ANISOTROPIC CAFFARELLI-KOHN-NIRENBERG INEQUALITIES
WITH HIGHER-ORDER FRACTIONAL DERIVATIVES

DIEGO MALDONADO* AND JAVIER SORIA**

ABSTRACT. We prove a family of anisotropic Caffarelli-Kohn-Nirenberg interpolation in-
equalities involving higher-order fractional derivatives and weights of the form |2’|%t |z|%|x,,|%.

1. INTRODUCTION AND MAIN RESULT

In their foundational work [1], L. A. Caffarelli, R. Kohn, and L. Nirenberg characterized
the indices 1 < p,q < o0, 0 < r < oo, and exponents «, 3,7 € R such that, for each
6 € [0, 1] the first-order weighted interpolation inequality

" fllee S Wl Dol 127 (1.1)

holds true for every f in the Schwartz class S(R™). Later on, in [5] C.-S. Lin extended (1.1)
as to include higher-order derivatives by providing necessary and sufficient conditions on
1<p,g<o0,0<r<oo,a,p,7v€R, jeNy,meN, with j <m, for the validity of the
higher-order weighted interpolation inequality

=107 flllee < Ml 1D™ fLo = fIR" Vf € S(R™),6 € [j/m, 1].

More recently, in [2, Theorem 1.6] R. Duarte and J. Drumond Silva extended Lin’s result
by identifying indices 1 < p,q,7 < 00; 0 < t < s (smoothness indices, not necessarily
integers), t/s < 0 < 1; «, 3,7 € R, such that the higher-order fractional-derivative
weighted interpolation inequality

1D Il < M 1D Lo e f 1l "

holds true for every f € S(R"). When n > 2 and in the context of asymptotic stability
of solutions to the Navier-Stokes equations, in [4, Theorem 1.1] Y. Y. Li and X. Yan
introduced an anisotropic version of the Caffarelli-Kohn-Nirenberg inequality (1.1) by
determining the indices 1 < p,q < 00, 0 < r < 0o, and exponents v, V2, V3, @, i1, 5 such
that

e |21 fllr S Wl IV L |2 P F S0, 9 € SR, 6 € [0,1],

where © = (2/,x,) € R" and 2’ := (21,...,2,-1). Always with n > 2, in their study
on the regularity of solutions to p-Laplace equations, in [7] C. X. Miao and Z. W. Zhao
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identified indices 1 < p < ¢ and exponents 61, 0,03 € R yielding the anisotropic Sobolev
inequality
1 f N Eacu, oy.00) S NV 20 (ug, 0,00 V. € SR, (1.2)
where
gy 65,05 () = [’ 2], ], (1.3)

see [7, Corollary 2.9]. As a key element in their approach, given 1 < p < oo, Miao and
Zhao introduced in [7] the exponent classes

A= {(01,05,05): 0, > —(n—1), 6, >0, 05 > —1},

B:={(61,05,05): 6, > —(n—1), 05 <0, 03> —1, 0, + 0y + 05 > —n},
Cpi={(01,02,05) : 01 < (n—1)(p—1), 02 <0, 03 <p— 1},

D, :={(01,02,03) : 0, < (n—1)(p—1),05>0,03<p—1,0, + 0+ 63 <n(p—1)},

to describe the membership of the weight g, g, ¢, as defined in (1.3) to the Muckenhoupt
class A,(R™). More precisely, by [7, Theorem 3.2 |, ug, g,0, € Ap(R™) if and only if
(01,65,63) € (AU B)N (C, UD,), see Section 2 below. On the other hand, as proved in
Lemma 2.5 in Section 2, (61, 0s,03) € AU B means exactly that ug, g, 9, € Li..(R"). For
the sake of coherence, we have kept the notations used in [7], although it is easy to prove

that, in fact:
AUB = {(01,02,03) : 0, > —(n—1), 03 > =1, 0, + 0 + 03 > —n},
CoUD, ={(01,02,63) : 01 < (n—1)(p—1),05<p—1,0,+0,+ 03 <n(p—1)}.
The purpose of this work is to provide a full scale of anisotropic interpolation inequal-

ities based on weights of the form wy, 9, 9, and involving the homogeneous higher-order

fractional derivative operator D* (defined as Dsf = |- |°f for s > 0). This scale of
anisotropic interpolation inequalities extends all the aforementioned ones. Our main re-
sults are the following Theorems 1.1, 1.2, and 1.4.

