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Abstract. We prove a family of anisotropic Caffarelli-Kohn-Nirenberg interpolation in-
equalities involving higher-order fractional derivatives and weights of the form |x′|θ1 |x|θ2 |xn|θ3 .

1. Introduction and main result

In their foundational work [1], L. A. Caffarelli, R. Kohn, and L. Nirenberg characterized
the indices 1 ≤ p, q ≤ ∞, 0 < r ≤ ∞, and exponents α, β, γ ∈ R such that, for each
θ ∈ [0, 1] the first-order weighted interpolation inequality

∥|x|γf∥Lr ≲ ∥|x|α|Df |∥θLp∥|x|βf∥1−θ
Lq (1.1)

holds true for every f in the Schwartz class S(Rn). Later on, in [5] C.-S. Lin extended (1.1)
as to include higher-order derivatives by providing necessary and sufficient conditions on
1 ≤ p, q ≤ ∞, 0 < r ≤ ∞, α, β, γ ∈ R, j ∈ N0, m ∈ N, with j ≤ m, for the validity of the
higher-order weighted interpolation inequality

∥|x|γ|Djf |∥Lr ≲ ∥|x|α|Dmf |∥θLp∥|x|βf∥1−θ
Lq , ∀f ∈ S(Rn), θ ∈ [j/m, 1].

More recently, in [2, Theorem 1.6] R. Duarte and J. Drumond Silva extended Lin’s result
by identifying indices 1 < p, q, r < ∞; 0 ≤ t < s (smoothness indices, not necessarily
integers), t/s ≤ θ ≤ 1; α, β, γ ∈ R, such that the higher-order fractional-derivative
weighted interpolation inequality

∥|x|γ|Dtf |∥Lr ≲ ∥|x|α|Dsf |∥θLp∥|x|βf∥1−θ
Lq ,

holds true for every f ∈ S(Rn). When n ≥ 2 and in the context of asymptotic stability
of solutions to the Navier-Stokes equations, in [4, Theorem 1.1] Y. Y. Li and X. Yan
introduced an anisotropic version of the Caffarelli-Kohn-Nirenberg inequality (1.1) by
determining the indices 1 ≤ p, q ≤ ∞, 0 < r ≤ ∞, and exponents γ1, γ2, γ3, α, µ, β such
that

∥|x|γ1|x′|αf∥Lr ≲ ∥|x|γ2|x′|µ|∇f |∥θLp∥|x|γ3|x′|βf∥1−θ
Lq , ∀f ∈ S(Rn), θ ∈ [0, 1],

where x = (x′, xn) ∈ Rn and x′ := (x1, . . . , xn−1). Always with n ≥ 2, in their study
on the regularity of solutions to p-Laplace equations, in [7] C. X. Miao and Z. W. Zhao
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identified indices 1 < p < q and exponents θ1, θ2, θ3 ∈ R yielding the anisotropic Sobolev
inequality

∥f∥Lq(uθ1,θ2,θ3
) ≲ ∥∇f∥Lp(uθ1,θ2,θ3

), ∀f ∈ S(Rn), (1.2)

where

uθ1,θ2,θ3(x) := |x′|θ1|x|θ2|xn|θ3 , (1.3)

see [7, Corollary 2.9]. As a key element in their approach, given 1 < p < ∞, Miao and
Zhao introduced in [7] the exponent classes

A := {(θ1, θ2, θ3) : θ1 > −(n− 1), θ2 ≥ 0, θ3 > −1},
B := {(θ1, θ2, θ3) : θ1 > −(n− 1), θ2 < 0, θ3 > −1, θ1 + θ2 + θ3 > −n},
Cp := {(θ1, θ2, θ3) : θ1 < (n− 1)(p− 1), θ2 ≤ 0, θ3 < p− 1},
Dp := {(θ1, θ2, θ3) : θ1 < (n− 1)(p− 1), θ2 > 0, θ3 < p− 1, θ1 + θ2 + θ3 < n(p− 1)},

to describe the membership of the weight uθ1,θ2,θ3 as defined in (1.3) to the Muckenhoupt
class Ap(Rn). More precisely, by [7, Theorem 3.2 ], uθ1,θ2,θ3 ∈ Ap(Rn) if and only if
(θ1, θ2, θ3) ∈ (A ∪ B) ∩ (Cp ∪ Dp), see Section 2 below. On the other hand, as proved in
Lemma 2.5 in Section 2, (θ1, θ2, θ3) ∈ A ∪ B means exactly that uθ1,θ2,θ3 ∈ L1

loc(Rn). For
the sake of coherence, we have kept the notations used in [7], although it is easy to prove
that, in fact:

A ∪ B = {(θ1, θ2, θ3) : θ1 > −(n− 1), θ3 > −1, θ1 + θ2 + θ3 > −n},
Cp ∪ Dp = {(θ1, θ2, θ3) : θ1 < (n− 1)(p− 1), θ3 < p− 1, θ1 + θ2 + θ3 < n(p− 1)}.

