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The problem

Given an extremal of the functional £, when is it a minimizer among
functions with the same Dirichlet condition? J
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The problem

Given an extremal of the functional £, when is it a minimizer among
functions with the same Dirichlet condition? J

o If £ is (strictly) convex, then there is a unique extremal that turns out
to be a minimizer

@ Important models with noncovex functional:
- Allen-Cahn energy
- Bernoulli free boundary problem
- Perimeter
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Outline of the talk

© Motivation through a “toy example”

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Outline of the talk

© Motivation through a “toy example”
@ Definition of the calibration functional

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Outline of the talk

© Motivation through a “toy example”
@ Definition of the calibration functional
© Review the classical theory

Ei(w) = /Q G (x, w(x), Vw(x)) dx

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Outline of the talk

© Motivation through a “toy example”
@ Definition of the calibration functional

© Review the classical theory

Ei(w) = /Q G (x, w(x), Vw(x)) dx

model

£1(w) = /|vW(x| dx—/ F(w(x)) dx

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Outline of the talk

© Motivation through a “toy example”
@ Definition of the calibration functional
© Review the classical theory

Ei(w) = /Q G (x, w(x), Vw(x)) dx

model

Ei(w) = /|VW(X| dX—/F(W(X))dX

@ Present new results for nonlocal functionals

1
nw) =5 [ Gty wl), wi) deay
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Outline of the talk

© Motivation through a “toy example”
@ Definition of the calibration functional

© Review the classical theory

Ei(w) = /Q G (x, w(x), Vw(x)) dx

model

ai(w) = 3 [ VWP dx— [ Flw(x) ax

@ Present new results for nonlocal functionals

1
Enw) = 5 //( ey, YW ) dxay

| 2
—>mode // [wx) = sz Yl dxdy — /F(W(x))dx
@ xqeye  |x—y|mtE Q
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Outline of the talk

© Motivation through a “toy example”
@ Definition of the calibration functional

© Review the classical theory

Ei(w) = /Q G (x, w(x), Vw(x)) dx

model

£1(w) = /|vW(x| dx—/ F(w(x)) dx

@ Present new results for nonlocal functionals

1
Enw) = 5 //( ey, YW ) dxay

|
—>mode // [w) — Wg/)‘ dx dy—/ F(w(x))dx
(92¢ xQc)e |x — y|rt2s Q

© Applications to monotone solutions and the viscosity theory
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How to prove that a line in R? is a minimizer of the perimeter functional? J
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Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? J

= (07 1)

A e » B

Oz/ﬂdle XV—/XVB—/l_/XVﬂ— a)
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Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? )

A @
O—/levX XV—/X yg—/ /ﬂX-Vg—P(a)

P(a)/sx.yﬁ
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Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? )
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Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? J

= (07 1)

A e » B

Oz/QdWX xy_/xyﬁ/xua_/xyﬂ
:/BX-ygg/ﬁlzP(ﬁ) v
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The calibration functional

Definition
A functional C: A — R is a calibration for £ and u € A if the following
conditions hold:

o C(u) =E&(v).

o C(w) < &(w) for all w € A with the same Dirichlet condition as u.

e C(w) =C(w) for all w, w € A with the same Dirichlet condition as u.

v
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The calibration functional

Definition
A functional C: A — R is a calibration for £ and u € A if the following
conditions hold:

o C(u) =E&(v).

o C(w) < &(w) for all w € A with the same Dirichlet condition as u.

e C(w) =C(w) for all w, w € A with the same Dirichlet condition as u.

v

Given w € A with the same Dirichlet condition as u

E(u) =C(u) =C(w) < E(w).
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The calibration functional

Definition
A functional C: A — R is a calibration for £ and u € A if the following
conditions hold:

o C(u) =E&(v).
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Given w € A with the same Dirichlet condition as u
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The calibration functional

Definition
A functional C: A — R is a calibration for £ and u € A if the following
conditions hold:
o C(u) =E&(v).
o C(w) < &(w) for all w € A with the same Dirichlet condition as u.
e C(u) <C(w) for all w € A with the same Dirichlet condition as u.

v

Given w € A with the same Dirichlet condition as u

E(u)=C(u) <C(w) <E&(w)

Then, u is a minimizer.
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Construction of Calibration: Perimeter functional
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Construction of Calibration: Perimeter functional

The functional
C(B) :/X -vydl, where X =(0,1)
B

provides a Calibration for the line o and the perimeter P.

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Construction of Calibration: Perimeter functional

The functional

C(p) = /X -vgdl,  where X =(0,1)
g

provides a Calibration for the line o and the perimeter P.

When is it possible to find such a functional?
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Classical theory of Calibrations
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Necessary conditions: First order

E(w) = /Q G (x, w(x), Vw(x)) dx J
First variation:
EL(s) = o] Eu(w 1) |
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Necessary conditions: First order

£u(w) = [ oo, w(x), V() d J

First variation:

0nEL(u) = 5| _ E(w+tn) J

O0nér(u) = /(;(‘A G, (><7 w(x), VW(X)) n(x) 4+ 04GL (x, w(x), VW(X)) - Vn(x)dx
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Necessary conditions: First order

SL(W):/QGL(X, w(x), Vw(x)) dx J
First variation:
onEi(u) = %’ Eu(w + tn) J

& (u / O\ GL(x, w(x), Vw(x)) n(x) + 09 GL (x, w(x), Vw(x)) - Vn(x) dx
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Necessary conditions: First order

SL(W):/QGL(X, w(x), Vw(x)) dx J
First variation:
onEi(u) = %’ Eu(w + tn) J

0nér(u /BAGL x, w(x), Vw(x)) n(x) + 09 GL (x, w(x), Vw(x)) - Vn(x) dx
= /Q { — div (0 GL(x, w(x), Vw(x))) + 9xGL(x, w(x), Vw(x))} n(x) dx

+ 9qGL(x, w(x), Vw(x)) - v(x) n(x) danl(x)
o0
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Necessary conditions: First order

SL(W):/QGL(X, w(x), Vw(x)) dx J
First variation:
onEi(u) = %’ Eu(w + tn) J

dn€i(u /a)\GL x, w(x), Vw(x)) n(x) + 8¢ Gy (x, w(x), Vw(x)) - Vn(x) dx
= /Q {—d/v ()qGL(X, W(X)-,VW(X))) + ())\GL(X7 W(X)7VW(X))}7](X) dx
+/ Bq Gy (x, w(x), Vw(x)) - v(x) n(x) dH "~ (x)
Folo)

N / Lrw(x)n(x) dx + / Niw(x) n(x) dH" 1 (x)
Q o9
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Necessary conditions: First order

SL(W):/QGL(X, w(x), Vw(x)) dx J
First variation:
onEi(u) = %’ Eu(w + tn) J

51 (u / DG (x w(x), Tw(x)) 1(x) + 9 G (x, w(x), Vw(x)) - V() dx
= [ {{ = div(2u6L0x w(x). Vur(20) + 02 Gulox, wlx), V() } ()
/Qu X)n(X)dx+/ N u(x) n(x) AR (x)
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Necessary conditions: First order

SL(W):/QGL(X, w(x), Vw(x)) dx J
First variation:
onEi(u) = %’ Eu(w + tn) J

on€(u) = /QBA G, (x, u(x), Vu(x)) n(x) + 89 G (x, u(x), Vu(x)) - Vn(x) dx
= /Q { — diV(aqGL(X, u(x), VU(X))) + I\GL(x, u(x), Vu(x))} n(x) dx
+/ aqGL(X u(x) Vu(x)) . l/(X) 77(X) d'H"_l(X)

,/L,_u n(x dx+/ Niu(x dH"1(x)

u is minimizer of £ J
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Necessary conditions: First order

E(w) = /Q G (x, w(x), Vw(x)) dx J
First variation:
5y (u) = %]tzoa(w + tn) J

on€(u) = /QBA G, (x, u(x), Vu(x)) n(x) + 89 G (x, u(x), Vu(x)) - Vn(x) dx
= /Q { — diV(aqGL(X, u(x), VU(X))) + I\GL(x, u(x), Vu(x))} n(x) dx
+ / aqGL(X, u(X), Vu(x)) . V(X) 77(X) d'H"_l(X)
o0