Theorem 1.1. Fiz 1 <p,q,r < oo and 0 <t < s. Set 0 :=t/s € (0,1) and suppose that
1 6 (1-0)

10 _ 1.4
o q (14)

Let o, a1, Bo, B1, %, 71 € R satisfy
plaa, Bi,m) € (AUB) N (C, UDy),
q(0, Bo,0) € (AUB)N (C,UD,),and
(o, Bi,ve) € AUB,  for j,k,{=0,1.
Then,
"% ||| [ D* fller S (2’| 2] || D* FII 70 2|0 P Ja 2 £l 27 (1.8)
for every f € S(R™), where (g, By, Y6) := (1, B1,711)0 + (@0, Bo, 70) (1 — 6).
For the statement of our next theorems, given 1 < p < ¢ < oo and 0 < a < n define

@Mmy:a+n<1—1>. (1.9)
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As pointed out in Remark 2.1 below, we can assume ©, ,(«) > 0. The cases O, ,(a) =0
(that is, ¢ = np/(n—ap)) and O, ,(«) > 0 (that is, ¢ < np/(n—ap)) are referred to as the
critical and subcritical cases, respectively, for the indices p, ¢, «. Our next two theorems
cover both the critical and subcritical cases. Firstly, we have the following weighted
Sobolev inequality, which corresponds to the case § = 1 in the interpolation inequality.

Theorem 1.2. Fix 1 <p<g<oo,t<s<t+mn, and let 01,0,,03,01,02,03 € R satisfy

/
o1, 09,03), (61,05, 04) € AUB. (1.10)
p
(1) If ©,4(s — 1) ::s—t—l—nG—%) =0 and
5 % =193 (1.11)
q p
(it) or if ©,,(s — 1) ::S—t+n<%—%> >0 and

91+02+93 O'l—f-0'2—|—0'3

- — 0, (s —1), 1.12
- " pals =) (112

81 0'1) (n — 1)
A7) 0,.(s —1), 1.13
(2-2 o, (s 1 (113

83 03 1
(E - g) > = Opq(s —1); (1.14)
then,

1D fll ooy o0) S NP Fllouoy opy): V. € D7TS(RY), (1.15)

with 7 := max{—n, —t}, D>7 .= {f € L* : f = D’ for some g € S(R") and b > 7},
and the implicit constant depends only on p, q, s, t, 01,05, 03,01, 09,03, and n.

Remark 1.3. As pointed out in [2, Remark 3], if ¢ > 0 then 7 < 0 and D>" contains the
Schwartz class S(R"). In particular, the weighted Sobolev inequality (1.15) extends (1.2)

to the case of arbitrary fractional derivatives D! and D* with 0 < t < s < t + n. Finally,
notice that (1.15) can be written as

Hu91/q,92/q,93/thfHLq 5 Hu01/P702/P103/’PDSf||L”7 \V/f € D>T8(Rn)' (1'16>
Secondly, for an arbitrary 6 € (¢/s,1) we have

Theorem 1.4. Fix 1 < p,q,r < o0, 0 <t <s, andt/s <0 <1, and let a € (1,00) be

defined by
1 1-—
— = Q+_(9 (1.17)
a p q

Suppose that a < r, that 0s <t +n, and let ag, a1, Bo, B1, V0,71 € R satisfy
p(alvﬂla’yl) € (AUB) N (Cp UDP)’
Q(O@aﬁOafYO) € (AU B) N (Cq U Dq>7
(ajaﬁka’YK)EAUB’ fO'Iﬂj,k,EZO,l.
)

As before, (aw, Bp, Vo) := (a1, B, 71)0 + (o, Bo, 70)(1 — 0).
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(i) If O4p(0s —t) :=0s —t+n (2 —1) =0 and
—a' (v, Bo, V). (e, By, 19) € AU B, (1.18)
then
2% || |20 D' fll e S 2|27 2 |72 D2 f1| S0 12|20 2] P | 0 f || (1.19)