The purpose of this work is to provide a full scale of anisotropic interpolation inequal-
ities based on weights of the form uθ1,θ2,θ3 and involving the homogeneous higher-order

fractional derivative operator Ds (defined as D̂sf := | · |sf̂ for s > 0). This scale of
anisotropic interpolation inequalities extends all the aforementioned ones. Our main re-
sults are the following Theorems 1.1, 1.2, and 1.4.

Theorem 1.1. Fix 1 < p, q, r < ∞ and 0 < t < s. Set θ := t/s ∈ (0, 1) and suppose that

1

r
=

θ

p
+

(1− θ)

q
. (1.4)

Let α0, α1, β0, β1, γ0, γ1 ∈ R satisfy

p(α1, β1, γ1) ∈ (A ∪ B) ∩ (Cp ∪ Dp), (1.5)

q(α0, β0, γ0) ∈ (A ∪ B) ∩ (Cq ∪ Dq), and (1.6)

(αj, βk, γℓ) ∈ A ∪ B, for j, k, ℓ = 0, 1. (1.7)

Then,

∥|x′|αθ |x|βθ |xn|γθDtf∥Lr ≲ ∥|x′|α1|x|β1 |xn|γ1Dsf∥θLp∥|x′|α0 |x|β0|xn|γ0f∥1−θ
Lq , (1.8)

for every f ∈ S(Rn), where (αθ, βθ, γθ) := (α1, β1, γ1)θ + (α0, β0, γ0)(1− θ).

For the statement of our next theorems, given 1 < p ≤ q < ∞ and 0 < α < n define

Θp,q(α) := α + n

(
1

q
− 1

p

)
. (1.9)
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As pointed out in Remark 2.1 below, we can assume Θp,q(α) ≥ 0. The cases Θp,q(α) = 0
(that is, q = np/(n−αp)) and Θp,q(α) > 0 (that is, q < np/(n−αp)) are referred to as the
critical and subcritical cases, respectively, for the indices p, q, α. Our next two theorems
cover both the critical and subcritical cases. Firstly, we have the following weighted
Sobolev inequality, which corresponds to the case θ = 1 in the interpolation inequality.

Theorem 1.2. Fix 1 < p ≤ q < ∞, t < s < t+ n, and let θ1, θ2, θ3, σ1, σ2, σ3 ∈ R satisfy

−p′

p
(σ1, σ2, σ3), (θ1, θ2, θ3) ∈ A ∪ B. (1.10)

(i) If Θp,q(s− t) := s− t+ n
(

1
q
− 1

p

)
= 0 and

θj
q

=
σj

p
, for j = 1, 2, 3; (1.11)

(ii) or if Θp,q(s− t) := s− t+ n
(

1
q
− 1

p

)
> 0 and

θ1 + θ2 + θ3
q

− σ1 + σ2 + σ3

p
= −Θp,q(s− t), (1.12)(

θ1
q
− σ1

p

)
> −(n− 1)

n
Θp,q(s− t), (1.13)(

θ3
q
− σ3

p

)
> − 1

n
Θp,q(s− t); (1.14)

then,
∥Dtf∥Lq(uθ1,θ2,θ3

) ≲ ∥Dsf∥Lp(uσ1,σ2,σ3 )
, ∀f ∈ D>τS(Rn), (1.15)

with τ := max{−n,−t}, D>τ := {f ∈ L∞ : f = Dbg for some g ∈ S(Rn) and b > τ},
and the implicit constant depends only on p, q, s, t, θ1, θ2, θ3, σ1, σ2, σ3, and n.

Remark 1.3. As pointed out in [2, Remark 3], if t > 0 then τ < 0 and D>τ contains the
Schwartz class S(Rn). In particular, the weighted Sobolev inequality (1.15) extends (1.2)
to the case of arbitrary fractional derivatives Dt and Ds with 0 < t < s < t+ n. Finally,
notice that (1.15) can be written as

∥uθ1/q,θ2/q,θ3/qD
tf∥Lq ≲ ∥uσ1/p,σ2/p,σ3/pD

sf∥Lp , ∀f ∈ D>τS(Rn). (1.16)

Secondly, for an arbitrary θ ∈ (t/s, 1) we have

Theorem 1.4. Fix 1 < p, q, r < ∞, 0 < t < s, and t/s < θ < 1, and let a ∈ (1,∞) be
defined by

1

a
:=

θ

p
+

1− θ

q
. (1.17)

Suppose that a ≤ r, that θs < t+ n, and let α0, α1, β0, β1, γ0, γ1 ∈ R satisfy

p(α1, β1, γ1) ∈ (A ∪ B) ∩ (Cp ∪ Dp),

q(α0, β0, γ0) ∈ (A ∪ B) ∩ (Cq ∪ Dq),

(αj, βk, γℓ) ∈ A ∪ B, for j, k, ℓ = 0, 1.

