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ABSTRACT. Given a rearrangement-invariant (r.i.) space X , we show that the segment mul-
tiplier, the truncated Hilbert transform, and the discrete Hilbert transform (on the associated
discretized space) are bounded on X simultaneously. Moreover, this boundedness is character-
ized by a condition on a pair of Boyd-type indices. We also exhibit an r.i. space on which the
segment multiplier is bounded while the (non-truncated) Hilbert transform fails to be bounded.
Keywords. Segment multiplier, truncated Hilbert transform, rearrangement-invariant spaces, Ba-
nach function spaces.

1. INTRODUCTION

Fourier multipliers are a broad class of operators of great interest in harmonic analysis, and
they include classical objects such as the Hilbert transform and convolutions. In general, given
a bounded function m ∈ L∞(Rn), the multiplier operator T associated with the symbol m is
defined for a Schwartz function f ∈ S(Rn) by the equality

T̂ f(ξ) = m(ξ)f̂(ξ),

where f̂(ξ) =
∫
Rn f(x)e

−2πixξ dx denotes the Fourier transform of f (observe that T extends
to a bounded operator on L2(Rn) by Plancherel’s theorem, with ∥T∥L2→L2 ≤ ∥m∥∞). The
multiplier norm of m is defined as the operator norm of T . Because the Fourier transform
maps convolutions to pointwise products of functions and vice versa, the operator T can also be
expressed as

Tf = m̌ ∗ f,
where m̌ denotes the inverse Fourier transform of m in the distributional sense. See [8, Sec-
tion 2.5] for an introduction to multipliers.

The fundamental groundwork for Lp-bounded multipliers was established by Hörmander [9],
with some important results found by Mihlin [12] and Marcinkiewicz [11], among others. How-
ever, even in the Lp(Rn) setting, most multiplier classes remain far from being completely
understood. Thus, sometimes the work is focused on studying the boundedness of particular
examples of multipliers such as, notably, the ball multiplier for dimension n ≥ 2, given by the
symbol m = χB, the characteristic function of the Euclidean ball in Rn. If n = 1, the equiva-
lent operator is the segment multiplier, which had already been known to be bounded in Lp(R)
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when 1 < p < ∞ since the work done by M. Riesz on the Hilbert transform [13]. However,
this fact could not be translated in the case of χB to any dimension n ≥ 2, and it came as a
surprise when Fefferman proved that the ball multiplier is bounded on Lp(Rn) only when p = 2
[7]. Due to the simplicity of these symbols, they serve as powerful examples when trying to
gain information on multiplier classes as a whole.

Let us look at the one-dimensional case: define the segment multiplier and the Hilbert trans-
form, respectively, as

Sf(x) :=

∫ ∞

−∞

sin(x− y)

x− y
f(y) dy, Hf(t) := p.v.

∫ ∞

−∞

f(y)

x− y
dy.

With these definitions, their multiplier symbols are

mS(ξ) = πχ[− 1
2π

, 1
2π

](ξ), mH(ξ) = −iπsgn(ξ).

A direct computation yields

mS(ξ) = i
mH(ξ +

1
2π
)−mH(ξ − 1

2π
)

2
,

so it follows that if H is bounded, S will be as well. Furthermore, adding to the fact that H and
S are bounded on Lp(R) for the same range 1 < p < ∞, De Carli and Laeng [6] showed that
their operator norms on Lp are actually the same,

∥H∥Lp→Lp = ∥S∥Lp→Lp .

This raises the question of whether an analogous relation persists beyond the scale of Lp spaces.
We consider the broader class of function spaces called rearrangement-invariant (r.i.) spaces,

which includes every Lp as well as other important classes, such as Orlicz spaces and Lorentz
spaces. In the r.i. setting, some of the foundational operators in harmonic analysis have been
studied extensively, including the Fourier transform (see [5] and [4]), the Hardy-Littlewood
maximal operator (see [10] and [14]) and, remarkably, the Hilbert transform, for which Boyd [3]
introduced a pair of indices related to each r.i. space that characterize its boundedness among
several other operators, like the maximal operator. The aim of this paper is to find a suitable
description of the boundedness of the segment multiplier on r.i. spaces, a context where it has
not been studied yet.

In this direction, Theorem 4.10 provides a complete characterization, which also extends to
the boundedness of the truncated Hilbert transform and the discrete Hilbert transform (on an
appropriate sequence space). Additionally, Example 4.19 gives simple examples of r.i. spaces
where the segment multiplier is bounded but the Hilbert transform is not, thanks to the use of
Theorem 4.10. All of these results complement [7] and [6] by expanding the knowledge in
dimension n = 1.

The organization of the article is as follows: in Section 2 we state the definitions and proper-
ties needed in the rest of this work. In Section 3 we prove Theorem 3.6, the equivalence between
the boundedness of the segment multiplier and the truncated Hilbert transform on Banach func-
tion spaces under certain conditions. In Section 4 we prove our main result, Theorem 4.10,
for which we have to define the auxiliary discretized space ℓX (see Proposition 4.2); finally,
in Example 4.19 we construct elementary r.i. spaces where the boundedness of the segment
multiplier and the Hilbert transform are not equivalent, in contrast to what happens on Lp(R).
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2. PRELIMINARY DEFINITIONS AND RESULTS

If (R, µ) is a measure space and E ⊆ R is a subset, we will denote by χE the characteristic
function of the set E. If µ is the Lebesgue measure over R = Rn, we will denote the measure
of E as |E|.

Throughout this paper, we will write f ≲ g to mean an inequality of the form f ≤ Cg where
C is a constant independent of any relevant variables. Similarly, the notation f(s) ≈ g(s) is
equivalent to having both f(s) ≲ g(s) and g(s) ≲ f(s).

2.1. Banach function spaces. In this section we introduce the main spaces that we will be
working with, as well as their basic properties. Many of these definitions and statements are
taken from [2, Chapter I]. If (R, µ) is a σ-finite measure space, denote by M(R) the set of
µ-measurable functions f : R → R (or C) and M+(R) the subset of non-negative functions in
M(R).