La »
for every f € S(R™).
(it) If Ou,(0s —t) :=0s —t +n (L — 1) > 0 and if o), B),7) € R satisfy

(o — ag) + (By — Bo) + (Vg — V0) = —Our (05 — 1), (1.20)
Ay — g > — (n; 1>®a,r(93 — 1), (1.21)
Vo — Yo > —%@am(% —b); (1.22)
then
112’ [*0 ]| a0 D fl| e S (1|21 2™ | D2 Fl G |0 |2l | £lI72% (1.23)

for every f € S(R™).

In the case a = r from Theorem 1.4, the fact that ©,,(fs—t) = s —t > 0 immediately
yields the following corollary.

Corollary 1.5. Fiz 1 < p,g < o0, 0 <t < s, andt/s < 0 < 1 with 0s < t+n. Let
r € (1,00) be defined by

L (1.24)

<
3
L)

Suppose that oo, a1, Bo, B1,7, 11 € R satisfy
p(alaﬁlafyl) € (AU B) n (Cp U ,Dp)7
Q(a0760a70) € (AU B) N (Cq U Dq)7
(ajv/Bk:u’yZ)EAUB7 forj,k,€:0,1.
Fix ap, By, 79 € R such that
(g — ag) + (B — Bo) + (75 — v0) = — (05 — 1),
(n—1)

n

1
D —vg > ——(0s —t).
Yo — Vo n(S )

ay — g > —

(‘98 - t)?

Then
2| || % |2 [0 D' | 1 S 2| ] |7 D2 £l %0 |2 £[|

La »
for every f € S(R™).

The rest of the article is organized as follows: Section 2 describes the relevant weight
classes, sufficient criteria for membership in those classes, and basic facts on the anisotropic
weight wug, g, 9,. Section 3 lays out an abstract, unifying approach towards weighted in-
equalities; whereas Sections 4, 5, and 6 contain the proofs of Theorems 1.1, 1.2, and 1.4,
respectively.



2. PRELIMINARIES

2.1. Weight classes. For 1 < p < oo a weight w in R™ (that is, w € L{ .(R") with w >0
a.e. in R") is said to belong to the Muckenhoupt class A,(R") if

[w]a, = Sup (][Q w) (72 w@_-l”)pl < 00 (4p)

where (Q C R" is a cube and fQ u denotes the average ﬁ fQ u. For p=1and p = oo,

e (f) o) < w
e (e fo) o

It follows that A (R") = U, 5, Ap(R") and, for 1 <p < oo,
w € A,(R") & w,w /P e A (RY), (2.1)

(see for instance [3, Section 9.3 and Exercise 9.3.3]). As typical examples of A,-weights,
for 1 < p < oo, the weight |z|* € A,(R") if and only if —n < a < n(p — 1), whereas
|z|* € A1 (R™) if and only if —n < a < 0 (see for instance [3, Section 9.1.2]).

For 1 < p,q < o0 and « € R, two (measurable) nonnegative functions v and w are said

to satisfy the A5 condition (see [2, Definition 2.3]), in symbols (v,w) € Ag , if

1/q N\ WP
(e, =swpie () ([ o) <o
' Q Q Q

From the definition of ©, () in (1.9), the condition (v, w) € A5 can be written as

1/q S\
[(v,w)]ag, = sup |Q|®ra()/n (][ w) (][ v? /p) < 0. (2.2)
’ Q Q Q

In the case O, (o) = 0, let us define (v,w) € A, , (as in [2, Definition 1.5]) by

(00, = s (f ) " (f) ™ 2.3

Remark 2.1. If ©, ,(«) < 0, then the condition (2.2) along with the Lebesgue Differenti-
ation Theorem yields w = 0. Thus, it is only meaningful to consider 0, ,(a) > 0.

and

The following two results from [6] provide sufficient conditions on a pair (v,w) with
w,v7/? € A(R") so that (v,w) € A2, within the critical and subcritical cases for the
indices. For the critical case O, ,(o) = 0, that is, 1/¢g = 1/p — a/n, we have

