by
[lullFr i) = lull72g) + [[VUl[72(0)-

The Bessel potential space H*(R™) extends the classical Sobolev spaces
H*(R™) from k € N to s € R. It is defined as

H*(R") = {f € S'(R") : wy(§) F [ (&) € L*(R")},

where w,(§) = (1 + |¢ |2)s/ °F f is the Fourier transform of f and is defined
by
(FIfl,0) = ([, Flel), Vo e SR
Here, F|¢] is the classical Fourier trnasform of the Schwartz function ¢, given
by
Fol©) =0t [ o ¢ex,

n

and provide it with the norm

/1

ey = || W F f || L2mny = (/ (1+[¢?)° \]:f(f)|2d€>27

which makes it a Hilbert space.

n

11



The space D (R") is dense in H* (R"), Vs, see e.g., [55, pp 31]. For any
non-empty open set {2 C R", according to [56, pp 77] we define

H Q) ={ueD(Q):u=U|g forsome U € H*(R")},

equipped with norm

||| () = inf |U]

Hs Rn .
UeHs(R")u=Ulq (R")

We also define
H(Q) = {u e H*(R") : suppu C Q}.
For s > 0, we have the inclusions:
H*(Q) C H¥(Q) C L*(Q) c H*(Q)

with continuous injections. For 0 < s < %, one has

H¥(Q) = H*(Q) and H Q) = H*(Q),

which is not true any more for s > %
For an open subset () of R” with a continuous boundary, D(£2) and D(2)
are dense in H*(2) and H*(2) respectively, for all s > 0, see e.g., [34, pp 24].
Now, the Rellich compact embedding theorem which is used repeatedly to
prove the mapping properties of the surface and volume potential operators is
stated as follows. For a bounded open subset {2 of R” and —o0 < s < t < 00,

the inclusion H'(Q) C H*(Q) is compact, see e.g., [56, Theorem 3.27].

1.1.4 Linear operators and equations

According to [56, pp 18], we define the kernel and image of a linear map.
Suppose that X and Y are vector spaces, and let A : X — Y be a linear map.
The kernel (or null space) of A is the subspace of X defined by

ker A ={u e X : Au= 0},

12



and the image of A (or range of A) is the subspace of Y defined by
im A = {f € Y : there exists u € X such that f = Au}.

A1 exists if and only if ker A = {0} andim A =Y.
Linear operator 7' from a vector space V' to vector space W over the same
field, written 7" : V' — W, is a mapping which satisfies

T(au+ pv) = oaT(u) + BT (v)

for u,v € V and scalars «, [3.
For normed spaces X and Y, a linear operator A : X — Y is bounded if
there exists a number ¢ > 0 such that

|Aully < c|lullx, Yue X.

A linear operator is continuous if and only if it is bounded.
For Hilbert spaces H; and Ho, a linear operator T' : H; — Hs to be
symmetric H, has to be dense in H,, and

(Lh,g) = (h,Lg), forallh,g¢€ H;.

The meaning of semi-boundedness and compactness of a linear operator is im-
portant in the analysis of the Fredholm properties of the operators corresponding
to the boundary domain integral equations. They are defined as follows.

A linear symmetric operator A in a Hilbert space H is called semi-bounded
(or bounded from below) if there is a constant ¢ € R such that

(Ah,h) > c|h|)%, for h € dom(A).

If ¢ = 0, then A is called positive, if ¢ > 0, then A is called positive-definite.
Again, a linear operator K : ‘H; — H, 1s said to be compact if and only if
every bounded sequence {x, } in H; has a subsequence {x,, } such that { Kz, }
converges in ‘Hy. The second-order partial differential operator

L= 0 lai(x)0] + Z bi(x)0,, + c(x)

1,7=1
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is called elliptic if there exists a constant 3 > 0 such that

n

> ai(@)&g; > plef

ij=1
for a.e. x in an open and bounded subset {2 of R", and all £ € R".
The continuity and coercivity of the bilinear form which help us analyse the
variational formulation of the boundary value problems are defined as follows.

Given two linear spaces V7, V5, a bilinear form in V; X V5 is a function
a: VixVo—R
satisfying the following properties:
i) For every y € V5, the function x — a(x, y) is linear in ;.
ii) For every x € V4, the function x — a(x,y) is linear in V5.

When V; = V5 = v, we simply say that a 1s a bilinear form in V. Moreover, a
bilinear forma : V x V' — R, for a normed space V' is said to be

1) continuous if there exists M such that

la(u, v)] < Mllull [[v]], — Yu,veV.

ii) coercive on V (or V- elliptic) if there exists a real number 5 > 0 such that

a(u,u) > BllulP,  VueV.

For a linear operator L, the equation
Lu=f (5)

is called a linear (inhomogeneous) equation. In (5) the element f is called the
inhomogeneous term (free term, or right-hand side), and the unknown element
u belonging to Dom(L) is called the solution of this equation. If in (5) f = 0,

the equation obtained,

Lu=0 (6)

14



is called the linear homogeneous equation corresponding to (5).

According to [73], the solution of (5) to be unique in Dom(L), it is necessary
and sufficient that the corresponding homogeneous equation (6) have only a
zero solution in Dom(L).

The distribution £ € D’ is said to be the fundamental solution of the
differential operator

m

L(D) =) a,D".
|a|=0
with constant coefficients a,, if L(D)E = 6(x) in R".
Generally speaking, the fundamental solution E(z) of the operator L(D)
is not unique; it is defined accurately as far as the term FEj(x), which is a
solution of the homogeneous equation L(D)FEy = 0. In fact, the distribution
E(x) + Ey(x) is also a fundamental solution of the operator L(D),

L(D)(E + Ey) = L(D)E + L(D)Ey = 6(x).

A fundamental solution for the Laplace operator A in 2D is given by

for any constant ry > 0, see e.g. [56, Theorem 8.1]. If we shift the origin
to a new point y, the PDE Au = 0 is unchanged because of the translation
invariance of the Laplace operator. That is, if u(x) is harmonic then u(x — y)
1s also harmonic for x different from y. Therefore,

1 T —
Pali) = Glap) = 5-toe () s

is a fundamental solution for Laplace equation.

For general elliptic linear differential operators with variable coefficients, it
may not always be possible to find a fundamental solution. For such operators if
the fundamental solution does not exist, one can always construct a parametrix
[38, pp 333], which we use instead of the fundamental solution.
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1.1.5 Trace and trace theorems

Let €2 denote a bounded, open subset of R", and the boundary 0f2 be sufficiently
regular for the outward unit normal v to be well defined. Sometimes we shall
work with both the interior and the exterior domains

Q=0 and Q =R"\ (Q"U),

in which case, if the function w is defined on QF, we write

+ o .
v u(z) = Qig}ngaQU(y)
and Qﬁi—ai()— I (x) - Vu(y) for x € 99
ov| v T _Qiaylgal:eanx a4 o

whenever these limits exist, see e.g., [56, pp 1],[60]. v u(x) (or [%} ") and
v~ u(x) (or [%} ) are respectively called the interior boundary trace (or interior
normal derivative) and exterior boundary traces (or exterior normal derivative)
of a given function u(x), = € 90f.

The partial derivatives of order exactly r, denoted by D’ f (where 3 is a
multi-index with | 3| = r), is said to satisfy the Holder condition with exponent
a € (0, 1] if there exists a constant ¢ > 0 such that for all x,y € :

D f(x) — D’ f(y)| < cla — y|*.

The space C"*(£2), known as the Holder space, consists of functions that are
r-times continuously differentiable (i.e., C" functions) and whose rth order
derivatives satisfy a Holder condition with exponent . That is, let {2 be an
open subset of R". The Holder space C™*(£2) is defined as:

Cr Q) ={feC(Q): D’ f is locally a-Holder continuous for all | 3| = r}.

In particular, C%%((2) is the space of functions that are just a-Hélder continuous,
C"1(Q) is the space of C" functions whore rth derivatives are Lipschitz contin-
uous and C"%(Q) = C"(Q) is the space of r-times continuously differentiable

functions.
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When we say that a domain 0 C R" is a C*~!!-domain, we mean that its
boundary 952 can be locally represented as the graph of a C*~!! functions. This
provides a level of smoothness to the boundary, ensuring that it is well-behaved
up to its (k — 1)th derivatives and that its (k — 1)th derivatives are Lipschitz
continuous.

Now the trace theorem, see e.g., [56, Theorem 3.37] is stated as follows. If
we define the trace operator v : D(Q2) — D(9Q) by vu := ul,, and Q is a
C*~11- domain with £ < s < k, then 7 has a unique extension to a bounded

linear operator
v H(Q) — H*3(09)

and this extension has a continuous right inverse.
For a bounded C™ domain €2 in R? with its boundary 952, the following
assertions are proved in [36, Theorem 4.24].

1) For s > %, the trace operator - is a linear and bounded map of H*(£2) onto
H*=5(09), v (H*()) = H3(99).

i1) For s > %, the normal derivative operator v, = (a%) is a linear and

bounded map of H*(2) onto H* 2(dN), v (H*(Q)) = H* 2(d).

The Gauss-Ostrogradski theorem is one of the important theorems which is used
in the third paper to obtain the first Green identity for the variable coefficient
Helmholtz equation in 2D. This theorem is stated as follows. Let €2 be a
bounded, open subset of R?, and 92 be C'. If h € C& (ﬁ), then

/ 0 h(z)dx :/ v h(z)ni(x)dS,, i=1,2, (7)
o Ox; o0

where dz denotes the infinitesimal element in area, n(x) = (n1(x), no(z)) is
the outward unit normal vector to 02 at x, n;(x) is the ith component of the
normal n(x) in the x;-direction and d.S, refers to the infinitesimal arc length
element along 0f).
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Using the results for density and trace theorems, the integral relation (7)
holds for any h € H'(Q). Indeed, since C*(Q) is dense in H'({)) we have
a sequence h, € C'(Q) such that ||h, — h| g — 0asn — oco. Since
h, € C1(Q), the integral relation (7) implies

/ 0 hndx:/ v hynidS,, i=1,2. (8)
0 0; 0

Taking the limit as n — oo in the equation (8), we obtain
Oh,, oh . |* / oh,  Oh
dr — <c —

oh,, oh
dr — dr as n — oo.
0 Ox; 0 ox;

For the right side of equation (8), we get

/7+hnmd5x—/ vt hn;dS,
o0 o0

2

dx dx

Hence

g/ I+ (B — )| dS,
o0

< 7" (h = Bl 120060,

the continuity of trace operator from H' () to Hz(9S2) and hence to L?(9)
implies,

||’Y+(hn - h)HLZ(aﬁ) < cl||hy, — hHHl(Q) — 0 as n — oo.

Hence

/ Y hanidS, — vthn;dS, as n — oo.
o9 00

1.1.6 Variational formulations of boundary value problems

Let 092 = 0Qp U 0y be a disjoint decomposition of the boundary 05). The
boundary value problem (BVP) is to find a scalar function satisfying the partial
differential equation

(Lu)(z) = f(x) for z € Q, 9)
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the Dirichlet boundary condition

vru(z) =g, (x) for x € dQp, (10)
and the Neumann boundary condition

TYu(x) = g,(x) for z € Oy, (11)

where f, g,, and g, are some given functions, and 7" denotes the conormal
derivative operator.

The BVP (9) and (10) with 02 = 0€2p is called a Dirichlet BVP, the BVP
(9) and (11) with 0€2 = 0 is called a Neumann BVP, while the BVP (9)—(11)
is called mixed BVP.

Variational methods proved to be very successful for a class of elliptic BVPs
which admit an equivalent variational formulation in terms of coercive bilinear
form. All the problems seen can be cast in the following abstract variational
formulation: Find v € V' such that

a(u,v) =b(v), Yv eV,
where:

» V is a Hilbert space (with norm ||.||,.);

* a: V xV — Ris abilinear form, that is for o, 3 € R, u,v,w € V,
alou + fv,w) = a a(u,w) + 5 alv,w),
a(w,au + Pv) = a a(w,u) + 5 alw,v).

e b:V — Ris alinear functional: b(au + fv) = a b(u) + £ b(v).

The existence and uniqueness of the solution of the above formulation are
guaranteed by the Lax-Milgram lemma which is stated as follows. Let V' be a
Hilbert space, a : V' x V' — R be a bilinear form, continuous and coercive. Let
b be a continuous linear form on V. Then the problem:

Find u € V such that a(u,v) = b(v), forallv € V

has a unique solution.
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1.1.7 Helmbholtz equation with constant coefficients

The Helmholtz equation, or reduced wave equation, has the form
Au+ k*u = 0. (12)

It takes its name from the German physicist Hermann von Helmholtz (1821-
1894), a pioneer in acoustics, electromagnetism and physiology. The equation
arises naturally when one is looking for mono-frequency or time-harmonic
solutions to the wave equation. If u(z,t) = v(x)e ™! satisfies uy = c*Au,
then v satisfies (12) with & = w/c, hence the name reduced wave equation.
Time-harmonic waves are of fundamental importance in applications as diverse
as noise scattering, radar and sonar technology and seismology.

The quantity k is the wave number. It is often real and constant, but it can
be complex if the medium of propagation is energy absorbing, or a function of
space if the medium is inhomogeneous. When k£ = 0, (12) reduces to Laplace
equation. When k£? < 0 (i.e., for imaginary k), the equation becomes the space
part of the diffusion equation. At low wave numbers, (12) behaves very much
like the Laplace equation. However, solutions at large wave number are highly
oscillatory, and this causes a great increase in complexity of analytical and
numerical methods, see e.g. [23].

The inhomogeneous Helmholtz equation is an equation of the form

Au+ Ku = ¥, (13)

where k2 # 0, u is the unknown solution and f is a given function. u can either
be a scalar function or a vector function. Equation (13) is the generalization of

the following two cases:
* Laplace’s equation, with k = 0 and f = 0.

* Poisson’s equation, with £ = 0 and f # 0.
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1.1.8 Fredholm operator and alternative theorem

According to [56, pp 33], for Banach spaces X and Y, a bounded linear operator
A X — Y is said to be Fredholm if

* the subspace im A is closed in Y, and

* the subspaces ker A and Y/imA are finite-dimensional.

The index of A, in this case is the integer defined by index(A) = dim(kerA) —
dim(Y/imA).

The Fredholm alternative is stated as follows, see e.g., [56, Theorem 2.27].
Assume that A : X — Y is Fredholm with index(A) = 0. There are two,
mutually exclusive possibilities:

(i) The homogeneous equation Au = 0 has only the trivial solution u = 0.
In this case, for each y € Y, the inhomogeneous equation Au = f has a
unique solution v € X.

(i) The homogeneous equation Au = 0 has exactly p linearly independent
solutions uy, - - -, u, for some finite p > 1.

From the Fredholm alternative, we can draw the following assertion. If
A : X — Y is Fredholm operator with zero index and injective, then for each
f €Y, the inhomogeneous equation Au = f has a unique solution u € X.

The assertion which states “every bounded sequence in a Hilbert space
has a weakly convergent subsequence” is fundamental in functional analysis
and has important applications in the study of variational methods and partial
differential equations. The following two results are proved in [56, Lemma
2.32 and Theorem 2.33]. Let H* be the dual of a Hilbert space H.

(i) If the bounded linear operator A : H — H* is positive and bounded below,
then it has a bounded inverse A~ : H* — H.

(i) If A= Ay + K, where Ay : H — H* is positive and bounded below, and
K :H — H* is compact, then A : H — H* is Fredholm with zero index,
and hence the Fredholm alternative holds for the equation Au = f.
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From the above two facts we obtain the following assertion. If A = Ay + K,
where A : H — H* is invertible operator and K : H — H* is compact, then
A :'H — H* is Fredholm operator with zero index.

1.2 Concise literature review

We now provide selected information related to our topic based on some books
and related papers.

1.2.1 Hardy-type operators and inequalities

G. H. Hardy introduced the so called Hardy operator and proved some inequali-
ties in 1915, while he was trying to give a simpler proof of Hilbert’s inequality,
for details, see [50, 51].

The Hardy operator is defined as follows. For a locally integrable function
f on (0,00),

Hiw = [ 1o

is called the Hardy averaging operator (or simply Hardy operator). Its discrete

1 n
Cor=— T,
DI

for a sequence x = (x,), is called the discrete Hardy operator or Cesaro

counterpart is

operator.
As described in [52, pp 17], the duality on the weighted Lebesgue space
LP(w) with 1 < p < oo is defined by the inner product

<mﬁ=/g@ﬂ@®,f€UW%

where a, b € R satisfying —oo < a < b < co. From this one can easily observe
that the dual space to L”(w) can be identified with the space L” (@) where

Y =p/0=1),0 =l
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The dual operators to H, denoted by H*, and to C, denoted by C* are given
by
00 T

*f(t
H f(z) = / @dt and (C*x), =
z k=n
They are called the dual Hardy operator and the Copson operator, respectively.

G. H. Hardy [35] stated and proved the original form of the integral inequal-

ity
/Ooo (i /Ox f(t)dt>pda: < (%) /OOO 2(x)de, (14)

which has been extensively studied. Later, the Hardy’s power-weighted version
of the inequality (14) and its dual were respectively extended to the form

(/ab (/;f(t)dt>qu(w)dw> " <C (/b fp(x)v(x)dx> " (15)
(/ab (/:f(t)dt>qu(x)dx> " <C </ab fp(x)v(x)d:c> v (16)

with a,b € R satisfying —oo < a < b < o0, u, v weight functions (which

and

means measurable functions positive a.e. in the interval (a,b)), p,q € R
satisfying 0 < ¢ < 00,1 < p < o0.

It is known, see e.g., [35, 52], that (15) and (16) respectively hold for all
measurable functions f > 0and 1 < p < g < o0, if and only if

b 1/q x / 1/
sup (/ u(t)dt) (/ v P (t)dt) < o0,
a<r<b x a
1/p

sup. </ax u(t)dt) o (/xbvlp'(t)dt> < 0.

For p > 1, the discrete analogue of the classical Hardy inequality (14) is given

and

® 00 1 n p P p 00
— Y x| < (—) T, (17)
202 <G5 %
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unless all the z}s are zero. The constant is the best possible. Moreover, for
p > 1 it has been proved that

Z <Z :vk) < p¥ Z(najn)p,

unless x,, is null. The constant is the best possible. The inequality (17) is
also generalized for a non-negative sequence z,, and weight sequence w,,. For

p>1,
00 n D p
(S e () S
n—1 Zk:l Wk p— 1 n=1

Again the discrete analogue of (15) or the general weighted extension of (17)
with weight sequences u,, and v,, has the form

00 n a1 1/q 00 1/p
[Z Uy, (Z :Uk> ] <C (Z vn:z:ﬁ> (18)
n=1 k=1 n=1

for 0 < ¢ < 00,1 < p < oo. This inequality holds for every non-negative
sequence z, and 1 < p < ¢ < oo if and only if

o0 1/(] k 1/p/
sup Z Up Z v,ll_p/ < 00,
k>0 n—Fk n—0

which is the discrete analogue of the condition for (15).
For a sequence x = x,, and p > 1, Cesaro space ces(p) and Copson space
cop(p) are defined as follows.

ces(p) = { : i (%kzu) < oo},

with the norm

and



with the norm

20l cop(p) = (i (i %>p> Up.

n=1 \k=n
G. Hardy, see e.g., [10] proved the embedding between these spaces. He was
able to show that

00 1/}?
H$|‘ces(p) S (Z kp) H$Hcop(p)7 (19)
k=1

for p > 2, and

Hx”cop(p) < (p - 1)1/p’|x“ces(p)a (20)

for 1 < p < 2. The constants are both best possible. Moreover, there is strict
inequality (19) except when 2o = x3 = --- = 0, and in (20) except when
x = 0.
Hardy’s inequalities laid the foundation for extensive research into what
today is referred to as Hardy-type inequalities, see e.g., [2, 43, 51, 52].
Consider an operator

Tf(x)= /x k(z,s)f(s)ds. (21)

An inequality of the form

(/ab (Tf(:c))QU(x)dx) q <C </ab fp(q:)v(x)dx> . 22)

is the natural generalization of the Hardy inequality, where k(z, s) is a non-

1/

negative measurable function on the set {(z,s) : a < s < x < b}. The
inequality (22) can also be represented as a norm inequality

1T fll o) < Cllf Nl zew)-

The kernel operator (3.1) is usually called the Hardy-Volterra operator or
Volterra integral operator. We call it also Hardy-type operator. Consequently,
the inequality (22) is called a Hardy-type inequality, see e.g., [2, 43, 51, 52].
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The upper Boyd index @ and the lower Boyd index « of an r.i. space X are
given as follows, see e.g., [29]. The norm of the dilation operator D;, where

Dyf(s) = (2) is given by

[Dillx = sup [|Def|x,

I fllx<1

and

log || D¢l x log || D¢l x

a = lim and o =lim
twoo  logt t—0  logt

The lower Boyd index o’ and the upper Boyd index @' of the associate space
X" are givenby o/ = 1 —@ and @ = 1 — a. Since the Hardy operator
H and its dual H* are bounded on an r.i. space X fora < 1 and a > 0
respectively, see e.g., [13], H : LP(0,00) — LP(0,00) for 1 < p < oo and
H* : LP(0,00) — LP(0,00) for 1 < p < oo are bounded, cf. also [35,
Theorems 327 and 328], [29].

The discrete Hardy inequality
HCI’H@ <p/H:L‘ng, (23)

holds for p > 1 and nonnegative sequence of real numbers = = (z,,), unless all
the z/ s are zero. Moreover,

1"z ][er < pll]ler, (24)

unless * = (z,,) is the null sequence. The constants p’ and p in the above
inequalities are best possible, see e.g., [29, 35, 50, 51]. These inequalities show

€

that C' and C* are bounded operators with w = p and ||C*||p = p for
p > 1.
The inequalities (23) and (24) can be extended to other operators with

general weights, see e.g., [29, 35, 50, 51],

OO n P 00
Z (Zk—l kak) w, S (pl)pzl_gwn’ (25)
n=1

ZZzl Wi,

n=1
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and

00 00 b 00
)3 (Z —Z}f’“w"’ ) w, <Y b, (26)
n=1

n=1 \k=n Zm=1Wm
forp > 1, z, > 0 and w, > 0. In each case, the constants (p')? and p? are
sharp.
For some values of the parameter p, G. Bennett [10] has found out the
best constants «, and 3, for the inequalities relating the Cesaro and Copson
operators.

[Cz]|er < apl|CTz| 0, (27)
and
1C7z || < Bpl|C| o (28)

Bennett has showed that o, = (22021 kip)l/p forp > 2,and 5, = (p — 1)1/P
for 1 < p < 2. These constants are sharp. There is strict inequality in (27)
except when 7o = x5 = --- = 0, and 1n (28) except when « = 0. Following
Bennett’s question of finding the best constants in (27) for 1 < p < 2 and in
(28) for p > 2, V. Kolyada [46] has found out that the best possible constant in
(28) for p > 21is 8, = p — 1. The problem of finding the optimal constant in
inequality (27) for 1 < p < 2 remains open. However, V. Kolyada has found
some lower and upper bounds for «,, namely

1/p
B 1 )i
p— (p—1)
He proved also one optimal weighted type estimate for 1 < p < 2 and nonneg-

ative sequence (x,,):

00 n py1/p 00 00 p1/p
[Zl (%;xk) ] <(p-1)7" [Zl (kz %wﬂk)) ] (29)

-1 00 1 p
where wy,(n) = (np > hen ﬁ)
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For a, 8 € R, 1 < p < o0, the optimal constants in the integral inequalities
[H f o) < KaplH* fllpogey  and [[H flzogs) < Kppl[H f || 2os)

are known for different cones of functions (see e.g. [15, 16, 29, 43, 45, 47, 51,
52, 72]. For p = oo and positive functions, see e.g.,[16] it has been shown that

’0’ Oé<0, (OO, 6307
1 1
Kqoo = , 0<ax<l, d Kgw=4¢-=, 0<p<1,
, <1_& <« an 3, <5 15
00, a>1, 0, p[>1,

\ \

and these estimates are sharp. These results were the first motivation of paper I
even though the techniques developed in [16] could not be transferred to the
discrete case. Moreover, we were interested to treat for the general non-negative
weight.