= / Lpu(x)n(x)dx + / Npu(x) n(x) dH"1(x)
Q o0

u is minimizer of £ J
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Necessary conditions: First order

E(w) = /Q G (x, w(x), Vw(x)) dx J
First variation:
5y (u) = %]tzoa(w + tn) J

on€(u) = /QBA G, (x, u(x), Vu(x)) n(x) + 89 G (x, u(x), Vu(x)) - Vn(x) dx
= /Q { — diV(aqGL(X, u(x), VU(X))) + I\GL(x, u(x), Vu(x))} n(x) dx
+ / aqGL(X, u(X), Vu(x)) . V(X) 77(X) d'H"_l(X)
o0

:/LLU(X)”(X)dX+/ Npu(x) n(x) dH"1(x)
Q ho)

u is minimizer of & = L u = 0in Q (in the weak sense) J
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Necessary conditions: Second order

EL(w) = /Q G (x, w(x), Vw(x)) dx J

Second variation:

2 0?
op€i(u) = W‘ E(w+tn)
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Necessary conditions: Second order

E(w) = / G (x, w(x), Vw(x)) dx J
Q
Second variation:
2 0
BEuu) = | Ealw+ ) J
625‘L / {dAA GL(x, u(x), Vu(x)) n?(x )+2quGL(x u(x), Vu(x)) - n(x)Vn(x)

+ Vn(x) - 9241 (x, u(x), Vu(x)) V(x) }
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Necessary conditions: Second order

EL(W):/QGL(X, w(x), Vw(x)) dx J
Second variation:
2
() = 2| Eulw+ ) J

57275L(“):/Q{8§>\GL(X’ u(x), Vu(x)) n*(x) + 203, GL(x, u(x), Vu(x)) - n(x)Vn(x)

+ V() - 24 G (x, u(x), Vu(x))Vn(x) }

u is minimizer of £ — 55&(“)%(?%”:% on 99 J
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Necessary conditions: Second order

EL(W):/QGL(X, w(x), Vw(x)) dx J
Second variation:
2
() = 2| Eulw+ ) J

57275L(“):/Q{8§>\GL(X’ u(x), Vu(x)) n*(x) + 203, GL(x, u(x), Vu(x)) - n(x)Vn(x)

+ V() - 24 G (x, u(x), Vu(x))Vn(x) }

g o 8 Lu=0in Q
u is minimizer of & — 525L(u)§0 v7|7n Oonon <> Y Bfgav J
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Necessary conditions: Legendre

Stability condition:

/Q {9§A GL(x, w(x), Vw(x)) n?(x) + 2834 GL(x, w(x), Vw(x)) - n(x) Vn(x)

+ Vn(x) - ngGL(x7 w(x), VW(X))V?](X)} >0 forall n=0 ondQ
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Necessary conditions: Legendre

Stability condition:

/Q {5§A G (x, w(x), Vw(x)) 72 (x) + 2834 GL(x, w(x), Vw(x)) - n(x)Vn(x)

+ Vn(x) - c?quL(x7 w(x), VW(X))VT)(X)} >0 forall n=0 on 9Q

Theorem (Legendre Condition)

Let u be a stable solution of the energy functional £. Then, it satisfies

8(27qGL(-, u,Vu)>0 inQ.
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Necessary conditions: Legendre

Stability condition:

/Q {5§A G (x, w(x), Vw(x)) 72 (x) + 2834 GL(x, w(x), Vw(x)) - n(x)Vn(x)

+ Vn(x) - c?quL(x7 w(x), VW(X))VT)(X)} >0 forall n=0 on 9Q

Theorem (Legendre Condition)

Let u be a stable solution of the energy functional £. Then, it satisfies

5’3qGL(-, u,Vu) >0 inQ.
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Necessary conditions: Legendre

Stability condition:

/Q {8§\)\ GL(x, w(x), VW (x)) 72 (x) + 203 GL(x, w(x), VW(x)) - 1 (x) V= (x)

+ V1= (x) - 02 Gu(x, w(x), Vw(x)) V1= (x) } > 0

Theorem (Legendre Condition)

Let u be a stable solution of the energy functional £. Then, it satisfies

5’3qGL(-, u,Vu) >0 inQ.
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Necessary conditions: Legendre

Stability condition:
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Necessary conditions: Legendre

Stability condition:

/Q {8§\)\ GL(x, w(x), Vw(x)) 12 (x) + 203 GL(x, w(x), VW(x)) - 1 (x) V= (x)

+ Ve (x) - 924 GL(x, w(x), vW(X))vns(x)} >0

Theorem (Legendre Condition)

Let u be a stable solution of the energy functional £. Then, it satisfies

5’3qGL(-, u,Vu) >0 inQ.
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Necessary conditions: Legendre

Stability condition:

/Q {8§\)\ GL(x, w(x), Vw(x)) 12 (x) + 203 GL (x, w(x), Vw(x)) - 11 (x) V1je (%)

+ V1= (x) - 02 Gu(x, w(x), Vw(x)) V1= (x) } > 0

Theorem (Legendre Condition)

Let u be a stable solution of the energy functional £. Then, it satisfies
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Necessary conditions: Legendre

Stability condition:

/Q {8§\)\ GL(x, w(x), Vw(x)) 12 (x) + 203 GL (x, w(x), Vw(x)) - 11 (x) V1je (%)

+ Ve (x) - 924 GL(x, w(x), VW(X))V?]E(X)} >0

Theorem (Legendre Condition)

Let u be a stable solution of the energy functional £. Then, it satisfies

5’3qGL(-, u,Vu) >0 inQ.
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Necessary conditions: Weierstrass

£u(w) = [ oo, w(x), V() dx J

Weierstrass excess function:

E(X7)‘7 q, EI) = GL(X7 )‘7 EI) - GL(X7 )‘7 q) - 8qGL(X7 )\7 q) . (EI - q)
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Necessary conditions: Weierstrass

£u(w) = [ oo, w(x), V() dx J

Weierstrass excess function:

E(X7)‘7 q, EI) = GL(X7 )‘7 El) - GL(X7 )‘7 q) - 8qGL(X7 )\7 q) . (d - q)

Theorem (Weiestrass Necessary Condition)

Let u be a minimizer of the energy functional £, among functions with the
same boundary data. Then, it satisfies

E(x,u(x),Vu(x),) >0 forall x € Q, &€ R"
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Sufficient conditions: Convexity

eu(w) = [ Gu(o wlx), V() d J

GL(x, )\, q) convex in (A, q) = & is convex
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Sufficient conditions: Convexity

eu(w) = [ Gu(o wlx), V() d J

Gi(x, A, g) convex in (\,q) = & is convex

Lemma (Comparison of energies)

Assume that G (x, \, q) is convex in (X, q). Then, given u,w € H'(Q),
they satisfy

Eu(w) > Eu(u) + [ £1u(x) (wlx) = o) dx
Neu(x) (w(x) — u(x)) dH" 1 (x)

o
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Sufficient conditions: Convexity

eu(w) = [ Gu(o wlx), V() d J

Gi(x, A, g) convex in (\,q) = & is convex

Lemma (Comparison of energies)

Assume that G (x, )\, q) is convex in (), q). Then, given u,w € H(Q),
they satisfy

Ei(w) > Eu(u / Eufi) (i) = ) e
Npu(x) (w(x) — u(x)) dH"(x)

o
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Sufficient conditions: Convexity

eu(w) = [ Gu(o wlx), V() d J

Gi(x, A, g) convex in (\,q) = & is convex

Lemma (Comparison of energies)

Assume that G (x, )\, q) is convex in (), q). Then, given u,w € H(Q),
they satisfy

i) = Eule /cLu _ i)

Neu(x) (w(x) = u(x)) dH ™} (x)

o2

It provides a Calibration in this convex framework for u and &:

C(w) = &L(u) +/Q£Lu(x) (w(x) — u(x)) dx + /BQNLU(X) (w(x) — u(x)) dH "1 (x)
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Sufficient conditions: Weierstrass extremal field theory

E(w) = /Q Gr(x, w(x), Vw(x)) dx J

Theorem (Weierstrass Sufficient Condition)

Assume that G;(x, A, q) is convex in g. If uis embedded in an extremal
field, then it is a minimizer of &;.
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Sufficient conditions: Weierstrass extremal field theory

E(w) = /Q Gr(x, w(x), Vw(x)) dx J

Theorem (Weierstrass Sufficient Condition)

Assume that G;(x, A, q) is convex in g. If uis embedded in an extremal
field, then it is a minimizer of &;.