Theorem 2.2 (Theorem 1.1 from [6]). Fiz 1 < p < g < o0 and 0 < a < n such that
0,4(a) = 0. Given (v, w) with w,v™"/? € A (R") suppose that there exists Cy > 0 with

w(x)V1 < Cyv(z)?,  ae xeR™ (2.4)
Then (2.2) holds true with the estimate [(v,w)]as < CoCy, where Cy > 0 depends only

onmn,p, q, a, [Wamny, and [v’p//p]Aw(Rn).
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For the subcritical case ©,,(a) > 0, that is, 1/¢ > 1/p — a/n, we have

Theorem 2.3 (Theorem 1.2 from [6]). Fiz 1 < p < ¢ < o0 and 0 < a < n such
that ©,,(a) > 0. Given (v,w) with w,v?/" € A (R") the condition w'/1/v'/? €
L/®vale):oo(R™) implies (2.2) with the estimate

(v, 0)]ag, < Collw! /01| Lusep qter.co eny, (2.5)
where Cy > 0 depends only onn, o, p, q, [w|a_wr), and ['U_p//p]Aoo(Rn).

2.2. On the anisotropic weights ug, 9, 0,. Given 01,0,,05 € R, let g, 9,09, be the
anisotropic weight defined in (1.3).

Lemma 2.4. Given 01,605,603 € R and 0 < p < oo, then ug, p,0, € LP>°(R") if and only if
0y +6y+ 03 =—n/p, 6, > —(n—1)/p, and 03 > —1/p.

Proof. Since ug, g, 0, € LP*(R") if and only if uy 4, o € L"(R"), it suffices to consider
the case p = 1. We want to characterize when the distribution function of ug, ¢, ¢, satisfies:

’{x € R™ : ug, p,0,(x) >t} St (2.6)

For this purpose, we split this level set in two parts: when |2/| < |z,|, in which case
|z| & |x,| and hence ug, g, g, () = |2/|%|2,|%2 1% or |2,| < |2'], getting now that |z| ~ ||
and ug, g, 5 (7) & |2/|97%|x,|%. Thus, to simplify the notations, we consider the function
u(z) = |2'|%z,|?, with a, 8 € R, and our goal now is to estimate the following integrals:

]:/ (/ dm') dr and I]:/ (/ dr) dr'. (2.7)
0 {\x’\gr:|m/|arﬁ>t} Rn—1 {r§|x’|:|m/|arﬁ>t}

Set s := o+ 5. We start with I and distinguish several cases:

If @ >0 and s > 0, it is easy to see that I = co. Assume now that a > 0 and s < 0.
Then

0o t1/s " (n—1)/a
I %/ (/ Vo dx’) dr %/ (r"‘l - (_/3) )dr. (2.8)
0 {|x’\§r:\x’\>(7ﬂ%) } 0 r

The first term gives "/* and (2.6) implies the condition s = —n. For the second term, we

need that
B

——n-1)+1>0 < ﬁ<£:—1,
o n

t1/s " (n—1)/«
/ (_B) dr ~ " =171,
0 T

Therefore the integral in (2.8) is then comparable to ¢t ™! if and only if s = —n and 8 < —1.

and hence

If o =0, then s = 5. As in the previous case, it is easy to see that I = oo when s > 0.
Finally, if s < 0,

00 tl/s
I%/ (/ dx') z/ ettt = s= —n.
0 {|x’|§r:r<t1/s} 0



If « <0, again I = oo when s > 0. If s <0,

t1/s 00 + (n—1)/a
1 %/ rnt dr+/ (—) dr
0 tl/s T’G

The first term is comparable to ¢! if and only if s = —n and the second term in integrable

if and only if —g(n—l)—i-l <0 <= [ < —1, and the integral is comparable to t"/* = ¢t~1.
Therefore, putting all these different cases together, we conclude that
I ‘{x cR™: |2'| < |z,| and |2/|*|z,|® > t}‘ <ttt

1 (2.9)

a+f=-nand f < —1.