Let a, 8 € R. The best possible constants in the inequalities

[H fllzogey < Kapl H” fllzoe) and [|H fl[prasy < Ko pllH fllpoasy  (30)

for positive or monotone function f are known for 1 < p < oo, see e.g.
[15, 16, 43,45, 47,51, 52, 72]. For p = oo and positive functions, it has been
found out that

( (

0, a <0, 0o, B <0,
1
Koo = X , 0<a<l1, and Kgoo=4¢ =, 0<pB<1, (31)
) ]__Od ) B
0, a=>1, 0, p>1,
\ \

and these estimates are sharp [15, 16].

The characterization of optimal domains has been considered for many
different kinds of operators and function spaces, see e.g. [9, 28, 32, 65]. Let
T : X — Y be abounded linear operator, for function spaces X and Y. Then
the optimal domain is the ’largest’ space M (usually within a class of spaces
with a priori conditions and with X C M) for which 7' : M — Y is still
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bounded. The space M is the largest in the sense that if 7" : F* — Y is bounded
(with X C F'), then F'is continuously embedded in M. Generally, these spaces
are not well-defined. For instance, for an r.1. space X for which H : X — X
is bounded, the class of functions for which H (| f|) € X is larger than X. It
is not even a subspace of (L! + L>®)(R™), (see, e.g., [28, Theorem 2.6]). This
shows that the class of functions for which H(|f|) € X is not an r.i. space, see
e.g., [13, Theorem 6.6].

The above considerations inspired us to investigate for the identity minus
Hardy operator, I — H, defined as follows:

u—mﬂm:ﬂm—iﬂﬁwﬁ,x>o

The special interest of this operator its mapping properties, see e.g., [37, 43, 48,
72].

One of such a result which has close connection to fractional order Hardy
inequalities is [52, Proposition 5.38]: for g € LP(x~*’~!) with p > 1 and

a>—1,a#0,
1
Y da /pN /OO
X - 0

(/@Fua—%ﬁv@my
0 e

with the equivalence constants 1 + 1 /|| and (o + 1)/(c + 2).
In particular, for p = 2 and @« = —1/2 we obtain the property of the

(Am«f—ﬂw@w%m>miw(Awf@mm)w @)

with equivalence constants % and 3. But even more surprising is that we have

g()

p dSE) 1/p

X

L?-spaces:

even equality in (32). More generally, it was proved in the paper [40] that this
isometry holds even in a general weighted arithmetic mean operator /,, and its
dual version ﬁw involved. They are defined as follows:

(Hu9)(o) = g | atwwtd,
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where w is a weight function on (0, co0) and
W(z) = / w(y)dy < oo forevery = > 0.
0

Similarly,

(Hug)w)i= —— [ " gy,

with -
W(z) = / w(y)dy < oo forevery x > 0.

This remarkable result reads as follows, (see [52, Theorem 5.45]: for g € L2(w)
and W (o0) = W(0) = oo,

92wy = 19 — Hugllz2eey  and {9l r2w) = |9 — Hugllz2(w)-

These few examples of results show the great interest of the remarkable
operator ’Hardy minus identity’ and a lot of problems around appear such
as to generalize to more general result, e.g., to other Hilbert spaces, optimal
non-absolute domains for this operator, etc.

The codomain of the Hardy operator H for a Banach function space X is
denoted by

|H,X]={f:R" — R measurable, H|f| € X}.

It is well known that for a rearrangement invariant space X and a bounded
Hardy operator H : X — X, [H, X] is larger than X [28, Theorem 2.6]. In
particular, LP(R") C [H, LP(R*)] for 1 < p < oo, [28, Proposition 2.3]. It
is known also that [H, L' (0, c0)] = {0}. The same result holds for [C, ¢}(N)].
Some results for the sequence spaces can be also found, for C' and C*, see e.g.,
[10, 12, 27]. Lee in [54] dropped the positivity assumption on a sequence = for
which Cz € (P(N);

Dom|[C, ’(N)] = {z = (2;)ien : Cz € (P(N)},

and called it the non-absolute domain of C' on ¢P-space.
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Recently, Barza and Soria in [9] has studied conditions for a general se-
quence x such that (C' — I)z and (C* — I)z belong to an r.i. space X. Itis
known that the class of real sequences © = (x,,) such that (C'— Iz € X is
larger than X, whenever C' : X — X and the C* : X — X are bounded [9,
Lemma 2.2]. That is, for an r.i. space X if C: X — X and C* : X — X are
bounded,

Dom[C—I,X]=X+R and Dom[C*—1,X]=X,

Since C, C* : /P(N) — ¢P(N) are bounded for 1 < p < oo, they deduce from
the above general result that [C'— I, /P(N)] = ?(N)+R, [C*—1I, P(N)] = ¢?(N)
for 1 < p < oo, cf. [9, Theorem 2.6 and 4.3]. They showed also that
[C'— I,/°(N)],1 < p < o0, is not a space satisfying the lattice property [9,
Remark 2.7].

1.2.2 Boundary value problems and integral equations

The boundary-integral equation (BIE) method also known as boundary-element
method or elastic potential method has been intensively developed over recent
decades both in theory and in engineering applications. Its popularity was due
to reducing a boundary-value problem (BVP) for a partial differential equation
(PDE) in a domain to an integral equation on the domain boundary, that is, to
diminishing the problem dimensionality by one. The main ingredient necessary
for the reduction of a BVP to a BIE is a fundamental solution to the original
PDE.

Partial differential equations with variable coefficients often arise in mathe-
matical modeling of inhomogeneous media (e.g. functionally graded materials
or materials with damage induced inhomogenity) in solid mechanics, electro-
magnetics, thermo-conductivity, fluid flows through porous media, and other
areas of physics and engineering. Generally, explicit fundamental solutions
are not available if the PDE coefficients are not constant, preventing reduction
of BVPs for such PDEs to explicit BIEs, which could be effectively solved
numerically. However, for a rather wide class of variable-coefficient PDEs
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it is possible to use instead an explicit parametrix (Levi function) associated
with the fundamental solution of the corresponding frozen-coefficient PDEs,
and reduce BVPs for such PDEs to systems of boundary-domain integral equa-
tions (BDIEs) for further analysis and numerical solution of the latter, see e.g.
[19, 21, 57, 64, 58, 59] and references therein.

The theory of BDIEs for the Dirichlet, Neumann and mixed BVPs for a
second order elliptic PDE with variable coefficient

z”: 8u(x)]

0
is well developed in 3D, see, e.g.,[57, 59, 19, 18, 20, 21, 22, 62, 63]. Recently,
in [1] only the BDIEs for the mixed BVP for Helmholtz equation

Au(z) + k*(z)u(z) = f(x) (HE)

- f(l‘), (DE)

are formulated in 3D for numerical approximation of its solution.

The BDIEs in 2D need a special consideration due to their different equiv-
alence properties. As a result, we need to set conditions on the domain or
on the associated Sobolev spaces to ensure the invertibility of corresponding
parametrix-based integral layer potentials and hence the unique solvability of
BDIEs.

Boundary-domain integral equations for variable-coefficient BVPs asso-
ciated with (DE) in two-dimensional bounded domain are investigated in
[5, 6, 31]. But this 1s not the case for BDIEs for variable-coefficient BVPs for
Helmholtz equation (HE) in 2D.

1.3 Statement of the problem

In this thesis, two distinct, yet related problems in integral equations and
inequalities are investigated.

The authors in [15, 16] have found out the optimal constants in the inequali-
ties

[ H fl| ooy < Kal[H" fl|pooroy and [|[H* f||pooey < Kpl[H f||zo@sy  (33)
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for o, 5 € R and positive function f. It has been found out that

(O, a <0, (OO, B8 <0,
1
K, =« , 0<a<l1, and Kg=1¢ -, 0<p<1, (34)
11—« 5
00, a>1, 0, 6>1,
\

\

and these estimates are sharp. In this thesis, we study the problem of finding
the best possible constants for discrete counterparts of (33) and also extended it
for general weighted Lebesgue spaces.

Moreover, inspired by the results obtained in [9] about the conditions for a
general sequence x such that (C' — I)x and (C* — I')z belong to an r.i. space
X we find the analogous results for the continuous case; the optimal non-
absolute domains for the Hardy operator minus identity on a BFS X, and on
the Lebesgue spaces L7, 1 < p < oo.

Furthermore, the boundary-domain integral equations (BDIEs) for variable-
coefficient BVPs associated with (DE) in two-dimensional bounded domain
are investigated in [5, 6, 31]. But this is not the case for BDIEs for variable-
coefficient BVPs for Helmholtz equation (HE) in 2D. Therefore, in this thesis
we formulate and analyze the BDIEs for variable-coefficient Helmholtz BVPs
associated with (HE) in 2D bounded domain.

1.4 Objectives of the thesis

1.4.1 General objective

The general objective of this thesis is to study and investigate some Hardy-type
inequalities and integral equations of some variable-coefficient BVPs.

1.4.2 Specific objectives

The specific objectives of this thesis are to:

* determine the best possible constant for the inequalities involving Cesaro
and Copson operators.
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* find the optimal non-absolute domain of the Hardy operator minus identity.

* derive and investigate the boundary-domain integral equations for the
variable-coefficient Helmholtz BVPs in two-dimensional bounded domain.

1.5 Structure of the dissertation

The remaining part of the dissertation is organized as follows: Subsection
?? describes the main results of the three papers. Chapter 2 contains Paper I
which deals with the discrete analogue of the continuous results obtained in
[15, 16] and extended them to general weights. Conversely, the continuous
analogue of the discrete results found in [9] is studied in Chapter 3, that is,
paper II. In Chapter 4 which consists of paper III, we have derived and analyzed
the BDIEs for the variable coefficient Helmholtz BVPs in two dimensional
bounded domain which is the extension of the analysis made for the operator
A in (DE), see e.g., [6, 31]. Below we provide short description of the main
results of the papers.

1.5.1 Paperl

In paper I, we studied the problem of finding the best possible constants for
discrete counterparts of (33) for p = oo and also extended it for general
weighted Lebesgue spaces. That is, finding the smallest constant A € [0, o]
such that

|Cxl[porp) < A|CTx||poy and || C*x||goe () < Al|C] g0 ) (35)

for non-negative weights v and w, for any real sequence = or non-negative real
sequence x or monotone sequence x. This is just to find the sharp constants
Qoo and B, of (27) and (28) on £*°-space for all real sequences or non-negative
real sequences and extend it for general weights.

The techniques developed to achieve our goal are as follows. First we
proved the reduction theorem which states the equivalence of the inequalities
relating the two operators C' and C* (57) with a corresponding single operator
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inequalities for appropriate sequence of real numbers. Having obtained the
exact operator norm of some matrix operators between weighted (*°-spaces,
we have found the smallest constants A € [0, co] for (57), for general weights
and power weights. We have also analyzed the sharp constants obtained for
power weights for non-negative sequences with the result obtained for (33) for
positive functions shown in (34).

As a by product, we have found the operator norm of C, C*, C' — I and
C* — I, where [ is the identity operator, for different cones of sequences in
¢>*-spaces for general weights as well as power weights. For a real sequence
x, the least possible constant A = 2 obtained for C' — I for non-weighted case
confirms the result obtained in [39, Proposition 1]. Moreover, the operator
norm of C' — [ for non-negative sequences, for non-increasing sequences and
for real sequences coincides respectively with the results obtained for H — [
for positive functions, for decreasing functions and for general functions [15].

1.5.2 Paper Il

The authors in [9] have studied conditions for a general sequence x such that
(C — I)x and (C* — I)x belong to an r.i. space X;
Dom[C — I, X] ={z: (Cz —x) € X},
Dom[C* — I, X] = {z: (C*z — x) € X}.

They have found out that, for an r.i. space X
Dom[C' — I, X] =X +R and Dom|[C* — I, X] = X,

Whenever C' : X — X and C* : X — X are bounded [9, Lemma 2.2]. In
particular, they deduced from the above general result that [C' — I, /P(N)] =
P(N) + R, [C* — I,¢P(N)] = ¢(N) for 1 < p < o0, cf. [9, Theorem 2.6 and
4.3]. Barza and Soria showed also that [C' — [, /’(N)],1 < p < o0, is not a
space satisfying the lattice property [9, Remark 2.7].

The findings in paper II essentially contributes with new information con-
cerning optimal non-absolute domains for the Hardy operator minus identity
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on a BFS X, and on the Lebesgue spaces L7, 1 < p < oc.
We were inspired by the results found in [9] and obtained analogous results
for the continuous case; the optimal non-absolute domain of H — I;

Dom[H — I, X] = {f : (Hf — f) € X},

where X is a Banach function space, and analogously for Dom[H* — I, X].
The non-absolute domain emphasizes that the analysis does not rely on the
absolute values of a function f. Instead, the focus is on conditions that allow f
to belong to the domain. For a Banach function space X, it is shown that

Dom[H — I, X] = X + ker(H — I),
and  Dom[H" — I,X] = X + ker(H* — I)

whenever H : X — X and H* : X — X are bounded. We deduced that

Dom[H — I, (0, 50))]
and  Dom[H* — I, LP(0, c0)]

LP(0,00) + ker(H — 1),
LP(0,00) + ker(H* — 1)

for 1 < p < co. We have found also that
Dom[H — I, L}(0, 00)] = (Dom[H, L10, 00)] N LE (0, oo)) tker(H — 1),
where L} = {f € L(0, c0) fo x)dx = 0}, and the following inclusions:

L>(0,00) € Dom(H — I, L>(0, 00)],
L'(0,00) € Dom[H* — I, L}(0, 00)).

Finally, we have shown that the spaces Dom[H — I, LP(0, co)] and Dom[H* —
I, LP(0,00)] for 1 < p < oo do not satisfy the lattice property.

1.5.3 Paper III

The boundary-integral equation (BIE) method also known as boundary-element
method or elastic potential method has been intensively developed over recent
decades both in theory and in engineering applications. Its popularity was due

36



to reducing a boundary-value problem (BVP) for a partial differential equation
(PDE) in a domain to an integral equation on the domain boundary, that is, to
diminishing the problem dimensionality by one. The main ingredient necessary
for the reduction of a BVP to a BIE is a fundamental solution to the original
PDE [57].

PDEs with variable coefficients often arise in mathematical modelling of
inhomogeneous media (e.g. functionally graded materials or materials with
damage induced inhomogenity) in solid mechanics, electromagnetics, thermo-
conductivity, fluid flows through porous media, and other areas of physics and
engineering. For such PDEs a fundamental solution is generally not available
in explicit form, preventing reduction of BVPs for such PDEs to explicit BIEs.
However, for a rather wide class of variable-coefficient PDEs it is possible to
use instead an explicit ‘parametrix’ associated with the fundamental solution of
the corresponding frozen-coefficient PDEs, and reduce BVPs for such PDEs to
systems of boundary-domain integral equations (BDIEs), for further analysis
and numerical solution of the latter, see e.g. [19, 21, 57, 59, 64] and the
references therein. These equations are well studied for Dirichlet, Neumann
and Mixed (Dirichlet-Neumann) BVPs for variable-coefficient second order
scalar “steady-state heat transfer” equation (DE) in 3D, see e.g., [19, 20, 21,
22,59, 62, 63]. BDIEs in 2D need a special consideration due to their different
equivalence properties. Therefore, we need to set conditions on the associated
Sobolev spaces or choose appropriate scaling parameter in the parametrix form
to ensure the invertibility of corresponding parametrix-based integral layer
potentials and hence the unique solvability of BDIEs.

Considerable investigations of BDIEs for variable-coefficient BVPs asso-
ciated with a second order scalar “steady-state heat transfer” equation (DE)
in two-dimensional domain have been made in [5, 6, 31]. However, this is
not the case for the parametrix-based system of BDIEs for variable-coefficient
Helmholtz equation. In this paper III, the Helmholtz equation
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Au(z) + K (z)u(z) = f(z), € QCR? (HE)

1s considered, where

2
A= Zaiz{ axj (DO)

i=1
k(zx) is a real function of z, a(x) is a known variable coefficient, u is unknown
function and f € L?(€) is a given function in 2. We assume that a, k € C*°(Q)
and 0 < ag < a(z) < a; < oo for some constants ay and ay, for all x € €.

Using appropriate parametrix (Levi function) and applying previously devel-
oped techniques for (DE), we shall formulate and investigate BDIE systems for
the following BVPs associated with PDE (HE) in appropriate function spaces
in 2D.

Dirichlet BVP: Find a function u € H'((Q) satisfying the conditions

Aku = f in Q,

: (DP)
Y u = @ on 0f},

where f € L2(Q) and ¢, € H2(9) are given functions. The first equation is
understood in the distribution sense.

Mixed BVP: Let 99 = 9Qp U 0Qy, where 99 and 02y are non-empty
and non-intersecting parts of 9. We find a function v € H' () such that

A= f in Q.
Y= on 0flp, (MP)
T u =1y on Oy,

where f € L3(Q), po € H2(8Qp) and ¢y € H 2(8y) are given functions.
In both BVPs, the first equation is understood in the distribution sense.

The Dirichlet BVP can be naturally reduced to two different BDIE systems,
depending on whether the trace or co-normal derivative of the third Green
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identity 1s employed on the boundary. On the other hand, the mixed BVP can
be naturally reduced to four different BDIE systems, depending on whether the
trace or co-normal derivative of the third Green identity is employed on the
Dirichlet and Neumann boundaries.

In this paper, the equivalence of the BVPs with the formulated system of
BDIEs are shown. Moreover, the Fredeholm properties, unique solvability,
and invertibility of the BDIE systems are investigated in appropriate Sobolev
spaces.
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2 End-point norm estimates for Cesaro and Copson opera-

tors

2.1 Introduction

The Cesaro matrix, C, and its transpose the Copson matrix, C*, are

1

[SIE I
W W W

and C* =

cee N[O N =
PR N ] Sl
eee AW
cee |

N e SN N

The same names denote the operators associated with these infinite matrices,
defined by

1 « . .y
:ﬁ;xk and (C"z), = f

k=n
for x an appropriate real sequence. The motivation for this work is to determine

best constants in the weighted two-operator inequalities
[Cx () < Al|CTx| g1y and  |[C7x|| o) < AlCT g1y (36)

for all x and also for all nonnegative x.
The Cesaro and Copson operators, together with their integral analogues,

/fdtandH* /fdt

appear throughout classical and modern analysis. They were already standard
tools in Fourier analysis when Hardy used them to give a simple proof of
Hilbert’s double series theorem from complex analysis. They serve as base
cases and motivating examples for summability, positive operators, convolution
inequalities, interpolation of operators, maximal functions and more.

Most relevant to our study, is their appearance in the theory of weighted
norm inequalities. A remarkable array of techniques have been tried out on
these operators for the first time and often the results set the standard for

subsequent progress.
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Recently, techniques for determination of exact operator norms, exact dis-
tances between operators, and best constants in two-operator inequalities have
been worked out using A, H*, C' and C* as motivating examples.

For the operators H and H™* a great deal of progress has been made in
recent years. We refer to [71] and [72], which, besides establishing the current
best results for exact operator norms, include in their introductions detailed
accounts of recent work. The contributions of Boza and Soria deserve special
mention, recently from [15] and [16], but going back to [14]. In the first, they
make a clear case for the independent study of restrictions of operators to
cones of monotone functions. In the second, they point out the significance of
understanding the action of operators in endpoint cases, i.e., the p = 1, p = oo,
and weak type cases among ¢ spaces.

For the operators C' and C™, exact norms, distances and constants had already
found an important place in Bennett’s 1996 memoir [10]. Some were proved
and others were left as open problems. A few of the open problems have settled
quite recently, see [39, 46, 68].

Our focus on weighted ¢*° spaces puts us firmly in the endpoint case, and
greatly simplifies norm estimates. On the other hand our results apply for
general weight sequences, something which is beyond the current reach when
seeking exact operator norms in the ¢ spaces for 1 < p < oo. We also consider
the restrictions of operators to cones of monotone sequences, something of
proven value.

Our approach is in two steps. First, we reduce the best constant problems
for the two-operator inequalities (36) for general x or for nonnegative z to the
determination of the operator norm of a related matrix operator on a related
cone of sequences. See Theorems 2.5 and 2.6. Second, we prove and apply a
result on matrix operator norms between cones in weighted /> spaces that is
general enough to include the ones we need to solve the best constant problems.
See Theorem 2.9. This result is of independent interest and we apply it to give
the operator norms of a number of related matrix operators that have appeared
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in recent literature. Here the operators C' — [ and C* — I figure prominently.
The results of our analysis of (36) are in Theorem 2.20.

The most commonly studied and applied weight sequences are the power
weights. We illustrate our results throughout by giving concrete expressions for
the best constants in the case of power weighted /*°. See Theorems 2.11 and
2.13 for exact operator norms for C' and C* on all four cones. See 2.15 for exact
distances from C' to the identity on all four cones. The exact distance from C*
to the identity is given in 2.17 on two of the cones. (The case of nondecreasing
sequences is trivial and the case of nonincreasing sequences remains open.)
The best constants in the two-operator inequalities are given in 2.21 and 2.22
on the cone of all sequences and on the cone of all nonnegative sequences.

2.1.1 Notation and Definitions

For an infinite matrix to represent an operator on sequences, we have to decide

in what sense the sums involved in matrix multiplication should converge.

Definition 2.1. Let B = (b, ;;) be a real matrix. The domain, denoted D(B),
of the associated matrix operator is the set of all real sequences x such that for
each n, the sum >, b, ), converges to a real number. For x € D(B), we
define the sequence Bz by setting (Bx), = >, by k.

If all entries of B and x are nonnegative, we extend this definition to permit
(Bz), to take the value oc.

This definition gives us larger domains than if we insisted on absolute
convergence in all matrix sums. It means that our matrix operators do not
correspond to standard integral operators as well as they correspond to operators
defined by principal value integrals.

Besides C' and C* we will encounter the matrices I, S, S*, D and E. The
first three are standard, the identity matrix, the right shift (with ones on the
subdiagonal) and the left shift (with ones on the superdiagonal.) The other two
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are defined by

D = 1 and F =

W=
T e
—_

so that (Dz), = z,/(n + 1) and (Ez), = >_;_; x;. The domain of each
these matrix operators, with the exception of C*, consists of all real sequences.
Evidently, D(C*) consists of all real sequences x for which } "~ | 7 converges
in R.

Let ¢, ¢+, ¢+ and (' denote, respectively, the set of all sequences of real
numbers, the set of all sequences of nonnegative real numbers, the set of
all nonincreasing sequences of nonnegative real numbers, and the set of all
nondecreasing sequences of nonnegative real numbers.

