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Return your written solutions to the bonus problems (marked by %) to
the Moodle area by Monday, January 24, 12:00 o’clock.

x1. Two metrics on a set are called equivalent if they induce the same
metric topology.
Let (X, d) be a metric space. Prove that there exists a metric d on
X, equivalent to d, such that (X, d) is bounded.
[Hint: Consider the function d: X x X — R,
7 d(l’, y)

d(z,y) = 1+d(z,y)

Solution. Before anything let us show that d is a distance. In order to
do it let us define the auxiliary increasing function f(t) =¢/(1+1t),
which gives a bijection between [0, +00) and [0, 1). Then, d = f(d).
From being d a distance and the properties of f, it is trivial that d
is positive definite and symmetric. Then, let us conclude that it is
a distance by checking the triangle inequality. That is, by triangle
inequality for d and the monotonicity of f we obtain

_ d(z, 2) + d(z,y)

) = f(dla9)) < fld(a, ) +de9) = T g0 s

_ d(z, 2) n d(z,y)
l+d(z,2)+d(z,y)  1+d(z,2)+d(z,y)
d(z, 2) d(z,y)

= d(z,2) +d(z,y)

S Ttd(ns) | THd(y)
for any x,y,z € X. Thus, (X, d) is a metric space. In order to show
that it is bounded it is enough to note that d(x,y) < 1 for each
r,y € X.

Finally, let us show that (X, d) and (X, d) induce the same topo-
logy. Since balls are a base in metric spaces, it is enough to check
that balls with one metric are also balls in the other one. That is, if

follows from the properties of f that

r p
m) and  Bj(z,p) = By (% T ,0)

Bt = B (o
for any z € X, r € [0, +00) and p € [0,1).

x2. Prove that a topological space X is Hausdorff if and only if, for
every x € X, the intersection of all closed neighborhoods of x is the



singleton {x}. [Note: a closed neighborhood of a point is a closed set
containing some open neighborhood of the point.]

Solution. Given x € X let us define the set
N, = ﬂ {W : W C X is a closed neighborhood of x}.

Suppose that X is Hausdorff. Let x,y € X be distinct. Then,
there exist U and V disjoint neighborhoods of x and y, respectively.
In particular X \ V' is a closed neighborhood of x not containing .
Hence y ¢ N,. Since we can do it for any y # x and z € N, by
definition, we conclude that N, = {z}.

Let 2,y € X be distinct. Since N, = {z} there exists W, a closed
neighborhood of z not containing y. By definition of closed neigh-
borhood, it means the existence of U C W, an open neighborhood
of x. Therefore U and X \ W are disjoint neighborhoods of x and y,
respectively, and X is Hausdorff.

3. Let (X1,7T1),...,(Xk, Tr) be topological spaces and let X = X; X
-+ X X} be equipped with the product topology. Prove:
(a) If every (X;,7;) is Hausdorff, then also X is Hausdorff.
(b) If every (X;,7;) is Na, then also X is Nj.

Solution.

(a) Let x = (x1,...,2%),y = (y1,...,yx) € X be distinct. Then
xj # y; for some index j. Let U; and V; be disjoint neighbour-
hoods of z; and y;, respectively. Then the sets

U::Xlx---xij---xXk
and
V=X X xV;x--x Xy

are disjoint neighbourhoods of x and vy, respectively.
(b) Let U; be a countable base for X;, j =1,..., k. Define

u:{le---xUk:UjEL{j, jzl,,k}}

This set is countable. Moreover, we claim that it is also a base
for the product topology of X. That is, let us take an open set
U C X.Forevery x = (x1,...,2) € U we may find an open set
x € V¥ x---xV¥ C U by the definition of the product topology.
For each index j we may also find a base element UJ € U; so
that z; € U7 C V. Consequently z € UY x --- x Uy C U and
we may write U as a union of elements in U:

U= JUfx---xU;.

zelU

4. Let Toe = {U C R: R\ U is countable} U {0}.
(a) Prove that 7. is a topology in R (co-countable topology).



(b) Prove that (R, 7..) is not Hausdorff.
(c) Prove that limits of convergent sequences are unique in (R, 7).

Solution.
(a) Clearly 0,R € T (since R\ R = (). Let {U;};jes C Tee. Since

we want to prove that | J ; U; € T¢e, we may assume without loss
of generality that U; # () for all j € J. Then R\ U; is countable
for all j € J. Since the intersection of an arbitrary family of
countable sets is also countable, we have that

R\ (UU]) =R\ U

JjeJ jedJ

is a countable set. Hence U U; € Tee.

jeJ
Similarly if U,V € T, \ {0}, then R\ (UNV)=R\UUR\V
is countable, implying U NV € 7... These arguments show that
T is a topology.
Any two non-empty sets U,V € 7. have uncountable inter-
section, since R\ (U N V) is countable. In particular no such
intersection can be empty and hence no pair of distinct points
can have disjoint neighborhoods.
Suppose (zx) C R is a sequence converging in 7. to x and to
y. Suppose = # y. Then R\ {z} is a neighbourhood of y and
there exists ng so that zx € R\ {z} for all k& > ko. In other
words zy # z for all k > ko. Thus the set R\ {zx,, Tkys1,---}
is a neighbourhood of x so there should exist k; so that

T €R \ {$k0,$k0+1, .. }

whenever k > k;. However this is clearly impossible. Thus we
conclude that x must equal y.

5. Let M be the set of all continuous functions f: [0,1] — R. Define

d(f,9) = sup{|f(z) — g(x)]: 0 <@ <1}

for f,g € M. Prove that:

(a
(b

)
)

dis a metrlc in M.
d(fa, [) = < f, — f uniformly.

(¢) (M,d) is complete.

Solution.
(a) Clearly d(f, f) = 0 and conversely, if d(f,g) = 0 then

[f(t) —g(t)] < d(f,9) =0
for all ¢ € [0,1] so that f = g.



Also
d(f,g9) = sup |f(t) —g(t)] = sup l9(t) — f(t)] = d(g, f)

<t<1

so that d is symmetric.
Finally, the triangle inequality holds:

d(f,9) = sup |F(6) = g(t)] < sup (IF(8) ~ h(D)] + A(t) - g(0))
< sup (If(t) = 9(8)| + d(h)) = d(.1) +d(h.g)

0<t<1

(b) Suppose f, — f uniformly. Given € > 0 there is ny so that
|fu(t) — f(t)] <e/2 for all t € [0, 1] whenever n > ng. Thus

d(fn, f) = sup [fu(t) = f(D)| S€/2 <e
t€[0,1]
whenever n > ng. Thus d(f,, f) — 0 as n — oco.
Next assume that d(f,, f) — 0 as n — oco. Let ¢ > 0 and take
ng so that d(f,, f) < € whenever n > ny. Then

[fu(t) = f(O)] < d(fu, f) <2

for all ¢ € [0,1] whenever n > ng. In other words f, — f
uniformly.

(c) Let (f,) be a Cauchy sequence in M. Then (f,(t)) is a Cauchy
sequence in R having limit f(¢) for each . We must prove that
f is continuous (i.e. belongs to M) and that d(f,, f) — 0 as
n — o0o. To accomplish these it suffices to show that f, — f
uniformly.
For this let ¢ > 0 and take ng so that d(f,, fn) < € whenever
n,m > ng. Then

£ult) = SO = T [£ut) ~ funt)] < limsupd(fi, ) < ¢

m—r0o0

for all ¢t € [0,1] whenever n > ng. Thus f, — f uniformly as
n — oo and we are done.

6. Let M be as above. Define a mapping 7: M — M by setting (for
all f € M and x € [0, 1])

—a+/K:Uy y) dy,

where a is a constant and K: [0,1] x [0, 1] — R is continuous. Let

k:sup{/ |K<m,y>|dy:ogxgl}
0

and suppose that k < 1.
(a) Prove that T is a contraction, i.e. d(T(f),T(g)) < Ld(f,g),
where L < 1.



(b) Prove that the integral equation

D=a+ [ Klo)f)dy
0
has a unique solution.

Solution. Before anything let us show that T'f € M for each f € M
(i.e. T'f is continuous whenever f is). Take a sequence z,, converging
to x in [0, 1]. Then

Tim o, (WK (2, 4) = Xj0.21 () K (7, 9)

pointwise except possibly at y = x. By the dominated convergence

theorem
1

im Tf(2z,) = m [ X0z, (W) K (20, 9) f(y) dy + a

n—o0 n—o0 0

= /0 X0 (V) K (2,9) f(y) dy + a=Tf(z)

so that T'f is, indeed, continuous.
(a) Let us estimate

d(Tf,Tg) = sup / K(z,y)( —9(y)) dy
0<z<1
<sq>/\nyHﬂ>—ﬂ(N@
0<z<1

< sup/ |K (2, y)|d(f, g) dy

_'kd(fvg»

Thus T is a contraction with L =k < 1.

(b) By the previous results 7' : M — M is a contractive self map-
ping of a complete metric space. The Banach fixed point theo-
rem implies the existence of a unique element f € M so that
T(f) = f. By definition this is the unique solution of the equa-
tion

—a—l—/Ka:y y)dy, xz€l0,1].
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Return your written solutions to the bonus problems (marked by %) to
the Moodle area by Monday, January 31, 12:00 o’clock.

1. Let M(m x n,R) denote the space of all (real) m x n-matrices. Give
M (mxn,R) a (natural) topology by identifying a matrix A = (a}) €
M (mxmn,R) with a point (af,ad,...,al a?,... a2, ...,a%,...a") €
R™" and verify that M(m x n,R) is a topological mn-manifold.
We have defined a topology of M (m x n,R) also by a norm |A| =

sup{|Ah|: |h| = 1}. Show that these two topologies are the same.
Solution. Define ¢: M (m x n,R) — R™ by setting

cp((ag)) = (a],a3,...,a-,a3,...,a2,...,a",...a™).
Then ¢ is a linear bijection. Let
T ={p'U: U C R"™ open}.

Then T is a topology on M (m x n,R), more precisely the topology
induced by ¢. Since ¢ is a bijection, it follows from the definition of
T that U C M(m x n,R) is open if and only if U C R™ is open.
Hence ¢ is a homeomorphism.

Since ¢ is a homeomorphism and R™” is Hausdorff and N,, also
M(m x n,R) is Hausdorff and Ns. It follows that M (m x n,R) is a
topological nm-manifold with a global chart .

Next we prove that 7 is determined by a norm. Define a norm |- |5
on the vector space M(m X n,R) by setting |A|s = |¢(A)|, where
|o(A)] is the standard norm of p(A) € R™. Then the mapping
¢ between normed spaces (M (m x n,R),| - |5) and R™ is norm
preserving, therefore ¢ is a linear isomorphism. Consequently, if 7’
is the topology on M (m x n,R) determined by the norm |- |, the
mapping ¢ is a homeomorphism (M(m xn,R), T’) — R™™ . Since ¢
is also a homeomorphism (M (m x n,R), T) — R™ it follows that
T =T.

Let us still prove that the operator norm |-| and |- |5 are equivalent,
so that the norm |-| determines the same topology 7. Let A = (aé) €
M(m x n,R) be arbitrary and let h € R", with |h| = 1. Denoting



by A? the ith row of A, we get

m

|[Ah[* = z_; ; Z I
= > JA =30 S w2 = 4
i=1 i=1 j=1

hence |A| < |A[2. On the other hand,

m n m n n
A=) (@)> = > (Aey)i = Y |Ae;* < nAP,
i=1 j=1 i=1 j=1 j=1
so |A| < |A]z < v/n|A|. Hence the norms |- | and |- |, are equivalent.
Note: In general, if E is a finite dimensional vector space, all
norms on F are equivalent.