We now proceed to estimate the integral 17 in (2.7). Assume first that § > 0. Again,
when s = 0 it turns out that I/ = co. When s < 0,

" /8
[Iz/ <|x’|—( /a> )dx'.
{|a’| <t /} 2]

The first term gives t"/* ~ t~! <= s = —n, and the second integral is finite if and only if
—§+n—1>0 <= > —1,in which case, the integral is equal to U /BH(—a/Btn=1)/s — ¢-1,
It is easy to see that I = co whenever § =0 and o > 0. If § =0 and a < 0,

[I%/ |2/|de’ =tV =t7! —= s=a=—n.
{la’|<tt/ o}

Finally, if § < 0 and s > 0, the integral /1 is equal to infinity, and if 5 < 0 and s < 0,

NV
11 %/ |m'|dx'—}-/ ( . ) dr'.
(la|<t1/5} flarjz1/ey \ |27

The first term is comparable to t*/%, which again gives that s = —n, while the second
integral is finite if and only if —a/f+n —1 <0 <= [ > —1, and hence the integral
is comparable to ¢'/f+(=e/B+n=1)/s — =1 Therefore, by putting all these different cases
together, we conclude that

Il ~ ’{x €R": |z < |2/| and |2/|*|2, )" > t}’ <t!
1 (2.10)
a+pf=-nandf > —1.

By applying (2.9) and (2.10) to the function ug, g, ¢4, for the integral I we have that a = 6,
and 8 = 0y 4 03 and similarly, for the second integral I1, o = 0, 4+ 05 and [ = 3. Hence,

Ug, 9,05 € LVC(R") <= 01+ 0y +03=—n, O, +03 < —1, and 03 > —1
< 0 +0+603=—n, 6, >—(n—1), and 03 > —1.
U
Lemma 2.5. ug, 9,9, € Ll (R™) if and only if 61 + 05 + 63 > —n, 6; > —(n — 1), and

loc

03 > —1. In other words, ug, g, 0, € Li.(R™) if and only if (61,64,603) € AU B.

loc
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Proof. Similarly to the argument used in Lemma 2.4, we fix R > 0 and split the integral
of ug, 9,0, over the ball B(0, R) in two cases: when |2'| < |z,|, and hence |z| = |z,| and
u91,92,93(x) ~ |$/|91|xn|02+937 or |mn| < |{L‘/|, getting now that |‘T| ~ |xl| and u91,02,93(x) ~
|2'|%1+9%2|2,,|%. Thus, we need to characterize the exponents 6y, 6, 05 for which these two
terms are finite:

I = / ]x’]ellxnlaﬁo‘”’ dr and I] = / ’x/’01+92’$n’03 dr.
{zeR™:[z|<R, |a'|<|en]} {z€R™:[2|<R, |on|<|o'[}

Now
R R ¢
I %/ (/ |a:’\91 da:') 102103 gy %/ (/ p91+”*2 dp> 02103 gt
0 {|a’|<t} 0 0

and the inner integral is finite if and only if 6; > —(n — 1) and we get

R
I~ / hrn=1t040s g < 50 = 0, > —(n — 1) and 6y + 0, + 03 > —n. (2.11)
0

||
Il ~ / </ 103 dt) |2/ 0102 dy!
{l='|<R} \JO

and the inner integral is finite if and only if 83 > —1 and we get

Similarly,

Il ~ / |2/ |00 gy < 00 = 3> —(n — 1) and 0, + 0 + 03 > —n,
{l='|<R}

which, together with (2.11), proves de result. |

The next result comes from [7] and identifies the triples of exponents (61, 6, 63) so that
Up, 05,05 € AP(RTL) NamelY7

Theorem 2.6 (Theorem 3.2 from [7]). Fiz 1 < p < co. Then, ug, 9,0, € A,(R") if and
only if (01,02,03) € (AUB)N(C, UD,).

3. A UNIFYING APPROACH TOWARDS WEIGHTED INEQUALITIES

Our strategy for the proofs of Theorems 1.1 and 1.4 will be based on Theorems 3.2 and
3.3 below, which provide an abstract framework for weighted interpolation inequalities.
In particular, Theorem 3.2 represents an improvement on [2, Corollary 2.10], whereas
Theorem 3.3 is precisely Theorem 2.14 from [2] whose statement has been included for
the reader’s convenience. The aforementioned improvement in Theorem 3.2 relies on the
following lemma.