Definition 2.1. Let ρ : M+(R) → [0,∞] be a functional defined on all non-negative measur-
able functions. We say that ρ is a Banach function norm if it satisfies the following properties:

(a) Norm properties:
• If f ∈ M+, then ρ(f) = 0 if and only if f = 0 a.e.
• For every f ∈ M+ and a ≥ 0, ρ(af) = a ρ(f).
• For every f, g ∈ M+, ρ(f + g) ≤ ρ(f) + ρ(g).

(b) Monotonicity: if f, g ∈ M+ with f ≤ g a.e., then ρ(f) ≤ ρ(g).
(c) Fatou property: if {fn}n ⊆ M+ and fn ↗ f a.e., then ρ(fn) ↗ ρ(f).
(d) Simple functions: if E ⊆ R with µ(E) < ∞, then ρ(χE) < ∞.
(e) Hölder inequality for characteristic functions: if E ⊆ R with µ(E) < ∞, then there

exists a constant CE > 0 such that for every f ∈ M+ the following holds:∫
E

f(x) dµ(x) ≤ CEρ(f).

Definition 2.2. Let ρ be a Banach function norm. The normed vector space defined as

X = X(R) = {f ∈ M(R) : ρ(|f |) < ∞}

is called a Banach function space (shortened to BFS), and the norm of each f ∈ X is

∥f∥X := ρ(|f |).

In the context of Banach function spaces there is the notion of associate space (or Köthe dual
space), which behaves as the classical dual space while still remaining in the BFS class.

Definition 2.3. Let ρ be a Banach function norm associated to the BFS X(R), and define for
f ∈ M+(R) the functional

ρ′(f) = sup
{∫

R

f(x)g(x) dµ(x) : g ∈ M+, ρ(g) ≤ 1
}
.

Then, ρ′ is a Banach function norm called the associate norm to ρ, and the associate space is

X ′ = {f ∈ M : ρ′(|f |) < ∞}.
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2.2. Rearrangement-invariant spaces. In this section, we assume that (R, µ) is either a non-
atomic measure space, or a completely atomic space with all of its atoms having equal measure.
The standard examples of these spaces are R with the Lebesgue measure and Z with the count-
ing measure, respectively. The following definitions and results mainly come from [2, Chapter
II].

Definition 2.4. Let f ∈ M(R). Its distribution function λf : R+ → R+ is defined as

λf (t) = µ({x ∈ R : |f(x)| > t}), t ≥ 0.

The decreasing rearrangement of f is the function f ∗ : R+ → R+ defined as

f ∗(t) = inf{s > 0 : λf (s) ≤ t}, t ≥ 0.

Proposition 2.5 ([2, Proposition II.1.7]). If f ∈ M(R), its decreasing rearrangement f ∗ is
non-negative, non-increasing, right-continuous and has the following properties:

(a) |f | ≤ |g| a.e. implies f ∗ ≤ g∗,
(b) (af)∗ = |a|f ∗,
(c) for each f, g ∈ M(R) and t1, t2 ≥ 0, (f + g)∗(t1 + t2) ≤ f ∗(t1) + g∗(t2),
(d) |f | ≤ lim infn |fn| implies f ∗ ≤ lim infn f

∗
n,

(e) (|f |p)∗ = (f ∗)p for all 0 < p < ∞.

Definition 2.6. A BFS X(R) is called rearrangement-invariant (or r.i.) if for any f ∈ X and
g ∈ M(R) with f ∗ = g∗, it follows that g ∈ X and ∥f∥X = ∥g∥X .

R.i. spaces have a universal representation, given by Luxemburg’s theorem:

Theorem 2.7 ([2, Theorem II.4.10]). Let X(R) be an r.i. space. Then, there exists an r.i. space
X(R+) such that

∥f∥X = ∥f ∗∥X .
When R is non-atomic and has infinite measure, the representation X is unique. Moreover, the
representation also satisfies (X)′ = X ′, with equality of norms.

This representation allows us to study the properties of r.i. spaces in terms of functions over
(0,∞), which is sometimes more convenient. It also serves as a starting point to introduce Boyd
indices, which are discussed in [2, Section III.5].

Definition 2.8. Let X(R) be an r.i. space over a non-atomic space R of infinite measure, and
for t > 0 let Et denote the dilation operator on M(R+) acting as Etf(s) = f(st). Let hX(t) :=
∥E 1

t
∥X→X , where X is the Luxemburg representation of X . We define the lower and upper

Boyd indices of X , respectively, as the numbers

αX = sup
0<t<1

log hX(t)

log t
, αX = inf

1<t<∞

log hX(t)

log t
.

Proposition 2.9 ([2, Proposition III.5.13]). If X is an r.i. space, its Boyd indices can also be
defined as

αX = lim
t→0+

log hX(t)

log t
, αX = lim

t→∞

log hX(t)

log t
.

They also have the following properties:

0 ≤ αX ≤ αX ≤ 1, and αX′ = 1− αX , αX′ = 1− αX .
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When defining Boyd indices on completely atomic spaces, the non-uniqueness of the Lux-
emburg representation presents additional problems that require some workarounds in order to
obtain a consistent definition. We give a simplified introduction in the case of r.i. spaces over Z.

Definition 2.10. Let X(Z) be an r.i. space, and denote D the set of non-negative, non-increasing
sequences a = {an}∞n=1. Define the function

hX(m) = sup{∥Ed
ma∥X : a ∈ D, ∥a∥X ≤ 1}, m ≥ 1,

where Ed
m is the discrete dilation operator acting as (Ed

ma)n = amn. The lower Boyd index of
X is defined as

αX = sup
m≥1

− log hX(m)

logm
= lim

m→∞
− log hX(m)

logm
,

and the upper Boyd index can be defined as αX = 1− αX′ .

Remark 2.11. Note that in the continuous case we define hX(t) as the norm of E 1
t
, while on

the discrete case it is analogous to the norm of Ed
t .

2.3. Some useful operators. Now, we introduce some operators that will be necessary in the
proofs of the main theorems.

Definition 2.12. For any λ ∈ R, denote by Tλ the translation operator that acts as

Tλf(x) = f(x− λ).

Note that translations are isometries in r.i. spaces.

Definition 2.13. For s > 0, define the moving average operators:

Asf(x) =
1

s

∫ x+s

x

f(t) dt, A−sf(x) =
1

s

∫ x

x−s

f(t) dt,

Bsf(x) =
1

2s

∫ x+s

x−s

f(t) dt =
Asf(x) + A−sf(x)

2
.