As before, (αθ, βθ, γθ) := (α1, β1, γ1)θ + (α0, β0, γ0)(1− θ).
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(i) If Θa,r(θs− t) := θs− t+ n
(
1
r
− 1

a

)
= 0 and

−a′(αθ, βθ, γθ), r(αθ, βθ, γθ) ∈ A ∪ B, (1.18)

then

∥|x′|αθ |x|βθ |xn|γθDtf∥Lr ≲ ∥|x′|α1|x|β1|xn|γ1Dsf∥θLp∥|x′|α0|x|β0|xn|γ0f∥1−θ
Lq , (1.19)

for every f ∈ S(Rn).
(ii) If Θa,r(θs− t) := θs− t+ n

(
1
r
− 1

a

)
> 0 and if α′

θ, β
′
θ, γ

′
θ ∈ R satisfy

(α′
θ − αθ) + (β′

θ − βθ) + (γ′
θ − γθ) = −Θa,r(θs− t), (1.20)

α′
θ − αθ > −(n− 1)

n
Θa,r(θs− t), (1.21)

γ′
θ − γθ > − 1

n
Θa,r(θs− t); (1.22)

then

∥|x′|α′
θ |x|β′

θ |xn|γ
′
θDtf∥Lr ≲ ∥|x′|α1|x|β1|xn|γ1Dsf∥θLp∥|x′|α0|x|β0|xn|γ0f∥1−θ

Lq , (1.23)

for every f ∈ S(Rn).

In the case a = r from Theorem 1.4, the fact that Θa,r(θs− t) = θs− t > 0 immediately
yields the following corollary.

Corollary 1.5. Fix 1 < p, q < ∞, 0 < t < s, and t/s < θ < 1 with θs < t + n. Let
r ∈ (1,∞) be defined by

1

r
:=

θ

p
+

1− θ

q
. (1.24)

Suppose that α0, α1, β0, β1, γ0, γ1 ∈ R satisfy

p(α1, β1, γ1) ∈ (A ∪ B) ∩ (Cp ∪ Dp),

q(α0, β0, γ0) ∈ (A ∪ B) ∩ (Cq ∪ Dq),

(αj, βk, γℓ) ∈ A ∪ B, for j, k, ℓ = 0, 1.

Fix α′
θ, β

′
θ, γ

′
θ ∈ R such that

(α′
θ − αθ) + (β′

θ − βθ) + (γ′
θ − γθ) = −(θs− t),

α′
θ − αθ > −(n− 1)

n
(θs− t),

γ′
θ − γθ > − 1

n
(θs− t).

Then

∥|x′|α′
θ |x|β′

θ |xn|γ
′
θDtf∥Lr ≲ ∥|x′|α1|x|β1|xn|γ1Dsf∥θLp∥|x′|α0|x|β0|xn|γ0f∥1−θ

Lq ,

for every f ∈ S(Rn).

The rest of the article is organized as follows: Section 2 describes the relevant weight
classes, sufficient criteria for membership in those classes, and basic facts on the anisotropic
weight uθ1,θ2,θ3 . Section 3 lays out an abstract, unifying approach towards weighted in-
equalities; whereas Sections 4, 5, and 6 contain the proofs of Theorems 1.1, 1.2, and 1.4,
respectively.
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2. Preliminaries

2.1. Weight classes. For 1 < p < ∞ a weight w in Rn (that is, w ∈ L1
loc(Rn) with w ≥ 0

a.e. in Rn) is said to belong to the Muckenhoupt class Ap(Rn) if

[w]Ap := sup
Q

( 
Q

w

)( 
Q

w
−1

(p−1)

)p−1

< ∞ (Ap)

where Q ⊂ Rn is a cube and
ffl
Q
u denotes the average 1

|Q|

´
Q
u. For p = 1 and p = ∞,

[w]A1 := sup
Q

( 
Q

w

)(
ess inf

Q
w

)−1

< ∞ (A1)

and

[w]A∞ := sup
Q

( 
Q

w

)
exp

(
−
 
Q

lnw

)
< ∞. (A∞)

It follows that A∞(Rn) =
⋃

p≥1Ap(Rn) and, for 1 < p < ∞,

w ∈ Ap(Rn) ⇔ w,w−p′/p ∈ A∞(Rn), (2.1)

(see for instance [3, Section 9.3 and Exercise 9.3.3]). As typical examples of Ap-weights,
for 1 < p < ∞, the weight |x|a ∈ Ap(Rn) if and only if −n < a < n(p − 1), whereas
|x|a ∈ A1(Rn) if and only if −n < a ≤ 0 (see for instance [3, Section 9.1.2]).

For 1 < p, q < ∞ and α ∈ R, two (measurable) nonnegative functions v and w are said
to satisfy the Aα

p,q condition (see [2, Definition 2.3]), in symbols (v, w) ∈ Aα
p,q, if

[(v, w)]Aα
p,q

:= sup
Q

|Q|α/n−1

(ˆ
Q

w

)1/q (ˆ
Q

v−p′/p

)1/p′

< ∞.