We say that a family of functions {u'};cr is a field if
e the functions t — u®(x) are increasing for each x

e the map (x,t) — u®(x) is continuous
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Sufficient conditions: Weierstrass extremal field theory

EL(w) = /Q Gr(x, w(x), Vw(x)) dx

Theorem (Weierstrass Sufficient Condition)

Assume that G;(x, A, q) is convex in g. If uis embedded in an extremal
field, then it is a minimizer of &;.

We say that a family of functions {u'};cr is a field if
e the functions t — u®(x) are increasing for each x

e the map (x,t) — u®(x) is continuous

Moreover, it is an extremal field if each leaf ut satisfies the E-L equation.
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Proof via a touching argument
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Proof via a touching argument
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Proof via a touching argument
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Proof via a touching argument
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Proof via a touching argument

Tools:

@ Strong Comparison Principle
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Proof via a touching argument

Tools:

e Strong Comparison Principle (follows by the convexity assumption) v/
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Proof via a touching argument

7 —
Tools:

e Strong Comparison Principle (follows by the convexity assumption) v/

@ Existence and regularity theory for minimizers X
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The leaf-parameter function

A
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The leaf-parameter function

A
/] u3
—] 2
ut
/]
_ 0
p u=u
u-1
A X
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The leaf-parameter function

A

/] X0 X
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The leaf-parameter function

A

/] X0 X

t(xo, Ao) is the unique 7 € R such that u™(xp) = Ao

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Proof via the construction of a calibration (1/4)

£u(w) = [ oo, w(x), V() d J
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Proof via the construction of a calibration (1/4)

6L(W):/QGL(X, w(x), Vw(x)) dx J
Ci( /8 GL(x, u*(x), Vu'(x))(Vw(x) — Vu'(x))],_ toew(x)) X

+ /Q GL(x, u*(x), Vu' (X))‘t:t(x’w(x)) dx
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Proof via the construction of a calibration (1/4)

EL(w) = /Q G (x, w(x), Vw(x)) dx J

W)_/Qach(x, (), Vo () (VW) — VU 00)] Ly

/GL x, uf(x), Vu'( ‘t t(x, W(x))d
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Proof via the construction of a calibration (1/4)

E(w) = /Q G (x, w(x), Vw(x)) dx J
Ci( /8 GL(x, ut(x), Vu'(x)) (Vw(x) — Vut(x))|,_ o) 4

[ 6L 060 V() ey O
@ Ci(u) = &(u)?

u) = /Q 0q GL(x, u'(x), V' (x)) (Vu(x) = Vu' () I

+ /Q GL(X7 ut(X)7 vut(x))|t:t‘(x,u(x)) dx
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Proof via the construction of a calibration (1/4)

E(w) = /Q G (x, w(x), Vw(x)) dx J
Ci( /8 GL(x, ut(x), Vu'(x)) (Vw(x) — Vut(x))|,_ toow(x) 4

—I—/QGL(X,U (x), Vu' (X))‘t:t(X’W(X)) dx
O Ci(u) =&r(u)?

/ a GL X ut vut(X))(vuO(X) B Vut(x)) ‘t:t(x,uo(x)) dx

/GL x, u'(x), Vu'( ‘t t(x, u0(x))
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Proof via the construction of a calibration (1/4)

E(w) = /Q G (x, w(x), Vw(x)) dx J
Ci( /8 GL(x, ut(x), Vu'(x)) (Vw(x) — Vut(x))|,_ toow(x) 4

—I—/QGL(X,U (x), Vu' (X))‘t:t(X’W(X)) dx
O Ci(u) =&r(u)?

/ a GL X ut Vut(x))(Vuo(x) B Vut(x)) ‘t:t(x,uo(x)) dx

+/QGL(X7 u* (), Vi ()] e w0 (0)) 9%
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Proof via the construction of a calibration (1/4)

E(w) = /Q G (x, w(x), Vw(x)) dx J
Ci( /8 GL(x, ut(x), Vu'(x)) (Vw(x) — Vut(x))|,_ toow(x) 4

[ 6L 060 V() oy O
@ Ci(u) = &(u)?

u) :/QaqGL(X, ut(x), vUt(X))(VUO(X) - Vut(x)) ‘t:O dx
/G,_x ut ( ))‘t de
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Proof via the construction of a calibration (1/4)

E(w) = /Q G (x, w(x), Vw(x)) dx J
Ci( /8 GL(x, ut(x), Vu'(x)) (Vw(x) — Vut(x))|,_ toow(x) 4

[ 6L 060 V() oy O
@ Ci(u) = &(u)?

Ci(u) = /Q Dq GL(x, u°(x), Vuo(x))(Vuo(x) — Vuo(x)) dx
+ /Q GL(x, u°(x), VuO(x)) dx
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Proof via the construction of a calibration (1/4)

E(w) = /Q G (x, w(x), Vw(x)) dx J
Ci( /8 GL(x, ut(x), Vu'(x)) (Vw(x) — Vut(x))|,_ toow(x) 4

[ 6L 060 V() oy O
@ Ci(u) = &(u)?

Ci(u) = /Q Dq GL(x, u°(x), Vuo(x))(VuO(x) — Vuo(x)) dx
+ /Q GL(x, u°(x), VuO(x)) dx
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Proof via the construction of a calibration (1/4)

E(w) = /Q G (x, w(x), Vw(x)) dx J
Ci( /8 GL(x, ut(x), Vu'(x)) (Vw(x) — Vut(x))|,_ toow(x) 4

[ 6L 060 V() oy O
@ Ci(u) = &(u)?

Cr(u) :/Q GL(x, u%(x), Vil (x)) dx = & (u)
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Proof via the construction of a calibration (1/4)

E(w) = /Q G (x, w(x), Vw(x)) dx J
Ci( /8 GL(x, ut(x), Vu'(x)) (Vw(x) — Vut(x))|,_ toow(x) 4

[ 6L 060 V() oy O
@ Ci(u)=E&(u)? v

Cr(u) :/Q GL(x, u(x), Vu(x))dx = &(u)
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Proof via the construction of a calibration (2/4)

E(w) = /Q G (x, w(x), Vw(x)) dx

I

/ dqGL(x, u*(x), Vu* (x))(Vw(x) — Vut(x))‘t:t(x7w(x)) dx

+ /Q GL(X7 ut(X)7 vut(x))‘t:t(x,w(x)) dx

@ Ci(w) < & (w) for all w with the same Dirichlet condition as u?
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Proof via the construction of a calibration (2/4)

£uw) = [ il w(x) V() dx J

ﬂ

Cu(w) = /Q 9y Gu(x, uf(x),w(x))(w(x)—W(x))\t:t(w(x)) dx

/GL X, u'(x), Vu'( ‘t t(x, W(x))

@ Ci(w) < & (w) for all w with the same Dirichlet condition as u?

EL(w)—Cr(w)
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Proof via the construction of a calibration (2/4)

£uw) = [ il w(x) V() dx J

ﬂ

Cu(w) = /Q 9y Gu(x, uf(x),w(x))(w(x)—W(x))\t:t(w(x)) dx

/GL x, u'(x), Vu'( ‘t t(x, W(x))

@ Ci(w) < & (w) for all w with the same Dirichlet condition as u?

E1(w)—Ci(w) = /Q {61, w(x). Vw(x)) — Gi(x, " (x). Vi (x)

= 0gGu(x, U (x), Vi (x)) (VWw(x) = Vi () H, (o ) 9X
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Proof via the construction of a calibration (2/4)

£uw) = [ il w(x) V() dx J

ﬂ

Cu(w) = /Q 9y Gu(x, uf(x),w(x))(w(x)—W(x))\t:t(w(x)) dx

/GL x, u'(x), Vu'( ‘t t(x, W(x))

@ Ci(w) < & (w) for all w with the same Dirichlet condition as u?