Lemma 3.1. Fiz S C S" ! with H""1(S) > 0, R > 0, and define
I3 :={rcR":|z| > R and z/|z| € S}.
Then, w(I'y) = oo for every w € Axo(R™).
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Proof. 1t is well known that given u € A, (R™) there exist constants 0 < C; < Cy and
0 < 6, < 6y (depending only on [u]s_(rr) and n) such that

IEI)GI u(E) B[\

Cy (— < < Co | o (3.1)
| B| u(B) | B|

for every ball B and every measurable subset £ C B (see for instance the proof of
Lemma 9.2.1 as well as Theorem 9.3.3(d) from [3]). Fix a > —n and set w,(x) := |z|* so

that w, € Ao (R™) (see [3, Example 9.1.7]). The second inequality in (3.1) applied to w,

gives
o(E) 1E\*
.(B) = (|B|> (3.2)

for some C5, 65 depending only on o and n. Now, given w € A, the first inequality in

(3.1) applied to w gives
|E |)91 w(E)
Ch (— < ——= (3.3)
|Bi w(B)
where C1,6; depend only on [w]a_gn) and n. By combining (3.2) and (3.3) we obtain
constants C' > 0 and ¢ > 0 such that

W(E) _ . (wa(E)Y’
w(B) = (wa<B>) (34)

for every ball B and every measurable subset £ C B. On the other hand, the second
inequality in (3.1) applied to w and to concentric balls B(x,r) C B(z,s) for x € R" and
0<r<sgives

g

g

for ¢1,£1 > 0 depending only on [w] 4 (rn) and n. Now, given S C S~ with H"~1(S) > 0,
R >0, and R; > R set
ERle = F% N B(O, R1>,
so that (3.4) applied to Eg g, and B(0, R;) implies
0
w(Eg,g,) >0 ( wao(Er,R,) ) ' (3.6)
w(B(0, Ry)) wa(B(0, Ry))

By changing to polar coordinates we can write

Ry an—l S
waBnn) = [ falde =) [ pretap = B e e
Er,ry R a—+n
and
R —1/g@n—1
ey [ e, HTHEY
wQBO,R :/ Q?adQZIHn 1Sn 1 / paJrn ldp: a+n.
BOR) = [ | ———R;
Thus,
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Finally, from the inequality (3.5) used with x =0 and 0 < R < R; we obtain
'LU(B(O,Rl)) > R1 “1
——n o = G| )
w(B(0, R)) R

which combined with (3.6) and (3.7) yields

w(Err,) = Cw(B(0, k1)) (%>

Rl = Wy ERR1 ’
> — B
>, C ( R) w(B(0, R)) ( B0, ) )

e (%) w(B(0, R)) (%H@(S )1>>9 (1 - (R£>+>e

and w(T'3) = oo follows by letting Ry — oo. O

Theorem 3.2 (Case 6 = 1, weighted Sobolev embedding). Let 1 < p < g < oo, t < s <
t +n. Suppose that (v,w) € A3, and that w,v™?/P € A (R™). Then,

p,q

1D fllze@w) S ID* fllerwy,  Vf € DTTSR™),
with 7 := max{—n, —t} and D> :={f € L* : f = D for some g € S(R") and b > 7}.

Proof. The conclusion of Theorem 3.2 has been proved in [2, Corollary 2.10] under the
additional assumption that w(I'3) = oo for every S C S"~ with H"(S) > 0 and R > 0.
Now, in view of Lemma 3.1, such assumption is automatically fulfilled by the fact that
w € A (R™). O

Theorem 3.3 (Theorem 2.14 from [2], case § = t/s). Let 1 < p,q,r <00 and 0 <t <'s

be related by
1 1
_:i+(1_£> iy (3.8)
r o sp s/)q

Let ¥ := {z € C : 0 < R(2) < 1} and suppose there is a family of weights {w.},5
satisfying the following conditions:

(i) there is h € Li (R") such that |w,| < h(z) for every x € R" and z € 3,

(ii) for a.e. x € R™ the function z — w,.(x) is continuous in % and analytic in 3,
(i1i) and there are weights wy,wy such that |wi ()| < wo(z) and |wiii(x)] < wy(x) for

every x € R™ and 7 € R.