From the definition of Θp,q(α) in (1.9), the condition (v, w) ∈ Aα
p,q can be written as

[(v, w)]Aα
p,q

:= sup
Q

|Q|Θp,q(α)/n

( 
Q

w

)1/q ( 
Q

v−p′/p

)1/p′

< ∞. (2.2)

In the case Θp,q(α) = 0, let us define (v, w) ∈ Ap,q (as in [2, Definition 1.5]) by

[(v, w)]Ap,q := sup
Q

( 
Q

w

)1/q ( 
Q

v−p′/p

)1/p′

< ∞. (2.3)

Remark 2.1. If Θp,q(α) < 0, then the condition (2.2) along with the Lebesgue Differenti-
ation Theorem yields w ≡ 0. Thus, it is only meaningful to consider Θp,q(α) ≥ 0.

The following two results from [6] provide sufficient conditions on a pair (v, w) with
w, v−p′/p ∈ A∞(Rn) so that (v, w) ∈ Aα

p,q within the critical and subcritical cases for the
indices. For the critical case Θp,q(α) = 0, that is, 1/q = 1/p− α/n, we have

Theorem 2.2 (Theorem 1.1 from [6]). Fix 1 < p ≤ q < ∞ and 0 < α < n such that
Θp,q(α) = 0. Given (v, w) with w, v−p′/p ∈ A∞(Rn) suppose that there exists C0 > 0 with

w(x)1/q ≤ C0 v(x)
1/p, a.e. x ∈ Rn. (2.4)

Then (2.2) holds true with the estimate [(v, w)]Aα
p,q

≤ C0C1, where C1 > 0 depends only

on n, p, q, α, [w]A∞(Rn), and [v−p′/p]A∞(Rn).
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For the subcritical case Θp,q(α) > 0, that is, 1/q > 1/p− α/n, we have

Theorem 2.3 (Theorem 1.2 from [6]). Fix 1 < p ≤ q < ∞ and 0 < α < n such
that Θp,q(α) > 0. Given (v, w) with w, v−p′/p ∈ A∞(Rn) the condition w1/q/v1/p ∈
Ln/Θp,q(α),∞(Rn) implies (2.2) with the estimate

[(v, w)]Aα
p,q

≤ C2∥w1/q/v1/p∥Ln/Θp,q(α),∞(Rn), (2.5)

where C2 > 0 depends only on n, α, p, q, [w]A∞(Rn), and [v−p′/p]A∞(Rn).

2.2. On the anisotropic weights uθ1,θ2,θ3. Given θ1, θ2, θ3 ∈ R, let uθ1,θ2,θ3 be the
anisotropic weight defined in (1.3).

Lemma 2.4. Given θ1, θ2, θ3 ∈ R and 0 < p < ∞, then uθ1,θ2,θ3 ∈ Lp,∞(Rn) if and only if
θ1 + θ2 + θ3 = −n/p, θ1 > −(n− 1)/p, and θ3 > −1/p.

Proof. Since uθ1,θ2,θ3 ∈ Lp,∞(Rn) if and only if up
θ1,θ2,θ3

∈ L1,∞(Rn), it suffices to consider
the case p = 1. We want to characterize when the distribution function of uθ1,θ2,θ3 satisfies:∣∣∣{x ∈ Rn : uθ1,θ2,θ3(x) > t

}∣∣∣ ≲ t−1. (2.6)

For this purpose, we split this level set in two parts: when |x′| ≤ |xn|, in which case
|x| ≈ |xn| and hence uθ1,θ2,θ3(x) ≈ |x′|θ1|xn|θ2+θ3 , or |xn| ≤ |x′|, getting now that |x| ≈ |x′|
and uθ1,θ2,θ3(x) ≈ |x′|θ1+θ2|xn|θ3 . Thus, to simplify the notations, we consider the function
u(x) = |x′|α|xn|β, with α, β ∈ R, and our goal now is to estimate the following integrals:

I =

ˆ ∞

0

( ˆ{
|x′|≤r:|x′|αrβ>t

} dx′
)
dr and II =

ˆ
Rn−1

( ˆ{
r≤|x′|:|x′|αrβ>t

} dr) dx′. (2.7)

Set s := α + β. We start with I and distinguish several cases:

If α > 0 and s ≥ 0, it is easy to see that I = ∞. Assume now that α > 0 and s < 0.
Then

I ≈
ˆ ∞

0

( ˆ{
|x′|≤r:|x′|>

(
t

rβ

)1/α} dx′
)
dr ≈

ˆ t1/s

0

(
rn−1 −

(
t

rβ

)(n−1)/α)
dr. (2.8)

The first term gives tn/s and (2.6) implies the condition s = −n. For the second term, we
need that

−β

α
(n− 1) + 1 > 0 ⇐⇒ β <

s

n
= −1,

and hence ˆ t1/s

0

(
t

rβ

)(n−1)/α

dr ≈ tn/s = t−1.