EL(w)—Cr(w) = /Q {GL(X, u'(x), Vw(x)) — Gr(x, u'(x), Vu'(x))

= 0gGu(x, U (x), Vu (x)) (VWw(x) = Vi () H, (o ) 9X
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Proof via the construction of a calibration (2/4)

£uw) = [ il w(x) V() dx J

ﬂ

Cu(w) = /Q 9y Gu(x, uf(x),w(x))(w(x)—W(x))\t:t(w(x)) dx

/GL x, u'(x), Vu'( ‘t t(x, W(x))

@ Ci(w) < & (w) for all w with the same Dirichlet condition as u?

(‘:[_(W)—CL(W) = /Q {GL (x7 ut(X),VW(X)) — GL(X, ut(X)./ Vut(x))

— 0y Gy (x, ut(x), V' (x)) (Vw(x) — Vit (x)) }\t:t(x,w(x)) dx
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Proof via the construction of a calibration (2/4)

eu(w) = [ Gu(o wlx), V() dx J

ﬂ

Ci(w) = /Q 9qGL(x, u'(x), Vit (x))(Vw(x) — Vu'(x)) ‘t:t(X’W(X)) dx

+ /Q GL(X7 ut(x)7 vut(x))‘t:t(x,w(x)) dx

@ Ci(w) < & (w) for all w with the same Dirichlet condition as u?

SL(W) — CL(W) = /Q E(X7 ut(X)v VUt(X), v‘/V(X))‘t:t(x,w(x)) dx
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Proof via the construction of a calibration (2/4)

E1(w) = /Q GUBOW ) V) dx J

I

/ dqGL(x, u*(x), Vu* (x))(Vw(x) — Vut(x))‘t:t(x7w(x)) dx

+ /Q GL(X7 ut(X)7 vut(x))‘t:t(x,w(x)) dx

@ Ci(w) < & (w) for all w with the same Dirichlet condition as u?

EL(W)—CL(W)/S;E(Xv ut(X)7vut(X)’VW(X))‘t:t(X,W(X))dX

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Proof via the construction of a calibration (2/4)

eu(w) = [ Gu(o wlx), V() dx J

ﬂ

Ci(w) = /Q 9qGL(x, u'(x), Vit (x))(Vw(x) — Vu'(x)) ‘t:t(X’W(X)) dx

+ /Q GL(X7 ut(x)7 vut(x))‘t:t(x,w(x)) dx

@ Ci(w) < & (w) for all w with the same Dirichlet condition as u?

SL(W) — CL(W) = /Q E(X7 ut(X)v VUt(X), v‘/V(X))‘t:t(x,w(x)) dx
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Proof via the construction of a calibration (2/4)

eu(w) = [ Gu(o wlx), V() dx J

ﬂ

Ci(w) = /Q 9qGL(x, u'(x), Vit (x))(Vw(x) — Vu'(x)) ‘t:t(X’W(X)) dx

+ /Q GL(X7 ut(x)7 vut(x))‘t:t(x,w(x)) dx

@ Ci(w) < & (w) for all w with the same Dirichlet condition as u? v/

SL(W) — CL(W) = /Q E(Xa ut(x)7 Vut(x), vW(X))‘t:t(x,w(x)) dx
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Proof via the construction of a calibration (3/4)

£u(w) = [ Gu(x,w(x), Tw() dx J

I

Ciw) = /Q 9 Gu(x, ut(x),Vut(x))(VW(x)—Vut(x))‘t:t(xyw(x)) dx

/GL X, u'(x), Vu'( ‘t t(x, W(x))

© C;(u) = Cr(w) for all w with the same Dirichlet condition as u?
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Proof via the construction of a calibration (3/4)

euw) = [ Gu(x.w(x), Tw() dx J

|

Cu(w) = /Q DqGL(x, ut(x),Vut(X))(VW(x)—Vut(x))‘t:t(xyw(x)) dx

/GL X ut VU ‘t txw(x))

@ Ci(u) = Cr(w) for all w with the same Dirichlet condition as u?

Cr(w) _/ <§;E§ 3) (V;v(x)> ‘t:t(x,W(X)) dx
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Proof via the construction of a calibration (3/4)

/ DqGL(x, u*(x), Vu'(x)) (Vw(x) — Vut(x))‘t:t(xyw(x)) dx

/GL X ut VU ‘t txw(x))

@ Ci(u) = Cr(w) for all w with the same Dirichlet condition as u?

= (55 (75
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Proof via the construction of a calibration (3/4)

Cr(w) :/QaqG/_(X, ut(x),Vut(x))(VW(x)—Vut(x))‘t:t(x’w(x)) dx

/GL x, u'(x), Vu'( ‘t t(x, W(x))

@ Ci(u) = Cr(w) for all w with the same Dirichlet condition as u?

= () (75
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Proof via the construction of a calibration (3/4)

euw) = [ Gu(x.w(x), Tw() dx J

|

Cu(w) = /Q DqGL(x, ut(x),Vut(X))(VW(x)—Vut(x))‘t:t(xyw(x)) dx

/GL X ut VU ‘t txw(x))

@ Ci(u) = Cr(w) for all w with the same Dirichlet condition as u?

= [ () (Tt
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Proof via the construction of a calibration (3/4)

euw) = [ Gu(x.w(x), Tw() dx J

|

Cu(w) = /Q DqGL(x, ut(x),Vut(X))(VW(x)—Vut(x))‘t:t(xyw(x)) dx

/GL X ut VU ‘t txw(x))

@ Ci(u) = Cr(w) for all w with the same Dirichlet condition as u?

= () (75

:/ X vy dH"(x, A)
graph(w)
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Proof via the construction of a calibration (3/4)

euw) = [ Gu(x.w(x), Tw() dx J

|

Cu(w) = /Q DqGL(x, ut(x),Vut(X))(VW(x)—Vut(x))‘t:t(xyw(x)) dx

/GL X ut VU ‘t txw(x))

@ Ci(u) = Cr(w) for all w with the same Dirichlet condition as u?

= () (75

:/ X vy dH"(x,A),  with  divX = L (0)(x)]e=e(x0)
graph(w) '
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Proof via the construction of a calibration (3/4)

EL(w) = /Q G (x, w(x), Vw(x)) dx J

ﬂ

Cu(w) = /Q DqGL(x, ut(x),Vut(x))(VW(x)—Vut(x))‘t:t(xyw(x)) dx

/GL x, u' (x), Vu'( ‘t t(x, W(x))

@ Ci(u) = Cp(w) for all w with the same Dirichlet condition as u?

Cr(w) :/ X vy dH", where divX =0
graph(w)
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Proof via the construction of a calibration (3/4)

EL(w) = /Q G (x, w(x), Vw(x)) dx J

ﬂ

Cu(w) = /Q DqGL(x, ut(x),Vut(X))(VW(x)—Vut(x))‘t:t(xyw(x)) dx

/GL x, u' (x), Vu'( ‘t t(x, W(x))

© C;(u) =Cr(w) for all w with the same Dirichlet condition as u? v/

Cr(w) :/ X vy dH", where divX =0
graph(w)
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Proof via the construction of a calibration (4/4)

graph(w)
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Proof via the construction of a calibration (4/4)

graph(w)
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Proof via the construction of a calibration (4/4)

C(w) :/ X -vydH", where divX =0
graph(w)

Q
CL(W)—CL(VT/):/ X-VWd’H"—/ X vy dH"
graph(w) graph(w)
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Proof via the construction of a calibration (4/4)

C(w) :/ X -vydH", where divX =0
graph(w)
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Proof via the construction of a calibration (4/4)

C(w) :/ X vy dH", where divX =0
graph(w)

Q
CL(W)—CL(VT/):/RldivX—/RQdivX
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Proof via the construction of a calibration (4/4)

C(w) :/ X vy dH", where divX =0
graph(w)
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Proof via the construction of a calibration (4/4)

C(w) :/ X -vydH", where divX =0
graph(w)

Q
Cr(w) —Cr(w) = / divX — divX =0
R1 Ro
This geometric strategy fails when applying to other problems )
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Embedding the extremal

When can u be embedded into an extremal field for £7 )

@ If there is translation invariance
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Embedding the extremal

When can u be embedded into an extremal field for £7 )

@ If there is translation invariance

@ In problems with many symmetries
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Embedding the extremal

When can u be embedded into an extremal field for £7 )