For weights u, v € ¢ and for any x, y € ¢ we define

Y|y = sup [ynlvn  and ||z /0y = Sup |z] /ur-
n

The two definitions agree, except that if u;, = 0 for some £, the sequence
(1/ug1,1/usg,...) is not in £*. In this case we apply the convention 0/0 = 0:
If u; = 0 for some k then || /ur = oo when z, # 0 and || /ur = 0 when
xr = 0. Note that we permit these weighted “norms” to take the value oo.

For a real number z, let 2" = (Jz| +2)/2 > 0and 2~ = (Jz| — x)/2 > 0.
Note that + = 2t — z~. This notation extends termwise to sequences and
entrywise to matrices: If x = (x,,) is a real sequence, then 2™ = ((z,) "), 2~ =
(()7)s and 2] = ([e,]). I B = (bu) then B* = (b)), B~ = ((bur))
and | B = (|by.s).

For u € ¢ we define the greatest nonincreasing minorant u* of « and the
greatest nondecreasing minorant u' of u by

uy = (u)y rjngliluj and u, = (u')y ;]{Zl]fcu]

Their relevance emerges from the following simple observation.
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Lemma 2.2. Let u € (7.

(i) If v € €% then ||zl pe (1) = 2l uys
(ii) If & € 01, then ||| o1 ) = 1] (1 ut);
(iii) If v € 0+ and v < u then v < ut,

(iv) If v € (1 and v < u then x < ul.

Proof. First observe that, since wt < wandul < u,

]| o1 fuy < N 2llpojuey  and |2 || (i wy) < (|2 || oo (1 puty-

Let = € (. For each k,

Tt max 2 < max 2 < 2| o (1 /1) -
ut J<k U J<E U
Take the supremum over all k to get ||| o1 /0ty < ||| eoe(1/0)-
Let z € ¢'. For each k,

Tk Lk Ly
— =sup— <sup 2 < ||zl
w, o gzk Ui g2k U

Take the supremum over all & to get ||| oo (1 /uty < ||| ¢ (1/0)-

If x € ¢+ and o < u, then |||[p(1/u) < 150 [|@ | p(1/0) < 1 and therefore
v <ut Ifz e Mand z < u, then |||y < 150 ||2]lp=aur < 1 and
therefore x < u'. []
2.2 Two Identities

In this section we use two matrix identities to connect the inequalities (36) to

norm inequalities for related operators. The identities are
C=(C-5C" and C"=(C"—-S)DE.

In Section 10 of [10], Bennett uses the first identity and one closely related to
the second, namely, C* = (C* — I)SC, to explore two-operator inequalities
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involving C' and C*. Either of the two second identities would suffice in this
analysis; our aim was to simplify intermediate results.
In matrix form, the identity (C' — S*)C* = C may be written as

—
—_

—

[SIE N

Ol o= o=

EN NN NS

N e Lt Sl e
oo N[N

DN

e RHWFNIF
e |

cee N[ WIFN|F
P N ] L

Viewed as an operator identity we can prove that it is valid on D(C*), the

domain of the operator C*.
Lemma 2.3. If x € D(C*) then (C' — S*)C*x = Cu.

Proof. Let x € D(C*) and set y = C*x to see that (C'x),, is equal to

_Z%Zl: ZZ :_Z Ye — Yns1) = (CY)n — Ynt1-

k 1 5=k
Therefore (Cz),, = ((C — S*)y), = ((C — S*)C*x),, for all n. O

The second identity is a bit more complicated because the matrix multiplica-
tion involves infinite sums and extra care has to be taken with the domain of
the matrix operators.

In matrix form, the identity (C* — S)DE = C* may be written as

1 1

—1

| [N
—_
| W Wl W=
—
.
. NN N N T
.
e Ul R WIFN=
S e VN e
oo Ul
oo Ul
[
W Wl W=
PN TN PN PN T

Next we show that it is also an operator identity on D(C*).

Lemma 2.4. For x € {, x € D(C¥) if and only if
Ex € D(C*D) and (DEx)y — 0as N — oo.

In this case (C* — S)DEx = C*x.
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Proof. Fix areal sequence x and a positive integer n. If N < n, then

Z <N+1Jr Z k(k+1)>:(DECE)NJFI;k(kJrl);IJ

k=max(n,j)

which telescopes to

" (DEz)},
_ > T (DEz)y + ;; (37
Suppose Ex € D(C*D) and (DFEx)y — 0as N — oo. Then the right-hand
side of (37) converges as N — co. So does the left-hand side, so z € D(C™).
Conversely, suppose z € D(C*) and let N — oo in (37). Since the left-hand
side converges, so does the right-hand side. Setting y = C*x we get yy — 0. It
follows that the averages (C'y)y — 0 and the shifts (S*y)y — 0. Now Lemma
2.3 shows that (Cz)y = (Cy)y — (S*y)n — 0. But (DEx)y N_H(CSU)
so (DEx)y — 0. Since the first term of the right-hand side of (37) converges,
so does the second term. It follows that Fxz € D(C* D), which completes the

equivalence.
Letting N — oo, (37) becomes (C*z),, + (SDEx),, = (C*DFEx),. Since
n was arbitrary, (C* — S)DFEx = C*x. O]

These two identities are the keys to proving the following two theorems that
reduce inequalities relating C' and C* to inequalities involving a single operator.

Theorem 2.5. Let u,v € {* and A € [0,00). Then (38) if only if (39) and (40)
if only if (41), where

|Cx|pe) < AC* 2| e 10y Sfor v € D(C); (38)
[(C = S)ylle~w) < Allylle=pu)  fory € €, yn — 0; (39)
1C ]y < AIC™2||po(1puy  for x € L7 ND(CT); (40)
1C = SVylley < Alylle=puy fory € €4y, — 0. (41)
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Proof. Let x € D(C*), set y = C*x, and note that y,, — 0 as n — oco. If (39)
holds, then by Lemma 2.3,

|Cz|| vy = [I(C = S)ylleo ) < Allyllese 1wy = Al C 2| oo (1 /0

so (38) holds. If (41) holds and x € ¢T N D(C*), then y € ¢* so the same
estimate gives (40).
Now let y € ¢ with y, — 0 and set x;; = k(yx — yr+1). We have

N N

— = (Y — Yk+1) = Yn — YN — Un
k=n k=n

as N — oo. Sox € D(C*) and C*z = y. If (38) holds, then Lemma 2.3 shows
(C = S)lle(w) = 1C ]|y < ANCT 2N 1) = Allylles1/w);

so (39) holds. If (40) holds, and y € #* with y,, — 0, then 2 € ¢* and the same
estimate gives (41). ]

Theorem 2.6. Let u,v € (" and A € |0, 00). Set wy = kuy, for each k. Then
(42) if only if (43) and (44) if only if (45), where

1C*2[[po ) < A Cx||pe1/wy, @ € D(CY); (42)
[(C* = S)Dz|| =y < All2|le=(1/w), 2 € D(C*D), (Dz), — 0; (43)
1C* x| o) < AlCZ||pe(1/0y, @ € L7 ND(CY); (44)

I(C* = S)Dzlpewy < Allzllie1jwy, 2 € LT ND(C*D), (Dz), — 0. (45)

Proof. Let x € D(C*) and set z = Ex. The definition of £ shows
|z]|e(1/w) = [|Cx[|¢21 /u). From Lemma 2.4 we get (Dz),, — 0, z € D(C*D)
and C*z = (C* — S)Dz. If (43) holds, then

|C* 2o ) = [(C* = S)Dz||po(wy < All2||eo1 /) = AllCZ| oo (10,
that is, (42) holds. If z € ¢ then z € ¢! so the same estimate shows that if (45)

holds, so does (44).
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Now let z € D(C*D) with (Dz)y — 0as N — oo, set zp = 0 and
x = 2 — 21 for all k. Then z = Ez so Lemma 2.4 shows that z € D(C*)
and (C* — S)Dz = C*x. If (42) holds, then

I(C" = S) Dzl ey = [[C [l o) < ANCE][g1/w) = All 2]l (1/w),

so (43) holds. If (44) holds and z € ¢, then z € ¢* so the same estimate gives
(45). This completes the proof.

2.3 Operator norms for some matrix operators on cones

The simple form of weighted /> norms permits direct computation of the norms
of matrix operators from one weighted space to another and from the positive
cone of one weighted space to another. For the cones of decreasing sequences
and increasing sequences, the situation is more delicate but for each of these
cones we identify a class of matrix operators for which it simplifies nicely. The
operators involved in our analysis of the inequalities in (36) are in those classes.

Definition 2.7. Let b € ¢. We say that b has positives before negatives provided
that for all j,k € Z*, b; > 0 > b, only if j < k. We say that b has negatives
before positives if —b has positives before negatives.

Note that if b has positives before negatives or has negatives before positives
then 25@\;1 by is a monotone function of NV for sufficiently large N so the sum
> re; b, exists in [—o0, 0o]. We call it the sum of b.

Let u,v € ¢*. For a matrix B, let A(B), A*(B), A*(B) and A'(B) denote
the smallest constant A € [0, co] such that inequality

| B[y < All2][ 001 /0) (46)

holds forallz € D(B),z € {* ND(B),x € *ND(B),and x € (' N D(B),
respectively. In the next theorem we may need to apply the convention co-0 = 0.

Remark 2.8. Multiplying the matrix B on the left by a complex diagonal matrix
has no effect on the left-hand side of (46), provided the weight sequence v
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is adjusted appropriately. This simple observation substantially extends the
applicability of the next theorem. Rather than unduly complicate its statement,
we trust that, in applications, suitable row-by-row “preprocessing” will have
been carried out to ensure that the hypotheses of the theorem are satisfied. One
simple form of this preprocessing allows some subset of the rows of a real
matrix B to be multiplied by —1 to permit the use of parts (ii1) or (iv) of the

theorem.

Some expressions in what follows need to be understood according to the

convention oo - 0 = 0.
Theorem 2.9. Let B be a matrix with real entries.

(i) The least A € [0, o] such that (46) holds for all x € D(B) is

A(B) = ||| Blul|g(w)-

(ii) The least A € |0, 0o| such that (46) holds for all x € (T N'D(B) is

AT (B) = max(|| B ul|g(w), | B~ ullre(r))-

(iii) Suppose each row of B has positives before negatives and a nonnegative
sum. The least A € [0, 00| such that (46) holds for all x € (* N D(B) is

AHB) = || B ()|l -

(iv) Suppose each row of B has negatives before positives and a nonnegative
sum. If each row of B has a finite sum then the least A € [0, co| such that
(46) holds for all x € (1 N D(B) is

ANB) = ||B (u") |l -

If some row of B has an infinite sum, then (' N D(B) = {0} so (46) holds
trivially with A'(B) = 0.
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Proof. Let p™ be the result of replacing all nonzero entries of B+ by 1 and let p~
be the result of replacing all nonzero entries of B~ by 1. Then b, ;, pn p = b;: i
and bn,kpmk bmC for all n and k.

If v € D(B) and |z| < u, then ||x|/s~(1/,) < 1 and, for each n, |(Bz),| <
(|Bl|lz|)n < (|Blu), so we get || Bx[s) < ||[B|ul|g(). By positive homo-
geneity of the norm, A(B) < ||| Blu||ge ()

Fix n and K. Define a sequence x by setting x; = (p™ — p
k< Kandz, = 0if k > K. Then v € D(B) and ||x|[s(1/y) <
bnie| = bni(p™ — p~ )ni for all k, we have

oy if
1. Since

v Y |boglte = vn(Bx)y < || By < A(B).
k=1

Letting X' — oo and taking the supremum over all n we get

[ Blullg vy = sup vn(|Blu)n < A(B).

This proves (1).

If v € (" ND(B) and x < u, then ||z~ < 1 and, for each n, 0 <
(B*z), < (B*u), and 0 < (B z), < (B u),. If (BTu), and (B~ u), are
both finite, then

[(Bx)n| = ‘(B+x)n — (B7z),| < maX((B+u)n, (B~ u)n),

an inequality that also holds if (B*u),, = oo or (B~ u),, = co. Multiplying both
sides by v, taking the supremum over all n, and interchanging the supremum
and the maximum, yields

By < max(|| B ulleo (), [ B wll(w))-
By positive homogeneity of the norm,

AY(B) < max(|| B ullp ), 1B~ ullex(w))-
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Fix n and K. First, define a sequence x by setting x; = p; yup if & < K and
zp = 0if k > K. Then x € D(B) and ||z ||s~(1/u) < 1. Since b, = by xp,) 1

K
- Zb;kuk( = 0,|(Ba)| < || Bl < A*(B).
k=1

Next, define a sequence x by setting xj, = p, ,u; it £ < K and z; = 0 if
k> K. Thenx € D(B) and ||z[¢~(1/u) < 1. Since b, = —bnkp,, 1

kuk‘ Unl (Bx)a| < | By < A*(B).

Letting K — oo and taking the supremum over all n in the two estimates above,
we get
max (|| B ullp=(v), | B™ ulle= () < A™(B).

This proves (i1).

To prove (ii1), suppose each row of B has positives before negatives and
a nonnegative sum. Fix n and set m = sup{k : b, > 0}, taking supf) = 0
if necessary. If m = 0, then b, ;, < 0O for all k, but the nth row of B has a
nonnegative sum so b, ; = 0 for all &. If m = oo, then b, ;; > 0 for all &
because the nth row of B has positives before negatives. In the remaining case,
m € Z*, b, > 0 for k < mand b, <0 for k > m. This implies that for all
x € (*N'D(B), by gk > by gy, for all k and so (Bz), > x> pey bk > 0,
because the nth row of B has a nonnegative sum. In all three cases we get
(Bx), > 0.

If v € #ND(B) and x < u, then z < u* by Lemma 2.2. Therefore,

Un|(B2)p| = vn(Bx)n < v0(BT2), < va( BT (uh)),.

Taking the supremum over all n, we get || Bz ||p=(,) < || B (u")]|4(y). Positive
homogeneity of the norm shows that A*(B) < || B (u*)||s=()

Fix n and K, and define m as above. Define = by setting x;, = ui if
k < min(m, K) and x; = 0 otherwise. Then z € ¢* N D(B) and, by Lemma
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2.2,
and b;;k = 0 for k£ > m. Therefore,

le(1/u) = 2]l uty < 1. We have seen that b, = b, for k < m

] =

o Y bt = vu(Ba)y < || Bl < AY(B).
k=1

Letting K — oo we get
|BF (u*) ||y < AN(B).

To prove (iv), suppose each row of B has negatives before positives and
a nonnegative sum. Fix n and set m = sup{k : b, < 0}, taking supf) = 0
if necessary. If m = oo, then b, < O for all £ because the nth row of B
has negatives before positives, but the nth row of B has a nonnegative sum so
by = 0 for all k. If m = 0, then b, > 0O for all k. In the remaining case,
m e 7", by < 0for & <mand b, ; > 0 for k > m. This implies that for all
z € (' N'D(B), by gk > by, for all k and so (Bx), > x> ey bux > 0,
because the nth row of B has a nonnegative sum. In all three cases we get
(Bx), > 0.

If v € (' ND(B) and z < u, then z < u' by Lemma 2.2. Therefore,

V| (Bz)p| = vn(Bx), < v0(BT2), < v,(BT(ul)),.

Taking the supremum over all n, we get || Bx||s=(,) < | BT (u)]|4(y). Positive
homogeneity of the norm shows that AT(B) < || B (ul) || (y).-

Case 1. Every row of B has a finite (nonnegative) sum. First we show that
D(B) contains every nonnegative, bounded sequence. Suppose z is such
a sequence and choose P so that 0 < x, < P for all k. Fix n and let
m = sup{k : b, < 0} again. As we have seen, if m = oo, then b, = 0
for all k, so > -, b, xxy is trivially convergent. Otherwise, Zszl by kT 18 @
nondecreasing for X > m and is bounded above by

zm:bn’kllfk + P i bn,k < 0.
k=1

k=m-+1
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Again, > ;- | b, i is convergent. Since n was arbitrary, © € D(B).

Now fix n and a real number P. Let m = sup{k : b, < 0}. Define x by
setting o, = 0 if & < m and xj, = mm(uk, P) if k > m. Since z is bounded
above by P, z € {TND(B). Moreover, |z| < u' 0 ||2||g(1/u) = ||2]lee(/ut) <
1 by Lemma 2.2. Therefore,

anb  in uk,P —anbnkxk< | B2 || g (0 < AY(B).
k=1

Taking the limit as P — oo, we get
v Z bt ] < AN(B).

Taking the supremum over all n, we get || BT (u") || () < AT(B).

Case 2. For some n, the nth row of B has an infinite sum. Since its sum is
nonnegative by hypothesis, the sum is co. Since this row has negatives before
positives, there exists an m such that b, ;, > O when k > m. If z € /1 is not the
zero sequence, then there exists a ' > m such that xx > 0. Therefore,

(0.¢] o0
E bnkTr > Tx E by . = 00

Thus, x ¢ D(B). We conclude that /' N D(B) contains only the zero sequence,
so AT(B) = 0. 0
2.3.1 The Cesaro and Copson operators

The Cesaro matrix C' is nonnegative so all four parts of Theorem 2.9 apply.

Corollary 2.10. Let u,v € (*. The inequality

v, < Asup — [
EooUk

sup ’— Tk
k=1

holds for all real sequences x with A = A(C); for all nonnegative sequences

x with A = AT (C); for all nonnegative, nonincreasing sequences x with A =
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AY(C); and for all nonnegative, nondecreasing sequences x with A = A'(C).

In each case the constant A is best possible. Here

Uy, -
A(C) = AT(C) = [ Culliwqy = sup 23w

k=1

AHC) = ||C(u¥) || o) = sUP 2
(C) = [|C(u) || w) S%Pn;mmu],

J<k

UTL .
ANC) = IC (")l = sup - ;}gg uj.

Even using the formulas from this corollary, the operator norms of C' as a
map on cones in a power weighted /> space requires some work to simplify.
This is done in the next theorem.

Theorem 2.11. Let o € R. The inequality

n

i3

k=1

n® < Asup |xg|k”
k

holds for all real sequences x if and only if it holds for all nonnegative sequences
x if and only if it holds for all nonnegative, nonincreasing sequences x. In this

case the best constant A is

1, a < 0;
A= , 0<a<;

11—«

00, a > 1.

The inequality holds for all nonnegative, nondecreasing sequences x with best

constant

L,
A=
0, a>0.

a < 0;
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Proof. Take u = k~* and v,, = n® in Corollary 2.10 to get

A(C) = AT(C) =supn®! Z k™
" k=1

n

k=1
AN(C) = supn®! inf j7¢
(C) = sup ;Bk

We will make use of Proposition 3 of [11], which shows that

n
na—l E :k—a
k=1

increases with n when o« > 0 and decreases with n when o < 0. If o« > 0, then
minj<; j~“ = k=% so A(C') = A(C) = A¥(C) and their common value is

1
1 " kN —a 1 , OSQ’<1;
lim—z<—> :/x_“d:c: -«
n—oo N, n 0

k=1 00, a> 1.

If <0, then minj<; 77 = 1 s0

A(C) = AT(C) = supn®! Zk‘a =1 and AY(C) =supn® = 1.

If « > 0, then inf;>, 77 = 0 and if « < 0, then inf;>; 7% = k77
Therefore, AT(C') = 0 when o > 0 and

AN(C) = supn®! Z k=1
" k=1

when o < 0. []

The Copson matrix C* is nonnegative so all four parts of Theorem 2.9 apply,
although the fourth part applies trivially. Recall that D(C*) consists of all real
sequences x for which ) | & converges in R.
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Corollary 2.12. Let u,v € {*. The inequality

o0
| 3%
n

k=n

vy, < Asup@
Eo Uk

holds for all real sequences x € D(C*) with A = A(C*); for all nonnegative
sequences x € D(C*) with A = AT (C*); for all nonnegative, nonincreasing
sequences © € D(C*) with A = AY(C*); and for all nonnegative, nondecreas-
ing sequences v € D(C*) with A = AT(C*). In each case the constant A is
best possible. Here

ES * ES = u
A(C") = AT(C™) = ||C*ul| () = sup vy, f;
n k=n
AHCH) = [|CH () || i) = Sgpvnkz_:%gglguj;

ANC*) = 0. ('nDC*) = {0}.)

The operator norms of C* as a map on cones in a power weighted /> space
are given in the next theorem. We use ( to denote the Riemann zeta function.

Theorem 2.13. Let o € R. The inequality
|32

holds for all real sequences x € D(C™) if and only if it holds for all nonnegative

n® < Asup |z |k®
k

sequences x© € D(C*) if and only if it holds for all nonnegative, nonincreasing
sequences x € D(C*). In this case the best constant A is
00, a < 0;
A=
((a+1), a>0.
Except for the zero sequence, there are no nonnegative, nondecreasing se-
quences in D(C*). The inequality holds for the zero sequence x with best

constant A = (.
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Proof. Take u = k~* and v,, = n® in Corollary 2.12 to get

A(C*) = A (CY) = supn Zk ot

:n

1
J, *\ (6] = . —
A (C)—sgpn g_ pRE A
If @ > 0, then minj<;j~* = k™ so A(C*) = AT (C*) = AY(C*); their

common value is

sup n® Z kot > Z kol =((a+1).
" k=n k=1

We show this is actually equality by supplying a proof of the first inequality
from Remark 4.10 of [10]: n® > ;- k="' decreases with n. The derivative of

log @™ (@™ — (2 +1)7)) i
(L+ D" = (+=)
A+ e =@+

which is positive for z > 0 by Bernoulli’s inequality. Thus,

1
Fo (ko — (k+ 1) %)

ap —

1s a decreasing sequence, and so 1s its moving average

Zzozna< (k+1 o— 1
Sl <k+ Zk

If o <0, then min;<;, 77 = 1 and we have
A(C*) = AT(CF) > AY(CY) = = supn Z

The final statement of the theorem is evident. []
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2.3.2 The Cesaro and Copson operators minus identity

The matrices we consider here are,

N[
wN
o
| o
N[
ol Lol
IR RN TR

[SMIN)

and C* —

cee AR WRFNIFO
N

eee AW

cee |
.
[N

Parts (i), (ii), and (iii) of Theorem 2.9 apply to C' — I and part (iv) applies to
I — C'. (See Remark 2.8.)

Corollary 2.14. Let u,v € (*. The inequality

sup| (13 02)

k_

||
U

v, < Asup

holds for all real sequences x with A = A(C'—1); for all nonnegative sequences
x with A = A% (C — I); for all nonnegative, nonincreasing sequences x with
A = AYC — 1) and for all nonnegative, nondecreasing sequences x with

A = AY(I — C). In each case the constant A is best possible. Here

n—1

Un
A(C = 1) = C = Tl = sup <2 (= V) + 3 )
" k=1

ANC = 1) = max([|(C = 1) ul| = ,H( — 1)~ ull(w))

3

Un
=sup —max | (n — Du,, » ug);
no k=1

AHC = 1) = (€ = 1) (e —sm»—§jmm%,

ANI =€) = (I = O)F ()i~ —mm—wn—nuﬁw

n N jzn
Proposition 3.5 of [16] may be compared with the case 0 < a < 1 of
the next theorem: The norm of C' — [ restricted to the cone of nonnegative,
nonincreasing sequences coincides with the norm of H — [ restricted to the
cone of nonnegative, nonincreasing functions.
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On power-weighted >, C'— I exhibits different behavior on all four different
cones, the cone of real sequences, the cone of nonnegative sequences, the
cone of nonnegative, nonincreasing sequences and the cone of nonnegative,
nonincreasing sequences. The dependence of the operator norm on the power

gets particularly interesting for the third cone.