Therefore the integral in (2.8) is then comparable to t−1 if and only if s = −n and β < −1.

If α = 0, then s = β. As in the previous case, it is easy to see that I = ∞ when s ≥ 0.
Finally, if s < 0,

I ≈
ˆ ∞

0

( ˆ{
|x′|≤r:r<t1/s

} dx′
)

≈
ˆ t1/s

0

rn−1 ≈ tn/s ≈ t−1 ⇐⇒ s = −n.
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If α < 0, again I = ∞ when s ≥ 0. If s < 0,

I ≈
ˆ t1/s

0

rn−1 dr +

ˆ ∞

t1/s

(
t

rβ

)(n−1)/α

dr

The first term is comparable to t−1 if and only if s = −n and the second term in integrable
if and only if −β

α
(n−1)+1 < 0 ⇐⇒ β < −1, and the integral is comparable to tn/s = t−1.

Therefore, putting all these different cases together, we conclude that

I ≈
∣∣∣{x ∈ Rn : |x′| ≤ |xn| and |x′|α|xn|β > t

}∣∣∣ ≲ t−1

⇕
α + β = −n and β < −1.

(2.9)

We now proceed to estimate the integral II in (2.7). Assume first that β > 0. Again,
when s = 0 it turns out that II = ∞. When s < 0,

II ≈
ˆ
{|x′|<t1/s}

(
|x′| −

(
t

|x′|α

)1/β)
dx′.

The first term gives tn/s ≈ t−1 ⇐⇒ s = −n, and the second integral is finite if and only if
−α

β
+n−1 > 0 ⇐⇒ β > −1, in which case, the integral is equal to t1/β+(−α/β+n−1)/s = t−1.

It is easy to see that II = ∞ whenever β = 0 and α ≥ 0. If β = 0 and α < 0,

II ≈
ˆ
{|x′|<t1/α}

|x′| dx′ ≈ tn/α = t−1 ⇐⇒ s = α = −n.

Finally, if β < 0 and s ≥ 0, the integral II is equal to infinity, and if β < 0 and s < 0,

II ≈
ˆ
{|x′|<t1/s}

|x′| dx′ +

ˆ
{|x′|≥t1/s}

(
t

|x′|α

)1/β

dx′.

The first term is comparable to tn/s, which again gives that s = −n, while the second
integral is finite if and only if −α/β + n − 1 < 0 ⇐⇒ β > −1, and hence the integral
is comparable to t1/β+(−α/β+n−1)/s = t−1. Therefore, by putting all these different cases
together, we conclude that

II ≈
∣∣∣{x ∈ Rn : |x| ≤ |x′| and |x′|α|xn|β > t

}∣∣∣ ≲ t−1

⇕
α + β = −n and β > −1.

(2.10)

By applying (2.9) and (2.10) to the function uθ1,θ2,θ3 , for the integral I we have that α = θ1
and β = θ2 + θ3 and similarly, for the second integral II, α = θ1 + θ2 and β = θ3. Hence,

uθ1,θ2,θ3 ∈ L1,∞(Rn) ⇐⇒ θ1 + θ2 + θ3 = −n, θ2 + θ3 < −1, and θ3 > −1

⇐⇒ θ1 + θ2 + θ3 = −n, θ1 > −(n− 1), and θ3 > −1.

□

Lemma 2.5. uθ1,θ2,θ3 ∈ L1
loc(Rn) if and only if θ1 + θ2 + θ3 > −n, θ1 > −(n − 1), and

θ3 > −1. In other words, uθ1,θ2,θ3 ∈ L1
loc(Rn) if and only if (θ1, θ2, θ3) ∈ A ∪ B.
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Proof. Similarly to the argument used in Lemma 2.4, we fix R > 0 and split the integral
of uθ1,θ2,θ3 over the ball B(0, R) in two cases: when |x′| ≤ |xn|, and hence |x| ≈ |xn| and
uθ1,θ2,θ3(x) ≈ |x′|θ1 |xn|θ2+θ3 , or |xn| ≤ |x′|, getting now that |x| ≈ |x′| and uθ1,θ2,θ3(x) ≈
|x′|θ1+θ2|xn|θ3 . Thus, we need to characterize the exponents θ1, θ2, θ3 for which these two
terms are finite:

I =

ˆ
{x∈Rn:|x|≤R, |x′|≤|xn|}

|x′|θ1|xn|θ2+θ3 dx and II =

ˆ
{x∈Rn:|x|≤R, |xn|≤|x′|}

|x′|θ1+θ2|xn|θ3 dx.