Remark 2.14. All three of the operators above are convolution operators, and their kernels are,
respectively:

as(t) =
1

s
χ(−s,0)(t), a−s(t) =

1

s
χ(0,s)(t), bs(t) =

1

2s
χ(−s,s)(t).

Proposition 2.15. Let X be a BFS over R. If Bs : X → X is bounded for every s > 0, then for
any bounded measurable set E ⊆ R, there exists a constant CE > 0 such that

∥χE ∗ f∥X ≤ CE∥f∥X ;
that is, the operator given by f 7→ χE ∗ f is bounded.

Proof. Let f ∈ X and suppose that E ⊆ I = (−R,R). Taking the absolute value, we find that

|χE ∗ f | ≤ χE ∗ |f | ≤ χI ∗ |f | = 2RBR|f |.
Taking norms and using monotonicity, ∥χE ∗ f∥ ≤ 2R∥BR∥∥f∥. □

Corollary 2.16. Let X be a Banach function space and suppose that Bs is bounded for each
s > 0. Then, if f ∈ L∞(R) with bounded support, the convolution operator g 7→ g ∗ f is
bounded on X .
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Corollary 2.17. Let X be a Banach function space and s > 0. Then, Bs is bounded on X if
and only if both As and A−s are bounded on X .

We will also need a result for another kind of averaging operator.

Theorem 2.18 ([2, Proposition II.4.8]). Let R be a measure space that is either non-atomic or
completely atomic with all atoms of equal measure, and let {Ej}j∈N be a countable family of
disjoint subsets of R, with 0 < µ(Ej) < ∞ for every j ∈ N. Let E = R \

⋃
j Ej , and define the

operator

BAf(x) = χE(x)f(x) +
∑
j∈N

1

µ(Ej)

∫
Ej

f(y) dµ(y) · χEj
(x).

Then, for any rearrangement-invariant space X over R, the operator BA is bounded on X
with norm ∥BA∥X→X ≤ 1.

3. AN INITIAL CHARACTERIZATION ON BANACH FUNCTION SPACES

In this section, our goal is to prove that, under certain general conditions, the boundedness
of the segment multiplier is equivalent to that of the truncated Hilbert transform on Banach
function spaces (see Theorem 3.6). To this end, we will consider mainly BFS over R. We recall
the definitions of the operators involved.

Definition 3.1. We define the following kernel functions and their associated convolution oper-
ators:

s(t) = sin t
t =⇒ Sf = s ∗ f (Segment multiplier)

h(t) = 1
t =⇒ Hf(x) = p.v.

∫
R

f(y)
x−y dy (Hilbert transform)

hε(t) =
1
tχR\(−ε,ε) =⇒ Hεf = hε ∗ f (Truncated Hilbert transform)

Remark 3.2. Let X be a BFS and suppose that Bs is bounded for any s > 0. Then, given
ε, δ > 0, Corollary 2.16 implies that Hε −Hδ is bounded on X . Thus, the boundedness of Hε

and Hδ are equivalent.

Definition 3.3. Let P be the convolution operator with respect to the Poisson kernel, 1
x2+1

.

Lemma 3.4. Let X ⊆ M(R) be a Banach space, whose norm ∥ · ∥X is monotone and has the
Fatou property. Suppose that the operators {Bs}s>1 are uniformly bounded, ∥Bs∥ ≤ C, with
C independent of s > 1. Then, P is bounded on X .

Proof. For j ∈ N, let bj =
χ(−j,j)

2j
be the convolution kernel of Bj , and define gn =

∑n
j=1 bj/j

2.

Since {Bj}j are uniformly bounded, the operator Gnf = gn∗f is bounded. Moreover, {gn∗f}n
is a Cauchy sequence in X and we can define the operator Gf := limn gn ∗ f . Because of the
Fatou property, we get that

∥Gf∥X ≤ lim inf
n

∥gn ∗ f∥X ≤ C
∞∑
j=1

1

j2
∥f∥X ,

so G is bounded. Using the monotone convergence theorem, we can see that G is the convolu-
tion operator with kernel g =

∑∞
j=1 χ(−j,j)/2j

3.
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Note that for k ≥ 1 we can compare
∞∑
j=k

1

j3
≈
∫ ∞

k

1

x3
dx =

1

2k2
≈ 1

k2 + 1
.

Then, if |x| ∈ (k, k + 1), we can see that

g(x) =
∞∑

j=k+1

1

2j3
≈ 1

k2 + 1
≈ 1

x2 + 1
.

Because both G and P have positive kernels, we have that

|Gf | ≤ G(|f |), |Pf | ≤ P (|f |),
and also, for every non-negative function f , Pf ≈ Gf. Hence, we obtain that

∥Pf∥X ≤ ∥P (|f |)∥X ≈ ∥G(|f |)∥X ≲ ∥f∥X ,
so P is a bounded operator on X . □

We need a lemma regarding the interplay of translations and the truncated Hilbert transform.

Lemma 3.5. Let X be a BFS where the translations Tk are bounded for any k ∈ R, and
suppose that the operators {Bs}s>1 are uniformly bounded on X . Then, given any r > 0,
k ∈ R, E ⊆ R and any bounded sequence {fn}n ⊆ X , we have that the boundedness of the
following sequences is equivalent:

{Hrfn · χE}n ⇐⇒ {Hrfn · χE+k}n.

Proof. For any r, s > 0, it is straightforward to check that {∥Hrfn · χE∥X}n is bounded if and
only if {∥Hsfn · χE∥X}n is.

For any fixed k > 0, consider now the kernels

h2k(x) =
1

x
χR\(−2k,2k)(x), Fk(x) =

1

x+ k
χR\(−2k,2k)(x).

A quick computation gives that for any |x| > 2k we have

(1)
1

x
− 1

x+ k
≈ 1

x2 + 1
,

where the equivalence constants depend on k. Since P is a bounded operator on X , using
Lemma 3.4, it follows that {H2kfn · χE}n is bounded if and only if {(Fk ∗ fn) · χE}n is.