Moreover, assume that there are weights u,v,w such that w = wy,, (WP, w]) € Ap,,
(v, wl) € Ayy, and u™ wh v wl € A (R™). Then,

lwD fllr S luD®FIlES o flla"s, Vf € S(R™).

4. PROOF OF THEOREM 1.1

Fix 1 < p,q,7 < o0 and 0 < t < s related by (3.8). For z € Cwith 0 < R(z) < 1
define

wZ(ZB) = |x/|zo¢1+(1—z)ao|x|251+(1—2)ﬁo|$n|z71+(1—z)'yo
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so that

|wz(m)| < |xf|R(z)a1+(1—R(z))ao|x|R(z)E1+(1—R(z))Bo|xn|R(z)vl+(1—R(z))wo‘

In particular, if z = i7 with 7 € R, then
[wir ()] < wo(z) = |2']%|z] |, |
and if z =1+47 with 7 € R
|wipir ()] < wi(z) = [/ 2] |2,

Let us check that the hypotheses from Theorem 3.3 hold true with the choice u := w;
and v := wp. From the definition of the classes A,, in (2.3), notice that (u”,w}) =
(WP, w?) € A,, means w? € A,(R"), which by (2.1) is equivalent to w?, w;” € A (R").
Now, since w}(x) := |2/|*?|z|"P|x,| P, by virtue of Theorem 2.6 w} € A,(R™) amounts
to p(au, f1,71) € (AUB) N (C,UD,), which is hypothesis (1.5). Similarly, the hypothesis
(1.6), that is, ¢(ao, Bo,70) € (AU B)N (C, U D,) guarantees wg € A,(R") and therefore
(V9 wl) = (W, wl) € Agq as well as wy?, wl € Ay (R™). Finally, let us find h € LL _(R™)
such that |w,| < h for every z € ¥. By Young’s inequality,

|xl’7€(z)a1+(177€(z))a0 < ’SL’/|a1 + |.13/|a0 —. ha(ﬂf)
|$‘R(2)51+(1—R(Z))5o < ]x\ﬁl + mﬁo —: hg(x)
(

|xn|R(z)Vl+(1—R(z))”/0 < |7 + 2|0 = hy ().

Y

Y

Thus, |w,| < hohghy =: h with h € Li..(R") due to Lemma 2.5 and the hypothesis (1.7).

loc

All the hypotheses of Theorem 3.3 are then met and we obtain

wes DX Fllor S D %8 lwo 1%, Vf € S(R™),

which is precisely (1.8). O

5. PROOF OF THEOREM 1.2

We will use Theorems 2.2, 2.3, and 3.2 with w := ug, 9,9, and v := Uy, 5,,0,- Indeed,
by Theorem 2.6, the hypothesis (1.10) means that ue1,92793,u;ﬁ;/503 € A (R"), that is,
w,v /P € Ay(R™). Next, we check that (v,w) € A5 where a := s —t € (0,n). Indeed,
if ©,,(s—t) =0, then (1.11) yields w'/? = v/ which together with Theorem 2.2 (with
Co = 1) implies [(v,w)]A;;]t < (4, where C; > 0 depends only on n, p, q, s, t, 01,05,
03,01, 09,03. If ©, (s —t) > 0, let us see that (1.12) yields w!/4/v'/P € L/Orals=t)oo(Rn)
and then (2.5) will follow from Theorem 2.3. Notice that w!/?/v'/? € L7/Orals=t)0(R")
is equivalent to (wl/q/vl/p)n/ep’q(s_t) € LY*°(R") and by Lemma 2.4 we have that

(wl/q/vl/p)"/@p’q(sit) (il?) _ (’x/’91/q—al/p‘xyez/q—ag/plxn|€3/q—03/p)n/9p,q(s—t) c Ll,oo<Rn)’
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if and only if

n <91+02+03 O'1+O'2+0'3)