Now

I ≈
ˆ R

0

( ˆ
{|x′|<t}

|x′|θ1 dx′
)
tθ2+θ3 dt ≈

ˆ R

0

( ˆ t

0

ρθ1+n−2 dρ

)
tθ2+θ3 dt,

and the inner integral is finite if and only if θ1 > −(n− 1) and we get

I ≈
ˆ R

0

tθ1+n−1+θ2+θ3 dt < ∞ ⇐⇒ θ1 > −(n− 1) and θ1 + θ2 + θ3 > −n. (2.11)

Similarly,

II ≈
ˆ
{|x′|<R}

( ˆ |x′|

0

tθ3 dt

)
|x′|θ1+θ2 dx′

and the inner integral is finite if and only if θ3 > −1 and we get

II ≈
ˆ
{|x′|<R}

|x′|θ1+θ2+θ3+1 dx′ < ∞ ⇐⇒ θ3 > −(n− 1) and θ1 + θ2 + θ3 > −n,

which, together with (2.11), proves de result. □

The next result comes from [7] and identifies the triples of exponents (θ1, θ2, θ3) so that
uθ1,θ2,θ3 ∈ Ap(Rn). Namely,

Theorem 2.6 (Theorem 3.2 from [7]). Fix 1 < p < ∞. Then, uθ1,θ2,θ3 ∈ Ap(Rn) if and
only if (θ1, θ2, θ3) ∈ (A ∪ B) ∩ (Cp ∪ Dp).

3. A unifying approach towards weighted inequalities

Our strategy for the proofs of Theorems 1.1 and 1.4 will be based on Theorems 3.2 and
3.3 below, which provide an abstract framework for weighted interpolation inequalities.
In particular, Theorem 3.2 represents an improvement on [2, Corollary 2.10], whereas
Theorem 3.3 is precisely Theorem 2.14 from [2] whose statement has been included for
the reader’s convenience. The aforementioned improvement in Theorem 3.2 relies on the
following lemma.

Lemma 3.1. Fix S ⊂ Sn−1 with Hn−1(S) > 0, R > 0, and define

ΓS
R := {x ∈ Rn : |x| ≥ R and x/|x| ∈ S}.

Then, w(ΓS
R) = ∞ for every w ∈ A∞(Rn).
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Proof. It is well known that given u ∈ A∞(Rn) there exist constants 0 < C1 ≤ C2 and
0 < θ2 ≤ θ1 (depending only on [u]A∞(Rn) and n) such that

C1

(
|E|
|B|

)θ1

≤ u(E)

u(B)
≤ C2

(
|E|
|B|

)θ2

(3.1)

for every ball B and every measurable subset E ⊂ B (see for instance the proof of
Lemma 9.2.1 as well as Theorem 9.3.3(d) from [3]). Fix α > −n and set wα(x) := |x|α so
that wα ∈ A∞(Rn) (see [3, Example 9.1.7]). The second inequality in (3.1) applied to wα

gives

wα(E)

wα(B)
≤ C2

(
|E|
|B|

)θ2

(3.2)

for some C2, θ2 depending only on α and n. Now, given w ∈ A∞, the first inequality in
(3.1) applied to w gives

C1

(
|E|
|B|

)θ1

≤ w(E)

w(B)
(3.3)

where C1, θ1 depend only on [w]A∞(Rn) and n. By combining (3.2) and (3.3) we obtain
constants C > 0 and θ > 0 such that

w(E)

w(B)
≥ C

(
wα(E)

wα(B)

)θ

(3.4)

for every ball B and every measurable subset E ⊂ B. On the other hand, the second
inequality in (3.1) applied to w and to concentric balls B(x, r) ⊂ B(x, s) for x ∈ Rn and
0 < r < s gives

w(B(x, s))

w(B(x, r))
≥ c1

(s
r

)ε1
(3.5)

for c1, ε1 > 0 depending only on [w]A∞(Rn) and n. Now, given S ⊂ Sn−1 with Hn−1(S) > 0,
R > 0, and R1 > R set

ER,R1 := ΓS
R ∩B(0, R1),

so that (3.4) applied to ER,R1 and B(0, R1) implies

w(ER,R1)

w(B(0, R1))
≥ C

(
wα(ER,R1)

wα(B(0, R1))

)θ

. (3.6)

By changing to polar coordinates we can write

wα(ER,R1) =

ˆ
ER,R1

|x|α dx = Hn−1(S)

ˆ R1

R

ρα+n−1 dρ =
Hn−1(S)

α + n
(Rα+n

1 −Rα+n)

and

wα(B(0, R1)) =

ˆ
B(0,R1)

|x|α dx = Hn−1(Sn−1)

ˆ R1

0

ρα+n−1 dρ =
Hn−1(Sn−1)

α + n
Rα+n

1 .