@ If there is translation invariance

@ In problems with many symmetries ~» Simons Cone
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Embedding the extremal

When can u be embedded into an extremal field for £7 )

@ If there is translation invariance

@ In problems with many symmetries ~» Simons Cone

@ In many cases if we only want a local embedding
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Embedding the extremal

When can u be embedded into an extremal field for £7 )

@ If there is translation invariance

@ In problems with many symmetries ~» Simons Cone

@ In many cases if we only want a local embedding ~~ Viscosity theory
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Vertical invariance

E1(w) = /Q B, el J
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Vertical invariance

euw) = [ el Tw() dx J
U

Li(u)=0 = L (u+1t)=0 J

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Vertical invariance

euw) = [ el Tw() dx J
U

Li(u)=0 = Li(u+t)=0 J

AN 2
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Vertical invariance

euw) = [ el Tw() dx J
U

Li(u)=0 = Li(u+t)=0 J

/N r
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Vertical invariance

euw) = [ el Tw() dx J
U

Li(u1)=0 = L (u+1t)=0 J




Vertical invariance

Ei(w) = /Q GL(x, Vw(x)) dx J
\
Li(u1)=0 = L (u+1t)=0 J

//\\//

7

1
//\ \\//
ut(x) == u(x)+t




Nonlocal theory of Calibrations
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Fractional energy functional

Cns |W(X — W(y)|2 /
= dxdy — [ F(w(x))dx
//QCXQC)C |x — y|r+2s Q (w())
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Fractional energy functional

Cns |W(X — W(y)|2 /
= dxdy — [ F(w(x))dx
//QCXQC)C |x — y|r+2s Q (w())

First variation:

0

Oe e=0

Es(w+en) = /{( A)° — F'(w(x))} n(x)d

+ /QC Nsw(x) n(x) dx
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Fractional energy functional

Cns |W(X — W(y)|2 /
= dxdy — [ F(w(x))dx
//QCXQC)C |x — y|r+2s Q (w())

First variation:

9
385

s(w+en) = / {(—- — F'(w(x))} n(x)d

where

(-aywl) = cne [ S gy,
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Fractional energy functional

Cns |W(X — W(y)|2 /
= dxdy — [ F(w(x))dx
//QCXQC)C |x — y|r+2s Q (w())

First variation:

66<€s= Es(w+en) = /{( A)* — F'(w(x))} n(x)d
New(x)n(x) dx,
Qc
where
oyl = coe [ 02 0y
and

Nsw(x) = c,,vs/ wlx) = wly) dy.

Q |x—y|"*
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Towards the fractional calibration: First attempts

Cu(w) = /Q {Vut(x)-VW(x)—%|Vut(x)\2} iy /Q F(W(X))dXJ
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Towards the fractional calibration: First attempts

dx— | F(w(x))dx
t=t(x,w(x)) /Q (w()) J

@ Replace the gradient terms by differences and integrals by double
integrals

Ca(w) = /Q {9660 Tw(x) 5 IV u (2}
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Towards the fractional calibration: First attempts

CKWyiL{vmuvauyéﬁm%@FHhmwwfuiLFm¢md4

@ Replace the gradient terms by differences and integrals by double
integrals

Cn ut(x) — ut(y))(w(x) — w(y
Fg(w)_;// (' (%) (_))(nJr(zs) ) dx dy
(e % Q) Ix —y| t—t(xw(x))
FOOY ot ]2
_ Cs// () = o ) dx dy
4 JJi@exaeye  Ix =yl t—t(x,w(x))
—/qumh
Q
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Towards the fractional calibration: First attempts

(o) = /Q {Vut(x)-VW(x)—%|Vut(x)|2}‘t:t(xyw(x))dx— /Q F(W(X))de

@ Replace the gradient terms by differences and integrals by double
integrals

c ut(x) = ut(y))(w(x) — wly
Fl(w) = 25// (u'(x) (_))(nJr(k) (v)) dx dy
N T =t
t _t 2

_c// |uf(x) Ln'+(2ys)| dxdy
4 (9 xQe)e |X - y| t=t(x,w(x))

_ / F(w(x)) dx
Q
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Towards the fractional calibration: First attempts

Ca(w) = /Q {96 () Tw(x) 5 [Vu ()2}

dx— | F(w(x))dx
t=t(x,w(x)) /Q (w()) J

@ Replace the gradient terms by differences and integrals by double
integrals

@ Replace the gradients by fractional ones
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Towards the fractional calibration: First attempts

C1(w) :/Q{Vut(x)-VW(x)—%]Vut(x)\z} () dx—/Q F(W(X))dXJ

@ Replace the gradient terms by differences and integrals by double
integrals X

@ Replace the gradients by fractional ones V ~» V?°
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Towards the fractional calibration: First attempts

Ci(w) = /Q {vUt(x).vW(x)—%|va(><)|2}‘t_t(wi(x))dx— /Q F(W(X))de

@ Replace the gradient terms by differences and integrals by double
integrals X

@ Replace the gradients by fractional ones V ~~» V?®

R UCEITIEC
C)=bns | Ty =Y
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Towards the fractional calibration: First attempts

Ci(w) = /Q {vUt(x).vW(x)—%|va(><)|2}‘t_t(wi(x))dx— /Q F(W(X))de

@ Replace the gradient terms by differences and integrals by double
integrals X

@ Replace the gradients by fractional ones X

VSW(X) — 5”15/’1 W(X) — W(y) X—=Yy dy

X —y|"Ts x —y]
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Towards the fractional calibration: First attempts

Ca(w) = /Q {96 () Tw(x) 5 [Vu ()2}

dx— | F(w(x))dx
t=t(x,w(x)) /Q (w()) J

@ Replace the gradient terms by differences and integrals by double
integrals

@ Replace the gradients by fractional ones X

@ Use the extension problem
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Towards the fractional calibration: First attempts

Ca(w) = /Q {96 () Tw(x) 5 [Vu ()2}

dx— | F(w(x))dx
t=t(x,w(x)) /Q (w()) J

@ Replace the gradient terms by differences and integrals by double
integrals

@ Replace the gradients by fractional ones X

@ Use the extension problem X
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Towards the fractional calibration: Key point

@ Understand the calibration for the fractional perimeter by Cabré
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Towards the fractional calibration: Key point

@ Understand the calibration for the fractional perimeter by Cabré

Calibration = +
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Towards the fractional calibration: Key point

@ Understand the calibration for the fractional perimeter by Cabré

. . Euler-Lagrange on
Calibration = ) +
the leafs in Q
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Towards the fractional calibration: Key point

@ Understand the calibration for the fractional perimeter by Cabré

] ) Euler-Lagrange on .
Calibration = . + | Exterior terms
the leafs in Q
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Towards the fractional calibration: Key point

@ Understand the calibration for the fractional perimeter by Cabré

] ) Euler-Lagrange on .
Calibration = . + | Exterior terms
the leafs in Q
Can we find the same structure in the local theory? J
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Revisit local theory

Can we find the same structure in the local theory? )
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Revisit local theory

Can we find the same structure in the local theory? )

Ei(w) = 5 [ [VwGoPax— | Flw(x)dx

!