. Prove that GL(n,R) is a disconnected topological n?-manifold.

Solution. Let ¢: M(n x n,R) — R™ be as in the previous exercise,
so (o is a homeomorphism between topological n2-manifolds. Let us
prove that the determinant det: M(n x n,R) — R,

det ((A%)) = ) sgn(0)Aj Al - Al
O'ESn
is continuous. Here S,, is the set of permutations of {1,2,...,n} and

sgn: S, — {—1,1} is the sign of permutation. Let f = det op~! and
r = (x1,Ta,...,2,2) € R™. Then

f(SC) = Z Sgn<a>xa(1)xn+a(2)x2n+a(3)  T(n—1)n+o(n)s
O’GSn

and therefore f is continuous. Since ¢ is a homeomorphism, also
det = f o ¢ is continuous.
Since det is continuous and

GL(n,R) = Jelt(R \ {0}),

we see that GL(n, R) is an open subset of the topological n?-manifold
M(n x n,R). In particular, GL(n, R) equipped with the relative to-
pology is a topological n2-manifold. The image of a connected set
under a continuous mapping is connected. Since R \ {0} is discon-
nected, the same holds true for GL(n,R).

. Let sl(n,R) be the set of those n x n matrices whose trace vanishes:

sl(n,R) = {A = (a}) € M(n xn,R): trA:zn:aﬁzo}.

Prove that sl(n,R) is a topological manifold.



Solution. Note that tr : M (m x n,R) — R is a linear map and
sl(n,R) = ker tr
is thus a closed linear subspace of M (m x n,R) of dimension
dim (ker(tr)) = dim (M(n x n,R)) — dim (Im(tr)) = n* — 1.

Since all finite dimensional vector spaces over R are homeomorphic
to some R* and hence topological manifolds it follows that si(n, R),
in particular, is a topological manifold (of dimension n? — 1).

. Prove that in the implicit function theorem (Theorem 1.14 in the
lecture notes)

@' (o) = — (' (o)) "' (o),
where v(z) = f(x,yo).

Solution. Adopting the notation of Theorem 1.14 we have
[z, p(x)) =0

in a neighbourhood of xy. Let us denote h : R™ — R"™™ h(x) =
(z,¢(x)). Differentiating this at xo using the chain rule we obtain

0= f'(zo, (w0)) A (0).

Note that ¢(zg) = yo so that 0 = f'(xo,y0)h'(z0). Inspecting the
Jacobian matrix f’(xg, y9) we note that the first m columns make up
the Jacobian matrix for v’(xg) and the next n columns correspond to
u' (yo). Similarly the first m rows of h'(zo) form the identity matrix
Inxm and the remaining n rows the Jacobian matrix for ¢'(zy).
Using the matrix block shorthand we may write

o= e o) ( Gy

from which we get

0 =v'(x0) + v (y0)# (o).

Since u'(yo) is invertible the claim follows from this by rearranging
terms and applying (u/(z))~! to both sides.

. Prove lemma 1.7 in the lecture notes: Let G C R™ be open and J C
G be a closed line segment with endpoints a and b. Let f : G — R"”
be differentiable at each point of J. Then there exists, for all v € R",
a point x, € J such that v - (f(b) — f(a)) = v - Df(z,)(b—a). In
particular, if [Df(x)| < M for all z € J, we have |f(b) — f(a)|] <
M|b— al.

Solution. Let v : [0,1] — G be the map y(t) = a + t(b — a), in
other words 7([0,1]) = J, and g, : R* — R the map g,(z) =v -z
where v - = vTx in terms of matrix multiplication. Now, by the



mean value theorem for real valued functions there exists a point
¢ € (0,1) such that

v (f(b) = fla)) =v- (f(7(1) = f(7(0)))

= (gvo foy)(1) = (goo fo)(0)

= (gv0 [ 07)'(&).

On the other hand,

(gv 0 f07)(€) = D(go o [)(7(£))7'(£)

= ((Dgv o F)DF)((E)V'(E)
=v-Df((v(£))(b—a).

Choose x, = (), and the first claim follows. In particular, as this

holds for all v € R", choose v = f(b) — f(a) and suppose that
|IDf(x)] < M for all z € J. Now,

o> = Jv-v| = |- (f(b) = f(a)] = v+ f'(2,)(b— a)]
= [v[lf'(z)|[b— af < [v]M]b—
and

£ (b) = fla)] < M|b—al.

. Let f:R?* = R? f(x,y) = (v, 9(z,y)) where

y—a? for y > a?
g(z,y) =4 0 for |yl < a?
y+ 22 for y< —a2?

Prove that f is continuous everywhere and differentiable at the ori-
gin. Compute J;(0). Is f locally injective at the origin?

Solution. Clearly g is continuous for |y| # x?. Let |y| = z? and
e = (e1,&9) such that £1,e9 > 0. Now,

lg(x +e1,y+e2) — g(z,y)| < |[ly+ 2| — (x+e1)’] — 0

as || — 0. Hence g is continuous everywhere. Since the first com-
ponent of f is also continuous, f is continuous everywhere. Let € be
as before. If |e5] < &2, then |f(e) — f(0) — g| = |(€1,0) — (e1,&2)| =
lea| < €2, If, on the other hand €2 < |gy|, then [f(g) — f(0) —¢| =
|(e1,69 £ %) — (€1,82)| = €2. So, for all € > 0

f(e) = f(0) —e] _ &

<L <lg|—0
€| €]

as ] — 0. Thus, f is differentiable at the origin. By simple subs-
titution, J¢(0) = det I = 1, however, since g(h, h) = g(h, —h?) for
all h > 0, f is not locally injective at the origin.
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the Moodle area by Monday, February 7, 12:00 o’clock.

1. Let M be the following set
M = {(z,y,|z]) € R®: (z,y) € R}

Construct a C* atlas A on M so that (M, A) becomes a diffe-
rentiable 2-manifold. Is it diffeomorphic with R?? If yes, what is a
diffeomorphism f: M — R2.

Solution. Let p: M — R? ¢(z,y,|z|) = (z,y). The mapping ¢ is
a homeomorphism when M has the relative topology. Thus M is a
topological 2-manifold. Let A = {(M, )} and A be the maximal
C*-atlas containing (M, ). Then (M, A) is a 2-dimensional C*
manifold. It is diffeomorphic to R? since f = ¢ is a diffeomorphic
between (M, A) and R2. That is, each local representation of f is a
C>°-diffeomorphism.

2. Let M be a differentiable manifold, p € M, I C R an open interval,
and 0 € I.
(a) Let v: I — M be a C*™-path such that v(0) = p. Show that
Yo € TpM.
(b) Let v € T,M. Show that there exists a C*-path v: I — M
such that vy = v.

Solution.
(a) We have to show that the functional 5y : C*°(p) — R is linear
and satisfies the so called Leibniz rule. For the first we have

olaf +bg) = ((af +bg) o f)'(0) = (af oy + bg o) (0)
= a(f o7)'(0) +b(g o) (0) = ayo(f) + bYo(g)

and for the second similarly

Yo(fg) =(fov-go07v)(0)
=f07(0)(g07)(0) +gov(0)(fov)(0)
=f(P)Y0(9) + 9(@)F0(f),

given any f,g € C*(p) and a,b € R.



3.

(b) Let us take a chart (U, z) at p. Given a vector v € T, M, it may
be written as a sum of the basis elements, i.e.,

v= Zaz(ﬁ )p
Set w = (a',...,a") € R™ and consider the path a: R — R",

a(t) =xz(p) +wt, t € R.

For a sufficiently small neighborhood I of 0 we have a(I) C zU
so the composition () = 7! o a(t) yields a C*™-path defined
on I. Now the chain rule gives

o(f) = (f09)(0) = (foa™" 0a)'(0)
=a/(0)-V(foz™")(a(0))

= Z a'Di(f o z7")((0))

= Z %)pf =v(f)
for every f € Coo(p).

(a) Let M, N, and L be differentiable manifolds and let f: M — N
and g: N — L be C*°-mappings. Show that

(g0 fep = Gep(p) © fap

for all p € M.
(b) Let f: M — M be the identity mapping f = id. Show that

fop =1d: T,M — T,M
for every p € M.

Solution.
(a) Given any v € T,M and h € C*=((g o f)(p)),

(g0 flspv(h) =v(hogo f)= fyu(hog) = gupm)(fopv)(h).
(b) Let us compute
idiyv(h) =v(hoid) =v(h), veT,M, heC®(p),
thus id.,v = v for all v € T,M.
Let M™ and N™ be differentiable manifolds, p € M™, and f: M™ —

N™ a smooth mapping such that f,: T,M™ — Ty, N" is a linear
isomorphism. Prove that f is a local diffeomorphism at p € M™.

Solution. First, since f,, is a linear isomorphism, the tangent spaces
T,M™ and Ty, N™ are isomorphic and hence dim M = dim N.



3

Let (U, x) be a chart at p and (V,y) a chart at f(p). Now yo fo
7' 2U — yV is C* and det(y o f o x_l)/(x(p)) # 0 since f,, is
invertible. By the inverse mapping theorem there exist a neighbor-
hood Uy of p and a neighborhood V; of f(p) such that the mapping
yo fox YazlUy has a C! smooth inverse mapping g: yVo — zUj.
Since y o f o 27! has continuous partial derivatives of every order
and det (yofox_l),(q) # 0, q € xUy, we can conclude by using Cra-
mer’s rule that ¢ has continuous partial derivatives of every order.
Hence f is a local C* diffeomorphism.

x5. (Embedding of RP? into R*.) Let RP? be the real 2-dimensional
projective space (see Example 0.12.5 in lecture notes for the defini-
tion). Define a mapping F': R? — R,

F(z,y,2) = (x2 — 2 2y, 2z, yz).

Let S? C R3 be the unit sphere and let ¢ = F|S?. Consider the
mapping ¢: RP? — R*,

o([p]) = ¢(p), p = (z,y,2).

Prove that:

(a) @ is well-defined,

(b) ¢ is injective,

(¢) ¢ is an immersion.

Solution.

(a) By definition of RP?, the antipodal points of S? are identi-
fied: (z,y,2) ~ (—x,—y,—z). Clearly ¢ is well-defined since
F(z,y,z) = F(—z,—y,—2).

(b) Suppose F(x1,y1,21) = F(x2, Yy, 29). Then, one can easily conclu-
de that (22,2, 22) = (¥1,Y1,21) or (=1, —y1, —21).

(c) Since the quotient map 7 : S* — RP? is a local diffeomorp-
hism, it suffices to check that the map Fsz : S — R* is an
immersion. Consider the differential of F"

2z =2y O
|y = 0
b = z 0 =z
0 z oy

Let p = (x,y,2) € S* and consider first the case 22 + y* # 0.
Then rank dF' = 3 since there exists non-singular 3 x 3 minor
of dF. If x = y = 0, then 2? = 1 and rank dF' = 2. However, in
that case

dF =

S OO
n O OO
o O OO



and hence dF maps the zy-plane = T,,S? to the zt-plane C R* =
Tr@R*. Hence in any case dF is injective.