If we write the convolution with Fk for a function f , we get

Fk ∗ f(x) =
∫
|x−y|>2k

f(y)

x+ k − y
dy

=

∫
|x+k−y|>3k

f(y)

x+ k − y
dy +

∫
x+2k≤y≤x+4k

f(y)

x+ k − y
dy

= H3kf(x+ k) +

∫
x+2k≤y≤x+4k

f(y)

x+ k − y
dy

= T−kH3kf(x) +

∫
x+2k≤y≤x+4k

f(y)

x+ k − y
dy.
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Note that the second term can be bounded as∣∣∣∣∫
x+2k≤y≤x+4k

f(y)

x+ k − y
dy

∣∣∣∣ ≤ ∫ x+4k

x+2k

|f(y)|
y − x− k

dy ≤ 2Bk(|f |)(x+3k) = 2T−3kBk(|f |)(x),

and the operator T−3kBk is bounded.
For the other term, multiplying by the characteristic function of a set E, we obtain the fol-

lowing equality:

T−kH3kf(x) · χE(x) = H3kf(x+ k) · χE+k(x+ k) = T−k(H3kf · χE+k)(x).

Taking norms, since translations are isomorphisms, for any set E and any k > 0, we get

∥T−kH3kf · χE∥ ≈ ∥H3kf · χE+k∥,
where the constants in the equivalence may depend on k. The same reasoning can be repeated
for the kernels F−k(x) =

1
x−k

χR\(−2k,2k)(x).
Thus, assuming that k ̸= 0, we have that the following sequences have the same boundedness

or unboundedness:

{H2|k|fn · χE}n ⇐⇒ {(Fk ∗ fn) · χE}n ⇐⇒ {T−kH3|k|fn · χE}n
⇐⇒ {H3|k|fn · χE+k}n.

Recalling how we started the proof, we can deduce that {∥Hrfn · χE∥}n is bounded if and only
if {∥Hrfn · χE+k∥}n is, for any k ∈ R. □

We will now prove the characterization on BFS.

Theorem 3.6. Let X be a BFS where the translations Tk are bounded for any k ∈ R, and
suppose that the operators {Bs}s>1 are uniformly bounded on X . Then, the truncated Hilbert
transform H1 : X → X is bounded if and only if the segment multiplier S : X → X is
bounded.

We will begin by showing that S is bounded if H1 is, since the converse is more involved.

Proof. Suppose H1 is bounded. We can expand the definition of the operator S as follows:

Sf(x) =

∫
R

sin(x− y)

x− y
f(y) dy =

∫
R

sinx cos y − cosx sin y

x− y
f(y) dy

=

∫
|x−y|<1

sin(x− y)

x− y
f(y) dy + sinx

∫
|x−y|>1

cos y

x− y
f(y) dy

− cosx

∫
|x−y|>1

sin y

x− y
f(y) dy

=

∫
|x−y|<1

sin(x− y)

x− y
f(y) dy + sinxH1(cos ·f)(x)− cosxH1(sin ·f)(x).

Let us bound each of the three terms in the right-hand side. Note that
∣∣ sinx

x

∣∣ ≤ 1. Since the
first term is the convolution with sinx

x
χ(−1,1)(x), it is bounded by Corollary 2.16.

As for the second and third terms, both follow the same reasoning, which we show with the
second one:

∥ sin ·H1(cos ·f)∥ ≤ ∥H1(cos ·f)∥ ≲ ∥ cos ·f∥ ≤ ∥f∥.
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Since we have bounded all three terms, it follows that ∥Sf∥ ≲ ∥f∥.
Let us prove the converse by contradiction. Suppose that S is bounded but the operator H1

is unbounded, and hence Hr is unbounded for every r > 0 (as seen in Remark 3.2). Because of
this, we can find a sequence {fn}n∈N ⊆ X with ∥fn∥ ≤ 1, for all n, such that

(2) ∥H1fn∥ −→
n

∞.

Now, if we put fn = f+
n − f−

n , with f+
n and f−

n being the positive and negative parts of fn,
respectively, either {∥H1f

+
n ∥}n or {∥H1f

−
n ∥}n is unbounded. Otherwise, the triangle inequal-

ity would imply that {H1fn}n is bounded. Then, by taking an appropriate subsequence of the
unbounded one, we can assume that the sequence satisfying (2) consists of non-negative func-
tions.

Now, set ε = 2π/r for some r ∈ N, with r ≥ 4. For 1 ≤ l ≤ r, define the sets

(3) I l = [(l − 1)ε, lε), and J l =
⋃
j∈Z

(2πj + I l).

Now, since the family {J l}rl=1 is a finite partition of R, we can put f =
∑r

l=1 fχJ l . With this,
the triangle inequality implies again that there must exist an l0 such that {∥H1(fnχJ l0 )∥}n is
unbounded. Therefore, by taking another subsequence, we can assume that the functions {fn}n
satisfying (2) are non-negative and vanish outside of J l0 . From now on, this index l0 will be
fixed, so denote

(4) I1 = I l0 , J1 = J l0 =
⋃
j∈Z

(2πj + I1).

Consider the floor function, ⌊·⌋, which satisfies ⌊x⌋ ≤ x < ⌊x⌋ + 1 for every x ∈ R. Then,
recalling (1), we can see that for |x| ≥ 2,∣∣∣∣ 1

⌊x⌋
− 1

x

∣∣∣∣ ≲ 1

x2 + 1
.

Define the convolution operator K with kernel

(5) k(x) =
1

π⌊x
π
⌋
χR\(−2π,2π)(x),

so the previous argument results in

(6) |k(x)− h2π(x)| ≲
1

x2 + 1
χR\(−2π,2π)(x) ≤

1

x2 + 1
.

Thus, since the operators {Bs}s>1 are uniformly bounded, Lemma 3.4 gives that the convolution
with the Poisson kernel is bounded, and so H2π is bounded on X if and only if K is.