Thus, (
wα(ER,R1)

wα(B(0, R1))

)θ

=

(
Hn−1(S)

Hn−1(Sn−1)

)θ
(
1−

(
R

R1

)α+n
)θ

. (3.7)
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Finally, from the inequality (3.5) used with x = 0 and 0 < R < R1 we obtain

w(B(0, R1))

w(B(0, R))
≥ c1

(
R1

R

)ε1

,

which combined with (3.6) and (3.7) yields

w(ER,R1) ≥ Cw(B(0, R1))

(
wα(ER,R1)

wα(B(0, R1))

)θ

≥ c1C

(
R1

R

)ε1

w(B(0, R))

(
wα(ER,R1)

wα(B(0, R1))

)θ

= c1C

(
R1

R

)ε1

w(B(0, R))

(
Hn−1(S)

Hn−1(Sn−1)

)θ
(
1−

(
R

R1

)α+n
)θ

,

and w(ΓS
R) = ∞ follows by letting R1 → ∞. □

Theorem 3.2 (Case θ = 1, weighted Sobolev embedding). Let 1 < p ≤ q < ∞, t < s <
t+ n. Suppose that (v, w) ∈ As−t

p,q , and that w, v−p′/p ∈ A∞(Rn). Then,

∥Dtf∥Lq(w) ≲ ∥Dsf∥Lp(v), ∀f ∈ D>τS(Rn),

with τ := max{−n,−t} and D>τ := {f ∈ L∞ : f = Dbg for some g ∈ S(Rn) and b > τ}.

Proof. The conclusion of Theorem 3.2 has been proved in [2, Corollary 2.10] under the
additional assumption that w(ΓS

R) = ∞ for every S ⊂ Sn−1 with Hn−1(S) > 0 and R > 0.
Now, in view of Lemma 3.1, such assumption is automatically fulfilled by the fact that
w ∈ A∞(Rn). □

Theorem 3.3 (Theorem 2.14 from [2], case θ = t/s). Let 1 < p, q, r < ∞ and 0 < t < s
be related by

1

r
=

t

sp
+

(
1− t

s

)
1

q
. (3.8)

Let Σ := {z ∈ C : 0 < R(z) < 1} and suppose there is a family of weights {wz}z∈Σ
satisfying the following conditions:

(i) there is h ∈ L1
loc(Rn) such that |wz| ≤ h(x) for every x ∈ Rn and z ∈ Σ,

(ii) for a.e. x ∈ Rn the function z 7→ wz(x) is continuous in Σ and analytic in Σ,
(iii) and there are weights w0, w1 such that |wiτ (x)| ≤ w0(x) and |w1+iτ (x)| ≤ w1(x) for

every x ∈ Rn and τ ∈ R.
Moreover, assume that there are weights u, v, w such that w = wt/s, (up, wp

1) ∈ Ap,p,

(vq, wq
0) ∈ Aq,q, and u−p′ , wp

1, v
−q′ , wq

0 ∈ A∞(Rn). Then,

∥wDtf∥Lr ≲ ∥uDsf∥t/sLp ∥vf∥1−t/s
Lq , ∀f ∈ S(Rn).

4. Proof of Theorem 1.1

Fix 1 < p, q, r < ∞ and 0 < t < s related by (3.8). For z ∈ C with 0 ≤ R(z) ≤ 1
define

wz(x) := |x′|zα1+(1−z)α0|x|zβ1+(1−z)β0|xn|zγ1+(1−z)γ0
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so that

|wz(x)| ≤ |x′|R(z)α1+(1−R(z))α0|x|R(z)β1+(1−R(z))β0 |xn|R(z)γ1+(1−R(z))γ0 .

In particular, if z = iτ with τ ∈ R, then

|wiτ (x)| ≤ w0(x) = |x′|α0|x|β0|xn|γ0

and if z = 1 + iτ with τ ∈ R

|w1+iτ (x)| ≤ w1(x) = |x′|α1|x|β1|xn|γ1 .

Let us check that the hypotheses from Theorem 3.3 hold true with the choice u := w1

and v := w0. From the definition of the classes Ap,q in (2.3), notice that (up, wp
1) =

(wp
1, w

p
1) ∈ Ap,p means wp

1 ∈ Ap(Rn), which by (2.1) is equivalent to wp
1, w

−p′

1 ∈ A∞(Rn).
Now, since wp

1(x) := |x′|α1p|x|β1p|xn|γ1p, by virtue of Theorem 2.6 wp
1 ∈ Ap(Rn) amounts

to p(α1, β1, γ1) ∈ (A∪B)∩ (Cp ∪Dp), which is hypothesis (1.5). Similarly, the hypothesis
(1.6), that is, q(α0, β0, γ0) ∈ (A ∪ B) ∩ (Cq ∪ Dq) guarantees wq

0 ∈ Aq(Rn) and therefore

(vq, wq
0) = (wq

0, w
q
0) ∈ Aq,q as well as w−q′

0 , wq
0 ∈ A∞(Rn). Finally, let us find h ∈ L1

loc(Rn)
such that |wz| ≤ h for every z ∈ Σ. By Young’s inequality,

|x′|R(z)α1+(1−R(z))α0 ≤ |x′|α1 + |x′|α0 =: hα(x),

|x|R(z)β1+(1−R(z))β0 ≤ |x|β1 + |x|β0 =: hβ(x),

|xn|R(z)γ1+(1−R(z))γ0 ≤ |xn|γ1 + |xn|γ0 =: hγ(x).

Thus, |wz| ≤ hαhβhγ =: h with h ∈ L1
loc(Rn) due to Lemma 2.5 and the hypothesis (1.7).