Since RP? is compact, the map ¢ is closed (smooth injective),
which shows that ¢ is a homeomorphism to its image and hence
an embedding.

x6. If v € T,M is a (non-zero) vector and f is a smooth function in
a neighborhood of p, the (directional) derivative D, f := vf makes
sense. Suppose that we are given two linearly independent vectors
v,w € T,M. What problems (if any) do you face if you want to
define a nice “second order directional derivative”, say D27

Solution. Note that if we only use that v, w € T,,M, then, wv f is not
well-defined since v f is only defined at p. If using two vector fields
V, W in a neighborhood of p, then WV f, VIV f are well-defined, but
VW f # WV f in general.

Consider two linearly independent vectors v, w € T, M. Then we
may find a chart x = (z1,...,z,) at p such that v = 9; and w = 0,
(verify this!). Now a second order partial derivative of a function
f, say 07 f(p) could be defined as the corresponding second order
partial derivative of the local representation of f, but this is not well-
defined! It depends on the choice of the chart. So it is not determined
solely by the vectors v, w. This is where we need connection!
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1. Let M, My, M5, N, N1, and Ny be differentiable manifolds.

(a)

Let mi: M x N — M and m9: M x N — N be the canonical
projections. For (p,q) € M x N, define

7: Tipg(M x N) — T,M & T,N
by setting
TV = T4V + oy V.

Show that 7 is an isomorphism. Thus we may identify
Tipg)(M x N) =T,M ®T,N. We use this identification in the
sequel.
Let f: My x My — N be a smooth mapping. For (p,q) € M; X
Ms, we define mappings f,: My — N and f%: M; — N,

fola) = fU(p) = f(p,q).

Show that

f*(p,q)(v Fw) = (f1)upv + (fp)rqw

for all v € T, M, and w € T, Ms.
Let f;: M — N;, i = 1,2, be smooth mappings. Show that the
mapping (f1, fo): M — Nj X Ny is smooth and that

(fla f2)*pv = fl*pv + f2*p'U

for all v € T,M, p € M.

Let f;: M; — N;, i = 1,2, be smooth mappings. Show that
the mapping fi X fo: My x My = Ny x Ny, (fy x f2)(p,q) =
(f1(p), f2(q)), is smooth and that

(fl X f2)*(p,q)(v + w) = fl*p/U + f2*2w
for all v € T,M, w € T, Ms, (p,q) € My X Ms.

Solution. Denote m; = dimM;, n;, = dim N;, ¢« = 1,2, and m =
dim M, n =dim N.

(a) Let (U,z) and (V,y) be charts at p € M and g € N respecti-
vely, and (W, z) = (U x V, (z o my,y o m2)) be the induced chart on
M x N at (p,q). Then, it suffices to show that

- 0
8yi7m

<a> (5w), 1<i<m
T - = )
0z ) >q m<i1<m-+n



for all 1 < i < m 4+ n since 7 maps a basis of T(, (M x N) to a
basis of T, M & T, N and is therefore an isomorphism. Let us prove
(1). We assume that i < m. If h € C*(p), then

0 0
(7 (35, 1= (35),,, o
7 (pa) =/ (va)

= D;(hom o 2_1)(2(19, q))
= (homoz" ot 2(p,q) +te:)) (0)

1<m

=" (hox Vo (t s x(p) +te;))'(0)
= Do e = (1) 1
Similarly, if h € C*(q), then

0 /
Tow | =— h=(homoz 1o (t— z(p,q)+te)) (0
( (azl)(p’q)) ( (t1 2(p.0) + 1)) (0

1

A

" (¢ h(g))'(0) = 0.

Hence

(a2),, = (55),, = (55),,, = (3), +°
- = TMix |\ 57 2« \ 37 = :
92" (p,q) 02" (»,9) 92" (p,9) dxt P

and (1) holds. The case i > m follows in a similar way.

(b) Denote the projections m;: My x My — M;, i = 1,2. Take
charts (U, x), (V,y) at p and g, respectively, and let (W, z) = (U x
V., (x o m,y o m)) be the induced chart at (p,q). By linearity it is
enough to show that the claim holds if

V4w = < 6)
0zt (p,q)’

where 1 <i<my+ms. For 1 <i<mj; and h € Coo(f(p,q))

(f* () (M) v=(g%)  (on=Dine o= 00)

=(ho foz"to(t— z(p,q) +te;))(0)
—(ho flox™" o (t = x(p) +te;))'(0)

—Di(ho f70 1 V) (a(p)) = /7 ( 0 )ph-

oxt

The case m < 1 < m + n is similar.

(c) Denote the projections m;: Ny x No — N;, i = 1,2. We write
f = (flny): M — Nl X NQ. Then T Of = fi7 1= 1,2 To show
smoothness of f, let p € M, (q1,q2) € N1 X Ny, and let (U, x) be a
chart on M at p € M and (V},y;) be a chart on N; at ¢;, i = 1,2.
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Then (W, z) = (Vi x Vo, (y1 0 1,92 0 m2)) is a chart on Ny X Ny at
<QI7Q2)- NOW

1:(ylOwlofox_layQOﬂ-QOfox_1>

=@oficayso foox)

zo fox™

is smooth since f; and fy are. Hence f is smooth. Since m; 0 f = f;
we use the identification 7 = id from (a) to get

f*'U - ﬂ-l*f*v + Wg*f*'U = fl*v + fg*'l).

(d) To show the smoothness, fix (p1, p2) € My x My and (q1, q2) €
N1 x Ny. Let (U;, x;) be a chart on M; at p; and let (V;, y;) be a chart
of N; at ¢;, i = 1,2. Then (W, z) = (Uy x Us, (x1 0 Ty, 29 07a)) is &
chart at (p1,p2) € My x My and (R, w) = (V4 X Vo, (y; oy, y2 0 m3))
is a chart at (q1,¢2) € N1 X No. Now

wo (fix fa)oz!

= (yl omo(fix fa)oz lypomo (fi X fa)o 2_1)
= (o friomoz ypo faomozt)

= (y1ofioay om,yp0 faoxy ' om)

is a smooth map. This shows that f; X fs is smooth. By the previous
results, we get

(f1 % F2)atpay® + ) 2 (1 % f2)D)upv + ((fr X f2)p)equ

= (s = (fi(s), fal@)) 0 + (t = (fl(m’f?(t)))*qw

D fropo + (5 fo(8))ept + faegu + (= f1(p)) g0
- fl*pv + f2*qw-

*p

. Suppose that M; is a submanifold of N;, i = 1, 2. Prove that M; x M,
is a submanifold of N; x Nj.

Solution. Denote by iy: M, — N the immersions, £ = 1, 2. Since
they are homeomorphisms onto their images it follows that i; X
to: My x My — N; X Ny is a homeomorphism onto its image. It
suffices to see that (iy X i2).(p,q) is an injection. For this let (v, w) €
T,My ® T,M; be such that (i; X ia).(pq) (v, w) = 0. Then

. . 1d) . ,
0 = (i1 X 42)u(p,q) (v, W) (L) (11490, T24qW),

thus i1.,v = 0 and 4g,,w = 0. Since 714, and 7a,, are injections we
have that (v, w) = 0.

. Let G be a Lie group, e € G the neutral element, and i: G —
G, i(g) = g~ . Prove that i,.v = —v for all v € T.G.



Solution. The idea is to “differentiate both sides” of the identity
gg~' = e with respect to g. For g € G, define I,: G — G x G and
19: G — G xG as

Iy(h) = (g,h), 1°(h) = (h,g).

Next we define the multiplication m: G x G — G, m(g,h) = gh
and also the left-translation L,: G — G and the right-translation
R,: G — G by

Ly(h) = gh,  Ry(h) = hg.

Let us compute the tangent map of m. If g,h € G, v € T,G, and
w € T,,G, then by (1b) we have

(v,w) = (idGXg)*(th)(v,w) = (]h)*gv + (Ly)anw.
Therefore
Mg,y (U, W) = Mgy (1) g + (Ig)unw)
= oy (1)) + M1y (0.0 (L) )
= (moj'h)*gv+ (mOI) w
= (Rp)sgv + (Lg)snw-

Since gg~! = e for every g € G, mo (id,, ) is a constant map, so its
tangent map is zero. Combining the above with (1c¢) we get

0= (m o (idG, z'))*gv = Miy(g,g—1) ((ldG, i)*g?}) = Miy(g,g—1) (U, z'*gv)
— (Rg_1)*gv + (Lg)*gfl(i*gv).
Since Lg-1 o Ly = idg, operating with (qu)*e on both sides of the
previous identity we get
0= (Lg—l)*e (Rg_l)*gv + i*gv.
Hence
Z.*Q/U = _(Lg_l)*e(Rg_1>*gv’
and taking g = e we get the desired formula since L, = idg = R..

. Let V' be a vector field on M. Show that the following conditions
are equivalent:

(a) V eT(M).
(b) If v': U — R, i = 1,...,n, are the component functions of V'
with respect to a chart (U, z), z = (x!,..., 2"), i.e.

V|U = v'0;,

then v* € C=(U).
(¢) If U € M is open and f: U — R is a smooth function, then
the function Vf: U - R, (V )(p) =V, f, is smooth.
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Solution. Recall that if (U,x) is a chart on M, then (TU,Z) is a
chart on T'M. Here z: TU — 2U x R™ and

z(p,v) = (x'(p),...,2"(p), vz, ... va™)

for pe U and v € T,M.
(a) <= (b): Let (U,z) be a chart. Note that given s € R"

ToVox '(s)

= ( 1(3 acl),..., 1(3)( n))
= (5,0" 027 (5)(0:)a1(5)2"s -, 0 0 27 (8)(r)am15)2")
= (s,v' 027 !(s),...,v" 0x 1(3))

where n = dim M. Therefore T o V o 27! is smooth if and only if

viox lisfori=1,...,n. Thus V € T(M) if and only if each v'|U
is smooth.

(b)) = (c¢): Let U C M be open and f € C(U). Thus if (W, )
is a chart at p € U (with W C U) it follows that foz ™! is a smooth
function, thus D;(f o x71) is a smooth map as well. We have

V() = v (0)(0)pf = v'(p)Di(f 0 2™")(x(p))

and since, by assumption the functions v* are smooth it follows that

V' f is smooth.

(¢) = (b): Let (U,x) be a chart. Since z* is smooth, by as-
sumption we obtain that

Vat = 0ot = oF
is a smooth map, k =1,...,dim M.

x5. (a) Compute [X,Y], [X, Z] and [V, Z] when X,Y,Z € T(R?) are
vector fields

_ 9 yo 0, 2
Ox 207 dy 20z 0z

(b) Does there exists a smooth submanifold S of R? such that the
vectors X, and Y, form a basis of 7,,S for all p € S7

(c) Does there exists a smooth submanifold M of R? such that the
vectors X, and Z, form a basis of T,,M for all p € M?



Solution. (a):
(X, Y]f = XY ) = Y(X])

:ﬁ(ﬁ_f+£%>_gﬁ<@_f+§@_f)
oxr \dy 20z 202 \0y 20z
o (of wyof xd (Of wyof
__(%_55)_57( )
_O*f +1ﬁ x Pf oy Pf xydf
Ooxdy 20z 20x0z 20z0y 4 0z
_Of 10F y&f zO8f  aydf
Oyor 20z 20y0dz 20z0xr 4 0%z
of
:§:Zf.
Thus, [X,Y] = Z. Similarly,

(X, Z]f = X(Zf) = Z(X[)

_ O _yof OF oS
C Ox0z 2022 020 202z

=0,
and
Y, Zlf =Y (Zf) = Z(Y )
o*f E(‘?Qf_ o*f _f62f_
dydz 20%z 020y 20%
Therefore [X, Z] = [Y, Z] = 0.