Let us see what the image of fn through K looks like: recalling the definition of J1 in (4),
we have

Kfn(x) =

∫
J1

fn(y)

π⌊x−y
π
⌋
χR\(−2π,2π)(x− y) dy =

∑
j∈Z

∫
(2πj+I1)∩(|x−y|>2π)

fn(y)

π⌊x−y
π
⌋
dy.(7)

Note that the function y 7→ ⌊ y
π
⌋ is constant over the intervals [lπ, (l + 1)π), so the function

y 7→ ⌊x−y
π
⌋ is constant over each (x− (l+1)π, x− lπ]. Then, if we require that for each j there

exists an l so that (2πj + I1) ⊆ (x − (l + 1)π, x − lπ], the function Kfn would be constant
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on the domain of each integral in the series in (7). If we write the interval I1 = (a, a + ε), a
quick computation shows that the inclusion holds if and only if there exists an m ∈ Z such that
x ∈

(
mπ + (a+ ε, a+ π)

)
. For such x, it also holds that the function y 7→ χ(−2π,2π)(x− y) is

constant on each 2πj + I1.
With this, defining the functions

gn(x) =
∑
j∈Z

(
1

|I1|

∫
2πj+I1

fn(t) dt

)
χ2πj+I1(x),

we have for every x ∈
⋃

m∈Z
(
mπ + (a+ ε, a+ π)

)
the equality Kgn(x) = Kfn(x).

Let us check that gn ∈ X . Consider the image of fn under the averaging operator Bε: if
x ∈ 2πj + I1, we have that

2εBεfn(x) =

∫ x+ε

x−ε

fn(t) dt =

∫
2πj+I1

fn(t) dt = gn(x).

Hence, gn = χJ1 · 2εBεfn, so gn ∈ X with ∥gn∥ ≤ ∥2εBεfn∥ ≤ Cε∥fn∥.
Now, let us start the comparison with the segment multiplier. Since we already know (6), we

can multiply the left-hand side by sinx to get∣∣∣∣sinxx − sinx

π⌊x
π
⌋

∣∣∣∣ ≲ 1

x2 + 1
.

Hence, from the boundedness of the segment multiplier and P it follows that the convolution
with sπ(x) =

sinx
π⌊ x

π
⌋ is bounded.

Considering the reasoning followed after (7), we know that, if we take y ∈ (2πj + I1) and
x ∈

(
2πl+(a+ε, a+π)

)
, then

⌊
x−y
π

⌋
= 2(l−j). Put gn,j = 1

|I1|

∫
2πj+I1

fn(t) dt for each n ∈ N
and j ∈ Z, so that gn =

∑
j∈Z gn,j · χ2πj+I1 . Thus, we can obtain through some computations

that

Kgn(x) = ε
∑

j ̸∈{l−1,l}

gn,j
2π(l − j)

.

Arguing the same way with Sπ, we get

Sπgn(x) =

(∫ x−a

x−a−ε

sin(y) dy

) ∑
j ̸∈{l−1,l}

gn,j
2π(l − j)

.

The integral on the last term vanishes whenever x = πm + a + ε
2
. Since we are taking

x ∈
(
2πl + (a+ ε, a+ π)

)
, this can never happen, so in this interval

(8)
∣∣∣∣∫ x−a

x−a−ε

sin y dy

∣∣∣∣ ≈ ε.

Therefore, for any x ∈
(
2πl + (a + ε, a + π)

)
, |Kgn(x)| ≈ |Sπgn(x)| with the same constants

as in the equivalence in (8).
Let J2 =

⋃
l∈Z 2πl + (a + ε, a + π). Recalling that ε = 2π/r, the condition r ≥ 4 allows

(a+ ε, a+ π) to have larger measure than (a, a+ ε). Since the constants on the equivalence (8)
are independent of n, we have that {Kgn · χJ2}n is bounded if and only if {Sπgn · χJ2}n is.
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On one hand, recalling that ∥gn∥ ≲ ∥fn∥, we have that

∥Sπgn · χJ2∥ ≤ ∥Sπgn∥ ≲ ∥gn∥ ≲ ∥fn∥ ≤ 1

independently of n, so {Sπgn · χJ2}n is a bounded sequence.
On the other hand, tracing back our steps, we know that {Kgn · χJ2}n is bounded if and only

if {H1fn ·χJ2}n is. To obtain a contradiction, let us check that this last sequence is unbounded.
Recall the definition of the sets J l in (3), with the family {J l}rl=1 being a finite partition of R.

Arguing the same way as in the beginning, we can write H1fn =
∑r

l=1H1fn · χJ l . Then, there
must exist a particular l1 such that {∥H1fn · χJ l1∥}n is unbounded, or else {∥H1fn∥}n would
be bounded. In particular, there exists a subsequence of {∥H1fn · χJ l1∥}n diverging to infinity.
Because of Lemma 3.5, we know that translating the characteristic function in this sequence
preserves its divergence. Having this in mind, take J3 =

⋃
j∈Z
(
2πj + (a + ε, a + 2ε)

)
, so

{∥H1fn ·χJ3∥}n is unbounded. Since r ≥ 4, 2ε ≤ π and we have J3 ⊆ J2. By the monotonicity
of the norm, the divergence of {∥H1fn · χJ3∥}n implies the same for {∥H1fn · χJ2∥}n.

However, from this last fact it follows that {∥Kgn · χJ3∥}n is unbounded, which is a contra-
diction. Thus, H1 is a bounded operator. □

Remark 3.7. Note that when proving that H1 bounded implies S bounded, we did not need the
hypothesis that the translations Tk are bounded operators.

4. THE MAIN THEOREM

In this section, we prove the main result of the paper, Theorem 4.10, that gives the character-
ization of the boundedness of the segment multiplier. To do this, we will show that r.i. spaces
satisfy the hypotheses on Theorem 3.6, and we will use the richer properties of r.i. spaces to
introduce a new sequence space ℓX , which allows us to establish the connection between the
truncated and the discrete Hilbert transform.

Let us begin with the following definitions that we will use throughout this section:

Definition 4.1. Let X be an r.i. space over R. We define its discretized space as:

ℓX = ℓX(Z) :=
{
(an)n∈Z : Ba =

∑
n∈Z

anχ(n−1,n) ∈ X

}
.

For a sequence (an)n ∈ ℓX , we define its norm as ∥(an)n∥ℓX =
∥∥∑

n∈Z anχ(n−1,n)

∥∥
X
.

Proposition 4.2. The space ℓX is an r.i. space.