Theorem 2.15. Let o« € R, set s; = —oo and set s, = 1 + log log(1-1/m) for
m = 2,3, .... The inequality

Sup ‘ ( .Ilk) — Tp

n® < Asup |z |k®
P k

holds for all real sequences x with best constant

2 —«
, a<l1;
00, a> 1.

It holds for all nonnegative sequences x with best constant

2

1, a < 0;
A= , 0<ax<;

1 -«

00, a > 1.

\

It holds for all nonnegative, nonincreasing sequences x with best constant

)
(m+1)tm, s, <a<su, m=1,23,...;
1
A= , 0<a<l;
1l -«
00, a > 1.

It holds for all nonnegative, nondecreasing sequences x with best constant

L
A=
0, a>0.

a < 0;
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Proof. Take u = k~* and v,, = n® in Corollary 2.14 to get

A(C —1I) =sup (1—%+na1§ka>;

k=1
1 n—1
At _ — ( - a1 —a),
(C—1) s%pmax 1 i Zk :
k=1
n—1
{ i — a—1 s o,
AY(C —1) Sup n ;IJIE]?] ;
AT —C) =supn®t(n—1) ir>1fj_a.
n Jjzn

Proposition 4 in [11] shows that no—1 ZZ: k~“ increases with n for all € R.

It tends to
1
1 , a<l;
x_a dx — 1— (87
0

00, a > 1.

The first two statements of the theorem follow.

If a > 0, then minj<;j® = k™% so AHC — 1) = AY(C —1I). Ifa <
0, then min;<jj~* = 1 so AH(C — I) = sup,n®'(n — 1). Consider the
function g(z) = * !(x — 1) for z > 1. Looking at ¢'(x) we find that g is
strictly increasing on (0,1 — 1/«) and strictly decreasing on (1 — 1/«, 00). It
follows that a positive integer m satisfies sup,, g(n) = g(m + 1) if and only if
g(m+1) > g(m) and g(m + 1) > g(m + 2). These two conditions may be
expressed as s, < a < §;,41-

If « > 0, then inf;>, ;7 = 0so AY(I — C) = 0. If a < 0, then
infj>, 77 =n"s0 AN(I — C) =sup,(n —1)/n=1. O]

Parts (i), (ii), and (iv) of Theorem 2.9 apply to C* — I, although part (iv)
gives a trivial result. Note that D(C* — I) = D(C*).

Corollary 2.16. Let u,v € (*. The inequality

||

o
SUk)

su — ) -z, v, < Asup —

npKZk |on < Asup =5

k=n
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holds for all real sequences x € D(C*) with A = A(C* — I); for all nonneg-
ative sequences v € D(C*) with A = AT (C* — I); and for all nonnegative,
nondecreasing sequences x € D(C*) with A = A'(C* — I). In each case the

constant A is best possible. Here

* * n—1 > U,
A(CT 1) = l|C _I‘Uﬂgoc(v)zsupvn( - u, + Z ?>7

K k=n-+1
AT = 1) = max([|(C™ — I) Tl e ), [[(C" = T) " ul| o)

n—1 - U
= sup v, max (Tun, Z ?),

" k=n-+1

AN(C* — 1) = 0. (The first row of C* — I has an infinite sum.)
We omit the trivial case when considering the power-weighted inequalities.

Theorem 2.17. Let o € R. The inequality

)

=n

sup
n

n® < Asup |xg|k”
k

holds for all real sequences x € D(C*) with

0, a < 0;

A= 1

14—, a>0.
Q

It holds for all nonnegative sequences x € D(C*) with

00, a < 0;
1
A=<¢—, O<a<l;
Q
1, a>1

In each case the value of A is best possible.
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Proof. Take u = k~* and v,, = n® in Corollary 2.16 to get

1 o
A *x _ ( . « al) .
(c*—1) sup 1 n—l—n Zk ;
k=n+1
1 o0
A—|— * — ( o' —a—l) .
(c*—1) Sup max 1 i Z k
k=n+1
If @ < 0 the sum diverges so both of these are infinite. If & > 0 we need the
second inequality from Remark 4.10 of [10]: n* "7 ., k=2~ increases with
n. The derivative of log(z® ™ ((z — 1) — 27%)) is

(L) - (-

(z =D (& = 1) =)’
which is negative for x > 1 by Bernoulli’s inequality. Thus,
B 1
o ka—l—l((k _ 1)—a _ k—a)

1S an increasing sequence, and so is its moving average

ag

Z:O:n-H ak((k — 1)70‘ — k*a) e 0 o
Zzin—i—l((k - 1)_a — k_o‘) o k:zm:_l k .

We recognize these as (improper) Riemann sums, and get
o0 0
1 A > 1
n“ kol =— (—) — / e = =
2 s 2 1 .

as n — oo. Therefore A(C* —I) =14+ 1/aand A" (C* — I) = max(1,1/«).
This completes the proof. [

2.3.3 Two required operators

The next two operators appear in Theorems 2.5 and 2.6. Their operators norms
are needed to complete the work on (36). In matrix form, they are

11 1
2 6 12
11
6

|
—
|
—_

N[
|~

C— 5 =

L
20
L
2 20 v
L
20
L
20

! and (C*—S)D = —%_1

e B[ WIEN= =
NI

DI N R U] Ry T
ce R [HIm
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Parts (i), (ii), and (iii) of Theorem 2.9 apply to C' — S* and part (iv) applies to
S*—C.

Corollary 2.18. Let u,v € (7. The inequality

|Zn|

Up

vy < Asup

Sup ’ < xk) — Tp41
k_

holds for all real sequences x with A = A(C' — S*); for all nonnegative se-
quences x with A = AT (C — S*); for all nonnegative, nonincreasing sequences
x with A = AY(C — S*) and for all nonnegative, nondecreasing sequences x
with A = AT(S* — C). In each case the constant A is best possible. Here

A(C = 5% =l1C = Sull (o —supvn(un+1+ zuk)

k=1
AT(C = 57) = max([|(C' - S*)W\Ieoo ANE = 57) " ulleew)

:supvnmax( g uk,unH)

AHC = 8%) = |(C = S () [0 —sup—meu],

i<k

ANS" = C) = |I(S" = )" (u") [0y = supvn mf Uj-

n o j<n+l
Parts (i), (ii), and (iv) of Theorem 2.9 apply to (C* — S)D and part (iii)
applies to (S — C*)D

Corollary 2.19. Let u,v € (" and for convenience let uy = xy = 0. The

- T xn—l
Sgp‘<;k(k+1))_ n
holds for all real sequences x € D(C*D) with A = A((C* — S)D); for

all nonnegative sequences x € D(C*D) with A = AT ((C* — S)D); for all
nonnegative, nonincreasing sequences x € D(C*D) with A = A¥((S—C*)D);

inequality

Up

n < Asup
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and for all nonnegative, nondecreasing sequences x € D(C*D) with A =
AT((C* — S)D). In each case the constant A is best possible. Here

A((C" = 5)D) = [[[(C7 = ) Dlulle(w)

B Un1 |~ Uk,
_S‘ip””< n +;k(/¢+1)>’

AT((C" = S)D) = max([|(C™ = S) D) ullpu), 1((C™ = S) D)~ uufl ()

o Up—1 Ug .
B Sip“”max< n ; k(k + 1))’
vn .
AH(S = C*)D) = ||[((S — C*)D)" (u*) | () = sup — min uy;

AY((C™ = 8)D) = [I((C* = S)D) " (u") [l ()

00 1 .
=S )y it

We forgo an investigation of the power-weighted case for these operators.
Their principal interest is their use in the proof of Theorem 2.20 and the special
case is not required there. Theorem 2.21 and 2.22 deduce the power-weighted
case of Theorem 2.20 directly.

2.4 Best constants in the two-operator inequalities

Combining Theorems 2.5 and 2.6 with the formulas given in the previous
subsection for

A(C = 8%, AHC — 8", A((C* = S)D), and A'((C*—S)D)

gives us answers to our original questions, the best constants in the inequalities
of (36).

Fix u,v € £*. Let A(C,C*) and A*(C, C*) denote the smallest A > 0 such
that inequality

|Cx|pony < A|C* |01 /)
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holds for all z € D(C*) and for all x € ¢ N D(C*), respectively. Similarly,
let A(C*,C) and A*(C*, C') denote the smallest A > 0 such that inequality

1C" 2wy < Al O] oo (1)
holds for all x € D(C*) and for all x € ¢ N'D(C*), respectively.

Theorem 2.20. Let u,v € (1. Then, taking ug = 0, we have

A(C,C*) = sup Up, (un+1 + % Z Uk);

n — k+1
AT(C*,C) _SUPU”Zk(k+1) 1r>1£ju‘7
n —n J

Proof. Since (39) holds with A = A(C' — S*), Theorem 2.5 shows that (38)
does as well. Thus A(C, C*) < A(C — S*). On the other hand, by definition,
(38) holds with A = A(C, C*) and by Theorem 2.5, so does (39). Fix n and let

Yy = (u17u27'"7un7_un+170707"')'

Since y, — 0 as k — oo and [|y||(1 /) < 1, we get

1 n
Un (un+1 +- > Uk:) = vn((C = 8)y)n < (C = 5)ylle=) < A(C, C7).

k=1
Using this in the formula for A(C' — S*) from Corollary 2.18 yields

A(C — S*) =supuo, (Un+1 + % Z uk> < A(C,CY).
n e

Therefore,

A(C,CY) = SUp vy (Un+1 + — Zuk)

k=1
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Clearly, (41) holds with A = A(C' — S*) and, by Theorem 2.5, so does (40).
Thus AT (C, C*) < AY(C — S*). By definition, (40) holds with A = AT (C, C*)
and Theorem 2.5 shows that (41) does also. Fix n and let

Yy = (u%,ué,...,ui,0,0,...).

Theny € ¢+,
1. Therefore

w (23 ut) = (€~ 59 < (€~ § Yl < AT(C.O0).

k=1

() = Ylleeajuty <

The formula for A*(C' — S*) from Corollary 2.18 implies

AHC — 8% —sup—meuj < AT(C,CM).

1< <k
Therefore,

AT(C,C") = Sup — Z min u;.

j<k:

Let wy, = kuy, for all k£ and note that D((C* — S)D) =D(C*D).
Replacing u by w in the formula for A((C* — S)D) from Corollary 2.19
shows that (43) holds with A replaced by

~ Wp—1 - Wy n—1 = Uy,
(M4 3 ) = (S e+ 3 )
sgpv n+;k(k+1) Sl;pv nu1+;k+1

By Theorem 2.6, (42) also holds with A = A. Thus A(C*,C') < A. Theorem
2.6 also shows that (42) and hence (43) holds with A = A(C*, C'). Fix n and
K > n, and let

= (0,0,...,0, —w,_1, Wy, Wya1, ... Wk,0,0,...).

Since z € D(C*D), (Dz), — 0as k — oo, and ||z||p(1/,) < 1, we have
[(C* = S) Dzl ) < A(C™, C). It follows that

K
vn("—l + kz k(k—j_l)) — 0,((C* — S)Dz), < A(C*,C).

n
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Letting ' — oo and taking the supremum over n, gives A < A(C*,C), and
we conclude that A(C*,C') = A.

Replacing v by w in the formula for AT((C* — S)D) from Corollary 2.19
shows that (45) holds with A replaced by

o0 T o0
~ 1
it ) wy ) o g
P ; kk+1)  a ;k(kﬁt 1) jok?
By Theorem 2.6, (44) also holds with A = A'. Thus A*(C*,C) < Al
Theorem 2.6 also shows that (44) and hence (45) holds with A = AT (C*, ().

Fix n and K > n, and let

z = (0,0,...,O,wg,wgﬂ,...w}(,w},w}(,...).

Then (C"D2)x = Y5 i jrekyy < 00 50 2 € (1N D(C*D), (D) — 0 as

k — oo, and, by Lemma 2.2, ||z || (1 /w) = [|2||¢ee(1/wt) < 1. Therefore,

K UJT
n Y e <0, ((C* = S)D2), < |[(C* = S)Dz||gm) < AT(C*,0).
0D gy < (€ = 92 < IC” = $)Deley < 4T(CC)

Letting K — oo and taking the supremum over n, we get AT < A+(C*, 0),
and conclude that A*(C*,C) = A™. O

We split the power-weighted inequalities for the two-operator inequalities
into two theorems because the techniques of simplification differ.

Theorem 2.21. Let o € R. The inequality
1 u o = Tk
e < o S

holds for all x € D(C*) with

noz

sup
n

(1—1—2_0‘, a < 0;
9 _
A=< Od, 0<a<l;
1l -«
00, a > 1.

\
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It holds for all nonnegative v € D(C*) with

(

1, a < 0;
1
A= , O<a<;
1 —«
00, a > 1.

\

In each case the constant A is best possible.

Proof. Take u;, = k£~ and v, = n® in Theorem 2.20 to see that the best
constant A, taken over all x € D(C"), is

A(C,C*) =sup ((n i 1)@ 4ol zn:k_a)
k=1

n

and the best constant A, taken over all nonnegative = € D(C*), is

n
AT(C,C*) =supn® 'y minj .
n 1 J<k
By Proposition 3 of [11], n® ' >7,_, k~ decreases with n when o < 0 and
increases with n when o« > (0. The same is true of (L)a Soifa < 0,

n+1
A(C,C*) =142"andifa >0, (;%5)" — Land
‘ 1<~ /k ! !
a—1 —a -« —a )
P (—) —>/ dr ={1—a
D S M A
k=1 k 00,

=1

0<a<l;

a>1,

as n — o0 SO

2 —«
, O<a<l;
A(C,CY) = l -«
00, a>1,

If « < 0, then minj<;j* = 1 so AY(C,C*) = 1. If @ > 0, then
min;<; 7~ = k™ so as above we have

n , O<ac<;
AT(C,C*) = supn®! Zk‘a =<¢1l-a

k=1 00, a > 1.
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In the case of nonnegative sequences, the best constants given above agree
with those that appear in Theorem 3.7 of [16] for the operators H and H* on
nonnegative functions, except when o < 0. The best constants given below,
again for nonnegative sequences, agree with the corresponding results from
Theorem 3.7 of [16] for all values of «.

Theorem 2.22. Let o € R and set M, = >, k +1 The inequality

(0.]
Tk
wﬂE:z
" k=n

holds for all x € D(C*) with

1
n® < Asu ’— T
<asp[y

)
00, a < 0;

1
A=<{14+— O0<a<l;
(8%

(2°M,, o> 1

It holds for all nonnegative x € D(C*) with

(

o0, a <0;
1
A=4q— 0O<a<l
o
\O, a > 1.

In each case the constant A is best possible.

Proof. Take up, = k™ and v, = n® in Theorem 2.20 to see that the best
constant A, taken over all z € D(C*), is

A(C*,C) = max (Ma,sup ((n_ 1) +n Z k -+ 1>>

n>2

and the best constant A, taken over all nonnegative = € D(C*), is
AT(C*,C) = supnai# nf 5177,

69



We will need another monotonicity result in the spirit of Remark 4.10 of [?]:
If 0 < o <1, then

. o0 k_
" ; k+
increases with n to 1/« and if « > 1, it decreases with n. For all x > 0, the
derivative of log((z + 1)z“ (™ — (z +1)7%)) is

(L+3)" - (142)

X

(x + Dot (z= — (x 4+ 1)7)

which is nonpositive when @ < 1 and nonnegative when o > 1 by Bernoulli’s

inequality. Thus,

1
(k+ k(b — (k+1)=)

1s a nondecreasing sequence when @ < 1 and is a decreasing sequence when

aj =

«a > 1. Its moving average,

D e Ok ( — (k+ 1) — k~
> (k™ (k +1)-

shares its monotonicity. If 0 < « < 1, then the last expression goes to 1/a, as

can be seen from the estimates

na/ (z+1)“tdr<n Z na/ z* dr.

+1 — -1

If « <0, A(C*,C) = oo since the sums diverge. If 0 < a < 1, then
A(C*,C)=1+1/a.If @ > 1, then

A(C*,C) = max(M,,2* 1 +2%(M, — 1/2)) = 2°M,,.

If « > 1, then inf;5; 5 = 0so AT(C*,C) = 0. If « < 1, then
infj>p j17% = k'~ so A*(C, C*) = sup, n® Y~ {=7. which is infinite when
a < 0andequals 1/a when 0 < o < 1. ]
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3 Optimal non-absolute domains for the Hardy operator

minus identity

3.1 Introduction

We consider the Hardy averaging operator

Hiw = [ f(sds

H* f(z) = /:O @ds.

It is well known in [13] that the Hardy operator H and its dual H* are

and its dual

bounded on a rearrangement invariant Banach function space (BFS, for short)
X if & < 1 and o > 0 respectively, where « is the lower and @ is the upper
Boyd index of X. Consequently, H : LP(0,00) — LF(0,00) for 1 < p < oo
and H* : L”(0,00) — LP(0,00) for 1 < p < oo are bounded.

As shown in Proposition 3.6(i), the only non-negative function f € L!(0, co)
such that H f € L'(0, c0) is the zero function. The motivation of this work
1s the great interest in this topic for the Hardy operators, but for non-negative
functions, as shown in [26, 28, 65, 66, 69]. Moreover, if X is a BFS for which
H : X — X is bounded, then the class of functions for which H(|f|) €
X is known to be much larger than X and, in fact, not even a subspace of
(L' + L>)(0, c0) [28, Theorem 2.6].

It is well-known that subtracting the identity from an averaging operator
provides some additional regularity and smoothness [44]. The authors in [9]
determine the optimal non-absolute domain of C' — I and C* — I on a BFS X,
where [ is the identity operator, C' and C* are the Cesaro and Copson operators
respectively. Our main goal is to characterize the optimal domains for A — 1,
on Lebesgue spaces L”(0,00), 1 < p < co. Moreover, we study conditions for
a function f such that (H f — f) € X, where X is a BFS. That is, we determine
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the conditions to describe the optimal domain of H — I;
Dom[H — L X]={f: (Hf — ) € X}

on a BFS X. A similar definition holds for Dom[H* — I, X].
We recall some standard notations. The subspace L{(0, 00) of the space
L0, 00) is defined as

Ly (0, 00) = {f e L'(0,00) : /OOO f(x)dx = 0} .

For 1 < p < oo and non-negative weight w, we recall that
D) i= P(w,0.00) = { £+ [ 1f@)Pulads < oo}
0

50 1/p :
with || f{| zrw) = <f0 |f(:r)\pw(x)dx> , and analogously if p = co. More-
over, we define

Li(w) = Li(w, (0, 00)) = L' (w) N Ly (0, 00),

with || £l 22wy = 1/l 2oy + 1 f 1 £20,00)- If w = 1, we denote LP(1, (0, 00)) and
L§(1,(0,00)) by LP(0, 00) and L{(0, 0o) respectively.

Throughout, we use the standard notation A < B to denote the existence of
a positive constant o« > 0 (independent of the main parameters defining A and
B) such that A < aB (analogously for the notation A 2> B). If both A < B
and A 2 B hold true, we will write A ~ B.

The paper is structured as follows: in Section 3.2 we start by showing some
general results for a BFS X. We then establish a useful equivalent expression
for a function f suchthat Hf—f € X or H*f— f € X as shown in Lemma 3.2,
which enable us obtain the optimal domain of H — I and H* — I on X. In
section 3.3 we present our main result for / — I as shown in Theorem 3.9, where
we fully characterize Dom[H — I, L?(0, 00)], 1 < p < co. As a consequence of
these results, we can see that Dom[H — I, L'(0, 00)] € L}(0, 00) + ker(H —1).
Finally, in Section 3.4 we find the optimal domains for the dual Hardy operator
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minus the identity, and show the analogous results in Theorem 3.13. In this
case, we show that Dom[H* — I, L>(0, 00)] € L*(0,00) + ker(H* —I) and
Dom[H* — 1, L'(0,00)] € L*°(0, c0).

3.2 Preliminaries

As a start we find the kernels of / — I and H* — 1 on a BFS X. We find also an
equivalent expression for a function f suchthat Hf — f € X or H*f — f € X.
These expressions help us show that H —I and H* — I are inverses of each other
on LP(0, co0) spaces, 1 < p < oo (cf. Remark 3.3). As a general fact, when we
write H f or H* f, we will be assuming that these expressions are well-defined.

Lemma 3.1. Let X be a BFS on (0,00), with the Lebesgue measure and
I : X — X be the identity operator. Then

(i) ket(H — 1) ={f e X : f(z) =c,c e R}
(ii) ker(H* =) = {ge X : g(x) =< : ce R,z > 0}.

Proof. We prove first (i). It is obvious that {f € X : f(z) = ¢,c € R} C
ker(H —1I). To prove the reverse inclusion, let f € ker(H —1I). Then [ (f(s)—
f(x))ds = 0, for all z > 0. From which we can deduce that f is C* and, by
the fundamental theorem of calculus, we obtain that f'(x) = 0 for all z > 0.
Hence f(x) = cfor all x > 0, where c is a constant. The proof of (ii) follows
similarly as in (i). []

Lemma 3.2. Let X be a BFS on (0, 00) with the Lebesgue measure.

(i) Let H* : X — X is bounded. If g(x) = H f(x) — f(z) € X, then f can
be expressed as
f(z) = Hg(x) = g(x) + a,
where a = lim H f(s) € R, and f € X + ker[H — 1.

S§—00
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(ii) If g(x) = H* f(x) — f(x) € X, then f can be expressed as

f(z) = Holz) — g(z) + 2.

T
where 3 = lin’(l) (sH*f(s)) € R. Moreover, if H : X — X is bounded,
S—
then f € X + ker[H* — 1.

Proof. To prove (i) we follow similar techniques as in [48, Theorem 1]). Let
g(t) =Hf(t)— f(t) € X andlet 0 < z < y < co. Then dividing g(s) by s
and integrating from x to y we obtain

[ s ["(2 [ soar) as - [

Using Fubini’s theorem on the right-hand side we get

/ dH][f ds——/f

= f(r) + g(x) - Hf(y)

Letting y — oo we obtain

f(z) = H*g(z) — g(v) + lim Hf(y).

Yy—00
Since H* : X — X is bounded, H*g € X and hence lim H f(y) exists.

Yy—0

Consequently, f € X + ker(H —1I).
To prove (ii), we let g(t) = H*f(t) — f(t) € X andlet 0 < y < = < o0.
Integrating ¢(¢) from y to x and applying integration by parts we get

/xg(t)dt:/x/too@dsdt—/xf(t)dt
_ [t/too %S)derr/xf(t)dt—/xf(t)dt
x/mﬁds—yy/goﬁd y

74



Dividing by z and letting y — 0 gives

f(x) = Ho(x) — g(z) + ~ lim (yH" f(4))

T y—0

where 111’1(1) (yH*f(y)) exists. If H : X — X is bounded, Hg € X, and hence
y—
feX+ker(H*—1I). O

Remark 3.3.