(b): Since [X,Y] = Z and Z, is not a linear combination of X, and

Y, for any p, such submanifold S cannot exits (cf. Theorem 3.21 in
the lecture notes).

(¢): Yes, for example

M = {(z,y,2) € R*: y = 0}
is a submanifold of R?* and X, Z,, € T,M for every p € M.

6. Let S* = {(a!, 2%, 2%, 2*) € R*: Y1 (2%)> = 1} and
X = —220) + 210y + 2205 — 230y,
Y = —230) — 220y + 2105 + 2204,
Z = =220 + 230y — 2205 + 2104,
V =20 + 220y + 2°05 + 20,
where 9; = 0/0z' for i = 1,...,4, are the standard coordinate
vectors in R*. Show that:

(a) X,, Yy, Z, and Vj, are mutually orthogonal unit vectors of R*
at each point p € S3.

(b) X, Y, Z e T(S%).



(c) S? is parallelizable.
Solution. (a): Computing the standard inner products ("dot pro-

ducts”) in R* we immediately see that, for every p € S*:
X, X,=Y,-Y,=2,-Z,=V,-V, =1
and
Xp Yo,=X,-2, =X, Vp =Y, 2, =Y, -V, =2, -V, = 0.

(b): First we observe that T,,S* is a 3-dimensioal vector subspace
of R* (= T,R*) for every p € S*. Hence (TpS3)L, the orthogonal
complement with respect to the standard inner product in R*, is 1-
dimensional.

Let f: R* = Rbe f(z) = S0, (z))? — 1, for z = (z!,...,2%). By
direct computation we have X, f =Y, f = Z,f =0 and V, f = 2 for
every p € S3.

To prove that X,Y,Z € TS? we decompose orthogonally an ar-
bitrary W € T,R* into W, = W, + W", where W[ € T,S? and

p
W, € (TPS?’)L. Since f|S* = 0, we have W, f = 0 by Lemma
3.22 in the lecture notes. Above we noticed that V,f = 2 for eve-

ry p € S, so V, € T,S, and therefore the (7, pS3)L—component of
Vi, Vpl, is non-zero (in fact, soon we will see that V, = V;). Since

(T,,S?’)L is 1-dimensional, it is spanned by V- # 0 for every p € S?.
Furthermore,
2=V f =V, +V,O)f =V, f+V ],
—~—
=0
SO Vpo = 2 for every p € S®. Above we noticed that X, f = 0, so
0=X,f=(X, + X)) f=X, f+X,f
~——
=0
where Xpr = 0 by Lemma 3.22. Hence also Xplf = 0. Since le €
(TIDSS)L and (T[,Sg)L is spanned by V', we have
X, =Ap)V,
eR

for every p € S3. Then
0=X,f=Xp)V, f=2\p),

s0 A(p) = 0 and consequently X~ = 0 for every p € S*. This proves
that X, € T,S* Vp € S* Similarly, we can prove that Y,, 7, €
T,S* Vp € S%.

Finally, X|Y,Z € T(S?), i.e. are smooth vector fields on S3, by
Lemma 3.3.(b).



(c): By (a) and (b), the smooth vector fields X,Y,Z € T(S?) form
a global frame on S?, hence S? is parallelizable.
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Return your written solutions to the bonus problems (marked by %) to
the Moodle area by Monday, February 21, 12:00 o’clock.

1. Let X,Y,T € T(R?) be as in Example 3.12, that is

9 o 0 B
x=2 y_2.,2 -9
oz’ oy ot ot

Define paths o, : R — R3,i =1,..., 4, as follows: For each (fixed)
t > 0, let a; be the integral curve of X starting at 0 € R3, ie.
a1(0) = 0, let ay be the integral curve of Y starting at aq (t) (a2(0) =
ay(t)), let az be the integral curve of —X starting at as(t) (as(0) =
as(t)), and let a4 be the integral curve of —Y starting at as(t)
(4(0) = as(t)). Finally, let 5(t) = as(v/1). (The values t < 0 are
treated in an obvious way). Verify that Bo=T (=[X,Y]).

Solution. Fix t > 0. Then one can easily deduce that

ai(s) = Xa(s) B B '
{al(O) _.00  A®=00 = al)=({00)

= an(s) = (t,8,18) => an(t) = (t,1,13);

Oéé(s) = _Xa3( ) —(f— 9 N B ~
{as(O) _ ey el =ostt) = alt) =060
ay(s) = =Yoo B ) B ,
{a4<0> _ .y M= 0t=s) = alft) = (0,0.6.

Hence ((t) = ay(vt) = (0,0,t) and therefore §y, = 3'(0) =
(0,0,1) =T.



Moreover, one can check that [X,Y] = T. That is, given any
smooth function f we have

(X, YI() = XY () = Y(X())
-5 (58 5(8) 5 ()

o*f of  o0f  Of i

“ w0y T ot Tozor  ogor  “otox
_of _

2. A path v: R — M is periodic if there exists T > 0 such that
vt + kT) = v(t) for all t € R and k € Z. Let V € T(M) and
let v be a maximal integral curve of V. Prove that v has exactly one
of the following properties:

(a) ~y is a constant path,
(b) ~ is injective,
(c) ~ is periodic and non-constant.

Solution. It is clear that if the maximal integral curve has one of
the listed properties it cannot have another. Hence, it is sufficient to
show that if it is non-constant and non-injective, it is periodic. That
is, suppose 7 : I — M is non-constant and non-injective. Hence,
there are a,b € I, a < b, such that y(a) = ~(b). If we define 7, :
I—a— M, v,(t) = v(t+a), it follows that it is a maximal integral
curve of V starting at v(a). Similarly 4y, : I —b — M, v,(t) = v(t+b)
is a maximal integral curve of V' starting at (b). Since v(a) = ~(b)
we obtain by uniqueness that v, = ~,. In particular, [ —a =1 — b,
so I =1+ a— b means that [ = R. Let us denote ' =56 —a > 0.
Then, for all t € R

V() = Yalt — a) = w(t —a)
=w(t—a+b—>b)=~({t—a+b)
=~(t+T).
Finally, let us show by induction that the previous identity implies
periodicity. Let
S={keN|~(t)=~((t+kT) Vt}.

It is trivial that 0 € S. Moreover, we proved above that 1 € S. Now,
let us suppose that k € S, then

YE+ (k+1)T) =yt +T)+kT) =yt +T) =~(),

so k+ 1 € S. Hence y(t) = v(t + kT) for all £ € N. But now also
v(t) =yt — kT + kT) = ~v((t — kT) + kT) = ~(t — kT) for every
k € N, so « is periodic.
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3. Let G be a Lie group and X € T(G) a left-invariant vector field.
Prove that X is complete.

Solution. Let e € G denote the neutral element and L, : G — G,
h + gh the left multiplication. Let us recall that X being left-
invariant means that (L), X, = Xy, for all g, h € G.

Given g € G, let §9: I, — G be the maximal integral curve of X
starting at g. Let us define v = L, 00° : I, — G. First, it satisfies

7(0) = g6°(0) = g0(0,¢e) = ge = g,

so 7 is a path starting at g. Moreover, for all ¢t € I, and f € C*, by
left-invariance,

X ] = Xoote) = (Lg)soct.e) Xo(t.e) f
= Xor.e)(f o Lg) = 05(f o Ly) = (f o Ly 0 0°)(t)
= (for)(t) =S
Hence, X, ;) = ¥ and 7y is an integral curve of X starting at g.
By maximality of 09, I, C I, for all ¢ € G. It remains to show
that I, = R. By part (b) of Theorem 3.36, I. = t 4 Iy, for all
t € I.. Thus, since I, C Iy it follows that ¢ + I, C t + Ige) = Lo,

and so I, can not be bounded from below or above. Since it is an
interval, I, = R.

4. Prove that §: R x R? — R?,

0t (r.9) = (5 + vt + 2.1 +1).

is a flow and find its infinitesimal generator.

Solution. Clearly 6 is a smooth mapping with flow domain R x R2.
Let p = (wg,90) € R?, and t,s € R. It is clear that 0(0,p) = p.
Moreover,

0(t,0(s,p)) = 0(t, (s*/2 + yos + 20, 5 + o))
= ((t+8)2/2 4+ yo(t + 5) + 20, (t + 5) + o)
=0(t+s,p),

and hence 6 is a flow on R?.
We know that 6P is the integral curve of V starting at p if

V((67(0))") (D) = ((67)')'(0) (9:)p = Yo (Du)p + (3y)p-
Hence, the infinitesimal generator of 6 is V =y 0, + 0.

x5. Let V € T (M) be a smooth compactly supported vector field, that
is, the set

suppV = {p e M:V, # 0}
is compact. Prove that V' is complete.



Solution. Let V' be as above. By the “Fundamental Theorem of
Flows”, Theorem 3.37 of the lecture notes, let 6 be its maximal
smooth flow and given p € M, 07 : I, — M the corresponding maxi-
mal integral curve of V' starting from p. Now, either 67(1,) C suppV
or 6P(1,) € suppV. We will show that in both scenarios I, = R. On
the one hand, if 67(1,) C suppV, it follows by the Escape lemma,
Lemma 3.47 of the lecture notes, by compactness of suppV, that
I, = R. On the other hand, assume that 67(I,) € suppV. Then, the-
re exists t € I, such that ¢ = 67(t) ¢ suppV. Let v : R — M be the
constant path y(t) = ¢. Thus, v(0) = g and ¥(t) = 0 =V, = V.
Hence, 7y is the maximal integral curve of V' starting from ¢, and by
uniqueness v = #9. Furthermore, now

p=0°(0) =0(0,p) = 0(—t,0(t,p))
= 0(—t,q) = 0(—t) = (1)
=4,
so p = ¢ and, hence, 7 = 67 = ~ implying that I, = R. Since

we have proven that [, = R for all p € M we conclude that V' is
complete.

x6. Let V € T(R?) be the vector field

0 0
Vv(x’y) = (]_ + ZEZ)% + 8_y

Determine the flow §: D(V) — R? of V. Is V complete?

Solution. Fix p = (x9,y0) € R2. Let v: J, — R? ~(t) = (x(t),y(t)),
be an integral curve of V' starting from p. Then, v, = V), or equi-
valently,

?(t) =1+ x(t)?, =(0) = o
y'(t) =1, y(0) = yo.
Thus, by integration

x(t) = tan(t+ arctan(zg)) = —fgscf_sgzﬁi
y(t) =t+yo.

for all ¢ s.t. |t + arctan(zg)| < 7/2.

Let J, = (—7n/2 — arctan(xg), 7/2 — arctan(xy)). Then v : J, —
R?, ~(t) = (tan(t + arctan(zg)), ¢ + yo) is an integral curve starting
at p such that z(t) - —oo ast — —m/2—arctan(zg), and z(t) — oo
as t — m/2 — arctan(xg). Hence v can not be continuously extended
to a larger interval than J,, so it is maximal, and by uniqueness
v = 6P. In particular, as I, = J, # R, it follows that 0 : D(V) =
Uperz (I, x {p}) = R?, 0(¢, (x,y)) = (tan(t +arctan(z)),t +y) is not
a global flow.
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1. Let X,Y € T(R?) be smooth vector fields defined by
0 0 0
X =— YV =_— _ = R3.
P 81‘7 p ay+‘raz7 p <x7y7z)€

Compute the Lie derivative LxY directly by using the definition
(3.61) in the lecture notes. Verify then that LxY = [X,Y] as it
should be.