Opq(s — 1) q N p

ot (3= 5) >~

n 03 3
— (2 -2 > -1
Opq(s —1) (

which are precisely the conditions (1.12), (1.13), and (1.14). O

6. PROOF OF THEOREM 1.4

The proof is a combination of Theorems 1.1 and 1.2. By Theorem 1.1 applied to
1 < p,g,a < oo and 0 < fs < s, so that the hypothesis (1.17) becomes (1.4) (think
“r=2¢" and “t = 0s” in the notation from Theorem 1.1) and since ag, a1, 5o, B1, Y0, 71 € R
satisfy (1.5), (1.6), and (1.7) we get

tag.8000 D% Fllze S lttar g0 D ol oo fllze",  Vf € SR, (6.1)

where (Oéea 59779) = (041,51,’}/1)9 + (Oéo, 507 70)(1 - 9)
Next, the idea is to apply Theorem 1.2 with 1 < a < r < ocoandt < fs < t-+n

(think “p = a”, “¢ =r”, and “s = 0s” in the notation from Theorem 1.2) to obtain the
inequality
Hu91/7’792/7’,93/TthHL’" S HuUl/a,02/a703/aDesfHL“7 (62)

(recall Remark 1.3) which then determines the o;’s as

(01702,03) = G(Oée,ﬁe,%)), (6-3)

S0 that ||Uuay g0 D% flle = oy ja,0s/a,05/a D% f L and (6.2) can be linked with (6.1).
If ©,,(0s —t) =0, we use Theorem 1.2(i) since the hypothesis (1.18) gives

al

—5(01,02,03) = —d'(ag, By, ) € AUB

as well as

r
(9179%03) = 5(0—170270_3) = 7"(0{9,69,7@) € AUB)

and (6.2) follows from Theorem 1.2(i). Thus, by combining (6.1) and (6.2), the inequality
(1.19) is proved since (ag, B9, v9) = L(61,02,63) from the above definition of (6;, 65, 05).
If ©,,(0s—1t) >0, given ap, By, 7, as in (1.20), (1.21) and (1.22) now define

(817 ‘927 93) = T(Oéé, 6&7 Vé)

and use Theorem 1.2(ii) with (1.20), (1.21) and (1.22) playing the role of (1.12), (1.13),
and (1.14) to obtain (6.2), always with the 0;’s as in (6.3). Hence, (1.23) follows from
(6.1) and (6.2). O



13

REFERENCES

[1] L. A. Caffarelli, R. Kohn, and L. Nirenberg, First order interpolation inequalities with weights,
Compositio Math. 53 (1984), no. 3, 259-275.

[2] R. Duarte and J. Drumond Silva, Weighted Gagliardo-Nirenberg interpolation inequalities, J. Funct.
Anal. 285 (2023), 11009.

[3] L. Grafakos, Modern Fourier analysis, 2nd edition. Graduate Texts in Mathematics 250, Springer,
New York, 2008.

[4] Y. Y. Liand X. Yan, Anisotropic Caffarelli-Kohn-Nirenberg type inequalities, Adv. Math. 419 (2023),
paper No. 108958.

[5] C.-S. Lin, Interpolation inequalities with weights, Commun. Partial Differ. Equ. 11 (1986) 1515-1538.

[6] D. Maldonado and J. Soria, On weighted estimates for fractional operators and applications to Hardy-
type inequalities, submitted, preprint available at https://arxiv.org/abs/2606.19126.

[7] C. X. Miao and Z. W. Zhao, On a class of anisotropic Muckenhoupt weights and their applications
to p-Laplace equations, preprint available at https://arxiv.org/abs/2310.01359.

DIEGO MALDONADO, KANSAS STATE UNIVERSITY, DEPARTMENT OF MATHEMATICS. 138 CARD-
WELL HALL, MANHATTAN, KS-66506, USA.
Email address: dmaldona@ksu.edu

JAVIER SORIA, DEPARTAMENTO DE ANALISIS MATEMATICO Y MATEMATICA APLICADA, FACULTAD
DE MATEMATICAS, UNIVERSIDAD COMPLUTENSE DE MADRID, PLAZA DE CIENCIAS 3, 28040 MADRID,
SPAIN AND ICMAT.

Email address: javier.soria®ucm.es