(i) The boundedness of H* : X — X in Lemma 3.2-(i) is a necessary
condition for the existence of the limit & = lim H f(s). For example, if

S§—00

we consider f(z) = logz, g(x) = Hf(z) — f(x) = —1 € L>(0, 00) but
H*g(x) ¢ L>(0,00) for all z > 0, and « does not exist. Moreover, if
H*: X — X is bounded and f € Dom[H — I, X] then we get

f(x) —a=(H" -D(H-D)(f(z) - a).
(ii) Let H : X — X is bounded and f € Dom[H* — I, X]. Then

fo) =2 = -0 -1 (i) -2),

T x
where § = lim(tH*f(t)) € R.
t—0

(iii) As a special case of (i) and (ii), when X = LP(0,00), 1 < p < oo, we
obtain that « = § = 0, and hence (H*—I)(H —1) =1= (H—-1)(H*—1).
In fact, for f € LP(0,00),1 < p < ocoand 1/p+ 1/p’ = 1, the Holder’s
inequality gives

sl = 3| [ s <3 [T 0o

< ([ wsrar) ([t 0a)

1 ,
= El‘fHLP(O,oo)xl/p

= HfHLP(o,oo)x_l/p 50

Y
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and hence we get « = lim H f(x) = 0.

T—r00

Again from the Holder’s inequality we get
/ [(z) / @),
x
1/p'
< ) fllzvi0.0 / )
t
P\
b (1)
P

]_ ]-/p / t—0
= (5) " W goo =50

LH* £ (1)

1
because 1 < p’ < co. Hence § = Pn&(tH*f(t)) = 0.
%

Lemma 3.4. Let X be a BFS on (0, 00) with the Lebesgue measure, and X' be

the associate space of X. Then the following are equivalent;

(i) H: X — Xand H* : X — X are bounded;

(ii) Dom[H — I, X| = X + ker(H — I) and
Dom[H — I, X'| = X" 4+ ker(H — I);

(iii) Dom[H* — I, X] = X + ker(H*—I) and
Dom[H* — I, X'] = X' + ker(H* — I).

Proof. We prove first that (i) implies (ii). Since H : X — X is bounded, we
have that X +ker(H —1I) C Dom[H — I, X]. Since H* : X — X is equivalent
to H : X" — X' we also get that X' 4 ker(H —I) C Dom[H — I, X']. The
reverse inclusion of the first follows directly from Lemma 3.2-(i). Similarly,
since H* : X' — X'is equivalentto H : X — X, reversing the role of X and
X" in the previous argument we also get that Dom[H —1, X'] € X'+ker(H —1).

Now let us prove (ii) implies (i). Let Dom[H — I, X| = X + ker(H —1).
If fe Xanda € ker[H —1I|,then H(f + o) — (f+a)=Hf — f € X and
hence H f € X. Thus, by [13, Theorem 1.8] we conclude that H : X — X is
bounded. By a similar and dual argument we can also get that H* : X — X is
bounded.
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Next we prove (i) implies (iii). Since H* : X — X is bounded, we get that
X +ker(H* — 1) C Dom[H* — I, X]. The fact that H* : X’ — X’ is bounded
gives also that X' + ker(H* —I) € Dom[H* — I, X']. The reverse inclusion
of the first follows from Lemma 3.2-(ii). Consequently, Dom[H* — I, X| =
X + ker(H* —I). Similarly, since H : X’ — X’ is bounded we get also that
Dom[H* — I, X' = X' 4+ ker(H* —I).

To prove that (iii) implies (i), pick f € X. Then H*f — f € X and hence
H*f € X. By [13, Theorem 1.8] we conclude that H* : X — X is bounded.
By a similar and dual argument we also get that / : X — X is bounded. [

Remark 3.5. Since ker(H*—1) ¢ L (0, 00), we deduce that neither Dom|[H*—
[, X] nor Dom[H* — I, X'] are r.i. spaces on (0, c0) [13].
3.3 Optimal domain for hardy minus identity

In this section, we characterize the optimal non-absolute domain for H — I, in
the Lebesgue space LP(0,00),1 < p < co. We start with some properties of
H.

Proposition 3.6.

(i) If [ is non-negative function such that H f € L'(0,00), then f = 0. That
LS,
L! (0,00) N Dom[H, L'(0, 00)] = {0}.

(ii) There exists 0 £ f € L*(0,00) such that H f € L'(0,00). Moreover, any
such function satisfies fooo f(x)dx = 0. That is,

L'(0,00) N Dom[H, L'(0,00)] = L(0, 00) N Dom[H, L'(0, 00)] # 0.

(iii) There exists f ¢ L'(0,00) such that Hf € L'(0,00) and there exists
g € L}(0,00) such that Hg ¢ L'(0,00). That is,

Dom[H, L'(0,00)] ¢ L*(0,00) and L{(0,00) ¢ Dom[H, L*(0, c0)].
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Proof. If f is a positive, locally integrable function we have that Hf €
L0, 00) if and only if f = 0, a.e. This proves (i).

To prove the first part of (ii), i.e. to show the existence of 0 #Z f € L'(0, c0)
such that H f € L'(0, 00), take f(z) = (1 — z)e™".

Now let us prove the second part of (ii). Let f € L'(0,00) and Hf €
LY(0,00). Then g(z) := Hf(z) — f(x) € L'(0,00) and sli)rgo Hf(s) =0, and
from Lemma 3.2-(i) we obtain that

flx) = Hg(x) — g(x). (47)

Integrating both sides of (47) on (0, co) and then applying Fubini’s theorem we

/Ooof(x)dx:/ooo </:O@dt)dx—/ooog($)dx
:/()Oo@</otdx>dt—/ooog(x)dx

= /Ooog(t)dt — /Ooog(x)dx = 0.

Hence f € L{(0, c0), which completes the proof of (ii).
For the first part of (iii), we take fi(x) = tx (2t 2011)(T) — tx(2t41,2042)(T),
for a fixed ¢ > 0. In fact, || f;||11(0,00) = 2t — 00, as t — oo. But,

get

t

2 2+ 2
Hfi(x) =1 <1 — ;) X(2t2i41)(T) + 1 (

X

- 1) X(2t11,2042)(2),

and

21(2" + 2) 2ot N
H {11 = || H fy]| 12 =In| ——— — V.
H ftHL (0,00) H ftHL (0,00) 1l ( (2t + 1)2 ) <2t + 1) 0

For the second part let us consider the function

1 (z) 1
aj PR
X0 (z + 1) log*(z + 1)

g(x) X(1,00) (%),

- log 2
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which is in L} (0, 00) but Hg(x) ¢ L'(0, 00), where
1 1

H p—

log 2 X (1,00) ()
Remark 3.7. From Proposition 3.6-(iii), we observe that
L0, 00) N L>(0, 00) ¢ Dom[H, L'(0, c0)],
and Dom[H, L*'(0,00)] ¢ L'(0, 00) + L>(0, c0),
and hence Dom[H, L'(0, 0o)] is not an r.i. space.
Proposition 3.8. Let w be a weight. Then
(i) Li(w) € Dom[H — 1, L}(0,00)] =
IHf = flloioee) S i) + 11 £ 230,000
(ii) (Dom[H, L'(0,00)] N Li(0,00)) C Li(w) <
1 zsw) S N Fllzr0.00) + 11 230,00)

(iii) L*>°(w) C Dom[H — I, L>=(0,00)] <= [|Hf — fllz=(0,00) S IS || 2 (w)

Proof. In each case, we use the Closed Graph Theorem to prove the continuity
of the embeddings. To prove (i), we need to show that

fn( ) Lo(w)
Hfo(2) = fulz) 20 g(a)

0,
— ¢g(z) = 0.

Lg(0,00)
B

From the definition of the norm in L{(w), we get f,(z) 0. Then we

obtain |H f,,(x)| — 0, for a fixed x > 0 because

|H f(x / fult ﬁ——/ Falt M

<1 / ()t

Xz

1
< _anHLl(Opo) — 0.
e
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Again from the inequality |H f,, — g| < |H fo — fn — 9| + | fn

1 o0
Hf, 2
for a.e. x > 0. Consequently, we get g(z) = 0 for a.e. x > 0.

, we obtain that

g- So, there is a subsequence of H f,(x) which converges to g(z)

To prove the continuity of the embedding in (ii)
[fll zswy S T fllzro,00) + 1l 220,00)
it suffices to show that

Lj(w)

folx) == g()

L{(0,00) O,

MO, b = g(z) = 0.

/

From f,,(x) L), g(x), we obtain that f,(z) L(0e0) g(x). Hence we get the
required result.
To prove (iii), we need to show that
fulz) 2% 0,
Loo(0,00) — g(z) = 0.
H fu(x) = fulz) 9(x)

Let € > 0 be given. Let w > 0 on [0,00) and w € C[0,00). Fix a > 0 and
let m, = min{w(z) : 0 < z < a}. Then for f,(x) € L>®(w), there exists a
number N; > 0 such that, if n > Ny,

[fu(@)| = L/w()| fu(z)w(z) < 1/mq| fu(z)w(z)
< 1/ma’|fn||L°0(w) < 6/3 (48)

for almost everywhere 0 < x < a. Again for n > Ny, from (48) we get

1 X
Hh@) <5 [ Ihld<e3
0
Similarly, there exists a number N, > 0 such that, if n > No,

9(x) — (Hfulz) = ful2))] < /3
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a.e. on (0,00). Thus, for a number N > N; where Ny = max{ Ny, Ny}, if
n > Ny, fora.e. 0 < z < a we obtain

9(@)| < |g(2) — (H fal(x) = ful@))| + [H fux)] + [ful2)] <e,
and hence g(z) = 0 a.e. on [0, a]. Hence g(z) = 0 a.e. on (0, 00). O
Theorem 3.9. (Optimal domain for H — 1 on L?(0,00), 1 < p < o)
(i) Forp = 1;
Dom[H —1, L' (0, 00)] = (Dom[H, L*(0, 00)] N Ly (0, 00)) +ker(H —1I).

(a) Li(w) € Dom[H — I, L}(0,00)] <= w(x) = |logz|. Hence, the
logarithmic space L{(|1log x|) is the largest L{(w) space contained
in Dom[H — I, L'(0, 00)]. Moreover

Ly(|log z[) € Dom[H — 1, L*(0, 00)].

(b) (Dom[H, L'(0,00)] N L{(0,0)) C Li(w) <= w < 1. Hence,
L{(0, 00) is the smallest L(w) space containing Dom[H, L*(0, 0o)]N
L{(0, 00). Moreover,

Dom[H, L*(0, 00)] N L§(0, 00) € Li((0,00)).

(ii) For 1 < p < oo, Dom[H — I, LP(0, 00)] = L?(0,00) + ker(H —1I).
(iii) For p = oo;

(a) L*(w) C Dom[H — I, L>(0,00)] <= w 2 1. Hence L*(0,00)
is the largest L*>(w) space contained in Dom[H — 1, L*°(0, c0)].
Moreover

L*(0,00) € Dom[H — I, L>(0, c0)].
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) 1 fllrewy S IHS = flli=@e) + [HfQ)| <= w(z) S 1/(1 +
|log z|). Hence L*>(1/(1 + |logx|)) is the smallest L>(w) space
containing Dom[H — I, L*>(0, 00)|. Moreover,

Dom[H — 1, L*=(0,00)] € L>(1/(1 4 |logx|)).

Proof. To prove the equality of the domains in (i), suppose f € Dom|[H —
I, L}(0,00)]. Since H* : L*(0,00) — L*(0, 00) is bounded, from Lemma 3.2-
(i) we get f + B3 € LY(0,0), where 3 € ker(H — ).

Now we show that (f + 3) € Dom[H, L'(0, 0)]. Since

H(f+8)—(f+8)=Hf—feL'0,00)

and (f + ) € L*(0, 00) we have that H(f + 3) € L'(0, c0), which means that
(f + B) € Dom[H, L'(0, c0)]. Due to Proposition 3.6-(ii), f + 3 € L}(0,00).
Thus

Dom[H — 1, L*(0, 00)] € (Dom[H, L*(0, 00)] N LY((0, 00)) + ker(H — I)

Conversely, if f+ 3 € Dom[H, L'(0, 00)] N L}(0, 00) +ker(H — I), where
B € ker(H — I) we obtain that

H(f+8)— (f+8)=Hf — f € L'(0,00).

Thatis, f + 3 € Dom[H — I, L'(0, 00)]. This completes the proof of (i).

To prove (i)-(a), we let first that w(x) > |logz|. Let f € L(w). Then
by definition f € L'(w) N L§(0,00). Since Li(w) C Li(|logx|), we get
f € L{(|1og z|). Now we remain to show that f € Dom[H, L'(0, c0)]. Due to
the cancellation property of f (i.e., f € L}(0,00)) we see that

/jf(t) / 0
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and

/O \H f(t)|dt = / )/ftdt’d:c—k/looé’/;of(t)dt‘dx
< [ [isertwas [* [ 1ol

/ | f(t) 10gt)dt+/oo\f(t)|logtdt

1

—/ |f(D)]] log t|dt < 0.
0

Hence f € Dom[H, L'(0, 00)]. To prove that the inclusion is strict we consider
the function f(x) = —xx(1(z) + mx(lm)(ay). It is not difficult to
show that f € L{(0,00) but f ¢ Lj(|logz|). Again H f(z) = —3xx(01)(%) —
mx(lm)(az) which belongs to L'(0, oo).

To prove the necessity, we assume that Lj(w) C Dom[H — I, L'(0, 00)].
Lete > 0. Fixe < 29 < 1,and let f(2) = X(zy—e,00)(Z) — X(1,14¢) (7). Then

0, r < xp—¢€;
r—xg+E¢E
—0, Ty — € < x < To;
. 7
Hf(:r:):<g, xg < x <1
€ — 1
L, l<z<14¢
T
\07 le‘i‘g,
and )
0, r < xo— €
— €
x(;+, To—e < x < xp;
c <xr<1;:
Hf(x)— flz)={ & 1 <a <1
1+¢
+, l<z<1+4c¢;
x
\0, r>1+e¢.
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From these inequalities we get

i
IHf = fll o) = (@0 — 2) log (—

P 5) —clogzg+ (1 +¢)log(l +¢).

From Proposition 3.8-(i) we obtain

(xg —¢) log < il

> —celogzy+ (1 +¢)log(l+¢)
g — &

To 1+¢
< / w(t)dt + / w(t)dt + 2e.
Tro—¢€ 1

Dividing by € gives

rp—¢€E

i) € 1+e 1 o 1 I+e
log( ) —log zg+log(1+¢) = < = / w(t)di+= / w(t)dt+2.
.Z'() - 6 8 To—€ 8 1

Letting ¢ — 0 we obtain
2 —logzy S w(xy) +w(l) + 2.

If f e L{(w), then f € L{(0,00) and hence w is bounded below. Hence
w(xg) 2 —logxy for 0 < xy < 1. Similarly, for 1 4+ ¢ < 2y < oo consider

f(x) = X(1,1+s)(33) — X(z0,20+¢) (7). Then

0, r <1
rz—1
: l<ax<1+4¢;
T
c | < 2
Hf(x):<§7 +6<$_$0,
E—xr+x
Uomp<x <mpte
T
07 x2x0+€a
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and

0, r <1
1
——, l<ax<1+4¢;
x
- | +e<a <
Hf(z) = f(z) =<4 % ST T
€
+x0, o < T < T+ €]
x
07 $Z$0+57

From the embedding and then letting ¢ — 0 we obtain

[ Hf = fllzi0.00) = 2 +logze S w(l) +w(wo) +2 = | fllrew) + 1l 22 0,00)-
Thus, w(xy) 2 log xy for 1 < xy < co. Therefore, w(zx) 2 |log z| for z > 0.
To prove (i)-(b), suppose that Dom[H, L' (0, 00)] N L§(0, 00) C Li(w); that
1s,
[l zswy S NH fllzr0,00) + 11l 23(0,00)- (49)

Consider f() = Xyy—1 40 (¥) = X[ugzo+1](2), fOr 1 < 2y < co. Then

1
.%'o‘l'ﬁ

X

1
.%’04‘5

X

Hf(w) = (1-

Hence from (49) we obtain

To+= xo o + 1 To+= o + 1 2
/ w(:l?)dx,ﬂ/ (O "—1)d9§+/ <O ”—1)das+—
:L‘()—% 1‘0—% x o € n
1 1 1 1 2
5—(x0+—>1n(1——) + (x0+—)ln(1+—) + —

n nxo n nxo n

Multiplying by n/2 we get

zo+ 1 1 \ nzo+l 1 naotl
E/ w(z)dr < 5{11(1(1——) -I—ln(l—l——) —l—Q]

2 Jpo—1 NI nTo

)Xzt () F (= = 1) Xy 21()

Letting n — oo and applying the Lebesgue differentiation theorem we get
w(zy) < 1, for arbitrary xyp > 0. Hence w(zx) < 1, a.e.
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Conversely, if w(z) < 1, then trivially
Dom[H, L' (0, 00)] N L§(0, 00) C Lg(0,00) C L(w).

Moreover, the inclusion is strict by the second part of Proposition 3.6-(iii).
Since the operators H, H* : LP(0,00) — LP(0,00) are bounded for 1 <
p < oo [35, Theorem 327 and 328], (ii) follows directly from Lemma 3.4.
Now let us prove (iii)-(a). It is clear that if w 2 1, then L>(w) C L*(0, 00).
Since H : L>(0,00) — L>(0, 00) is bounded, we get the required result.
To prove the reverse implication, fix xp > 0 and let N &€ N such that
N > 1/zg. Fixn > N. For f,,(2) = X(z0—1/n,29+1/n)(T) We have

l—ajo 2

_n

(an - fn)(x) - T X(xo—1/n,20+1/n) + EX[:UO—l—l/n,oo)-

Then, we get

sup  w(@) = | falle@w) R NH o = falleoe0) = 1.

xo—1/n<x<xo+1/n

Letting n — oo we get w(xzg) 2 1, for any zy > 0.

To show that the inclusion is strict, we take f(x) = logz. Clearly, f ¢
L>(0,00) but H f(z) — f(x) = =1 € L>(0, 00).

To prove the necessity of (iii)-(b), we take f(z) = 1 + |logx|. Then

1 [ 2
Hiw) =, [ (4 logthdt = 2~ loga)xon(@) + (5 +logz ) xgm (2
0
and
2
Hf(2) = £(2) = xou(@) + (= = 1) xa.00@):
From this we obtain that || H f — f||z~(,) = 1, and
(L4 [log z|)w(z) < [[fllrew) S 1HS = fllz=o.00) + [Hf(1)] = 3.

Hence w(x) < 1/(1 + |logx|), for all x > 0.
To prove the converse, we let w(z) < 1/(1 4 |logx|), for all z > 0. Itis
clear that L>(1/(1 + |log z|)) C L*(w). Then it suffices to show that

Il 10g2) S NHf — fllze,.00) + [H f(1)].
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Let f € Dom[H — I, L*>(0,00)], and set g(x) = H f(z) — f(x). Then for
0 <z <y < oo, we see that [cf. the proof of Lemma 3.2-(7)]

@) = [ s oo + 11510,

xT

For0 < x < 1(.e., wheny = 1), we get

f@) |f(@)]

1
= < o Hf(l)|—
< lgll=(0.00) + [Hf(1)]
Again for 0 < y < z < oo, we get
@) == [ a5 — glo) + 150
y
Then for 1 < x < oo (i.e., when y = 1) we obtain
|/ (2)] |/ (@)] 1
— < oo Hf(1
1+ |log z| 1—|—10gx_HgHL 0.00) TS )|1-|—10gx

< 19l z=(0.00) + [Hf(1)]

Hence f(x) € L>(1/( ), and the result follows. To prove that the
embedding is strict, we take f(x) = sinx log xX[1 (7). Since

|f(z)] log
< <

f(z) € L>*(1/(1+ |logz|)). But
Hf(x)—f(x) ( cosxlogx / &Stdt—smxlogx

does not belong to L>°(0, oo). In fact, since

)X[l,oo) (x)v (50)

cosx log x
sup —‘ < 00, sup‘sm:zslogx‘ 00,
z>1 x z>1
and
/ cos t log x
sup — < sup < 00,
x>1 i x>1 X
we conclude that sup,., |H f(x ( )| =
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Remark 3.10. Dom[H — I, LP(0, 00)], 1 < p < oo, does not satisfy the lattice
property (i.e., if |g| < |f| and f belongs to the space, so does g). In fact,

f(@) = xp1(®) — xp,2(2) € Dom[H —1, L(0, 00)],

but g(z) = xp2(x) ¢ Dom[H — I, L*(0,00)]. Observe that g = | f| and

Hf(x) ~ F(x) = “xu (@) € L(0,00),

2
but Hg(SU) - g(fL’) = EX(Q,OO) ¢ L1<07 OO)
For 1 < p < oo, from Theorem 3.9-(ii) it suffices to consider

1
flz)=1+ EX[l/Q’l](x) e LP(0,00) + ker(H — 1),

but g(z) = sinz ¢ LP(0,00) + ker(H —I).
For p = oo, f(z) = log xx(1,50)(z) € Dom[H —1I, L*(0, 00)], but as shown
in (50),

g(x) = sinzlog X[ o0)(®) € Dom[H — I, L>(0, 00)].
Indeed, .
Hf(x) - f(z) = (— - 1)X[1,oo)(x) e L(0, 0).

X

3.4 Optimal domain for dual hardy minus identity

We are now going to study the analogous results of section 3.3 for the dual
Hardy operator, H*.

Proposition 3.11.
(i) There exists f € L>°(0, 00) such that H* f € L>(0, 00); that is,

L>(0,00) NDom[H*, L*(0, 00)] # 0.

(ii) There exists g ¢ L>°(0, 00) such that H*g € L*(0, 00); that is,

Dom|[H*, L>(0,00)] ¢ L>(0, 00).
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Proof. To prove (i), we take the function f(x) = xe™*. For (ii), define {I} }ren

as follows:
I = [1,3/2] = a1, as
- [3/27 7/4] = [CLQ,CL3]
(51)
Iy, = lag, ag+1], It = [agsr, aper + 17251
Hence, |I;,| = 1/2%, UrenIy = [1,2). Fix 1 < r < 2 and define
(1
e S 071 3
NV (0,1)
1
t) =4 — : 52
’U)( ) T,k;’ t e Ik, ( )
|t € [2,00).
Then g(x) = 1/w(x) proves (ii). In fact, g(z) ¢ LOO(O, o0) and
H gl 000 = sup | g(0)] = [~ 47 e
0
dt /°° = k/ t
= + + r —
/0 Vi ; Lt
Observe that
S T M A R P LV RO T
2k —
In general, a), = o1 for k € N. Hence
2]<:+1 1
JR— F
H*gl|p(000) = 2 + = Flog | —2——
| gllimo0) = 2+ 5 +kZ 0g [ 5
a k-1
5 o
~ 5 Z — < oo, (53)



because

2/<J+1 1
k ok+1 _ 1 1 | 1) .
2 = =1+——— and og(z +1) _>0>1
2!4: -1 2k+1 -9 2k:+1 -9 T
2k—1

Proposition 3.12. For x > 0, let w(x) > 0 be a weight. Then,
H*: L>®(w) — L*(0, 00)

1
is bounded if and only if A = [;* i )dt < 00. Moreover, A = ||H*|| is the
tw

best constant in the inequality || H* f|| 1o (0,00) < Al 1| £o0(w)

Proof. To prove the necessity, we let fy(z) = (1/w(x))xon(z), N > 0.
Since H* is bounded, we get

N
]_ % * *
/ ——dt = sup |H" fy(z)| = [|H" fn| =(0,00) < |1 H]
0

tw(t) x>0
for all N > 0. Letting N — oo, we obtain
O 1 .
A::/ < || < .
o tw(t)

We prove the sufficiency by using the homogeneity of norms. It is sufficient
to see that || H” f|| 1~ (0,00) < A, forall f € L>(w), such that | f(z)|w(z) < 1.