C1(W):/Q{Vut(x)-Vw(x)—;]Vut(x)\z}

dx— /Q F(w(x)) dx

t=t(x,w(x))
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Revisit local theory

Can we find the same structure in the local theory? YES v )

Ei(w) = 5 [ [VwGoPax— | Flw(x)dx

l
Ci(w) = /Q/W(X) { ~ Aut(x) - F’(uf(x))}‘t:tw) dAdx

i
/Cm/ |ty INAH () + En(u).
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Fractional calibration
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Fractional calibration

_ cns// CXQC)Cdedy—/QF(W(X))dX

Theorem [Cabré, Erneta & F-N '22]

Let u be embedded in an extremal field {u'};cr such that (x,t) — uf(x)
is a bounded C2 function, and let Cs be the functional

eiw) = [ / . ()—F'(uf(x))}

W(X)
dAdx + Es(u).
/Qc/u O emeer (@)

N
1
|

dAdx
t=t(x,\)
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Fractional calibration

:qwﬂlmwngﬂgww@_épwmmx

Theorem [Cabré, Erneta & F-N '22]

Let u be embedded in an extremal field {u'};cr such that (x,t) — uf(x)
is a bounded C2 function, and let Cs be the functional

CW—/AM MWM—PWM&

w(x)
+/ /\/’sut(x)‘f:t(X 3 dAdx + E(u).
Q° Ju(x) ’

Then, it follows that Cs is a calibration for the functional & and wu.

dAdx
t=t(x,\)
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Fractional calibration: Proof |

ety = [ [ (W()) {(-ayutt) - Flut()}

dAdx
t=t(x,\)

w(x)
+/ Nsut(x)‘t:t(x 3 dAdx + Es(u)
Q K

¢ Ju(x)
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Fractional calibration: Proof |

et = [ [ (W()) {(-ayutt) - Flut()}

w(x)
+/ Nsut(x)‘t:t(x 3 dAdx + Es(u)
Qe Ju(x) :

dAdx
t=t(x,\)
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Fractional calibration: Proof |

ety = [ [ (W()) {(-ayutt) - Flut()}

dAdx
t=t(x,\)

w(x)
+/ Nsut(x)‘t:t(x 3 dAdx + Es(u)
Q K

¢ Ju(x)
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Fractional calibration: Proof |

ety = [ [ (W()) {(-ayutt) - Flut()}

dAdx
t=t(x,\)

w(x)
+/ Nsut(x)‘t:t(x 3 dAdx + Es(u)
Q K

¢ Ju(x)

[
)
0
—~
-
~
Il

Es(u)? v

Cs(w) for all w with the same Dirichlet condition as u?

(]
)
0
—~
<
~
I
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Fractional calibration: Proof |

ety = [ [ (W()) {(-ayutt) - Pt}

w(x)
+/ Nsut(x)‘t:t(x 3 dAdx + Es(u)
Qe Ju(x) :

dAdx
t=t(x,\)

[
)
0
—~
-
~
Il

Es(u)? v

Cs(w) for all w with the same Dirichlet condition as u?

(]
)
0
—~
<
~
I
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Fractional calibration: Proof |

ety = [ [ (W()) {(-ayutt) - Flut()}

dAdx
t=t(x,\)

w(x)
+/ Nsut(x)‘t:t(x 3 dAdx + Es(u)
Q K

¢ Ju(x)

[
)
0
—~
-
~
Il

Es(u)? v

Cs(w) for all w with the same Dirichlet condition as u? v/

(]
)
0
—~
<
~
I
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Fractional calibration: Proof |

ety = [ [ (W()) {(-ayutt) - Flut()}

dAdx
t=t(x,\)

w(x)
+/ Nsut(x)‘t:t(x 3 dAdx + Es(u)
Q 7

¢ Ju(x)

w) for all w with the same Dirichlet condition as u? v/

o Cs(w) < &E(w) for all w with the same Dirichlet condition as u?
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Fractional calibration: Proof |
Cs(w) = Sut(x) — F'(u(x
- [ {earie - )

w(x)
+/ /\fsuf(x)‘t:t(x ) dAdx + Es(u)
Q b

dAdx
t=t(x,\)

< Ju(x) )
o Cs(u) =E&s(u)? v
o Cs(u) =Cs (W) for all w with the same Dirichlet condition as u? v
o Cs(w) < Es(w) for all w with the same Dirichlet condition as u?
w(x)
_cns// / ) —uy) d\dx dy
QexQe)e J u(x) |X_ | t= t(x A)

Cns Ju(x) — u(y)P
/ F(w(x))dx + 2= //CXQC)C Xy dxdy.
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Fractional calibration: Proof |
Cs(w) = — F'(ut(x
- [ [ {carie - )

w(x)
+/ Nsut(X)‘t:t(X ) dAdx + Es(u)
Q b

< Ju(x)

dAdx
t=t(x,\)

=&(u)? v
= Cs(w) for all w with the same Dirichlet condition as u? v

o Cs(u

o Cs(u

o Cs(w) < Es(w) for all w with the same Dirichlet condition as u?
dAdxdy

w(x) ut(x) — ut y
cs(w) = s [ / s )
QexQe)e Ju(x) Ix =yl t= t(x A)

Cns Ju(x) — u(y)P
/ F(w(x))dx + 2= //CXQC)C Xy dxdy.

~— —
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Fractional calibration: Proof |
Cs(w) = Sut(x) — F'(u*(x
- [ [ {eari - )

w(x)
+/ /\fsuf(x)‘t:t(x ) dAdx + Es(u)
Q b

dAdx
t=t(x,\)

< Ju(x) )
o Cs(u) =E&s(u)? v
o Cs(u) =Cs (W) for all w with the same Dirichlet condition as u? v
o Cs(w) < Es(w) for all w with the same Dirichlet condition as u?
w(x)
_cns// / ) —uy) d\dx dy
QexQe)e J u(x) |X_ | t= t(x A)

Cns Ju(x) — u(y)P
/ F(w(x))dx + 2= //CXQC)C Xy dxdy.
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Fractional calibration: Proof |

x) — F'(\ dAdx
//I‘J(X) ( ) ( )} t=t(x,\)
W(X)
/Qc/u t £ ) dAdx + Es(u)
o Cs(u) =Es(u)? v
o Cs(u) =Cs (W) for all w with the same Dirichlet condition as u? v
o Cs(w) < Es(w) for all w with the same Dirichlet condition as u?
w(x)
_cns// / ) —uy) d\dx dy
QexQe)e J u(x) |X_ | t= t(x A)

Cns Ju(x) — u(y)P
/ F(w(x))dx + 2= //CXQC)C Xy dxdy.
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Fractional calibration: Proof |

F/
/ / (x) ) ()\)} t=t(x,\) dAdx
/ / "“ v dXdx + £4(u)
X+ Es(u
Qe Ju(x t t(x,\)
o Cs(u) =E&s(u)? v
o Cs(u) =Cs (W) for all w with the same Dirichlet condition as u? v
o Cs(w) < Es(w) for all w with the same Dirichlet condition as u?
w(x)
_cns// / ) —uy) d\dx dy
QexQe)e J u(x) |X_ | t= t(x A)

Cns Ju(x) — u(y)P
/ F(w(x))dx + —%= //CXQC)C Xy dxdy.
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Fractional calibration: Proof |
Cs(w) = Sut(x) — F'(u(x
- [ {earie - )

w(x)
+ / _/\/sut(x)‘t:t(x ) dAdx + &E(v)
Q 9’

dAdx
t=t(x,\)

< Ju(x) )
o Cs(u) =E&s(u)? v
o Cs(u) =Cs (W) for all w with the same Dirichlet condition as u? v
o Cs(w) < Es(w) for all w with the same Dirichlet condition as u?
w(x)
_cns// / ) —uy) d\dx dy
QexQe)e J u(x) |X_ | t= t(x A)

Cns |u(x) = u(y)]?
) dx 4+ // dxdy.
/ Flwl wmy|X—H”k
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Fractional calibration: Proof Il

e Cs(w) < ) for all w with the same Dirichlet condition as u?
dAdxdy

// / w0y ut(y)
QexQe)e Ju(x) |X - |n+2 t= t(X A)
L Cns Ju(x) = u(y)P
— | Fw(x // dx dy.
/Q (il (QexQc)e |X Cx =yl g
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Fractional calibration: Proof Il

e Cs(w) < ) for all w with the same Dirichlet condition as u?
dAdxdy

// / W)y ut(y)
QexQe)e Ju(x) |X - |n+2 t= t(X A)
L Cns —u(y)?
— | F(w(x // dxdy.
/Q (il (QexQe)e \X— Tx e Y

A = uf(x) ﬂ Symmetrization in x and y
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Fractional calibration: Proof Il

e Cs(w) < ) for all w with the same Dirichlet condition as u?
dAdxdy

// / ) u u'(y)
QexQe)e Ju(x) |X - |n+2 t= t(X A)
L Cns —u(y)?
| F // dx dy.
/Q ( (Q2exQe)e ‘X - ‘n+2s

A = uf(x) ﬂ Symmetrization in x and y

C t(y,w t
n,s u( )
6 u dt dXdy
//chggc)c/ )) |X *y|"+25 t ( )

Cns |W XW(X) ( )|2 /
dxdy — [ F(w(x))dx
//QCXQC)C |X—Y\”+2S Q (w())
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Fractional calibration: Proof Il

o Cs(w) < ) for all w with the same Dirichlet condition as u?
dAdxdy

. // / 0 ut(x) — u'(y)