Solution. First, it is easy to check that the flow of X starting at
p = (%0, Yo, 20) is the mapping 6: R x R® — R3

0(t, (x0, 40, 20)) = (o + t, Yo, 20)-
Then, #_,: R? — R3 is the mapping
0-+(p) = (zo — £, Y0, 20)
Next, given f € C*°(p) we have
Ye(tpf Youp (f o Yo (f(x —t,y,2))

0-1) =
(), e (2], e

of

= 8_ (%0, Yo, 20) + (o + t)a_<x07y0720)

Hence,

O Youn) f — Yo f
(LXY)p F= %1—{% n
0

.ty Of 0
_ 0z __ —
_11_138 t - az(xmy()?t())_ <az>pf7

which means that LxY = aﬁ
On the other hand, we computed in Example 3.12 (lecture notes)
that [X,Y] = 0/0z. Thus, LxY = [X,Y].

2. Let VW, X € T(M) and h € C*°(M). Prove that:
(a) LyW = —Ly V.
(b) LV[W X| = [LyW, X] + [W, Ly X].

(C) VW]X LvaX - LwLVx



(d) Ly (hW) = (VR)W + hLyW.
(e) If f: M — N is adiffeomorphism, then f.(Ly W) = Ly v (f.W).

Solution. Rewriting the Lie derivative as the Lie bracket (Theorem
3.62) and applying Lemma 3.10 we get:
(a) Using the antisymmetry of the Lie bracket we have

LyW =[V,W]=—-[W,V] =Ly V.
(b) From Jacobi identity and the antisymmetry of the Lie bracket
we get
= W [V, X[+ [V, W], X]
= [W7 LVX} + [LVW7 X]

(¢) Again by applying the Jacobi identity and the antisymmetry of
the Lie bracket we conclude

=LyLwX — LywLyX.
(d) From property (d) in Lemma 3.10 we deduce
Ly(hW) = [V,hW] = h[V, W]+ (VR)W = hLyW + (Vh)W.
(e) Let us define V= fV and W= f:W. By Lemma 3.12 we know
that for any g € C*°(N)
Vigof)=(Vg)of and W(gof)=(Wg)of.
Then, given p € M we can apply the previous identities to get
Vi(Wlgo ) = Vo(W(g) o f) = Vi (Wy)
and
WoV(go ) = Wa(V(g) o f) = Wy (V).
Next, by using the definition of the tangent mapping we deduce
(fplViW1p) g = [V, Wlp(g o f)
=Vo(W(go f)) =Wp(V(ge f))
=Vip(Wg) = Wi (Vyg)
=V Wliwg = LV LW

Finally, we arrive at

FlyW) = LIV, W] = [fV, f W] = Ly (FW).
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3. Let (U,z), = = (2',...,2"), be a chart at p and let dy,...,0, be
the corresponding coordinate vector fields.
(a) Prove that da},(0;) = ot
(b) Prove that df, = (0;),fdx) is the differential of a function f €
C>(p) at p.

Solution.
(a) Since z'ox~
obtain

d2}(9)) = (9)),2" = Dy(a’ 0 2™ (w(p)) = 4.

(b) Given v € T,M we know that it can be written as

!'is the ith component of the identity mapping we

n

v = Z v (0,

i—1
where v* = va’ = dxv. Then,

n

dfpv =vf = Z(vmi(@)p)f = (dz)(D)p.

i=1

Hence df, = (0;),f dx,.

4. Let f,g € C°(M). Prove that:
) d(af + bg) = adf + bdg if a,b € R.
) d(fg) = fdg + gdf.
) d(f/g) = (gdf — fdg)/g* in the set where g # 0.
) Let J C R be an open interval such that f(M) C J and let

h: J — R be a smooth function. Then d(h o f) = (k' o f)df.
(e) If f is a constant function, then df = 0.

Solution.
(a) For all p e M and for all v € T, M,

d(af 4+ bg),v =v(af 4+ bg) = avf + bvg = adf,v + bdg,v.

Hence, d(af + bg) = adf + bdg.
(b) For all p € M and for all v € T, M,

d(fg)pv =v(fg) = g(p)vf + f(p)vg
= g(p)dfpv + f(p)dgyv.

Hence, d(fg) = fdg + gdf.
(¢) Let p € M such that g(p) # 0, then there is a neighbourhood A
such that p € A C g7 }(R\ {0}). By apliying (b) in A we obtain

df =d((f/g9)g) = (f/g)dg + gd(f/g)-
Hence, d(f/g) = (1/9)df — (f/9*)dg = (gdf — fdg)/g* in A.



(d) For all p € M and for all v € T,M, let v be a smooth path such
that vy = v. Then,

d(ho flyo =v(ho f)=ro(ho f)=(hofor)(0)
=W (f((0)))(f ©7)'(0) = (A" o f)(p)of
= (W o f)(p)vf = (Ao f)(p)dfpv
Thus, d(ho f) = (k' o f)df.
(e) For all p € M and for all v € T,M, if f is constant, then
df,v =vf =0,
and so df = 0.

5. Suppose that X, Y € T (M) are smooth vector fields and that 6 is
the flow of X and ¢ the flow of Y. Suppose, furthermore, that X
and Y are complete, that is D(X) = D(Y) = R x M. Prove that
the following are equivalent:

(a) [X,Y] =0,

(b) (00):Y, = Yo for all (¢, p) € D(X),
(C) (¢t>*XP - X¢(tap) for all (t7p) < D(Y)7
(d) 0: 0 s = 1hs 0 0.

Solution.
(b)(c) = (a)

If (b) holds, then (0_;).Yyqp) = Y. Thus, we get from the defini-
tion of Lie derivative that

(Q—t)*yb(t,p) - Y;) —0

(X, Y], = (LxY), =lim ,

The same reasoning applied to (c) yields [Y, X], = 0.
(d) = (b)(c)
Consider the path
vt 00 )s(p).
On the one hand we have
Yo = égs(p) = Xy, (p)-
On the other hand, using (d) we have alternatively that () =
s 0 60, (p). Hence
/70 = ¢s*08 = ws*Xp-
Thus we get (c). The same reasoning applied to the path
o 5+ 16y 0 8,(p)
yields (b).
(b) = (d)
Let us take t € R and consider the flow

U(S,p) = 97{/ o ’l/}s o et(p)a



whose infinitesimal generator is
. o
5 = (0-0u05" = (0-0) Yo
Next, using (b) we get
606 = (0-¢):(61):Y, =Y},

which, by the uniqueness of flows, means that ¢ = . This proves
(d).
(a) = (b)

Let pe M and V : R — T,M, V(t) = (0_): Y- Since V(0) =
Y, it is enough to show that V() is constant. That is, let t; € R
and s =t — tg, then

d
V(to) dt((e t)*thp))|t:t0 d ((Q—to 5) Yb(5+t0 P))|5 0

d
— (9 )*%((9 s) YG(S O(to P)))|S:0
= (0_ )*(LXY) 0(to.p) = 0-
Thus (b) follows.

¥6. Prove Lemma 5.5 in the lecture notes: If € A¥(V) and 8 € AY(V),
then

oA B(v, . Vi) =
Z (sgn a)oz(va(l), . ,Uo—(k))ﬂ(va—(k+1), o ,Ug(k+g))
oeSh(k,0)
for every vy, ..., vy € V.

Solution. Let us define the equivalence relation ~ on Sy ; by setting
o~ g if

and
{o(k+1),...,ok+1)}={c(k+1),...,a(k+1)}.

It is clear that the number of elements in each class is k!l!. Mo-
reover, there exists a unique shuffle in each class. Thus, we can take
them as the representatives of the classes.

Next, we define h : S;; — R as

h((f) = SgIl(O’)Oz(UU(l), e ,Ug(k))ﬁ(vg(k+1), e ,Ug(k_,_l)).
Let us check that h(c) = h(5) if 0 ~ . That is, given 0 ~ ¢ we
know that there exits m, 7 € Sy, such that ¢ = 770 with
T(o(i)) =0(i) Vie{l,.. k}
and
w(o(i) =n(i) Yie{k+1,. k+1}.



Then,
h(o') = sgn(o")a(vory, - - s Vor () B(Vor (k1) - - - s Vor (k1))
= Sgn(’ﬂ"TU) (,Umr(l)a cee 7U7I'0‘(k‘))/8(v7‘0'(k+1) s 7U7'0'(k+l))
= sgn(o)a(v, ) a(k))ﬁ(”o(kﬂ); e 7Ua(k‘+l))
= h(0).

Here we are using the fact that o € A*(V) and g € AYV) are
alternating as well as the properties of the sign function.
Finally we obtain

O[/\ﬁ(vlv"'ukarl)

1
= Z (sgn ) (Vo(1ys - - - Vo)) B(Vo(hi1)s - - - s Vo (k)
o 0ESk11
1
T > hlo) k'l' >, D o)
0E€Sk41 GESk+1 [0]=[5]
— > 3 e
UES}H_Z[ [o‘]
:WZh(&)Haesk,l ol =[]} = D no)
o GESK11 GESk41

= Z (sgn 5)0(U&(1)> e 71)&(1{))5(11&(“1), cee aU&(k+l))~

UES}H_Z

*7. Let M be a smooth manifold and let g € T2(M) be a Riemannian
metric tensor field; see Example 4.18 in the lecture notes. The gra-
dient of a smooth function f € C*>(U), U C M open, is the vector
field Vf € T(U) defined by

gp(Vf(p), Xp) =Xpf

for every X, € T,M and for every p € U. Show that, for any p € U,
among all unit vectors X, € T, M, the directional derivative X,,f is
the greatest when X, is parallel to V f(p) and the norm of V f(p) is
equal to the value of the directional derivative in that direction.

Solution. Let us take p € U C M. We distinguish two cases:
o If Vf(p) =0, then for any X, € T,M

Xpof = 9(V[(p), Xp) =0,

and both claims follow.
o If Vf(p) # 0, let us take the unitary vector parallel to V f(p)

Vi)
KNI




On the one hand we have

Vf = V500 35) =0, (V00 TR ) = (950

On the other hand, for any unitary vector X, € T, M we obtain
by Cauchy-Schwarz inequality that

Xof = 9(VI(p), Xp) <XV F(p) = [V (D).
Thus, both claims are proved.
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1. Let V be a finite dimensional vector space.
(a) Prove that a sequence («;) in T%(V) converges to a € T*(V)
(with respect to the topology induced by any norm of T%(V))
if and only if

aj(vi,...,v5) = v, ..., vk)

for all v,...,v, € V.

(b) Prove that the wedge product is continuous in the following
sense: if a; — « in T*(V) and 3; — 8 in TY(V), then a; A 3; —
a A Bin THYV).

Solution.
(a) First, note that without loss of generality we can assume that
a = 0. Let (e1,...,,e,) be a basis for V and (¢!,...,&") the dual

basis. Then, given any v € T*(V), it can be written as

V= E Vi i€ Q- Qe™,

1<i;<n

where v;, ;= v(e;,... e, ). Weset ||v|| = Z1gz’jgn Vi, ...i, |, which

clearly defines a norm in T*(V).
On the one hand, suppose that a; — 0, i.e., ||| — 0. It means

that a;, ;= (e, ..., e,) — 0. Hence, by multilinearity, given
any vi,...,v; € V we conclude that o;(vy,...,v5) = 0.