Now,
/ ft dt’<sup/ L dt:/ Ldt:A.
x>0 (t) 0 tw(t)

which shows that | H*|| < A < co. Hence H* is bounded and A = ||H*||. [

[H Il o (0,00) = sup

x>0

Theorem 3.13. (Optimal domain for H* — 1 on LP(0,00), 1 <p < o)

(i) Forp =1,
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(a) |H*f = fllzro.00) S I fllnrw) <= w(x) 2 1. Hence, L'(0,00) is
the largest weighted space L*(w) contained in Dom|[H*—1, L*(0, c0)].
Moreover,

L'Y(0,00) € Dom[H* — 1, L*(0, 00)].

(b) Dom[H* — 1, L'(0, 00)] € L>(0, c0).

(ii) For 1 < p < oo, Dom[H* — 1, LP(0,00)] = L?(0,00) + ker(H* — 1)
(iii) For p = oo,
Dom[H*—I, L*°(0,00)] = (Dom[H™, L>(0, 00)] N L>(0, 00))+ker(H*—I).
Moreover,
(a) if W = {w(aj) cw(z) 21, forx >0 and [° ﬁdt < oo}, then
L>*(w) C (Dom[H", L*(0,00)] N L>(0,00)) <= w(z) € W.

(D) [[fllee@) S IH fllz~ooc) + 1fllz2000) <= wlz) S 1. Hence,
L>(0, 00) is the smallest L™ (w) space containing
Dom[H*, L*(0, 00)] N L>(0, 00). Moreover

(Dom[H*, L>(0,00)] N L>(0,00)) € L*(0, ).

Proof. To prove the necessity of (i)-(a), take f(x) = xg(z), where
E = [xo—1/n,20 + 1/n] for vy > <1, Then

e—1n"

ro+ 1/n

xo—l—l/n)
o — 1/n

H*f(z) =1n ( )X(O,xo—l/n] () + In ( xe(r)

and

(@)~ f(2) = log (2527

20— 1 /n>X<o,xo—1/n] ()

+ (—1 + log (%Z—W» Xe(T)
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1
For zp > <211 —1+ 1o g(w) < 0. Then
T

zo+1/n

I = g =108 (2 g0) (ro = 1/n) + [~

xo+1/n 1
xo—1/n t

:E0—|—1/n)
— ———1 1
v —1/n + - og(zg+ 1/n)

xo+1/n
+ / log t dt

0—1/71

= (9 — 1/n)log (

Using the inequality
NH*f = fllzr0.00) S 122w

and multiplying both sides by n/2 we get

1 nag—1 xo+1l/n
1H<M) : +1—ln($0+1/n)—|—g/ In tdt

:UO - 1/n 0—1/TL
xo+1/n
< Ec/ w(t)dt,
2 xo—1/n

for some ¢ > 0. Letting n — oo we obtain w(xgy) > 2/c a.e.(i.e.,w(x) 2 1).
To prove the sufficiency, we assume that w(z) > 1. Then we get L'(w) C
L1(0, 00). Consequently, we obtain

NH*f — fllzro00) < NH fllro,00) T 11210000 SN2 0,00) SN2 ()5

since
00 t
—/0 FOI = [l

By considering the function f(x) = z/(x + 1)? we can show that the inclusion
is strict. It is clear that f € Dom[H* — I, L*(0, 00)] but f ¢ L'(0, c0).
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To prove (i)-(b), first let us show that Dom[H* —1, L'(0, 00)] € L*°(0, 00).
Let f € Dom[H* —1, L'(0,00)]. Thatis, g(z) := H* f(z) — f(z) € L*(0, c0).

By Lemma 3.2-(ii),

() = Ho(z) - g(a) + =,

where § = 111% sH*f(s). If g* is the decreasing rearrangement of g, then
5=

. 1t
[Hglp 00 < [1Hg 0 (0.00) = supt - 3 [ g°(a)da
0

t>0

= 19"l 0,00) = 9]l £2(0,00) < 00

Since 2 € L'®(0,00), we get f € L1*(0,00). To show that the inclusion
is strlct we consider f(z) = 137 (=1)Fx(_14(z). Since |f(z)| = 1,

we have f € LY*(0,00). But, f ¢ Dom[H* — I, L'(0,00]. In fact, for
€ (2k — 2,2k — 1], k € N, we obtain

o
t
0
21<;1 2% 2%+ 1 242
1 1 1 1
P e [ e [ e [
. t2 ok—11 ok T g1t

00 2(k—1)+n+1 |

1 k1+ —|—1/
=—= n —dt
$+2]{3—1+n§: (k—1)+n t2

1 1 - 1
S -1 n+1
x+2k—1+;( Ch—D+m2E-D+n+0)
1 = (=1)"*!
B _E+2 Z no
n=2k—1

because the jth partial sum S; of the series is

1 (_1)j+1 J (_1)m+1
e — 2 A
%i 2k — 1 %k—n+j+1+ g:
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(-

and lim S; = 5= +2> >, < 00. Thus
J—00
- 1 1 = (=1)m*!
-1 n+1 — 2
;( S G DT —Dtnsl -1 mz:;k m
Then
00 00 2k—2
. (_1)n+1 (_1)n+1 (_1)n+1
) - s -2 Y S (U Y
n=2k—1 n=1 n=1
2k—2
(_1)n+1
— — >
2<log2 ; - ) >0
Again for z € (2k — 1,2k],k € N,
1 — (=" — (=
H* = — — = —
/(@) T 2 Z n x 2 n
n=2k n=2k
Then
00 00 2k—1
§ (_1)n+1 (_1)n+1 (_1)n+1
Hf@) = fl) =2y ~——=2() —— =Y ——)
n=2k n=1 n=1
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Thus,

IH"f = fllzr0.00)

=1 J2k=2
© *° (_1)n+1 /Zk—l o0 (_1)n+1 /Qk
=2 ( dr — dx)
z; ng:k_l n 2k—2 ,;C n 2k—1
B ~ ~ (_1 n+1 0 (_1)n+1
=2y (Y Y )
k=1 n=2k-1 n=2k
= 1
]; ok—1 (54)

Hence f ¢ Dom[H* — I, L'(0, 00)]. This completes the proof of (i)-(b).

Since the operators H, H* : LP(0,00) — LP(0, c0) are bounded for 1 <
p < oo [35, Theorem 327 and 328], (ii) follows directly from Lemma 3.4.

To prove the equality of the domains in (iii), we assume first that f €
Dom|[H* — I, L*(0, 00)]; thatis, g(z) := H* f(x) — f(x) € L>(0, 00). Since
H : L*(0,00) — L*(0,00) is bounded, by Lemma 3.2-(ii) we obtain that
f—pB/x € L*(0,00), where 3/x € ker[H* — I|. Moreover,

HY(f = B/x) = (f = B/x) = H' [ = | € L>*(0,00).

implies that H*(f—f/x) € L*>(0, c0). Thatis, f—8/z € Dom[H*, L>(0, 00)].
Hence f € (Dom[H*, L*°(0,00)] N L>*(0,00)) + ker[H* — I]. To prove the
reverse inclusion, we let

f+ B/x € (Dom[H", L=(0,00)] N L*(0,00)) + ker[H* — 1],
where 3 /x € ker(H* — I). Then

H'f = f=H(f+B/x) = (f +B/x) € L=(0,00),
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and hence f € Dom[H* — I, L>(0, c0)].

To prove the sufficiency of (iii)-(a), let w(z) € W. Since w(x) 2 1, for all
x>0, we get L®(w) C L>®(0,00). Again, if w(z) satisfies [, twl dt < oo,
from Proposition 3.12 we obtain that L>°(w) C Dom[H*, L>(0, oo)], and

hence the result follows.

Conversely, let L>*(w) C (Dom[H*, L>°(0, 00)] N L*(0, 00)). Then L>(w) C

Dom[H*, L**(0, 00)] and by Proposition 3.12 we obtain [~ twl dt < oo.

Moreover, L>(w) C L*(0, c0) implies that w(z) 2 1. Consequently, we
obtain w(z) € W.

To prove the necessity of (iii)-(b), fix x and take f,(z) = ze "x, (),
where F,, = [zg — 1/n, 2o+ 1/n], for 0 < 1/n < xy < co. Then

zo+1/n zo+1/n
H*fn(x) - / 1 eitdt X(O,:co—l/n](x) + / eitdt XE, (.I)

— <6I0+1/n — exol/n) X(O,xo—l/n](x) + (ex . eazol/n) XEn (x)7
from which we get
HH*fn”LOO(o’oo) = e—l‘o—i-l/n _ e—xo—l/n'

Moreover, for 0 < 1/n < xzg < 1—1/n,n > 2, f,(x) = ze~" on F, and it is

increasing. Hence we get

(gvo — 1/n)e_w°+1/" sup w(z) < sup |fn(2)|w(z) = anHL“(w)v

zek, ek,
and anHLoo(o,oo) = (azo + l/n) e~~1/" Then, from the embedding

1fnll oo ) S IHH Fll 22 (0.00) + [ fll 22 (0.00)

we obtain

1
<~ (1 ( 1 —1> —2/")
;eugbw(a:)rvwo_l/n( + (z0+1/n e

Letting n — oo, we get w(zy) < 1for 0 < zp < 1. Since z is arbitrary,
we have that w(xz) < 1, for 0 < = < 1. Again, for 1 + 1/n < x5 < o0,
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fn(z) = xe™" on E, and it is decreasing. Hence we get

(xo + 1/7%) e sup w(x) < || full Lo (0.00)):

rzeFl,

and || fy|l2(0,00) = (xo —1 /n) e~®0+1/m  Following similar procedures as
above and letting n — oo, we get w(z) < 1, ae. o > 1.
Again from the embedding

[ foll ooy S NH ™ fall o (0,00) + [l fall o (0,00)
we obtain

1
sup w(zr) < ————
erpn ()N:UO—I—l/n

(—1 + (xo —1/n+ 1>62/")

Letting n — oo, we get w(xg) < 1 for zp > 1. Thus, w(z) < 1, for z > 1.
Consequently, w(x) < 1, a.e. x > 0.
Conversely, if w(x) < 1a.e., we get L>°(0,00) C L>(w), and hence we get

[y S 1 le000) < IHH fll0,00) + 1l 20 (0,00)
That the inclusion
<Dom[H*, L2(0, 00)] N L=(0, oo)> c L2(0, 00).
is strict, follows by considering f = 1. [
Remark 3.14. Observe that, in fact,
@13—1)2 € Dom[H* — I, L}(0,00)] \ (L}(0, 00) + ker(H* — I)),

and hence, Theorem 3.13 (i) tells us that

L0, 00) + ker(H* — I) € Dom[H* — I, L*(0,00)] € L'*(0, 00).
Moreover, if f € Dom[H* — I, L*(0,00)] and g(z) := H*f(x) — f(z) €

LY(0, 00), since

b
/ H f(z) — f(x)de = bH* f(b) — aH" f(a),
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d
‘/abH*f(Sc)—f(a:)d:c’ g/ab\H*f(x)—f(x)|dx:/ab\g($)|dx,

we get that
bH* f(b) —aH" f(a)| < / lg(z)|dz < o0,
0

forany 0 < a < b < co. From here we can easily conclude that  H* f(z) is a
function of bounded variation on (0, co).

Remark 3.15. The set W in Theorem 3.13 (iii)-(a) can not be satisfied, in the
sense that both conditions defining W are independent. With W = 1, we
trivially get that the integral condition does not hold. On the other hand, there
exists a weight w > 0 such that [* % < oo but w(x) 2 1 fails. In fact,

we consider [ in (51) and w in (52). It is clear that w(xz) 2 1 fails because

]_ o0 o
w(zr) = — 2220, 2 € I;. On the other hand, o ujit < o0 as shown in

sy "

Remark 3.16. Dom[H* — I, LP(0,00)], 1 < p < oo, does not satisfy the
lattice property. For p = 1, we consider f(z) = = 377 (=1)Fx (14 () and
h(z) = L. Itis clear that | f(z)| = |h(z)| and h € Dom[H* — I, L'(0, 00)] but
f ¢ Dom[H* — 1, L(0, c0)] as shown in (54).

For 1 < p < oo, we consider f(z) = 1 and g(z) = %X(OJ)({E). Clearly,
lg(x)| < |f(z)] for all z > 0. By Theorem 3.13 (ii), it suffices to show that
f(x) belongs to LP(0, 00) 4 ker(H* — 1) but g(z) does not.

For p = oo, we take f(z) = 1 and g(z) = x(0.1)(z). Here |g| < |f| and
f € Dom[H* — 1, L>(0, 00)] but g ¢ Dom[H* — 1, L*°(0, c0)]. In fact,

) 1 |
H*g(x) :/ ;X(O,l)(t)dt = (/ Zdt>X(o,1)(5U) = —logxx(,1)(2).
Then H*g(x) — g(x) = —(1 + log )X (9,1)(x). Consequently,
149 = gllz=(0.0c) = esssup |1 + log zlx(0.1) ()
xr>

= esssup |1 + logz| =

O<z<1
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4 Boundary-domain integral equations for variable-coefficient
Helmholtz BVPs in 2D

4.1 Introduction

Many problems of mathematical physics and engineering such as the ones
associated with steady-state oscillations (mechanical, acoustic, electromagnetic,
etc.) lead to the Helmholtz equation. Since the fundamental solution of the
constant-coefficient Helmholtz equation is known explicitly, the boundary value
problems (BVPs) for this equation can be reduced to the boundary integral
equations (BIEs), which have the advantage that the dimension of the problem
is reduced by one and the BIEs could be effectively solved numerically.

In applications, such as seismic or medical imaging, the coefficients in
the Helmholtz equation become variable [67]. For such partial differential
equations (PDEs) with variable coefficients a fundamental solution is generally
not available in explicit form, preventing reduction of BVPs for such PDEs to
explicit BIEs. Instead, one can use a parametrix (Levi function), which is more
widely available, to reduce the variable-coefficient BVPs to either segregated or
united direct boundary-domain integral or integro-differential equations [57],
BDIEs or BDIDEs. These equations are well studied for Dirichlet, Neumann
and Mixed (Dirichlet-Neumann) BVPs for variable-coefficient second order
scalar elliptic PDE

Au(zx) = ; aii [a(aj)ggg)] = f(z), x € ) (55)

in 3D [19, 20, 21, 22, 59, 62, 63] as well as in 2D [5, 6, 31].
However, this is not the case for the parametrix-based system of BDIEs for
variable-coefficient Helmholtz equation

Au(z) + E*(2)u(z) = f(x), z € () (56)

where k() is a real function of x, a(x) is a known variable coefficient, u is
unknown function and f € L?((Q) is a given function. Note that when 2 = R"
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and k(x) is constant outside a bounded domain, (56) can be reduced to the
Lippmann-Schwinger type integral equation, see e.g. [23, Section 8] for the
case when a(x) is a constant in R", and [25, 42, 53] for the case when a(x)
1s a constant only outside a bounded domain in R". In both cases the integral
equations can be considered as special cases of BDIEs. We also mention [1],
where the numerical solutions of BDIE and BDIDE of the mixed problem
for PDE (56) is given (without analysis of the equivalence to the BVP or
the solution existence and uniqueness). Applying the previously developed
techniques for the operator A in (55), in this paper we shall construct and
investigate BDIE systems for the Dirichlet and mixed (Dirichlet-Neumann)
BVPs associated with PDE (56) in appropriate function spaces in the two-
dimensional case. The BDIEs in the n-dimensional cases with n > 3 can also
be analyzed in a similar way, although the scaling with the parameter 7, in
the parametrix will not be needed in such cases because the invertibility of the
standard single layer potential operator will not depend on the domain size
then.

4.2 Preliminaries

Let 2 be a domain in R? bounded by a smooth curve ). The set of all
infinitely differentiable functions on {2 with compact support is denoted by
D(2). The function space D’(£2) consists of all continuous linear functionals
over D(€2). The space of restrictions to {2 of functions in D(R?) is denoted
by D(Q). The space H*(R?), s € R, denotes the Bessel potential space, and
H~*(IR?) is the dual space to H*(R?). We define H*(Q) = {u € D'(Q) : u =
Ulq for some U € H*(R?)}, and H} () is the space of functions in H*()
with zero traces on 0€2. By H*(0)) we denote the Bessel potential spaces on
the boundary 052 (cf., e.g., [56]).
For the scalar elliptic differential operator A given by

1= % [w0g] &
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we consider the Helmholtz equation
Au(x) + k*(2)u(z) = f(z), z €

where k(z) is a real function of x, a(z) is a known variable coefficient, u is

unknown function and f is a given function in (2. We assume that a, k € C>(0Q)

and 0 < ap < a(z) < a; < oo for some constants ag and ay, for all z € .
Let us denote A, := A + k?. Following the definition given, e.g., in

[24, 34, 60], for s € R the subspace H*°(2; A;,) of H*(Q) is defined as

HO(Q; Ay) = {g € H(Q) : Apg € L*(Q)}, (58)

with the norm ||g| %ISvO(Q;Ak) = ||g| %IS(Q) + HAkgH%Q(Q). Since Ayu — Au =
k*u € L*(Q) foru € H'(Q), we get H0(Q; Ay,) = HY(Q; A). Moreover, if
sy < s1, then we have the embedding H*10(Q; Ay,) C H*°(Q; A).

Foru € H*(Q)), s > 3/2, the corresponding classical co-normal derivative
operator on Jf) in the sense of traces denoted by 7" is given by

TV u(x) = Z a(x)nz-(x)’frag—a(j), (59)

i=1
where n(z) is the outward (to (2) unit normal vector at the point z € 02, and
v is the trace operator.

Foru € H%(Q) and v € H'((), from the Gauss-Ostrogradsky theorem, we
get

- 2 " ou(x) dv(x) . ol ol
/Qv(x)Au(x)dx— 21:/9 ()= 7o, d +/89T (2)y v(x)dS,.

X

From this, we obtain the first Green identity:

Er(u,v) = —/Qv(x)Aku(x)da: + /89 T u(z)y v(z)dS,, (60)

where

Er(u,v) = /Qa(x)Vu(x) -Vo(z)dr — /QRQ(:I;)u(x)v(x)dx
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is the symmetric bilinear form.

Even though the classical co-normal derivative is, generally, not defined
foru € H*(2), s < 3/2, (some examples are provided in [62, Appendix A])
there exists the following continuous extension of this definition of the classical
conormal derivative hinted by the first Green identity (60), for u € H*°(Q; Ay,),
1/2 < s < 3/2 (see e.g., [24], [56, Lemma 4.3],[60, 61]).

Definition 4.1. For v € H*°(Q; A;), 1/2 < s < 3/2, the (canonical) co-
normal derivative THu € H*~2(9) is defined in the following weak form:

(T u,w) g = (Agu, v~ w), + Ex(u, 7 w)
= (Au, v w), + E(u, v w), Yw € H>5(9Q).  (61)
In (61) and further on, v~ : H2%(9Q) — H2 () is a bounded right
inverse to the trace operator v : H2 *(Q) — H25(912), the notation (-,-),,
denotes the duality brackets between the spaces H* 2(9) and Hz2(91),
while (-, -)q denotes the duality brackets between the spaces H*71(Q) and
H'7%(Q), extending the usual L*-inner products.
The operator T+ : H*0(Q; A;,) — H*73/2(0Q) is continuous for s > 1/2.
Moreover, as we observe from [60, Corollary 3.14],

T u=T% uforue H(Q), s> 3/2. (62)
By [24, Lemma 3.4], the first Green identity (60) in the form
(THu, v ), = E(u,v) + (Agu, v),,. (63)

holds for u € HY9(Q; Ay) and v € HY(Q).
Interchanging the roles of w and v in the first Green identity (63) for u €
H(Q) and v € H(2; A;), we obtain the first Green identity for v,

(T, v u),, = E(v,u) + (Agv, u),. (64)

Then subtracting (64) from (63), we obtain the second Green identity for
u,v € HYWO(Q; A,

<Aku7v>ﬂ - <A/€U7U>Q = <T+u77+v>ag - <T+U77+u>asz' (65)
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4.3 Parametrix-based potential operators
Definition 4.2. A function P(z,y) is a parametrix for the operator Ay, if

(Ap).P(z,y) = d(x —y) + Ri(x,y),

where ¢ is the Dirac-delta distribution, while Ry (z,y) is a remainder possessing

at most a weak singularity at z = y.

Based on [57], the function

1 1 |z — y| 5
P = —FP = | ( ) R

where ry > 0 is a constant parameter, is a parametrix for the operator A. Note
that

1 _
PA(:E,y):%anxTOm), ro>0, z,y€eR? (66)

is a fundamental solution of the Laplace operator, A, cf., e.g., [56, Theorem
8.1]. We can also take P(x,y) as a parametrix for the operator A;. Then the
corresponding remainder function becomes

Ri(z,y) = kK*(x)P(z,y) + R(z,y),  x,y€ R’ (67)

where
2

o Ti — Y da(x)
Riwy) = ; 2ma(y)le —yl* dw;

is the remainder function for the operator A and is weakly singular due to the

Y x?y€R27

smoothness of the function a(x). Hence Ry(x,y) is also weakly singular, and
thus, P(x,y) is, indeed, a parametrix for the operator Ay.

4.3.1 Surface potentials

The single and the double layer surface potential operators corresponding to
the parametrix P(x,y), are defined for y ¢ OS2 as

Voly): = — /a Pl yg()is.,

Wyly) : = — /6(2 T P(x,y)] g(x)dS,

103



where the integrals are understood as the appropriate dual products if the scalar
density function g is not integrable.

The corresponding boundary integral (pseudodifferential) operators of direct
surface values of the single layer potential V and of the double layer potential
W, and the co-normal derivatives of the single layer potential V', and of the
double layer potential £, for y € 912, are

Vo) == | P(a.y)gla)ds.

W) == | [T PGe.y)] a(a)ds.

Wily) == [ [T Pla.y)] g(o)is.,

LTg(y) =T Wy(y). (68)

Let VA, Wa, VA, Wa and EZ denote the potentials and the boundary opera-
tors corresponding to the Laplace operator A. That is, the subscript A means
that the corresponding surface potentials are constructed by means of the fun-
damental solution (66) of the Laplace operator A. Then the following relations
hold in 2D (cf. [31]).

1 1
Vg= EVAga Wg = gWA(ag) (69)
1 1
Vg = EVAgp Wy = 5WA(CL9)7 (70)
, 9 /1
Wg = Wag + [a-(=) [ Vag, an
0 /1
LYg = LL(ag) + {ag—n (&)} v Walag). (72)

The following two theorems are proved in [31, Theorem 1 and Theorem 2].

Theorem 4.3. Let v € H 2(0Q) and v € Hz(dQ). Then the following
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relations hold for y € 0f),

Y Vau(y) = Vu(y),

FWely) = —5uly) + Wely),

T Vuly) = Suly) + Waly).

Theorem 4.4. For s € R, the following operators are continuous,

V: HY(0Q) — H**2(Q),
W H*(0Q) — H*"3(1),
VW W' H?(09Q) — H*T1(0Q).

These theorems imply the following assertion.