Proof. All the properties of being a Banach function space are inherited from the norm of X .
To check the r.i. property, it suffices to observe that the decreasing rearrangement of Ba agrees
with that of (an)n (viewed as a step function on R+). With this, the norm ∥(an)n∥ℓX = ∥Ba∥X
only depends on (Ba)∗, and ℓX is r.i. □

There are two natural operators that relate X to ℓX .
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Definition 4.3. Define the pair of operators X
A−→ ℓX

B−→ X, that act on functions and
sequences as

Af =

{∫ j

j−1

f(y) dy

}
j∈Z

and Ba =
∑
j∈Z

ajχ(j−1,j).

Proposition 4.4. The operators A and B are bounded, with AB = IℓX and ∥BA∥X→X ≤ 1.

Proof. The operator B is trivially an isometric embedding. A is well-defined and bounded if
and only if BA is, by definition of ℓX . The fact that it is bounded is given by Theorem 2.18. □

Remark 4.5. Using the operator A, one can prove that (ℓX)′ = ℓX′ .

With the help of the discretized space, we define a new class of indices for any r.i. space
derived from Definition 2.10.

Definition 4.6. Let X(R) be an r.i. space and ℓX its discretization. The discrete Boyd indices
of X are defined as the Boyd indices of ℓX ,

dX := αℓX
, dX := αℓX .

Proposition 4.7. The discrete indices of an r.i. space X satisfy

0 ≤ αX ≤ dX ≤ dX ≤ αX ≤ 1.

Proof. Recall the definitions of the continuous and discrete dilation operators, denoted respec-
tively as Eλf(x) = f(λx) and (Ed

ma)n = amn, for any function f and sequence a = (an)n. If
a = {an}n∈N is a non-negative, non-increasing sequence, we want to compare the real function
(Ed

ma)
∗ to Em(a

∗), for m ∈ N.
We have that Ed

ma = {amn}n∈N, so its rearrangement is (Ed
ma)

∗ =
∑∞

n=1 amnχ(n−1,n). On
the other hand, we have that

Em

( ∞∑
n=1

anχ(n−1,n)

)
=

∞∑
n=1

anEmχ(n−1,n) =
∞∑
n=1

anχ(n−1
m

, n
m
).

Suppose x ∈ (n−1
m

, n
m
), for some n ≥ 1. It is clear that Ema

∗(x) = an. In the case that
n ̸∈ mN, we have the inclusion (n−1

m
, n
m
) ⊆ (⌊ n

m
⌋, ⌊ n

m
⌋+1), and then (Ed

ma)
∗(x) = am(⌊ n

m
⌋+1).

Now, notice that m(⌊n/m⌋+ 1) ≥ n, so, because a is non-increasing,

(Ed
ma)

∗(x) = am⌊ n
m
⌋+m ≤ an = Ema

∗(x).

In the case that n = ml for some l ∈ N, we have x ∈ (l − 1
m
, l) ⊆ (l − 1, l). Thus,

(Ed
ma)

∗(x) = aml = an = Ema
∗(x).

Then, when we consider the norms for these operators and recalling the h functions from
Definitions 2.8 and 2.10, we see that

hℓX (m) = sup

{
∥Ed

ma∥ℓX
∥a∥ℓX

: ∥a∥ℓX ≤ 1, a positive and non-increasing
}

≤ sup

{
∥Em(a

∗)∥X
∥a∥ℓX

: ∥a∥ℓX ≤ 1, a positive and non-increasing
}

≤ ∥Em∥ = hX(m).
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The result follows from this inequality and the definition of Boyd indices. □

Let us show how these indices might behave.

Example 4.8. For any 1 ≤ p ≤ ∞, it is straightforward that ℓLp = ℓp, so the discrete indices of
Lp are dLp = dLp = 1

p
, which coincide with its regular Boyd indices.

Consider 1 ≤ p < q ≤ ∞ and the space Lp + Lq with norm

∥f∥Lp+Lq = inf{∥g∥p + ∥h∥q : f = g + h, g ∈ Lp, h ∈ Lq}.
This space is r.i. and it has indices αLp+Lq = 1/q and αLp+Lq = 1/p. Note that Af ∈ ℓ∞, for
any f ∈ Lr. When discretizing the space, if f = f1 + f2 for some f1 ∈ Lp and f2 ∈ Lq, then
Af1 ∈ ℓp ⊆ ℓq, so Af ∈ ℓq. Therefore, since it is easy to see that ℓq ⊆ ℓLp+Lq , we have the
equality ℓLp+Lq = ℓq, and the discrete indices are both

dLp+Lq = dLp+Lq =
1

q
<

1

p
= αLp+Lq .

Let us define the discrete Hilbert transform, as it plays a key role in the proof of our main
result, Theorem 4.10.

Definition 4.9. Let a = (ak)k∈Z be a sequence. Its discrete Hilbert transform is the sequence
Ha with general term

(Ha)k =
∑
j ̸=k

aj
k − j

,

if the series converges.

With all the relevant definitions introduced, we state the main theorem of this section:

Theorem 4.10. Let X(R) be an r.i. space, and let dX , dX be its discrete Boyd indices. Then,
the following are equivalent:

(a) the segment multiplier S is bounded on X ,
(b) the truncated Hilbert transform H1 is bounded on X ,
(c) the discrete Hilbert transform H is bounded on ℓX ,
(d) 0 < dX ≤ dX < 1.

Proof. We will split the proof of the theorem into several lemmas. First of all, the equivalence
between (c) and (d) is given by the result [1, (4’)]. Next, we verify that Theorem 3.6 applies to
r.i. spaces, which yields the equivalence between (a) and (b).

Lemma 4.11. Let X be an r.i. space, and g ∈ L1. Then, if Gf = g∗f , the operator G : X → X
is bounded with ∥G∥X→X ≤ ∥g∥1.

Proof. Note that G is bounded on Lp for every 1 ≤ p ≤ ∞, with ∥G∥Lp→Lp = ∥g∥1. In
particular, we have it for p = 1,∞. Because of [2, Theorem III.2.2], we know that G : X → X
is bounded and ∥G∥X→X ≤ max{∥G∥L1→L1 , ∥G∥L∞→L∞} = ∥g∥1. □

Remark 4.12. Because translations are isometries on r.i. spaces and Lemma 4.11 holds, the
hypotheses of Theorem 3.6 are satisfied. Hence, Theorem 3.6 gives the equivalence between
(a) and (b).
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The remainder of this section will be focused on proving that (b) is equivalent to (c). To show
this, we introduce another operator that will be useful.