On the other hand, if a;(vy,...,v,) — 0 for all vy,..., v, € V,
then in particular o, . = aj(e;, ..., e;) — 0. Thus, [lay]| — 0.

(b) Given vy, ..., v54, €V,
(o A Bj)(vr, - - - Upa)

= Z (sgno)a;(Vo(), - - - Vo)) Bi(Va(er1)s - - - 5 Vo))
o€Sh(k,l)

— Z (Sgna)a(vg(l), c.. 7vo-(k-))/8(vo-(k+1)7 ... ,’UU(kH))
o€Sh(k,l)
= (Oé A /8)(1)1’ s 7vk+l)7

by (a). This means that a; A §; = a A S.



2. Prove Lemma 4.8 in the lecture notes: If (v, ..., v,) is a basis for V/
and (w',...,w") the corresponding dual basis for V* (w'(v;) = 8}),
then tensors

W' @ Wt @, @ @uy, 1< g ig <,
form a basis for T}(V). In particular, dim T} (V') = nk+..
Solution. Denote

B={w"®@ -w*Q@uv; @ - Quj: 1 < jp,ig <n}.

First we claim that B spans T (V). Suppose that T' € TF(V), then
for every (k + ¢)-tuple (i1, ..., ik, j1,- .-, J¢) we define

Jije _ J1 Je
T3 =T iy v, w0 W),
We claim
§ : 1 e z1 . ik . .
T_ CZ—‘Zl g ®W ®UJ1® ®U]£'
1<5p,iq<n
For each (k + £)-tuples (vay, - - -, Vay, W™, ..., w?) we have

Z le Je i Q- Qwk R v, ®...®vje(va1,...,vak,wﬁl,...,wm)

i11p,
1<jp,ig<n

= S T (vay) W (va g (W) - g, (w0

1<jp,iq<n

_ Jidesin L stk SBP1 L sBe

- Z Tll ‘i 5111 50%6]1 5je
1<jp,iq<n

— B1-Be

- Ta1-"ak

_ B1 Be

=T (Vays- sV, Wy oo wP),

so the claim follows from multilinearity since a (k, ¢)-tensor is de-
termined by its action on (k + ¢)-tuples of basis vectors.
Next, to prove that B is independent suppose that there exist
coefficients aﬁfff{é such that
Z ajl 32w21® ®wlk®v‘71®.®v‘7(:0

i1t

1§jp7iq§n
Applying this to (any) (va,, ..., Ve, w™, ... W) gives all % =0,
i.e. every coefficient is zero and B is independent.

3. Let M and N be smooth manifolds, f: M — N and h: N — R
smooth mappings, o € T*(N), and 7 € T'(N). Prove that:

(a) f*dh =d(ho f).
(b) fle@7)=fofr

Solution.
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(a) Given any v € T,M, by using the definition of the pull-back,
the differential and the tangent map we get
frdh(v) = dh(f.v) = fov(h) = v(ho f) =d(ho f)(v).
(b) Again, for any vy, - -+, vy € T, M, we can use the definition of
the pull-back and the tensor product to show
[rlo@T)(u, ..., o) =0 @7(favr, .., fover)
= U(f*U17 ceey f*vk)T(f*karla R f*vk‘Jrl)
= ffo(vi, ..., vp) [ T (Vks1y - -+ Vtt)
= f*O' X f*T(Ul, Ce 7Uk+l)

. Let f: M — N be a smooth mapping and ¢ € T*(N). Show that
f*o € TF(M), that is, a smooth k-covariant tensor field on M.

Solution. Let us take p € M and let (V,y") be a chart (of N) around
f(p). We know that o can be written in local coordinates as

1<i4<n
Then, by the previous exercise

fro="3 (@ of) dy" o )@ 2 dy* o f).
1<ig<n
Since f is smooth, the differentials p — d(y o f),, 1 < j < k,
are smooth. One way to see this is to use Lemma 4.11 from the

lecture notes: if X is a vector field defined on an open set of V' Then
d(y% o f),X, = X,(y" o f) is a smooth map. Hence f*o is smooth.

. Let M = R3. Determine which of the following differential forms
are closed and which are exact.

(a) o = yzdr + xzdy + xydz.

(b) B = zdx + 2*y*dy + yzdz.

(c) n = 2zxy’de Ndy + zdy A dz.

Solution.
(a) We see that a = d(zyz) so it is both closed and exact.

(b) Computing
dB = dx A dz + d(2*y*) A dy + d(yz) A dz
= (2zy*dx + 2yz’dy) A dy + (zdy + ydz) A dz
= 2x%dx A\ dy + zdy A dz

we see that [ is not closed. Therefore it cannot be exact either.
(¢) From the previous computations we have n = df so that 7 is
exact and thus closed.
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6. Let 0 € T*(M) and Y1,...,Y, € T(M). Prove that
LX(O-<)/177Y/€)) - (LXO-)(}/Ia)Yk) +O—(LX}/17Y277Yk)+
A oY, Y, LxYs).

Prove the claim in detail in case k = 2 and then discuss the general
case.

Solution. Let 0 € T*(M) and X,Y,Z € T(M). Note that p
0p(Yy, Z,) and p — (Lx (Y, Z))p are C™-functions. If ¢ is the flow
of X, then

(Lx(o(v.2))), =l - [ (0. 2))), ~ (0. 2)),]

t—0 t

- lim% [(U(Y, Z)) o0 — (a(Y. Z))p]

.1
= hm; [095 (Yof, Zef) — 0p(Yy, Zp)]

t—0

1
= lim 070 (0—Yor,0_tnZg2) — 0(Yp, Zy)]

L,
= 11_1’}% ; [eta(eft*}/gf, G,t*ng) — 0p (eft*}/:gtp, O,t*ng)

+0p (9—1‘*}/057 e—t*ZOf> — 0Op (YZIH e—t*ZQf)
+0p (va e—t*ZGf) — 0p(Yp, Zp)]

= lim % [0:0'(9_15*}/95’, G_t*ng) —Op (e_t*Ygg’, Q_t*ng)}

t—0

1
+ 15% Z [O-p (9—15*%7{’7 e—t*ZGf) — Op (Y;h g—t*ZOf):|

o1
+ 11_{% n [Up (Y;w G,t*ng) — 0p(Yp, Zp)]
= (LXU)p(Y;h Zp) + Up((LXY)m Zp) + Jp(YZ,,, (LXZ)p)'

We can obtain the general case in a similar way by adding and
subtracting terms corresponding to each variable Y;.
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1. Prove Lemma 5.13 of the lecture notes:
If f: M — N is smooth, then:
(a) f*: A*(N) — A*(M) is linear.
(b) f*(anB) = (f"a) N(fB).
(c) If (U,y), y=(y',...,y"), is a chart in N, then

f*< Z Wiy iy QYN -+ - /\dyik>

11 < <lp

Solution.

(a) First, we know from the previous lists of exercises that the
pullback f*: A¥(N) — AF(M). Next, given a,b € R and «, 3 €
AF(N), it satisfies

(f*(ac +08))p(v1, ..., v6) = (ac + bB) pp) (fivn, - - -, fivg)

= aoyp)(five, .., foor) +0B(favr, ..., fuvk)
= a(f*Oé)p<U1, s 7Uk) + b(f*ﬁ)(vla s 7vk)
=(affa+bf*B)y(v1,...,vx)

for all p € M and vy,...,v; € T,M. Therefore, f* is linear.
(b) Givenp € M and vy, ..., v44; € T,M, and using the definitions
of pullback, wedge product and tensor product, we obtain

(S (A B))p(vr, - ve) = (@A B) sy (fevn, - -, fuvrr)

= Y (sgno)(asrp) @ Brp) (ftoq), - - feo(isn)
oE€Sh(k,l)

= Y (5800) oy (fotoqr)s - - SiVam) Bro (filar)s - - 5 Felotisn)

oeSh(k,)

= Y (5200) (fD)p(Ve(tys - Vo) (F*B)p(Wa(rsr)s - - - Vo(rsy)
oeSh(k,l)

= Y (sgno)(f @ fB)p(Ve(r): - - Vothsn)
ceSh(k,l)

= (f"a A B)p(Voa)s - - - s Vo(is1))-



(c) First, observe that
P (@ineady™ A Ndy™) = (Wi 0 ) f(dy™ A A dy™)
= (Wirp © [)(frdy™) A= A (frdy™)
= (Wir.ip 0 [)d(y™ o f) A= Ad(y™ o f),
where the first equality follows by Lemma 4.15(b) of the lecture

notes, the second by (b) above, and the last by Exercise 7/3 (a).
The result now follows by linearity of the pullback.

. (a) Let w',w?, ... ,w® € AY(R?),
a=2w' Aw® +w? Aw?® — 3w Aw? € A%(RP),
and
B=—w AW AW+ 20 Aw? Awt € A3(RP).
Compute a A 5.
(b) Let a = dov — xdy € A'(R?) and 8 = ydr Adz — dy AN dz €
A?(R3?) Compute a A S.

Solution. ' . . .
(a) By Theorem 5.6 (c) of the lecture notes w' A w’ = —w? A w'
for 1 < i,7 < 5. In particular w* A w* = 0. Together with the fact
that A is bilinear and associative this gives
aAB =3 A Awr Aw? Aw® = 3wt Awd Aw? Aw? AW
=3 AW AW AW AW
(b) Reasoning as before, ’
aAf = (de—xdy) A (ydx Ndz — dy N\ dz)
=—dr NdyNdz —xy dy \Ndx Ndz
= (xzy — 1) de Ndy N dz.

. Let f: R -5 R?, f(z,y,2) = (22,92), a = y? de+dy € A*(R?), and
B =xydx ANdy € A*(R?). Compute a A3, f*a, f*B, and f*(aApB).

Solution. As usual, let (z,y) — (z,y) denote the standard coor-
dinates on R2. Since a A 8 € A3(R?) = {0}, a A8 = 0, and so
f*(aAB)= f*0 =0 by linearity of the pullback. By Exercise 1 (c),

fra= f(y*de) + f*(dy) = (y* o f)d(z o f) +d(y o f)
= 2 2%d(2?) + d(yz) = 20?22 dr + zdy + ydz.
Similarly,
[ 8= f(zydz Ndy) = (zyo fld(zo f) Nd(yo f)
= 2%yzd(2?) N d(yz) = 220°y*zdx A dz + 223y 22 dx A dy.
Note that one can also check directly that f*(a) A f*(8) = 0.



4. Let a € A'(R?),
a = f(x,y)dx + g(z,y)dy.

Compute da and verify the connection between the Green’s theorem
(in vector calculus) and the Stokes’ theorem.

Solution. First, we have
da = d(fdz) + d(gdy) = df Ndx+ dg A dy
= (Oufdx + 0, fdy) A dx + (Orgdz + Oygdy) A dy
=0,fdy Ndx + O,gdx Ndy = (0,9 — 0, f) dx A dy

Given M a smooth 2-manifold, Stokes’ theorem implies

/da:/ Q.
M oM

In the particular case a = f(x,y)dx + g(x,y)dy we get

/ (Ong—0,f) dendy = [ fla,y)de + gla,y)dy.
M oM

Hence, if we take M = © C R? a smooth bounded domain we recover
Green’s Theorem in vector calculus.