Corollary 4.5. The following operators are continuous,

3 1
V. H*(0Q) — HS+5’0(Q;Ak), 5> —3

; 1
W H5(0Q) — H*"2(Q; Ay), $2 5

Proof. For g € H*(99), from Theorem 4.4 we get Vg € H*+2(Q). Then,

A(Vg) = AaVg) = 3 _ 0V gdia)
= A(Vag) — Z 0;(Vgoia) = — Z 0;(Vgo;a)

i=1 =1

(73)
(74)

(75)

belongs to L%(Q) if s > —%. A similar proof holds for the operator W as

well.

[]

The compactness of the following surface potential operators in Corollary

4.6 follow directly from Theorem 4.4 and Rellich compact embedding theorem

[56, Theorem 3.27].
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Corollary 4.6. For s € R, the following operators are compact,
VW W' H*(09) — H*(09).
For s € R, I'y C 012, let us define the following subspaces of the space
H?(092), (see e.g., [70, pp 147]):
H3(I) := { € H¥(09Q) : supp e C T4},
HZ(09) = {¢ € H*(09Q) : (¢, 1), = 0},
HZ () = { € H* () = (¢, 1), = 0}
Corollary 4.6 implies the following assertion.

Theorem 4.7. Let 'y and 'y be non-empty smooth pieces of a curve 0S). Then

the operators
r Vor Wor, W HY(Ty) — HA (). (76)
are compact for s € R.

In (76) and further on, r
operators.

r» Tr,» CC. denote the corresponding restriction

4.3.2 Invertibility of single layer potential operator in 2D
It is well known that the kernel of the operator

Va i H3(9Q) — H?(09) (77)

with the parameter 7y = 1 is non-zero for some domains in 2D (see, e.g.,
[70, Theorem 6.22 proof]). Then the first relation in (70) and scaling imply a
non-zero kernel also for V with ry > 0, for some domains §2.

The following result is proved in [31, Theorem 4].

Theorem 4.8. Let ) € H,,/*(0Q). If Vb = 0 on 9, then ¢ = 0.

On the other hand, choosing for a given €2 an appropriate parameter r,, one
can get the zero kernel for )V not only on the subspace H *_*1/ 2((9(2) but also on
the entire space H~/2(9)) and then prove the following invertibility assertion.
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Theorem 4.9. Let Q0 C R? with ry > diam(2). Then, the single layer potential

operator
V: H 2 (0Q) — H2(09) (78)
is invertible.

Proof. For ry = 1, the assertion is available in [31, Theorem 5]. For arbitrary
ro > diam(£2), the invertibility of operator (77) can be obtained by scaling the
result for vy = 1, e.g., from Theorem 6.23 and reasoning following it in [70].
Then, the first relation in (70) implies the invertibility of operator (78) as well
(Cf. also [3, Theorem 5.2] and [4, Theorem 6]. []

Similar to [6, Corollary 2.7], we obtain the following assertion.

Corollary 4.10. Let I'y be non-empty relatively open connected part of a curve
0S). Then, the operator

re Vi H2(Ty) — H3(Iy)
is bounded and Fredholm of index zero.

Theorem 4.11. Let 'y be a non-empty relatively open connected part of a curve
I with vy > diam(T'y). Then, the operator v,V : H~2(Ty) — Hz(T'y) has

a bounded inverse.

Proof. Taking into account the condition ry > diam(I'y), we can follow the
proof of [6, Corollary 2.9]. [

Due to (74) and the second relation in (69), relation (72) can also be written
as
da

Lg— {£++%(—%]+W>}g, on 99, (79)

where Lg := L (ag).
The following assertion is available, e.g., in [6, Theorem 2.10] (cf. [19,
Theorem 3.6] in the 3D case).
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Theorem 4.12. Let I'y be nonempty open smooth part of 0.
(i) Then, the operator

T E:H

Iy

(Ty) = H 2(Ty)

=

is continuously invertible.

(ii) Moreover, the operator

ro (LY —L): H*(Ty) — H? ()

I
is bounded, and the operator
r (LY — L) : H(Ty) — H3(T))
s compact.

4.3.3 Volume potentials

Similar to [5, 19, 57], we define the parametrix-based logarithmic and remainder

volume potential operators, respectively, as

Py(y) = /Q Pz, y)g(x)dz, Rugly) = /Q R, y)g(x)de, ye R

Remark 4.13. As for the layer potentials, let Pa denote the logarithmic potential
for the operator A, that is,

Pag(y) :Z/S)Pa(w,y)g(w)dx, y € R?,

where Px is the fundamental solution (66). Then,
1
Pg==Pag, Rug=P(kg)+Ry, (80)

where R is the parametrix-based remainder volume potential operator for the
remainder function R(x,y) and, see [31, 57],

9
1
Rg = - 21: 0i[Pa (90;a)],

where 81 = 8/8@
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Theorem 4.14. Let Q) be a bounded open region in R? with closed, infinitely

smooth boundary 0S). The following operators are continuous.

P H¥(Q) — H(Q), 5 > —%; (81)

R: HY(Q) — H(Q), 5 > —%; (82)

Ry H¥(Q) — H*T(Q), 5 > —%; (83)
Ry HYNQ) — I (0Q), s> —%; (84)
TRy, : H () —s H2(8Q), s> % (85)

Proof. For (81) and (82), we refer to [31, Theorem 3]. From the second
relation in (80), together with (81) and (82) we obtain the continuity of (83).
The continuity of the operators (84) and (85) are the direct consequences of the
trace theorem, Definition 4.1 of the co-normal derivative and relation (62). [

Corollary 4.15. The following operators are continuous.

P H(Q) — H20(Q; Ay), s> 0; (86)
R H¥(Q) — H0(Q; Ay), s> 1; (87)
Ry : H(Q) — H*TH(Q; Ay, s>1. (88)

Proof. Using the continuity of operators (81)—(83) and the space definition
(58), we obtain the continuity of operators (86)—(88). []

Corollary 4.16. The following operators are compact.
1

R H'(Q) — H'(Q), s> (89)

1 1
YRy H(Q) — H* 7 2(09), s> —3 (90)
TRy HYQ) — H309) 5> % 1)

Proof. The compactness of operators (89)—(91) follows from (83)—(85) and the
Rellich compact embedding theorem. [
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Corollary 4.17. The operator
Ry —R: H(Q) — H*(Q; Ay), s> 0, (92)
s compact.

Proof. From the second equation in (80) we see that Ryg — Rg = P(k?g).
Then by (81) for s > —1/2, the operator R, — R : H*(Q) — H*™2(Q) is
continuous, and the operator R, — R : H*(2) — H*(2) is compact. Hence,
the operator A(Ry, — R) : H*(Q)) — H*(Q) is also continuous for s > —1/2,
and the operator A(Ry, — R) : H*(Q) — L?*(2) is compact for s > 0.
Further, Ap(Ry—R) = aA(Rp—R)+>7_1(0;0)0;(Re—R)+k*(Rp—R).
The operator 9;(Rx — R) : H*(Q) — H*™(Q) is continuous, and hence, the
operator 9;(Ry, — R) : H*(Q) — H"(Q) is compact for s > —1/2. Thus, the
operator Ay(Rj, — R) : H*(Q2) — L?(QQ) is compact for the operator A; with
infinitely smooth coefficients, for s > 0 . Hence, the compactness of operator
(92) follows from the space definition (58). []

Corollary 4.18. Let I'y and I's be non-empty, non-intersecting parts of 0€) such
that OQ) = T'y UT . Then the operators

TF1’y+R, TF17+Rk : H3(Q) — HS_%(Fl),
e TR, THRy - HH(Q) — H*73(Ty),
are compact for s > %

Proof. Theorem (4.14) implies that the following operators are continuous for
s>
. s s+3
r, Y Ry H (Q) — H°"2(I),
r TY Ry, HY(Q) — H*2(T).
Then, the proof follows from the compactness of the embeddings H sta (') C

H*3(I'y) and H*"2(T'y) € H* 2(T';). The proof holds true also for k =
0. [
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4.4 The Third Green Identity

Ase.g.,in [5, 6, 19, 31]), for u € H0(Q; A;), we substitute P(z,y) for v(x)
in Green’s second identity (65) for Q \ B, (y), where B,(y) is a disc of radius ¢
centered at y and take the limit as € — 0 to arrive at the parametrix-based third
Green identity

uw+Rpyu—VTTu+WryTu=PAu in Q. (93)

Taking the trace of (93) and using relations (73) and (74), we obtain
1

§7+u + P Ryu — VT u+Wrytu=~"PAgu  on 99. (94)

From Corollaries 4.5 and 4.15, we see that each term of (93) belongs to
H 1’O(Q; Ay). Now, taking the co-normal derivative of (93) and using relation
(75), we get
1
§T+u + T Ryu —WT u+T " WryTu=T"PAu on 5. (95)
If u € H(Q) is a solution of equation A,u = f in Q, where f € L*({2), then
(93) becomes

u+Reu—VTTu+Wrytu=Pf in Q. (96)

For some functions f, U and ®, let us consider a more general indirect integral
relation associated with (96),

u+Ryu—VIV4+Wd=Pf in Q. (97)

Lemma 4.19. Let u € HY(Q), f € L*Q), U € H2(dQ),® € Hz(H0)
satisfy (97). Then u belongs to H°(Q; Ay,) and is a solution of PDE Ayu = f
in ), and

V(U =T u)(y) = W(®—y"u)(y) =0, ye (98)

Proof. Asin [19, Lemma 4.1] in the 3D case for £ = 0, from Corollaries 4.5
and 4.15, we conclude that all terms in (97) except u belong to H?(Q; Ay).
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Then, (97) implies that u belongs to H(£2; A;) as well. Now, let us prove the
remaining results.
Subtracting (97) from (93), we obtain

VI — W = PlAu— f] inQ, (99)

where U* := Ty — ¥ and ®* := v"u — ®. Multiplying equality (99) by a(y)
and using relation (69) and (80), we get

VAU — Wa(a®*) = PalAju— f], inQ. (100)

The application of the Laplace operator A to (100) gives

Arpu—f=0 1in €. (101)
This shows that u solves differential equation Azu = f in €.
Substituting (101) into (99) leads to (98). []
Lemma 4.20.

(i) Let U* € H 2(9Q) and ry > diam(Q). If VI* = 0in Q, then U* = 0 on
N

(ii) Let ®* € H%(aﬁ) and ro > 0. If W®* = 0in Q, then ®* = 0 on 0S.

Proof. The assertion was proved in [31, Lemma 2] for vy = 1. Taking into
account Theorem 4.9, we follow the proof of [31, Lemma 2] almost word for
word to obtain the assertion for arbitrary ry > 0. [

Lemma 4.21. Let 0 = T, U T, where Ty and Ty are non-empty, non-
intersecting relatively open parts of the boundary curve 9). Let ®* € H:z ()
and U* € H2(Ty) with ry > diam(T';). If

VI (y) - We (y) =0, yeQ, (102)

then V* = 0 and ®* = 0 on 0f.
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Proof. Keeping in mind [56, Theorem 8.16] we follow the proof of [19, Lemma
4.2 (i11)] (See also [3, Lemma 5.8], [4, Lemma 3], [6, Lemma 2.12]). []

Remark 4.22. The results of Lemma 4.20 and Lemma 4.21 with no restriction
_1
on the parameter 7 can be similarly obtained if ¥* € H,,?(0€2) and ¥* €
1

H.? (1), respectively.

4.5 Boundary-Domain Integral Equations of the Dirichlet BVP
Consider the Dirichlet BVP

Awu=f  inQ,

(103)
vru = g on 0f),

for unknown function u € H(Q), where f € L%(Q) and ¢, € H2(0S) are
given functions. The first equation is understood in the distribution sense.

Let us derive and analyze BDIE systems for the Dirichlet BVP (103).

To reduce the variable-coefficient Dirichlet BVP (103) to segregated BDIE
systems, we denote the unknown co-normal derivative as 1) := T and further
consider 1) as formally independent of w.

4.5.1 BDIE System (D1)

We substitute Aju and v u from the Dirichlet BVP (103) into (93) and into its
trace (94) to reduce the Dirichlet BVP (103) to the BDIE system (D1) with the
unknowns u and )

u+ Rru— Vi = Fj in €2, D)
Y Ryu— Vi =y Fy— o on 99,
where
Fo=Pf—Wy in Q. (104)
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The matrix form of system (D1) is AiUd = F', where U = (u,y)' €
HYO(Q; Ap) x H2(99),

I+R, -V
YRy =V

Fy

AL =
YT Ey — @0

, Fl= (105)

From the mapping properties of P and W provided in Section 4.3, we get
Fy € H"9(Q:; Ay,). Moreover, the trace theorem implies that v+ Fyy € Hz2(952).
Therefore, F* € H'0(Q; A;) x H2(952). Due to the mapping properties of
the operators involved in (105) (see Section 4.3), the following operators are
bounded:

AL HY(Q) x H2(8Q) — H'(Q) x H2(09), (106)
AL HYO(Q: Ay) x H2(9Q) —s HYO(Q; Ay) x H?(09). (107)
Remark 4.23. F1 = 0if and only if (f, @) = 0.

Proof. If F1 = 0, then Iy = 0 and v+ Fj) + ¢y = 0. Consequently, ¢y = 0 on
0f€). From this and £, = 0 we obtain that Pf = 0 in €2, and hence, f = 0 in (2.
The reverse implication is trivial. [

4.5.2 BDIE System (D2)

This system is obtained by substituting Au and v« from the Dirichlet BVP
(103) into (93) and into its co-normal derivative (95), with the unknowns « and

V-
u—+ Rru — Vi = Fy in €},

1 o (D2)

§¢+T Riu — W =TTF, on 0f),
where Fj is the relation (104). The system (D2) can be written in matrix form
as

AU = F?,

where
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I+ Ry -V
TRy, I -W

Fy
T+F,

2 .__ 2 __
A2 = —

b

and Fj is given by (104). The following operators are bounded:

A2 HY(Q) x H2(8Q) — H'Y(Q) x H2(59), (108)
A2 HY(Q: A) x H2(9Q) — HYO(Q; Ay) x H2(0Q).  (109)

Remark 4.24. F? = 0 if and only if (f, pg) = 0.
Proof. If F? = 0, then Fyy = 0. From which we get
0=A(aFp) = A(Paf) + AWal(po) = f in Q.

Then, the condition Fy = 0 gives Wa(¢) = 0 and Lemma 4.20 (ii) implies
that ¢y = 0 on 0f2. The reverse implication is trivial. []

4.6 Equivalence, Fredholm Properties, and Invertibility for BDIEs of the
Dirichlet BYP

In this section, we first prove the equivalence of the Dirichlet BVP (103) to the
BDIE systems (D1) and (D2), and then we show the necessary conditions for
the invertibility of the two corresponding operators to the BDIE systems.

Theorem 4.25. Let ¢ € Hz(9Q) and f € L*(Q).
(i) If some v € H'(QY) solves the BVP (103), then the pair (u,1))!, where
=T ue H2(09), (110)
solves BDIE systems (D1) and (D2).

(i) Let ro > diam(Q). If a pair (u,)! € H'(Q) x H 2(99Q) solves BDIE
system (D1), then u solves BVP (103) and 1 satisfies (110).

(i) Let ro > 0. If a pair (u,¥)! € HY(Q) x H~2(8Q) solves BDIE system
(D2), then u solves BVP (103), and ) satisfies (110).
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Proof. To prove (i), we let u € H'(2) be a solution of the BVP (103). Since
Apu = f € L*(Q), we getu € HYO(Q; Ay.). Setting ¢v = T u and recalling
how BDIE system (D1) and (D2) are constructed, we obtain that the couple
(u, )" solves the systems.

To prove (ii) and (iii), let us assume first that a pair (u,?)! € H*(Q) x
H3 (092) solves system (D1) or (D2). Due to the first equation in the BDIE
systems, the hypotheses of Lemma 4.19 are satisfied implying that « belongs to
H9(Q: A) and solves the PDE in the BVP (103) in €. Moreover, the equation

Wi(go—~"u)(y) =V =T u)(y) =0, yeq, (111)

holds.

To prove the remaining parts of (ii), we let (u,¢)! € H (Q) x H~2(0N)
solve system (D1). Taking the trace of the first equation in (D1) and subtracting
the second equation from it, we get the Dirichlet boundary condition

v'u =@y on 09,
and substituting this in equation (111) we obtain
V(=T u)(y) =0, ye.

Since ry > diam(f2), from Lemma 4.20 (i) we get ) = T u.

To complete (iii), we let (u, )! € HY(Q) x H~2(99) solve system (D2). It
is already shown thatu € H%(Q); Ay.). Moreover, all the remaining terms in the
first equation of (D2) belong to H°(€); A;) due to the mapping properties of
the operators involved (see Section 4.3). Then, taking the co-normal derivative
of the first equation in (D2) and subtracting the second one from it, we get

Y =T"u on 0.
Then, inserting this in (111) gives

Wi(po—7"u)(y) =0, ye,

and Lemma 4.20 (ii) implies ¢y = v+ u on 0f2. O
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Theorem 4.25 implies the following two corollaries.
Corollary 4.26. Let ¢y € H2(9Q) and f € L*(Q).

(i) Let 1o > diam(Q). If a pair (u, )" € HY(Q) x H~2(99) solves BDIE
system (D1), it solves BDIE system (D2).

(ii) Let vy > 0. If a pair (u,)! € H(Q) x H2(99) solves BDIE system
(D2), it solves BDIE system (D1 ).

Corollary 4.27.

(i) Let ro > diam(S)). The homogeneous counterpart of BDIE system (D1)
has a non-trivial solution in H' x H™2 (0N) if and only if the homogeneous
counterpart of the Dirichlet problem (103) has a non-trivial solution in
H(Q).

(ii) Let ro > 0. The homogeneous counterpart of BDIE system (D2) has a
non-trivial solution in H*(Q)) x H 3 (09) if and only if the homogeneous
counterpart of the Dirichlet problem (103) has a non-trivial solution in
H(Q).

Let us now analyse the Fredholm properties of operators (106), (107), (108)
and (109). As a bi-product we also prove the invertibility of the corresponding

operators for k£ = 0.

Theorem 4.28.
(i) If 1o > diam(S2), then operator (106) is Fredholm with zero index.
(ii) If ro > 0, then operator (108) is Fredholm with zero index.

Proof. (i) Let 7y > diam(€2). Let us consider the auxiliary operator

I R
o v

117



Then, the operator Al : H'(Q) x H2(9Q) — H(Q) x H2(99) is bounded.
It is invertible due to the invertibility of its diagonal operators

[:HY(Q)— HYQ) and V:H 2(0Q) — H?(9),
see Theorem 4.9. Due to the mapping properties of the operators involved, the
operator AL — AL : H'(Q) x H2(8Q) — H'(Q) x Hz(59) where
Ry 0
7+Rk 0 7

is compact. Thus, operator (106) is Fredholm with index zero.
(ii) The operator A2 : HY(Q) x H™2(8Q) — H'(Q) x H 2(d9), where
A2 I -V
" 0 %]

is bounded. It is also invertible due to the invertibility of its diagonal operators

AL - AL =

[:H'(Q) — HY(Q) and I:H 2(Q) — H 2(09).
By Corollaries 4.6 and 4.16, the operator
A2 — A% HY(Q) x H2(0Q) — H'(Q) x H 2(09),
where

A2—A2:
BT TRy —W

1s compact. This implies that operator (108) is a Fredholm operator of index

Ry 0]

Z€10. [

Let us consider the particular cases of operators (106), (107), (108) and
(109), for k = 0, that is,

Al HYQ) x H2(09) — HY(Q) x H2(59), (112)
Ab s B A) x H™3(9Q) —s HY(Q; A) x H2(9Q), (113)
A2 HY Q) x H3(09) — HY(Q) x H2(09), (114)
A2 HYO(; A) x H™2(9Q) — HYO(Q; A) x H2(09), (115)
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where

[+R -V

Ay =
0 YR =V

2
) A():

I+R -V
THR 31 -W'

Theorem 4.29.
(i) If ro > diam(2), then operators (112) and (113) are invertible.
(ii) If ro > 0, then operators (114) and (115) are invertible.

Proof. The theorem for ry = 1 was proved in [31, Theorems 7 and 8]. Here,
we update the proof for arbitrary o > 0.

It is well known that the homogeneous Dirichlet problem (103) with £ = 0,
that is, with A; = A, where the operator A is given by (57) and 0 < ay <
a(z) < ay < oo, has only the trivial solution in H1°(2; A) and H'(Q?). This
can be obtained, e.g., from the first Green identity (63). Then, the equivalence
Theorem 4.25 implies that operators (112), (113), (114) and (115) are injective.
By Theorem 4.28, operators (112) and (114) are a Fredholm operator with
zero index. Then, the injectivity of operators (112) and (114) implies their
invertibility (see e.g. [56, Theorem 2.27]).

To prove invertibility of operator (113), we remark that for any F' €
H0(Q; A) x Hz(092), a solution of the equation A} 4/ = F? can be written as
U = (A)1F, where (AL : HY(Q) x Hz2(0Q) — H(Q) x H 2(99Q)
is the continuous inverse to operator (112). But due to Lemma 4.19 the
first equation of system (D1) with k& = 0 implies that U = (A})"1F! €
HY0(Q; A) x H2(9S) and moreover, the operator

(AN HYO(Q A) x H2(09) — HYO(Q; A) x H2(09)

is continuous, which implies invertibility of operator (113).

The invertibility of operator (115) is proved in a similar fashion. [

Now, we are in the position to prove an analogue of Theorem 4.28 for
operators (107) and (109).

119



Theorem 4.30.
(i) If 1o > diam(S2), then operator (107) is Fredholm with zero index.
(ii) If ro > 0, then operator (109) is Fredholm with zero index.

Proof. By Theorem 4.29, we see that operators (113) and (115) are invertible.
Due to Corollary 4.17, the operators

AL — AL HYO(Q; Ay) x H2(0Q) — HYO(Q; Ay) x H2(09),

A2 — A2 HYO(Q Ay) x H2(09) — HYO(Q Ay) x H2(09),

where
Rp—R O Ri—R 0
A~ AL = ' LA - A= g ,
YFRr—R) 0 TT(Ry—R) 0
are compact, implying that operators (107) and (109) are Fredholm operator
with index zero. [
Corollary 4.31.

(i) Let o > diam($2). The homogeneous counterpart of the Dirichlet problem
(103) has only the trivial solution in H*(Y) if and only if operators (106)
and (107) are invertible.

(ii) Let ro > 0. The homogeneous counterpart of the Dirichlet problem (103)
has only the trivial solution in H(Q) if and only if operators (108) and
(109) are invertible.

Proof. 1If the homogeneous counterpart of the Dirichlet problem (103) has only
the trivial solution in H1(£2), by Corollary 4.27 (i) the operators (106) and (107)
will be injective. Hence, these operators become invertible due to Theorem
4.28.

Conversely, if the operator (106) or (107) is invertible, the homogeneous
counterpart of BDIE system (D1) can have only the trivial solution in H!() x
H~2(99), and hence, the result follows from Corollary 4.27 (i).

For operators (108) and (109), the proof is similar. []
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4.7 Boundary Domain Integral Equations of the Mixed BVP

Let 02 = 0Qp U 09y, where 0$2p and 92y are non-empty, relatively open,
non-intersecting parts of J€2. We will derive and analyze the system of BDIEs
for the following mixed BVP

Aku = f n Q,
v u = g on 0f)p, (116)
T+u = ’QDQ on (9QN,

for unknown function u € HY(Q), where f € L*(Q), ¢ € H2(0Qp) and
Wy € H™2(0y) are given functions.