Definition 4.13. We denote as K the convolution operator with kernel 1
⌊x⌋χ(−1,1)c .

Note that this operator (modulo some dilation) was already introduced in (5), in the proof of
Theorem 3.6.

Lemma 4.14. Let X be an r.i. space, and recall the operators A and B introduced in Defini-
tion 4.3. Then, the following are equivalent:

(i) H1 is bounded on X .
(ii) K is bounded on X .

(iii) KBA is bounded on X .

Proof. Recalling inequality (6) for |x| > 1, since we know that the operator P is bounded on
X , the equivalence between (i) and (ii) holds.

To get the equivalence between K and KBA, we aim to study their difference, KBA −K.
First, note that if f ∈ X and n ∈ Z, then we have that

Kf(n) =

∫
R

1

⌊y⌋
χ(−1,1)c(y)f(n− y) dy =

∫
R

∑
j ̸=0,−1

1

j
χ(j,j+1)(y)f(n− y) dy

=
∑

j ̸=0,−1

1

j

∫ j+1

j

f(n− y) dy =
∑

j ̸=0,−1

1

j

∫ n−j

n−j−1

f(y) dy

=
∑

j ̸=0,−1

1

j
(Af)n−j =

∑
j ̸=0,−1

1

j

∫ n−j

n−j−1

BAf(y) dy

= KBAf(n).

(9)

Now, we compare evaluations of Kf at two close points: considering x ∈ R and 0 ≤ h ≤ 1,
we have

|Kf(x+ h)−Kf(x)| =
∣∣∣(( 1

y + h
χ(−1,1)c(y + h)− 1

y
χ(−1,1)c(y)

)
∗ f
)
(x)
∣∣∣

≤
∫ ∞

−∞

∣∣∣ 1

x+ h− t
χ(−1,1)c(x+ h− t)− 1

x− t
χ(−1,1)c(x− t)

∣∣∣|f(t)| dt
≤
∫ ∞

−∞

∣∣∣ 1

x+ h− t
χ(x+h−1,x+h+1)c(t)−

1

x− t
χ(x−1,x+1)c(t)

∣∣∣|f(t)| dt
≤
∫ ∞

−∞

∣∣∣ 1

x+ h− t
− 1

x− t

∣∣∣χ(x−1,x+h+1)c(t)|f(t)| dt

+

∫ x−1+h

x−1

1

x− t+ h
|f(t)| dt+

∫ x+1+h

x+1

1

t− x
|f(t)| dt

≈
∫ ∞

−∞

h

(x− t)2 + 1
χ(x−1,x+h+1)c(t)|f(t)| dt

+

∫ x−1+h

x−1

|f(t)| dt+
∫ x+1+h

x+1

|f(t)| dt
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≤
∫ ∞

−∞

1

(x− t)2 + 1
|f(t)| dt+

∫ x+2

x−1

|f(t)| dt

=
( 1

y2 + 1
∗ |f |

)
(x) + A3(|f |)(x− 1)

= P (|f |)(x) + T1A3(|f |)(x).

With this estimate, we can move on to bound the difference KBAf − Kf . Recalling that
KBAf(n) = Kf(n) (see (9)) and noting that ⌊x⌋+ 1− x ∈ (0, 1], we now have

|KBAf(x)−Kf(x)| = |K(BAf − f)(x)|
= |K(BAf − f)(x)−K(BAf − f)(⌊x⌋+ 1)|
≲ P (|BAf − f |)(x) + T1A3(|BAf − f |)(x)

=
(
P + T1A3

)
(|(BA− I)f |)(x).

Now, observe that all of the operators involved on the right-hand side are bounded: the com-
position BA, the averaging operator A3, the translation T1 and the convolution P . Hence, we
conclude that the difference operator KBA −K is always bounded on the r.i. space X . Then,
it is clear that K is bounded if and only if KBA is. □

The following steps aim to connect the boundedness of KBA to that of the discrete Hilbert
transform H.

Lemma 4.15. Let X be an r.i. space, and let f ∈ X be in the image of the operator B; that is,
f =

∑
j∈Z fjχ(j−1,j). Then, the function Kf satisfies

(10) Kf(x) = (x− ⌊x⌋)Kf(⌊x⌋+ 1) + (1− (x− ⌊x⌋))Kf(⌊x⌋).

Proof. Let us find an alternative expression for the operator K. If g ∈ X is arbitrary, we have

Kg(x) =

∫
R

1

⌊y⌋
χ(−1,1)c(y)g(x− y) dy =

∫
R

∑
j ̸=0,−1

1

j
χ(j,j+1)(y)g(x− y) dy

=
∑

j ̸=0,−1

1

j

∫ j+1

j

g(x− y) dy =
∑

j ̸=0,−1

1

j

∫ x−j

x−j−1

g(y) dy

=
∑

j ̸=0,−1

1

j

(∫ x−j

⌊x⌋−j

g(y) dy +

∫ ⌊x⌋−j

x−j−1

g(y) dy

)
.

Now, if we plug in the function f , we get

Kf(x) =
∑

j ̸=0,−1

1

j

(∫ x−j

⌊x⌋−j

f(y) dy +

∫ ⌊x⌋−j

x−j−1

f(y) dy

)

=
∑

j ̸=0,−1

1

j
(f⌊x⌋−j · (x− ⌊x⌋) + f⌊x⌋−j−1 · (1− (x− ⌊x⌋)).
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In particular, for n ∈ Z, evaluating Kf at n yields

Kf(n) =
∑

j ̸=0,−1

fn−j−1

j
.

With this, we can write

Kf(x) = (x− ⌊x⌋)
∑

j ̸=0,−1

1

j
f⌊x⌋−j + (1− (x− ⌊x⌋))

∑
j ̸=0,−1

1

j
f⌊x⌋−j−1

= (x− ⌊x⌋)Kf(⌊x⌋+ 1) + (1− (x− ⌊x⌋))Kf(⌊x⌋),
which is the desired equality. □

Lemma 4.16. Let X be an r.i. space, and f be a function of the form

f(x) = (1− (x− ⌊x⌋))f(⌊x⌋) + (x− ⌊x⌋)f(⌊x⌋+ 1).