5. Let w € A%(R?),
w=xdy Ndz + ydz N\ dx + zdz A dy.
Write w in spherical coordinates (p, ¢, 0),
x = psin g cos b,

y = psinysinf,
z = pcosb.

Solution. First, let us compute dx, dy and dz. That is,
dx = sinpcosf dp + pcospcos dp — psinpsinf db,

dy = sinpsinf dp + pcospsin @ dp + psinpcosd df
and
dz = cosp dp — psinp dp.
Next, let us compute dy A dz, dz A dz and dx A dy
dy A dz = —pcos® psind dp A dp + pcos® psind dp A dp
+ psinpcos pcos@ di A dp — p*sin® pcos O dO A d
= —psinf dp A dp + p*sin® g cos 0 dp A df
+ psiny cos ¢ cos O db N dp,



dz N dx = pcos® pcosf dp A dp — psinpcosgsinb dp A df
— psin? pcos @ dp A dp + p? sin® psin @ dp A df
= pcost dp A dp + p?sin® psin@ do A df
+ psing cospsinf di A dp

and

dx A dy = pcos psingcos@sind dp A dp + psin® g cos? 0 dp A df
+ pcospsinpcosfsinf dp A dp + p*sin p cos p cos? 0 dp A df
— psin® psin® 0 df A dp — p? sin @ cos psin® 0 df A dyo
= p?sinpcos p dp A df — psin® p di A dp.
Hence,
w=uady Ndz+ydz \dx + zdz N\ dy
= (—p2 sin ¢ sin @ cos @ + p? sin @ sin 0 cos 9) dp N\ dy
+ (,03 sin® o cos? 0 + p? sin® psin? 6 + p? sin ¢ cos? go) de A df
+ (,02 sin? ¢ cos p cos? 0 + p? sin® ¢ cos psin? § — p? sin? @ cos gp) do N dp
= p*sinp dp A d6.

6. Let X € T(M) be a smooth vector field and let o and 7 be smooth
covariant tensors fields. Prove that

Lx(c®71)=(Lxo)®7+0® (LxT).

Solution. Let p € M and denote the flow of X by 6. Then,
(O lo®T)p—(0@T))

(Lx(c ® 7)), =lim

t—0 t
— lim (G:U)p & (H:T)p —0p @7y
t—0 t
— lim ((9:‘7% - Up) ® (Q:T)p top® ((9:7)17 - Tp)
t—0 t
. ((8o)y —0y) ) : ((67)p — )
~ lim <f © (67)y ) + lim (o & LT

=(Lx0), @ Ty + 0, @ (LxT),.



Department of Mathematics and Statistics
Introduction to differential geometry
Exercise 9, Solution

28.3.2022

Return your written solutions to the bonus problems (marked by %) to
the Moodle area by Monday, March 28, 12:00 o’clock.

1. Let X,Y € T(M) and w € A¥(M). Prove, by using the definition
of Lie derivative, that

LX (iy&)) = i(LXy)w -+ iy(LXw).

Solution. Let us use the other notation Y w = ¢yw for the contrac-
tion. Let 6 be the flow of X. By direct computation we have

1
Lx(Yiw)=lim ; <6*(YJ w)—Y, w)

t—0

._hm, 0 MYJeaw—YJw>

= lim —
t—0 t

_ml@ Yﬁw—yww+Yﬁw—YMQ
( 9 WY — Y 407 W+YJ(9W—W)>
1
—hm (9 t*Y—Y)_IQ:CU—i—YJ P—E%E(Q:w_w)
= (ny)Jw—l—YJ (wa).

Another proof by using Theorem 5.28(g) of the lecture notes: We
have

Lx(o(Z1,.... 2)) = (Lxo)(Zy, ..., Z)
+O'(LX21,ZQ, .. .,Zl) +-F O'(Zl, .. ‘7Zl717LXZl)7
where 0 € T'(M) and Z,...,Z; are smooth vector fields. Since

o(Z1,...,7) is a smooth real valued function, solving for Lxo gives
the useful identity

(LXo')<Zl, .. .,Zl)

l
=X(0(Zv,.. ., 2) =Y o(Zy,.. ., [X, Z}),..., Z),
i=1

where we have used Theorem 3.61 from the lecture notes.



Let w be given as in the statement. First, if £ = 0 the claim is
trivial. Next, if k > 0 then iyw € A*1(M) and
Lx<iyw)(}/1, Ce 7Yk71) = X((Zyw)(Yi, e 7Yk71))
k—1
- (in)(Yi,...,[X,K],--.,Yk_1>

=1
k—1
= XY Ve V) = S WV Ve XY Yi).
=1
On the other hand,
Z‘Y(LXW>(Y717 ) Yk—l) = LXW(Y;YVI’ cee 7Yk—1)
= X(W(K YIJ R 7Yk—1)) - W([X, Y]7)/17 B 7Yk—l>

k—1
wY,Yq,. .. [X, Y, ..., Vo).

=1

Subtracting iy (Lxw) from Ly (iyw) proves the claim.

. Let a € A¥(M) be a closed differential k-form (that is, da = 0) and
X € T(M) such that dixa = 0. Prove that

(Ora)p =

for all (t,p) € D(X). [We say that « is invariant under the flow of
X ]

Solution. By assumption, it follows from the Cartan’s magic formu-
la that Lxa = ixda + dixae = 0. Given p € M, let I, = {t €
R|(t,p) € D(X)} and F : I, — T*(T,M), t — (6;a),, where 0 is
the unique maximal flow of X. Since F'(0) = v, the claim follows if
F'is constant for all ¢ € I;:

d, . d ; d i
F/(#) = (8200 = (00" )yl = (0 (00
d * * * d * *
200 (0r0))plr=0 = (07 (- (070)]r=0))p = (07 (Lxa))p = 0.

. Prove that every smooth manifold M admits a Riemannian metric,
i.e. a smooth symmetric 2-covariant tensor field ¢ that is positive
definite at each point p € M.

Solution. Let us take a chart {(U;,z;)} in M. First, let us use the
coordinates x; to construct a 2-covariant tensor field g; in each coor-
dinate domain Uj;. That is, let us define

g; = Spda® @ dat,
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which is clearly a smooth 2-tensor field on U;. Moreover, given p € U;
and X,Y € T,M, it is satisfied

95,(X,Y) = duda® (X) @ da' (V) = 6 X*Y" = g; (Y, X),

and
95,(X, X) = X; X*¥ >0

if X is nonzero. Thus, g; is symmetric and positive definite.

Now, let us use these tensor fields in the coordinate domains to
construct the global one. By Theorem 6.7 of the lecture notes, M
admits a smooth partition of unity (h;);c; subordinate to {U;};ec.
Then, let us define a 2-tensor field on M by

g = Zgjhh
J

where g; = g; in U; and 0 otherwise. Since g; is symmetric, one can
easily deduce that g is symmetric as well. Moreover, given p € M
and X € T,,M nonzero, then

gp(X’X) = Zgj‘p(XuX)hj<p) >0

as each term is nonnegative and at least one h;(p) is strictly positive
and g;],(X, X) > 0. Thus, g is a symmetric 2-tensor field on M that
is positive definite at each point p € M.

It only remains to show that the tensor field ¢ we have built is
smooth. Since gjh; is smooth in U; for each j € J and gjh; = 0
in M \ spth;, it is clear that g;h; is smooth in M. Next, as the
partition of unity is locally finite, given any p € M there exists a
neighborhood W of p for which J' = {j € J|W Nspth; # 0} is

finite. Thus,
glw = ghilw =Y b lw
J J!

is smooth in W and the claim follows.

. Let M be an oriented smooth manifold and w an orientation form
that determines the orientation. Let f € C*°(M) such that f(p) # 0
for all p € M. Prove that w and fw determine the same orientation
on M if and only if f(p) > 0 for all p € M.

Solution. Let us suppose that f > 0. The result follows by repeating
the proof of Theorem 7.2 of the lecture notes for the n-form fw
noting that w® > 0 if and only if fw® > 0 as f was assumed strictly
positive.

Suppose now that w and fw determine the same orientation and
that M is connected. Hence M has exactly two orientations deter-
mined by w and —w. If it would have k& components, it would have



2% orientations. Since f is continuous, then f < 0 or f > 0. Let us
assume by contradiction that f < 0. Then by the result already pro-
ved w and —w would determine the same orientation, which is not
possible. Thus, f > 0. For the general case suppose p € M and let
U be a connected neighborhood. Now w|y and fw|y define the same
orientation on U. In particular by the previous f|y > 0so f(p) > 0.

Recall that the divergence of a smooth vector field X with respect
to an orientation n-form w is the function Div,X: M — R s.t.
(Div,X)w = Lxw.

x5. Let a € A3(R3\{0}) be given in spherical coordinates (g, ¢,9), 0 >
0, ¢ €[0,x], ¥ € [0,27], (see Exercise 8/5) by
a = o*sinpdo Adp A d.
Let 3% € T(R3\{0}) be the smooth coordinate vector field associated

to the spherical coordinates and let V' = 9_28% e T(R3\ {0}).
Compute Div,V in R?\ {0}.

Solution. We note that da = 0, in fact, @ = dw where

1
w= 593 sin pdp A db.

By Cartan’s magic formula and the use of the properties of the
contraction (Theorem 5.27 in the lecture notes) we obtain

LvOé = ivda + divaf = diva

=di Qag(g sin pdo A dp A d)

dlo“ia(0 Slngpdg/\dcp/\dﬁ))

o
(e
d(smgpw dQ/\dgp/\dﬁ))
d(snup [Zad@ do N d — (z'a%d@)dg/\dﬁ

+ (i di) do A dng
=d (sinpdp A dJ)
=cospdp ANdp A dJ
=0
in R*\ {0}. Since (Div,V)a = Lya = 0 we conclude that
Div,V =0 in R*\ {0}.

Let us note that « is the standard volume form of R? in spherical
coordinates and V = Vg with g(z) = —|z|7!. Then, since « is the



volume form and ¢ is harmonic in R?\ {0} one obtains
Div,V =divVg=Ag=0 in R*\ {0}.

x6. Using the spherical coordinates as above, let w = %93 sinpdp A
dy € T(R®\ {0}). Apply Stokes’s theorem with w and dw in the
closed ball M = B3(0, R) C R3.

Solution. On the one hand we have

1 5 . R3 2w ™ )
W= —0° sinpdp ANdd = — sin o dp dv
oM dB(0,R) 3 3 Jo 0
4

= §7TR3.

On the other hand, since dw = ¢* sinp do A dp A d, we obtain

/ dw:/ 0 sinpdo A dp A dV
M B(0,R)

R 2m ™ 4
= / / / 0? sinpdpdddo = R
o Jo Jo 3

Hence, [,,dw = [,,,w as it should be. Let us point out that since
the differential forms involved are defined just in R?\ {0}, in order
to be precise we should integrate over the annulus B(0, R) \ B(0, €)
and let ¢ — 0.

We also note that 7R® is the measure (volume) of the ball
B(0, R) since dw is the volume form in R? in spherical coordina-
tes.
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1. Let G be a Lie group. A differential form « is called left invariant
if = Lya for every p € G. More precisely, (Lya), = a, for every
p,q € G. Prove that there exists an orientation form on G and that
a left invariant orientation form is unique up to a multiplicative
constant. [Here L,: G — G is the left translation L,(q) = pq.]