Similar to the 3D case in [19] and the 2D case with £ = 0 in [6], we let
®y € Hz(89Q) and Uy € H2(99) be some extensions of the given function
@ from 92 p to 92 and 1y from 02y to OS2, respectively. Then, an arbitrary
extension ® € H %(09) preserving the function space can be represented as
® = By + ¢ with o € H2(0Qy); and ¥ € H 2(9Q) as U = Wy + 1) with
e H2(00p).

Considering (93), and restrictions of either (94) or (95) on the appropriate
parts of 0€), we reduce the BVP (116) to four different BDIE systems. In each
case, we substitute f for Azu, ® = &y + ¢ for the boundary trace v"u and
U = W, + 1) for the co-normal derivative T u, where ®q and ¥, are considered
known while the triple (u, 1, p) € HYO(Q; Ay) x H™2(8Qp) x Hz(8Qy) is
to be found.

4.7.1 BDIE System (M11)

This system is obtained by considering the third Green identity (93) in (),
the restriction of its trace (94) on 0€1p, and the restriction of its co-normal
derivative (95) on 02, with respect to the unknowns w, 1, and (:

u+Ryu — Vi +Wep = Fy, in €,
Y Ryu — Vi +Weo =~v"Fy— ¢y, on 9p, (M11)
T+Rku - Wlf/) + £+g0 = T+F0 — ’lﬁ(), on 8QN,
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where

Fho=Pf+V¥,—- W, in €. (117)
The BDIE system (M11) can be rewritten in matrix form as
Miw = F1, (118)
where Z = (u, v, ¢)! € HY(Q; Ay) x H™2(0Qp) x H2(9Qy) and
[ [+ Ry -V W
Mllcl - TaQD7+Rk - TE)QDV TSQDW )
| Too T TRE —1pq W 1y LT
- R
‘FH - TaszD7+F0 A
| Tony T Fo = 0

Due to Corollaries 4.5 and 4.15, we get Fy € H?(Q; A;.). Then we have
F e HYO(Q: Ay) x H2(00p) x H2(9y) and the operators
ML HY Q) x H2(90p) x H2(90)
— HY(Q) x H?(0Qp) x H™2(80), (119)
ML HY(Q; AL x H2(0Qp) x H2 ()
— HYO(Q: Ay) x H2(0Qp) x H2(0Qy)  (120)
are bounded.

Taking into account Lemma 4.21, we prove the following remark in the
same way as [19, Remark 5.1].

Remark 4.32. Let rg > diam(Q). F'! = 0 if and only if (f, ®g, ¥g) = 0.

4.7.2 BDIE System (M12)

By taking the third Green identity (93) in €2 and its trace (94) on the whole
boundary 0f2, we arrive at the system (M12):
u+Ryu—Vip+Wep = F in ),

! (M12)

5% + " Reu — Vi + W = v Fy — @, on 0f),
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where Fj is given by the relation (117). System (M12) can be rewritten in
matrix form as

MPZU = F*, (121)

~

where % = (u, v, )t € HYO(; A) x H™2(0Qp) x Hz(0y) and

I+ Ry -V W
Y Ry -V 4w

Fy

, f12 —
Y Fy — @

12 _
M* =

Note that F'2 € H0(; A;) x Hz(8Q). Due to the mapping properties of
the operators involved (see Corollaries 4.5 and 4.15, Theorem 4.14 and [31,
Theorem 1]), we see that the operators

(Q) x H(0Q), (122)

<
=5
T
2
X

mlz
/5;
2
S
X

)
2
2
T

— HYO(Q: Ay) x H?(09) (123)

are bounded.

Remark 4.33. Let Uy € H2(99) with ry > diam(€2). Then, F'2 = 0 if and
only if (f, @y, ¥y) = 0.

Indeed, the latter obviously implies the former. Conversely, let F'? =
(Fo,vTFy — ®9) = 0. From Fy = 0, we get f = 0and VV¥; — Wdy = 01in (.
Again from v Fy — &y = 0, we get Py = 0 on I2. Hence, we obtain V¥ = 0
in €2, and the result follows from Lemma 4.20 (i).

4.7.3 BDIE System (M21)

We obtain this system by using the third Green identity (93) on {2 and its
co-normal derivative (95) on the whole boundary 0f2:

u+Rryu—Vip+Wop =F in €,

| X / X X (M21)
§¢—|—T Rku—Ww—l—ﬁ QOZT Fo—\Ifo OH@Q,
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where Fj is given by (117). We rewrite the system (M21) in matrix form as

MEY = F,

where % = (u, ¥, )t € HYO(Q; A) x H™2(0Qp) x Hz(0y) and

I+ Ry -V %74
TRy,  31-W LT

Fy
M2 = ’ T2 _ X
T+F, — W,

Here, 72! € HY0(Q: A;) x H2(99). Due to the mapping properties of the
operators involved in M3!, the following operators are bounded.

D=
N

M2 HY Q) x H2(80) x H2(00y) — HY(Q) x H2(09), (124)
ML HYO(Q; Ay) x H2(800) x H? (0Qy)
— HYO(Q; Ay) x H2(09).  (125)
Remark 4.34. Let rg > 0. F* = 0 if and only if (f, &g, ) = 0.

We prove this remark in the same way as Remark 4.33.

4.7.4 BDIE System (M22)

Here, we use the third Green identity (93) in €2, the restriction of its trace (94)

on 0f2y and the restriction of its conormal derivative (95) on 0€)p to get the
system (M22),

u+Ryu—Vip+Wep =F in

Y

1

U+ T *Ryu— WY+ LYo =T"Fy— ¥, on 9Qp, (M22)
1

§SO+’7+R/€U—V¢+WQO :’)/—’_Fo —(I)o on GQN,

where F{ is given by (117). Let us write the system (M22) in matrix form as
MEY — F2,

~ ~

where % = (u, 1, ¢)! € HYO(Q; A,) x H2(8Qp) x Hz(8Qy), and
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[ [+ Ry -V W
MP =1y TRy 1, (31 —W) Poap L7 :
| raQN7+Rk - TDQNV 7aaQN (%I + W)
- r
F2 =1 1y (TTFy— V)
| Toay (7+F0 - q)())

From the mapping properties of the operators involved, 72 € H%(Q; Ay) x
H2(8Qp) x Hz(0Qy) and the following operators are bounded.

M2 HY Q) x H 2(80) x H?(80)

— HY(Q) x H2(8Q) x H2(80), (126)
M2 HYO(Q; A x H2(0Qp) x H2 ()

— HYWO(Q: A) x H2(0Qp) x H2(0Qy).  (127)

N[

Taking into account Lemma 4.21, we prove the following remark in the
same way as [19, Remark 5.11].

Remark 4.35. Let rg > diam(Q). F** = 0 if and only if (f, &g, ¥y) = 0.
4.8 Equivalence, Fredholm Properties and Invertibility for BDIE opera-
tors of the mixed BVP

Let us prove that the mixed BVP (116) is equivalent to the BDIE systems
M11), (M12), (M21), and (M22).

Theorem 4.36. Let &y € H2 () and Uy € H 2(9Q) be some extensions of
o € H%(ﬁﬂp) and 1y € H’%@QN), respectively, and let f € L*(1).

(i) If some u € H () solves the mixed BVP (116), then the triple (u, v, ) €
HY(Q) x H2(9Qp) x Hz(0Qy), where

=T u — Wy, o=y u— d on 052, (128)

solves the BDIE systems (M11), (M12), (M21) and (M22).
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(ii) Let ro > diam(Q). If a triple (u,, ) € HY(Q) x H™2(0Qp) x
ﬁ%(é?QN) solves one of the BDIE systems (M11) or (M12) or (M22),
then u solves BVP (116), and relations (128) hold.

(iii) Let 7o > 0. If a triple (u, ¥, ) € HYQ) x H2(8Qp) x Hz(00)
solves the BDIE system (M21), then u solves BVP (116), and relations
(128) hold.

Proof. To prove (i), we let u € H'(2) be a solution to BVP (116). Then, for 1)
and ¢ defined by (128), we get b € H~2(0p) and ¢ € Hz(8y). Recalling
how the four BDIE systems were constructed, the result immediately follows
from relations (93)—(95).

To prove (ii) and (iii), let us first assume that a triple (u, v, ¢)! € H1(Q) x
H2(8Qp) x Hz(8Qy) solves either the BDIE system (M11) or (M12) or
(M21) or (M22). The first equation of each system and Lemma 4.19 with
U =1+ ¥yand & = ¢ + Py imply that u solves the PDE Aju = f on () the
relation

VU —We* =0 in € (129)
holds for
U =Uyg+19—Tu and &* =P+ o — T u. (130)

Whenever in the remaining proof we take the trace or co-normal derivative of
the first equation of each system, we make use of relations (73)—(75) and the
last equation in (68).

Proof for (M11). Let a triple (u, v, p)t € HY(Q) x H2(8Qp) x Hz (0 )
solves the BDIE system (M11). Taking the trace of the first equation in (M11)
on 0f)p and subtracting the second equation from it, we obtain

vtu =y on 00p, (131)
1.e., u satisfies the Dirichlet condition in (116). We now take the co-normal

derivative of the first equation in (M11) on 02, and subtract the third equation
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from it to get
T u =1y on 0Ny, (132)

i.e., u satisfies the Neumann condition in (116). Taking into account that
0 =0, &y = ¢y on Ip and Y = 0, ¥y = 1y on ISy, equations (131)
and (132) imply that the first equation in (128) is satisfied on 02y and the
second equation in (128) on 0€2p. From this and relation (130), we have
U* e H2(00p), &* € H2(dQy). Since relation (129) holds and ry >
diam(0€)p), from Lemma 4.21 we get ¥* = &* = (, which completes the
proof of conditions (128).

Proof for (M12). Now, let a triple (u, 1, ¢)' € HY(Q) x H™2(00p) x
H 2(9€y) solves BDIE system (M12). Taking trace of the first equation in
(M12) on 0f2 and subtracting the second one from it, we obtain

vtu=®y+¢ on O, (133)

which means that the second equation in (128) holds. Since ¢ = 0, Py = g
on Jf2p, we see that the Dirichlet condition in (116) is satisfied.

Due to (133), the second term in (129) vanishes and by Lemma 4.20 (i), we
obtain

Uy+v—T u=0 on 99, (134)

which shows that the first equation of (128) is satisfied as well. Since 1) =
0, g = 9y on 0y, (134) implies that u satisfies the Neumann boundary
condition in (116).

Proof for (M22). Now, let a triple (u, ¥, ¢)! € H Q) x H 2(0p) x
H> (092y) solves the BDIE system (M22). Taking the co-normal derivative of
the first equation in (M22) on 0€)p and subtracting it from the second equation,
we obtain

Y =T u—T, on dQp. (135)
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Taking the trace of the first equation in (M22) on 0¢)y and subtracting it
from the third equation yields

o =7"u—®, on ONy. (136)

Equation (135) and (136) imply that the first equation in (128) is satisfied
on J€2p and the second one on J€2y. Due to (135) and (136), we have U* €
H3(80), ®* € Hz(8Qp) in (129) and (130). Then, Lemma 4.21 with
'y = 00y and I's = O€)p implies that * = &* = 0, which completes the
proof of conditions (128) on the whole boundary 0¢). Taking into account
that ¢ = 0, Py = g on IQp and Y = 0, ¥y = g on Iy, (128) implies the
boundary conditions in the mixed BVP (116).

Proof for (M21). Let a triple (u, ¢, o)t € H'(Q) x H2(8Qp) x Hz (00 )
solves the BDIE system (M21). We take the co-normal derivative of the first
equation in (M21) on 0f2 and subtract the second equation from it to obtain

Y+ Uy —T "u=0 on 09, (137)

which is the first equation of (128). Since ¢ = 0, ¥y = 1)y on 02y, we see that
u satisfies the Neumann condition in (116).

Due to (137), the first term in (129) vanishes and, by Lemma 4.20 (i1), we
obtain

Do+ p—v"u=0 on 99, (138)

which means that the second condition in (128) holds as well. Since ¢ = 0,
®y = g on 0f)p, from (138) we see that u satisfies the Dirichlet boundary
condition in (116). []

Corollary 4.37. Let &, € Hz(99) and U € H () be some extensions of
wo € H2(0Qp) and vy € H™2(00y), respectively, and let f € L*(S).

(i) Let ro > diam(Q). If a triple (u,¥, )" € HY(Q) x H 2(00p) x
ﬁ%((?QN) solves the BDIE system (M11) or (M12) or (M22), then it
solves all the other three BDIE systems.
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(i) Let o > 0. If a triple (u,1), )" € H'(Q) x H 2(8Qp) x H2 ()
solves the BDIE system (M21), then it solves (M11), (M12) and (M22).

Corollary 4.38.

(i) Let ro > diam(S2). The homogeneous counterpart of BDIE system (M11)
or (M12) or (M22) has a non-trivial solution in H*(Q) x H2(0p) x
H: (0Q2y) if and only if the homogeneous counterpart of the mixed prob-
lem (116) has a non-trivial solution in H ().

(ii) Let ro > 0. The homogeneous counterpart of BDIE system (M21) has a
non-trivial solution in H'(Q) x H2(8Qp) x H2(9Qy) if and only if the
homogeneous counterpart of the mixed problem (116) has a non-trivial
solution in H'(Q).

Now, we prove the Fredholm property of the corresponding operators of the
BDIE system (M11), (M12), and (M21).

Theorem 4.39.
(i) If ro > diam(X2), operators (119) and (122) are Fredholm with index zero.
(ii) If ro > 0, operator (124) is Fredholm with index zero.

Proof. Here we follow the arguments similar to the ones used in [19, for 3D
case].

Operator (119). To prove the Fredholm property of operator (119), let us
consider the operator

I -V W
MI=10 —rgV 0 |,
0 0 T ooy £

where L is given by (79).
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The operator M1! is an upper triangular matrix operator with the following
scalar diagonal operators,
I:H(Q) — HY(Q),

Py, V1 H2(0Qp) — H2(0Qp),
ro. L H?(0Qy) — H2(00),

QN

that are invertible (due to Theorems 4.11 and 4.12 (i) for the second and third
operators). Along with the mapping properties of the operators V' and W (see
Theorem 4.4), the operator

(00N) — H'(Q)x H?(00p) x H™2 ()

N|—=

(8Qp) x H

N[ =

M HY Q)< H™

1s invertible. The operator

M = ML H'(Q) x HH(00p) x HH(90)
— HY(Q) x H?(0Qp) x H2(80),

N

where
Ry 0 0
ML MU= | Ty VTR 0 Toa, YV
Toan I Ri A% Tony ([,+ — EA)

is compact due to Corollaries 4.16 and 4.18 as well as Theorems 4.7 and
4.12 (i1). Hence, (119) is a Fredholm operator with zero index.
Operator (122). Let us denote

M2 [1 _V W]-

0o -V I

DO —

Then
M2 HY Q) x H2(80) x H2(00y) — H'(Q) x H2(9)
is bounded. To show the invertibility of M2, taking into account Theorem

4.11, we follow the proof for 3D case in [19]. Consider the equation
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M2y = F (139)

with an unknown vector % = (u, v, @)\ € HY(Q) x H™2(0Qp) x H2(9Qy)
and a given vector F := (Fy, Fy) € H'(Q) x Hz(0%). Rewrite (124) compo-
nentwise as

u—Vip+We=F in Q, (140)
1 ~
590 - V’Qb = F2 on Of). (141)

The restriction of (141) on 0€)p gives
—T 0, VU = o0, . (142)

Due to Theorem 4.11, (142) is uniquely solvable, i.e., for arbitrary ﬁg S
H?2(09) there exists a unique 1 € H~2(9p) satisfying (142). Moreover,

{Vw + fz} e H?(00). (143)
Then, (141) along with (143) yield that ¢ is defined also uniquely as
o =2 [W + ﬁg} e H(00).

Hence, (141) with arbitrary 5, € Hz(9Q) defines ¢ € H2(9Qy) and 1 €
H~2(89p) uniquely. Since Vb, W € H(RQ), from (140) we obtain that

showing that the function u € H'(Q) is also defined uniquely. The above
arguments show that operator M'? is invertible.
Due to Corollaries 4.6 and 4.16, the operator

N[

M2 — M2 HY Q) x H2(80) x H2(00y) — H'(Q) x H2(59)

where

12 12 . __
M2 M2 =

Ry 0 0
’7+Rk 0 w ’

131



i1s compact. Then, operator (122) is Fredholm of index zero.
Operator (124). The proof for operator (124) follows by the arguments

similar to those in the proof for operator (122). Let

0o il L

A [I ~V W].

Then
M2 HY Q) x H2(80) x H2(00y) — HY(Q) x H2(09)
is bounded. Since the operators
[:HY(Q)— HYQ) and L:H?(00y) — H 2(09Q)

are invertible, using similar arguments as in the proof of the operator (122), we
can show that M?! is invertible.
Due to the mapping properties of the operators involved, the operator

~

M — A% HNQ) x H2(00p) x H? (0Qy) — HY(Q) x H™2(0Q),

where
M2 M2 = R 0 0 R
SR B A (o
is compact implying that M3! is Fredholm operator of index zero. O

Let us consider the particular cases of operators (119), (120), (122), (123),
(124) and (125), for k = 0, that is,
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N)\»—I

~3(80p) x H?(0Qy)
— HY(Q) x H?(0Qp) x H (00, (144)
ML HYO(Q; A) x H 2 (0Qp) x H?(09y)
— HY(Q; A) x H2(0Qp) x H2(00y), (145)
ML HY(Q) x N*%(aQD) x H2(00y) — HY(Q) x H2(9Q),  (146)
M2 HY(Q; A) x H7(00p) x H? (0Qy)
— HY(Q; A) x H2(99), (147)
M2 HY Q) x H2(80) x H2(00y) — HY(Q) x H2(09),  (148)
M2 HY(Q; A) x H2(00p) x H? (0Qy)

ML HY(Q) x

[\J‘H

— HY(Q; A) x H2(09). (149)
where
[ I+ R ~-V W
~/\/l(1)1 = | Taap? +R o TBQDV TQQDW ’
I 8QNT+72 — T W' rmN/L+
M2 — ([+R -V W
’ TR =V lI+w
Mo | TFR VW
| TR Wt
Theorem 4.40.

(i) If ro > diam(2), then operators (144), (145), (146) and (147) are invert-
ible.

(ii) If ro > 0, then operators (148) and (149) are invertible.

Proof. This theorem for ry = 1 was proved in [30, Theorem 3.25]. Here we
update the proof for arbitrary ry > 0 similar to Theorem 4.29 for the BDIE
system of the Dirichlet problem.
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It is well known that the homogeneous mixed problem (116) with k£ = 0,
that is, with A, = A, where the operator A is given by (57) and 0 < ay <
a(z) < ay < oo, has only the trivial solution in H1°(2; A) and H'(?). This
can be obtained, e.g., from the first Green identity (63). Then the equivalence
Theorem 4.36 implies that all operators (144)—(149) are injective. By Theorem
4.39, operators (144), (146) and (148) are Fredholm with zero index. Then the
injectivity of operators (144), (146) and (148) implies their invertibility (see
e.g. [56, Theorem 2.27]).

To prove the invertibility of operator (145), we remark that for any
F'e HYOQ: A) x H2(0Qp) x H2(00y),

a solution of the equation M}/ = F! can be written as U = (M)~ FH,
where

(MEYL s HY(Q)x H2 (0Qp) x H 2 (80) — HN(Q)x H2(00p) x H? (8 )

is the continuous inverse to operator (144). But due to Lemma 4.19, the first
equation of system (M11) with £ = 0 implies that

(0Qp) x H2(90),

N[—=

U=MMNHTFY e HYOO Ay) x H™
and moreover, the operator

(MEDL HYO(Q: A) x H2(09p) x H™2 ()
— HY(Q; A)) x H2(0Qp) x H

=

(0S2v)

1s continuous, which implies invertibility of operator (145).
The invertibility of operators (147) and (149) is proved in a similar fashion.
[]

Now, we are in the position to prove an analogue of Theorem 4.39 for
operators (120), (123), and (125).

Theorem 4.41.
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(i) If ro > diam(S2), operators (120) and (123) are Fredholm with index zero.
(ii) If ro > 0, operator (125) is Fredholm with index zero.

Proof. By Theorem 4.40, we see that operators (145), (147), and (149) are
invertible. Due to Corollaries 4.17, the operators

wb—‘

M= MU HY(Q: AL) x H %(mp) H?(0y)
LO(Q; Ay) x H2(80) x H2(9Q),
M2 — ME2 HY(Q: A) x H2(9Qp) x H? ()

M — ME - HY(Q A

—
where
[ R.—-R 0 0
Mzil o /\/l(l)1 - TaQD7+(Rk - R) 0 0 )
| TBQNTJF(Rk -R) 0 0

M]%} . M21 —

[ R,-R 0 0
T*(Re—R) 0 0|

are compact, implying that operators (120), (123), and (125) are Fredholm

operators with index zero. [
Due to Corollary 4.38 and Theorem 4.39, we obtain the following assertion.

Corollary 4.42.

(i) Let 7y > diam(Q2). The homogeneous counterpart of the mixed problem
(116) has only the trivial solution in H'(Q)) if and only if the operators
(119), (120), (122), and (123) are invertible.
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(ii) Let ry > 0. The homogeneous counterpart of the mixed problem (116) has

only the trivial solution in H'(Q) if and only if the operators (124) and
(125) are invertible.

Remark 4.43. Equivalence, Fredholm properties, and invertibility for BDIE
operators (126) and (127), for M?2?, are not analysed in Section 4.8. Note that
they can be considered using a different approach similar to [22, Theorem 7.1],
[30, Theorem 3.31], cf. also [19, Theorems 5.15, 5.19].
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5 Conclusion

The Hardy operator plays a significant role in the analysis of partial differential
equations. So, a better understanding of this operator is important. Moreover,
analysis of BDIEs for the variable coefficient BVPs is also crucial for the
numerical approximation of their solutions.

Determining the best possible constants in Hardy-type inequalities and
finding sharp versions of these inequalities is an ongoing challenge. In paper
I, operator norms of some matrix operators on cones is found. Consequently,
the best constants for the inequalities relating the Cesaro and Copson operators
are obtained. As a by product, the end-point norm estimates of Cesaro, Copson
operators, and the Cesaro and Copson operators minus identity have been found.

In paper II, we characterized the optimal non-absolute domain for the Hardy
operator (and its dual) minus the identity, on Banach function spaces in general
and in the Lebesgue space L/(0,00), 1 < p < oo in particular.

In paper II1, appropriate parametrix is used to formulate and analyze BDIEs
for the Dirichlet and Mixed (Dirichlet-Neumann) BVPs for a two-dimensional

variable coefficient Helmholtz equation
Au(z) + kK (2)u(e) = f(z), z€Q,

where

2
A= Z 8(12 [ 895@}

=1

k(z) is a real function of x, a(x) is a known variable coefficient,  is unknown
function and f € L?(1) is a given function, with the assumption that a, k €
C>*(Q) and 0 < ag < a(xr) < a; < oo, for some constants ag and a;, for
all x € (). The equivalence of these BVPs and the formulated BDIE systems
is proved. Fredholm properties, invertibility and unique solvability of BDIE
systems are investigated in appropriate Sobolev spaces.
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