Then, f ∈ X if and only if {f(j)}j∈Z ∈ ℓX and, in this case, ∥f∥X ≈ ∥{fj}j∥ℓX .

Proof. It is immediate that |f(x)| ≤ |f(⌊x⌋)| + |f(⌊x⌋ + 1)|. Since translations are bounded
in r.i. spaces, this pointwise estimate implies that f ∈ X if {f(j)}j ∈ ℓX . we obtain that
{f(j)}j ∈ ℓX implies f ∈ X .

To get the other implication, denote r(x) = x − ⌊x⌋ and consider the sequence Af : its j-th
term is

(Af)j =

∫ j

j−1

f(x) dx =

∫ j

j−1

((1− r(x))f(⌊x⌋) + r(x)f(⌊x⌋+ 1)) dx

=

∫ j

j−1

(1− r(x))f(j − 1) dx+

∫ j

j−1

r(x)f(j) dx

= f(j − 1)

∫ 1

0

(1− x) dx+ f(j)

∫ 1

0

x dx =
f(j − 1) + f(j)

2
.

To isolate f(j), we consider the function r · f . Note that |r · f | ≤ |f | and, if we compute the
image through A, it results in

(A(rf))j =

∫ j

j−1

r(x)f(x) dx =

∫ j

j−1

(r(x)(1− r(x))f(⌊x⌋) + r(x)2f(⌊x⌋+ 1)) dx

=

∫ j

j−1

r(x)(1− r(x))f(j − 1) dx+

∫ j

j−1

r(x)2f(j) dx

= f(j − 1)

∫ 1

0

x(1− x) dx+ f(j)

∫ 1

0

x2 dx =
1

6
f(j − 1) +

1

3
f(j).

With this, we can put f(j) = 6(A(r · f))j − 2(Af)j. Assuming that f ∈ X , we get that

∥{f(j)}j∈Z∥ℓX ≤ 6∥A(r · f)∥ℓX + 2∥Af∥ℓX ≤ 6∥r · f∥X + 2∥f∥X ≤ 8∥f∥X .
□

Lemma 4.17. Let X be an r.i. space, and let f ∈ X . Then, the operator K and the discrete
Hilbert transform H satisfy the following equalities:

Kf(k) = (HAf)k + (Af)k+1,
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(Hg)k = KBg(k)− gk+1.

Proof. In the proof to Lemma 4.15 we have seen that

Kf(k) =
∑

j ̸=0,−1

1

j

∫ k−j

k−j−1

f(y) dy.

If we compute the k-th term of HAf , we get

(HAf)k =
∑
j ̸=0

1

j
(Af)k−j =

∑
j ̸=0

1

j

∫ k−j

k−j−1

f(y) dy.

We see that both series are very similar, with the only difference being that Kf is missing
the term for j = −1. Adding it, we obtain the first conclusion:

(HAf)k = Kf(k)−
∫ k+1

k

f(y) dy.

The second conclusion follows directly from putting f = Bg in the first equality and recalling
that AB = IℓX . □

Now, we can state the last lemma needed for the equivalence.

Lemma 4.18. Let X be an r.i. space. Then, the operator KBA is bounded on X if and only if
the discrete Hilbert transform H is bounded on ℓX .

Proof. Suppose that KBA is bounded. Then, because of Lemma 4.15 we know that for any
f ∈ X , KBAf has the expression (10), so Lemma 4.16 can be used for KBAf , giving

∥KBAf∥X ≈ ∥{KBAf(j)}j∥ℓX .
Now, given any sequence g ∈ ℓX , we can see that KBg = KBA(Bg). Thus, by Lemma 4.17,

(Hg)k = KBg(k)− gk+1 = KBA(Bg)(k)− (T−1g)k.

Taking norms, it follows that

∥Hg∥ℓX ≤ ∥{KBA(Bg)(k)}k∥ℓX + ∥T−1g∥ℓX ≈ ∥KBA(Bg)∥X + ∥T−1g∥ℓX
≤ ∥KBA∥X→X∥Bg∥X + ∥T−1∥ℓX→ℓX∥g∥ℓX
= (∥KBA∥X→X + ∥T−1∥ℓX→ℓX )∥g∥ℓX ,

so H is bounded.
Analogously, suppose that H is bounded on ℓX . Then, for any f ∈ X , Lemma 4.17 gives

∥{Kf(k)}k∥ℓX ≤ ∥HAf∥ℓX + ∥T−1Af∥ℓX ≤ (∥H∥ℓX→ℓX + ∥T−1∥ℓX→ℓX )∥A∥X→ℓX∥f∥X .
Therefore, putting BAf in place of f , we have that

∥KBAf∥X ≈ ∥{KBAf(k)}k∥ℓX ≤ (∥H∥ℓX→ℓX + ∥T−1∥ℓX→ℓX )∥A∥X→ℓX∥BA∥X→X∥f∥X .
Hence, KBA is bounded on X . □

Joining together Lemma 4.14 and Lemma 4.18, we can see that the boundedness of H1 is
equivalent to KBA which is, in turn, equivalent to H. Thus, the equivalence between (b) and
(c) is proved, and the proof of Theorem 4.10 is complete. □
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Having completed the proof, we will use the theorem to find r.i. spaces where the segment
multiplier is bounded but the Hilbert transform is not. This stands in stark contrast to the result
proved by De Carli and Laeng [6] for classical Lp spaces, and shows that in the r.i. setting the
behavior of S and H is very different. To show that our space actually satisfies these properties,
we make use of the indices computed in Example 4.8.

Example 4.19. Consider the space (L1 + Lp)(R), for some 1 < p < ∞. Then, we know that
αL1+Lp = 1, so the Hilbert transform is not bounded on L1 + Lp. On the other hand, as seen in
Example 4.8,

0 < dL1+Lp =
1

p
= dL1+Lp < 1,

and, by Theorem 4.10, the segment multiplier is bounded on L1 + Lp. By duality, the same
result holds for the intersection space (Lp ∩ L∞)(R).
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