Solution. Let be n = dim G and e the neutral element of G. Choose
Wi, .. ywy € THT,G) st. we == w1 Awy A -+ Aw, # 0 (i.e. spans
A™(T.G) from being a one-dimensional linear space). Then, we define
w € A"G as

Wy = (L;l)*we, peG.
We will show that w is a left invariant smooth orientation form.

First, given p,q € G we have
(L;w)q('ul, Cey Un) = Wy (Lp*qvl, e Lp*qvn)
= (L;ql)*we (Lp*qvl, - ,Lp*qvn)
= we((L;ql)*Lp*qvl, ce (L;ql)*Lp*qvn)
= we((L(;l)*qvl, e (Lq_l)*qvn)
= wy(vy,...,v,)
for every vy, ..., v, € T,G. Hence w is left invariant. Moreover, since
we # 0, there are vq,...,v, € T.G (e.g. duals to wy,...,w,) such
that we(v1,...,v,) # 0. Then, by left invariance
Wy (Lp*vl, e Lp*vn) = (L;l)*w6 (Lp*vl, e Lp*vn)
= wWe(v1,...,0,) # 0,
ie. w, #0.
Next, we show that w is smooth. To see this, we note that

wy = (L 'we = (L) 'wi A+ A (L) wy,.

Now each p +— (L;l)*wi,i =1,...,n,is a smooth 1-form. This can
be seen by taking an arbitrary smooth vector field X € 7(G) and
noticing that the function p — (L')*wi(X,) = (wi)e((Ly")Xp)
is smooth as a composition of the linear functional (w;). and the
smooth map p +— (L;l)*Xp € T.G. Hence, w € A"(G), and in
particular is an orientation form.



Finally, if @ is another left invariant orientation from, then it is
clear that @, = cw, for some constant ¢ # 0. From this relation and
the left invariance (of both @ and w), we conclude that @, = cw, for
every p € G.

. Let M and N be connected smooth oriented manifolds and f :
M — N a local diffeomorphism. Prove that f is either orientation
preserving or orientation reversing.

Solution. Let w be an orientation form on NV associated to the orien-
tation of N. Then f*w is a smooth n-form on M. Let n be an
orientation form on M associated to the orientation of M. Now
f*w = gn, where g € C*°(M). Since f is a local diffeomorphism, we
will show that the function g never vanishes. Let us take {(Uy, z4)}
and {(Vjs,ys)} orientations in M and N respectively. Given p € M
we take ¢ € I and j € J such that p € Uy, and f(p) € Vj,. Moreo-
ver, note that we can always assume that f(Us,,) = Vp,. Then, we
can write w and 7 in coordinates as

w|v,3]. = w, dyéj A dy%j... A dyg,

and

n\Uai =1 dxii A dxi N dzg,
with w; and 7, positive smooth functions. By using the relation
f*w = gn we obtain that

g = (wjo f)det (yo fox™t).

Since f is a local diffeomorphism we have det (y ofo xfl)/ never
vanishes. Thus from the previous identity we conclude that g never
vanishes. Finally, from being M connected, g is either positive eve-
rywhere (and f sense preserving) or g is negative everywhere (and
f sense reversing).

. Let M be an oriented n-manifold with boundary and an orienta-
tion form w, and let V' be an outward-pointing smooth vector field
on OM. Prove that the induced orientation on OM, determined by
(tyw)|OM, is independent of the choice of the orientation form w
and the outward-pointing vector field V.

Solution. Let w!,w? € A"(M) be two orientation forms on M and
Vi,Vo : OM — TM be two smooth outward-pointing vector fields.
We will show that iy,w! and iy,w? determine the same orientation
restricted to M. To this end, let p € OM and (U, x) a chart at p
where z = (x!,...,2") : U — H". Then, we can write the vector
fields in coordinates as Vi, = > 1 Vi(0;), and Vo, = S0 Vo (0;),.
By Lemma 7.7 in the lecture notes we know that Vi, V;* < (0. Hence
there exists a constant ¢ > 0 such that V" = cV4". On the other
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hand, by Exercise 9/4 we know that w! = fw? for some f > 0 as
can be seen writing out the orientation forms locally. Hence,

(50 ) (O1)ps -+ Onmt)p) = (113 () (D) - (D))
— FPRVi @) (0u)y)
— FPRV D), (D) (Bu)y)
= S (D)2 (VEOn)ys () -+ (D))
CF D)2 (Ve (D), (Dnr)y)
(
)

= cf(p)(11,9°)p((B)ps -+ (Bn1)y).
As ¢f(p) > 0 for all p € OM the result follows by Exercise 9/4.

x4. Let M be a smooth manifold, « € A*(M), X,Y € T(M) and
f € C>(M). Prove that

()

Lixa = fLxa+df Nixa,
(b)

i[X’y]CJé = iny()é — iyLXa.
Solution.

(a) Given Zy, ..., Zy_1, if we use Exercise 7/6 and the properties of
the Lie bracket, on the one hand we obtain

foOé(Zl, cees Zk)

= Lix (a(Zy,.... Z ZaZl,.. 1fX, Zi), ... Z)

k
= fLx (21, Z0) = [ alZy, s [X, Zi), ooy Z)

k
+Y Zi(f) o2, X, Z)
=1
k
= fLxo(Z1, . Z) + > Zilf) ol Za, o X, Zi)
=1

On the other hand,

df/\iXOé<Zl,.. Zk)
k
Z VYA (Z)ixa( 2y, oy Zioay Zigas ooy Zi)

Z A2y, X, T

=1



Hence, the identity follows.
(b) Given Zi, ..., Zy, if we use again Exercise 7/6 and the properties
of the Lie bracket, on the one hand we obtain

LX’iya<Z1, cery Zkfl)

e

-1

= LX (iya(Zl, ceey Zk—l)) — iyOé(Zl, ceey [)(7 ZZ], ceey Zk—l)

1

=X (Oé(Yv, Zl, ceey Zk,1>) - Oé(Y, Zl, coey [X, Zl], ceey Zkfl)

™7
- L

On the other hand,

iyLxa(Zy, ..., Zy1) = Lxa(Y, Zy, ..., Zy )
= LX(Oé(Y, Zl, ceey Zk—l)) - Oé([X, Y], Zl, ceey Zk—l)

-1

N

O{(Y, Zl) ceny [X, ZZ], ceey Zk—l)

|
2

Zl, cees Zk—l)) — i[)gy}Oé(Zl, ceey Zk:—l)

N

-1
- CY(Y, Zl,...,[X, ZZ'],...,Zkfl)
1

2

Hence, the identity follows by subtracting both expressions.

Recall that the divergence of a smooth vector field X with respect
to an orientation n-form w is the function Div,X: M — R s.t.
(Div,X)w = Lyw.

%5, Let M be a smooth oriented n-manifold and let w be an orientation
form (volume form) on M. Suppose that X € T (M) and f,g €
C>(M), with f > 0. Prove that

Div,(9X) = gDiv,X + Xg
and

X
Divy,X = Div,X + —f

f

Solution. By definition,

Lyxw = Div,(9X)w.



We compute the left hand side by using Cartan’s magic formula:
Lng = igxdw + ding = ding

= d(gixw) = dg A ixw + gdixw

© ixdg A w + gdixw

= (Xg)w+ gLxw

= (Xg+ dDivw(X)>w.
Hence

Div,(9X) = Xg + gDiv,(X)
= Lxgdigxw.
Equality (x) follows from
0= iX(dg/\w) =ixdg Nw —dg Nixw.
——

=0
For the other equation, we compute

(Divp,X) fw = Lx(fw) = fLxw + (X f)w

= f(Div,X)w + X—f(fw)

f
X
= (Div, X + Tf)(fw)
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These are the last exercises!

1. Let M be a smooth oriented n-manifold and let w be an orientation
form (volume form) on M. Suppose that X,Y € T (M). Prove that

Div,[X,Y] = X (Div,Y) — Y (Div,X).

Solution. By using Exercise 2 below and Theorem 5.28 (c)(a) from
the lecture notes we obtain

(Divy [X,Y])w = Lixyw

= LxLyw — Ly Lxw

= Lx((Div,,Y)w) — Ly ((Div, X)w)

= X(Div,Y)w + (Div,)Y) Lyw
— Y(DivwX)w — (DivwX) Lyw

= X (Div,,Y)w + (Div,Y) (Div,X)w
— Y(DivwX)w — (DivwX) (Diva)w

= (X(Div,Y) — Y(Div,X))w.

x2. Let M be a smooth manifold, « € A*(M) and X,Y € T(M).
Prove that

L[X7y]04 = LxLyOé - LyLXOé.

Solution. By Cartan’s magic formula, Exercise 10/4(b) and Theorem
5.28 (b) from the lecture notes we get
Lixy)a = dixyjo + ipx,yjda
=d(Lxiya —iyLxa)+ Lxiyda — iy Lxda
= Lxdiyva — diy Lxa + Lxiydo — iy Lxda
= Ly (diya +iyda) — (diy Lya + iyd Ly o)
=LxLya— LyLxa.
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3. Suppose M and N are oriented n-manifolds and f: M — N an

orientation preserving diffeomorphism. Prove: If w € A™(N) has
compact support, then f*w € A"(M) has compact support and

[om ], e

Solution. Let us take {(Va,,y.)} an orientation atlas of N. Since f
is a sense preserving diffecomorphism, then {(U, := f~'V,,x, =
Yo © f)} is an orientation atlas of M. Furthermore, let {\;} be a
smooth partition of unity subordinate to {V,}. This clearly means
that {\; o f} is a smooth partition of unity subordinate to {U,}.

Now,
[ [ (5A)e =2 w5 2o
=3 [ aw =3 [ om0
-3 [y (o) = >/
- Z/U@ o )fw = Xij/M(Aioﬁf w
-/ S e n)f= | 5

Note that the smoothness of f*w is clear, so f*w € A"(M). Since
f is a diffeomorphism and w is compactly supported, also f*w is
compactly supported.

Recall from Real Analysis: Let M be an oriented n-manifold and
w € A™"(M) an orientation (volume) form. By Riesz representation
theorem, there exists a unique measure m,, (defined in the o-algebra
of all Borel subsets of M) such that

/udmw:/uw
M M

for every compactly supported continuous function w.

Let M and N be oriented n-manifolds with orientation forms wjs
and wy, respectively. Let f: M — N be a diffeomorphism. We define
the Jacobian of f, denoted by Jy, with respect to wys and wy by the
formula

f*wN = JfWM'
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x4. Let M be an oriented n-manifold with an orientation form w €
A"(M) and the corresponding Borel measure m,,. Let X € T (M)
be a complete vector field and 6 its flow. Prove that the following
are equivalent:
(i) Div,X =0,
(il) Jp, = 1Vt € R,

(iii§ Orw = w,
/Mudmw:/M(uoﬁt)dmw

(iv
for all compactly supported continuous functions v on M and
for all t € R.

Solution. First, note that by definition of divergence and Jacobian,
and Exercise 9/2 we obtain directly the equivalence of (i), (ii) and
(74i). Furthermore, these are equivalent to (iv) since by Exercise 3
we have

/Mudmw:/Muw:/M@;‘(uw):/M(uoet)HZ‘w

:/M(uoét)w:/M(uoﬁt)dmw.

Let us point out that this is a far reaching generalization of the
translation invariance of the Lebesgue measure in R”. Note that a
translation x — x + a, where a € R", is the flow of the parallel
vector field X, = a for all p € R™.
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