All the hypotheses of Theorem 3.3 are then met and we obtain

∥wt/sD
tf∥Lr ≲ ∥w1D

sf∥t/sLp ∥w0f∥1−t/s
Lq , ∀f ∈ S(Rn),

which is precisely (1.8). □

5. Proof of Theorem 1.2

We will use Theorems 2.2, 2.3, and 3.2 with w := uθ1,θ2,θ3 and v := uσ1,σ2,σ3 . Indeed,

by Theorem 2.6, the hypothesis (1.10) means that uθ1,θ2,θ3 , u
−p′/p
σ1,σ2,σ3 ∈ A∞(Rn), that is,

w, v−p′/p ∈ A∞(Rn). Next, we check that (v, w) ∈ Aα
p,q where α := s− t ∈ (0, n). Indeed,

if Θp,q(s − t) = 0, then (1.11) yields w1/q = v1/p which together with Theorem 2.2 (with
C0 = 1) implies [(v, w)]As−t

p,q
≤ C1, where C1 > 0 depends only on n, p, q, s, t, θ1, θ2,

θ3, σ1, σ2, σ3. If Θp,q(s− t) > 0, let us see that (1.12) yields w1/q/v1/p ∈ Ln/Θp,q(s−t),∞(Rn)
and then (2.5) will follow from Theorem 2.3. Notice that w1/q/v1/p ∈ Ln/Θp,q(s−t),∞(Rn)

is equivalent to
(
w1/q/v1/p

)n/Θp,q(s−t) ∈ L1,∞(Rn) and by Lemma 2.4 we have that(
w1/q/v1/p

)n/Θp,q(s−t)
(x) = (|x′|θ1/q−σ1/p|x|θ2/q−σ2/p|xn|θ3/q−σ3/p)n/Θp,q(s−t) ∈ L1,∞(Rn),
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if and only if

n

Θp,q(s− t)

(
θ1 + θ2 + θ3

q
− σ1 + σ2 + σ3

p

)
= −n,

n

Θp,q(s− t)

(
θ1
q
− σ1

p

)
> −(n− 1),

n

Θp,q(s− t)

(
θ3
q
− σ3

p

)
> −1,

which are precisely the conditions (1.12), (1.13), and (1.14). □

6. Proof of Theorem 1.4

The proof is a combination of Theorems 1.1 and 1.2. By Theorem 1.1 applied to
1 < p, q, a < ∞ and 0 < θs < s, so that the hypothesis (1.17) becomes (1.4) (think
“r = s” and “t = θs” in the notation from Theorem 1.1) and since α0, α1, β0, β1, γ0, γ1 ∈ R
satisfy (1.5), (1.6), and (1.7) we get

∥uαθ,βθ,γθD
θsf∥La ≲ ∥uα1,β1,γ1D

sf∥θLp∥uα0,β0,γ0f∥1−θ
Lq , ∀f ∈ S(Rn), (6.1)

where (αθ, βθ, γθ) := (α1, β1, γ1)θ + (α0, β0, γ0)(1− θ).
Next, the idea is to apply Theorem 1.2 with 1 < a ≤ r < ∞ and t < θs < t + n

(think “p = a”, “q = r”, and “s = θs” in the notation from Theorem 1.2) to obtain the
inequality

∥uθ1/r,θ2/r,θ3/rD
tf∥Lr ≲ ∥uσ1/a,σ2/a,σ3/aD

θsf∥La , (6.2)

(recall Remark 1.3) which then determines the σj’s as

(σ1, σ2, σ3) := a(αθ, βθ, γθ), (6.3)

so that ∥uαθ,βθ,γθD
θsf∥La = ∥uσ1/a,σ2/a,σ3/aD

θsf∥La and (6.2) can be linked with (6.1).
If Θa,r(θs− t) = 0, we use Theorem 1.2(i) since the hypothesis (1.18) gives

−a′

a
(σ1, σ2, σ3) = −a′(αθ, βθ, γθ) ∈ A ∪ B

as well as

(θ1, θ2, θ3) :=
r

a
(σ1, σ2, σ3) = r(αθ, βθ, γθ) ∈ A ∪ B,

and (6.2) follows from Theorem 1.2(i). Thus, by combining (6.1) and (6.2), the inequality
(1.19) is proved since (αθ, βθ, γθ) =

1
r
(θ1, θ2, θ3) from the above definition of (θ1, θ2, θ3).

If Θa,r(θs− t) > 0, given α′
θ, β

′
θ, γ

′
θ as in (1.20), (1.21) and (1.22) now define

(θ1, θ2, θ3) := r(α′
θ, β

′
θ, γ

′
θ)

and use Theorem 1.2(ii) with (1.20), (1.21) and (1.22) playing the role of (1.12), (1.13),
and (1.14) to obtain (6.2), always with the σj’s as in (6.3). Hence, (1.23) follows from
(6.1) and (6.2). □
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