" Ji@exaeye Juix) |><—}/|”Jr2S t— t(x)\)

—/F( // (2)|2 dxdy.
Q (QexQc)e |X—)/|"Jr s

A = uf(x) ﬂ Symmetrization in x and y

_ Cns ty,w t(x — u'(y)
Cs(w) = // / Oru dt dxdy
( ) (QexQe)e () |X |n+2S ' ( )

4 Cns |w( x) utw(x)) ()2 /
dxdy — [ F(w(x))dx
//QCXQC)C |x — y|nt2s y a (w(x))

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Fractional calibration: Proof Il

@ Cs(w) < &E(w) for all w with the same Dirichlet condition as u?

tly.w(y)) t(x) —

Cn,s (X u (y) t

=— O:ut(y)dt dxdy
//QCXQC)C /(x W) X —ylrtE )

Cns ‘W X)_U(XW(X)( )’2 /
dxdy — [ F(w(x))dx
// (QexQc)e [x — y|n+2s Q (w())
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Fractional calibration: Proof Il

@ Cs(w) < &E(w) for all w with the same Dirichlet condition as u?

s W) yt(x) — ut(y)
= Oru dt dxdy
//QCXQC)C / (x,w(x)) |X - |n+2s ' ( )

Cns ‘W X)_U(XW(X)( )’2 /
dxdy — [ F(w(x))dx
// (QexQc)e [x — y|n+2s Q (w())
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Fractional calibration: Proof Il

@ Cs(w) < &E(w) for all w with the same Dirichlet condition as u?

s W) yt(x) — ut(y)
= Oru dt dxdy
//QCXQC)C / (x,w(x)) |X - |n+2s ' ( )

| Cns w(x) = utCew (I (y)2 /
dxdy — [ F(w(x))dx
//CXQC)C |x — y|nt2s Q (w(x)
Now,

t(y,w(y))
5 [, W0 w )

x,w(x))
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Fractional calibration: Proof Il

@ Cs(w) < &E(w) for all w with the same Dirichlet condition as u?

s W) yt(x) — ut(y)
= Oru dt dxdy
//QCXQC)C / (x,w(x)) |X - |n+2s ' ( )

Cns ‘W X)_U(XW(X)( )’2 /
dxdy — [ F(w(x))dx
// (QexQc)e [x — y|n+2s Q (w())

1 [tsw) . . . 1 [tsw) . .
o [0~ wonatyar < =5 [ ) - u()o () e
t(x,w(x)) t(x,w(x))

Now,
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Fractional calibration: Proof Il

@ Cs(w) < &E(w) for all w with the same Dirichlet condition as u?

s W) yt(x) — ut(y)
= Oru dt dxdy
//QCXQC)C / (x,w(x)) |X - |n+2s ' ( )

Cns ‘W X)_U(XW(X)( )’2 /
dxdy — [ F(w(x))dx
// (QexQc)e [x — y|n+2s Q (w())

1 [tsw) . . . 1 [tsw) . .
o [ - wona e 5 [ ) - w0 () de
t(x,w(x)) t(x,w(x))

Now,

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Fractional calibration: Proof Il

@ Cs(w) < &E(w) for all w with the same Dirichlet condition as u?

Cas (y.w(¥)) — ut(y)
= Oru dt dxdy
//QCXQC)C / (x,w(x)) |X - |n+2s ' ( )

| Cns w(x) — utCowD ()2 /
dxdy — F(w(x))dx
//cmc)c \X—Y\"Hs d Q (w())

Now,
1 [tsw) . . . 1 [towy) . .
3 [ w0 - e < =3 [ i - o () e
2 Jixw(x) 2 Jixw(x)
1 /f(y W) g . )
= [w(x) — u'(y)|" dt
4 t(x,w(x)) dt
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Fractional calibration: Proof Il

@ Cs(w) < &E(w) for all w with the same Dirichlet condition as u?

Cas (y.w(¥)) — ut(y)
= Oru dt dxdy
//QCXQC)C / (x,w(x)) |X - |n+2s ' ( )

| Cns w(x) — utCowD ()2 /
dxdy — F(w(x))dx
//cmc)c \X—Y\"Hs d Q (w())

Now,
1 [tow») . . 1 [towy) . .
[ - wona e =5 [ ) - u()o () de
t(x,w(x)) t(x,w(x))
1 w0 g
= ) - w P de
t(x,w(x))
1 X,W(X
= W) — W) = W) — a ()P
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Fractional calibration: Proof Il

@ Cs(w) < &E(w) for all w with the same Dirichlet condition as u?

tly.w(y)) t(x) —
Ens ut(x) — u*(y) t
Cs(w) =— // / Oru(y)dt dxdy
(QexQe)e Jt(x,w x)) |X — |”+25 t ( )
Cn s ‘W w(x) ( )’2 /
dxdy — [ F(w(x))dx
// (QexQe)e \x — y\"+2s a (w(x))
Now,
1 [t 1 [tw()
P t _ .t at t dtg _ - ot at t dt
2 /t(x’w(x)) (u"(x) — u'(y))0eu'(y) 5 /t(x’w(x)) (w(x) — ut(y))deut(y)

1 / i) g R
== ——|w(x) — u'(y)|"dt
4 Jexowixy At

= ZIwlx) = wly) P g lwlx) — O )P
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Fractional calibration: Proof Il

@ Cs(w) < &E(w) for all w with the same Dirichlet condition as u?

Cn s — ut(y) t
Cs(w) =— // / Orut(y)dt dxdy
(Qex<) J t(x,w(x)) |X - Y\”+25 )

Cn s ’W(X t(X w X))( )|2 /
dxdy— [ F(w(x))dx
// (QexQe)e |x — y|nt2s 0 (w(x))

Now,
1 [tsw) . . . 1 [towy) . .
5 [ - vt mae < 3 [ w0 - ) () ae
t(x,w(x)) t(x,w(x))
1 o) g
= ) - w P de
t(x,w(x))
1 > 1 toew(x)) [\ 12
= Lwl) — i) — Lwx) - u )|
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Fractional calibration: Proof Il

o Cs(w) < E(w) for all w with the same Dirichlet condition as u? v/

tly.w(y)) t(x) —

Cn,s (X u (y) t

=— O:ut(y)dt dxdy
//QCXQC)C /(x W) X —ylrtE )

Cns ‘W X)_U(XW(X)( )’2 /
dxdy — [ F(w(x))dx
// (QexQc)e [x — y|n+2s Q (w())

Now,
1 [tsw) . . . 1 [tsw) . .
5 [ - vt mae < 3 [ w0 - ) () ae
t(x,w(x)) t(x,w(x))
1 o) g
= ) - w P de
t(x,w(x))
1 1 toew(x)) [\ 12
= Lwl) — W) — Lw) - u )|

Then, we conclude
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Nonlocal calibration

1
nw) =5 [ Gty wl), wi) deay
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Nonlocal calibration

1
nw) =5 [ Gty wl), wi) deay

Theorem [Cabré, Erneta & F-N '23]

Let u be embedded in an extremal field {u'};cr such that (x,t) — uf(x)
is a bounded C? function. Assume that Gy is a function of (x,y, a, b)
satisfying 92, Gy < 0 and let Cy be the functional

en) = || R
QexQe)e Ju(x) t=t(x,\)
—i—EN(u

Then, it follows that Cp is a calibration for the functional £y and wu.
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Nonlocal calibration

1
nw) =5 [ Gty wl), wi) deay

Theorem [Cabré, Erneta & F-N '23]

Let u be embedded in an extremal field {u'};cr such that (x,t) — uf(x)
is a bounded C? function. Assume that Gy is a function of (x,y, a, b)
satisfying 92, Gy < 0 and let Cy be the functional

en) = || R
QexQe)e Ju(x) t=t(x,\)
—i—EN(u

Then, it follows that Cp is a calibration for the functional £y and wu.

The condition ngGN < 0 turns to be the natural ellipticity condition for
the problem.
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The ellipticity condition 92,Gy < 0

92,Gy <0 = Ly satisfies the SCP
We say that the operator Ly satisfies the Strong Comp. Princ. (SCP) if

Lyw < Lyv in Q

w
w < v in R” — w=vinQ
w(xp) = v(x9) for some xg € Q
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The ellipticity condition 92, Gy < 0

92,Gy <0 = Ly satisfies the SCP
We say that the operator Ly satisfies the Strong Comp. Princ. (SCP) if

Lyw < Lyv in Q

w
w < v in R” — w=vinQ
w(xp) = v(x9) for some xg € Q

02,Gy <0 # Ly satisfies the WCP

We say that the operator Ly satisfies the Weak Comp. Princ. (WCP) if

< ) QC: w < vinQ
w<v in

{ENW < Lyv inQ
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Examples of nonlocal Lagrangians

@ The case
la—b|P

2plx — y|"P
corresponds to the fractional p-Dirichlet functional.

GN(X7y7 a, b) =
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Examples of nonlocal Lagrangians

@ The case
la—b|P

2plx — y[755%
corresponds to the fractional p-Dirichlet functional.
@ The Lagrangian

GN(X7y7 a, b) =

G <|afb|>
x—y
Gn(x,y,a,b) = X Z y[rrs T

where s € (0,1),
1

G”T = n+s ’
) (1—}-7‘2)+T+1

gives rise to the fractional perimeter for subgraphs.

and  G'(0) = G(0) =0,
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Examples of nonlocal Lagrangians

@ The case
la—b|P

2plx — y[755%
corresponds to the fractional p-Dirichlet functional.
@ The Lagrangian

GN(X7y7 a, b) =

G <|afb|>
x—y
Gn(x,y,a,b) = X Z y[rrs T

where s € (0,1),

1
G"(r) = ————5, and G'(0) = G(0) =0,
(14+72) 2
gives rise to the fractional perimeter for subgraphs.
@ The case

GN(Xayaav b) = *]]-QXQ(X7y)K(X 7.y)ab

corresponds to convolution-type energies.
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Application to monotone solutions

Eao)() = [ 0.Gulx.y.ulx). u(y)) dy

Let u be a sufficiently regular solution of Ly(u) = 0 in R" satisfying the
monotonicity condition Oy, u > 0 in R".

Assume that the ellipticity condition 0,5Gn < 0 holds and that Ly is
translation invariant.
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Application to monotone solutions

Eao)() = [ 0.Gulx.y.ulx). u(y)) dy

Let u be a sufficiently regular solution of Ly(u) =0 in R" satisfying the
monotonicity condition Oy, u > 0 in R".

Assume that the ellipticity condition 0,,Gn < 0 holds and that Ly is
translation invariant.

Then, for each bounded domain Q C R", u is a minimizer of Ey in the set
of functions w satisfying

m u(x',7)

. / ! .
TE)TOO u(x', ) < w(x', xn) < r£+oo

and such that w = u in Q°.
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Application to monotone solutions: The field
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Application to monotone solutions: The field
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Application to monotone solutions: The field

ut(x) == u(x + tepy)
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Application to the viscosity theory

£ae)(x) = [ 0.Gux.y.ulx). uy)) dy

Theorem (Cabré, Erneta & F-N '23)

Let u be a minimizer of £y among functions with same Dirichlet
conditions. Assume that the ellipticity condition 0,,Gn < 0 holds. Then,
it is a viscosity solution of the associated equation Ly(u) =0 in Q.
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Application to the viscosity theory

£ae)(x) = [ 0.Gux.y.ulx). uy)) dy

Theorem (Cabré, Erneta & F-N '23)

Let u be a minimizer of £y among functions with same Dirichlet
conditions. Assume that the ellipticity condition 0,,Gyn < 0 holds. Then,
it is a viscosity solution of the associated equation Ly(u) =0 in Q.

@ We do not need a weak comparison principle
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Application to the viscosity theory

£ae)(x) = [ 0.Gux.y.ulx). uy)) dy

Theorem (Cabré, Erneta & F-N '23)

Let u be a minimizer of £y among functions with same Dirichlet
conditions. Assume that the ellipticity condition 0,,Gyn < 0 holds. Then,
it is a viscosity solution of the associated equation Ly(u) =0 in Q.

@ We do not need a weak comparison principle

@ We only treat minimizers, not general weak solutions
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Application to the viscosity theory: Proof
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Application to the viscosity theory: Proof

Lynp(xo) > 07

X0
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Application to the viscosity theory: Proof

Lynp(xo) > 0?7  Assume not

X0
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Application to the viscosity theory: Proof

Lynp(xo) > 0?7  Assume not

X0
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Application to the viscosity theory: Proof

Lynp(xo) > 0?7  Assume not

X0

J.C. Felipe-Navarro (UCM) Nonlocal extremal field theory October 2022



Application to the viscosity theory: Proof

Lynp(xo) > 0?7  Assume not

ut(x) := max(u, o + t)
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Application to the viscosity theory: Proof

Lynp(xo) > 0?7  Assume not

ut(x) := max(u, o + t)
Lyut(x) <0
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Application to the viscosity theory: Proof

Lynp(xo) > 0?7  Assume not

ut(x) := max(u, o + t)
Lyut(x) <0

ul(x)
SN(ul)gsN(u)Jr/Q/() LN(ut(X))\t:t(XyA)d)\dx
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Application to the viscosity theory: Proof

Lynp(xo) > 0?7  Assume not

ut(x) := max(u, o + t)
Lyut(x) <0

ut(x)

En(ut) < En(u) +/Q/( | ﬁN(ut(X))‘t:t(x,)\) dAdx
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Application to the viscosity theory: Proof

Lyne(xp) > 0?7 Assume not

ut(x) := max(u, o + t)
Lyut(x) <0

W ()
En(ut) < En(u) +/Q/( | Ly (ut(x))\t:t(xy)\) dhdx < En(u)
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Towards the fractional calibration @

Cr(w) = /Q {96 () Twlx) 5 Vi ()}

dx—/Q F(w(x))dx

t=t(x,w(x))

@ Replace the gradient terms by differences and integrals by double
integrals

_ Cns // o - t‘f;(f)})/(w(%) —w(y))
- /Q F(w(x)) dx

dxdy

t=t(x,w(x))
T=t(y,w(y))

dxdy

t=t(x,w(x))
T=t(y,w

()
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Nonlocal perimeter @

1
P =5 [ o 100 LI )y

ﬂ [Cabré '19]

Cp(F) = /Q 1(x) Hk[EX](3)] g I

# [ 10 { [ et - a0 K6y o)

Here the Euler-Lagrange operator is given by

dx
t=¢(x)

HRlE1() = [ (1) = 1ely)) K(x =)y
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The fractional Laplacian

The canonical example of integro-differential operator

(—A) w(x) = cns /R W dy, se(0,1).
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The fractional Laplacian

The canonical example of integro-differential operator

(_A)SW(X) = Cns /]Rn W dy, s E (0, 1)

@ We can recover it through Fourier transform:

(—A)'w = F1([g*F(w))
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The fractional Laplacian

The canonical example of integro-differential operator

(_A)SW(X) = Cns /]Rn W dy, s E (0, 1)

@ We can recover it through Fourier transform:

(~AFw=FL(§FFW) ~ (~0)70(~A) = (~A)
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The fractional Laplacian

The canonical example of integro-differential operator

(=AY w(x) =cns /R" W dy, se(0,1).

@ We can recover it through Fourier transform:
(~A)w=F (P FW) ~ (~B) o (-A) = (-A)H

@ It has an associated local extension problem
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The fractional Laplacian

The canonical example of integro-differential operator

(=AY w(x) =cns /R" W dy, se(0,1).

@ We can recover it through Fourier transform:
(~A)w=F (P FW) ~ (~B) o (-A) = (-A)H

@ It has an associated local extension problem

@ Representation via the heat semigroup:
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The extension problem for the fractional Laplacian

RI‘I
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The extension problem for the fractional Laplacian

z>0

RI‘I
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The extension problem for the fractional Laplacian

z>0
div(z}=2 VW) =0, in RO,
W(x,0) = w(x), in ORTT =R".

RI‘I
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The extension problem for the fractional Laplacian

z>0
div(z'=» VW) =0, in R
W(x,0) = w(x), in ORT =R".

| .
—ds Ef(} Z17259,W = (—A)w
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