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The local framework

We consider the energy functional

£(u) :—;/S;|Vu|2—/g;fu
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The local framework

We consider the energy functional

£(u) ::;/Q\VUF—/QM

o Dirichlet Problem: Minimize £(u) among all functions u € H(Q)
with u =0 on 052

—Au = f inQ,
u = 0 ondf.

@ Neumann Problem: Minimize £(u) among all functions u € H(Q).

—Au = f inQ,
o,u = 0 on 9.
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Regularity for the local case

o Interior regularity: —Au = f in By, with f € L*°(By)

It is well known by Schauder estimates that v € Cl’a(Bl/z) for every
a € (0,1).
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Regularity for the local case

o Interior regularity: —Au = f in By, with f € L*°(By)

It is well known by Schauder estimates that v € Cl’a(Bl/z) for every
a € (0,1). Moreover,

lullcraqs, ) < € (lullie(ay + [ flli=(s)) -

e Boundary regularity: —Au = f in Q, with f € L*°(Q) and 9Q € C?

Reflexion
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(Heuristical) Probabilistic interpretation of the problems

—Au=f in Q.

We can undersatand u(x) as the expected gain of a particle during a
random walk starting at point x following this rules:
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(Heuristical) Probabilistic interpretation of the problems

—Au=f in Q.
We can undersatand u(x) as the expected gain of a particle during a
random walk starting at point x following this rules:

@ When the particle passes through a point x, it earns or loses a
quantity proportional to f(x).

@ If Dirichlet boundary condition is imposed, the process ends when the
particle touches the boundary

@ If Neumann boundary condition is imposed, the particle reflects
inwards and the process continues

J.C. Felipe-Navarro (UPC-BGSMath) Neumann fractional Laplacian Analysis Seminar Heidelberg 4/23



The fractional Laplacian

Defined for s € (0,1) by
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The fractional Laplacian

Defined for s € (0,1) by

(—A)*u(x) = cns /R ul) —u(z) o,

n |x — z|nt2s

@ Canonical example of integro-differential operator.
@ Translation and rotation invariant.
@ Homogeneous of order 2s.

@ We can recover it through Fourier transform:

(—A)u=F*(|g*F(u)).
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The fractional Laplacian

Defined for s € (0,1) by

(_A)SU(X) = Cn,s / M dz.

JRn ‘X _ Z‘”+25
Canonical example of integro-differential operator.
Translation and rotation invariant.

Homogeneous of order 2s.

We can recover it through Fourier transform:
(—A)u=F (g F(u)) -

@ It has an associated local extension problem.
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Functional setting

When working with the fractional Laplacian in bounded domains, the
natural functional space to work is

#H°(Q) = {u € L*(Q) such that [u]ysq) < +oo},

1/2
[ulys) = // ju(x) — u(z)P dxdz /
@ = (RrxRO)\(QexQe)  |X — 2|2 ’

and H°(Q2) is a Banach space with associated norm

where

ullas @) = llullizg) + [Ulns@)
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The Dirichlet problem for the fractional Laplacian

We consider the nonlocal energy functional

B 2
5(u):Cn’s// dedz—/r‘u
4 JJ(moxroy\(Qexqe) |X —z|"T=S Q
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The Dirichlet problem for the fractional Laplacian

We consider the nonlocal energy functional

2
E(u) = Cns// Julx )_ n—(i-25| dxdz — /fu
4 JJ(®rxro\(@exqe) X — 2|

Dirichlet Problem: Minimize £(u) among all functions u € () with
u=0inQ°.

(—A)’u = f inQ,
u = 0 inQ°.
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FORTC
E(u) = dxdz /Qf

nemn X — z|”+25

Dirichlet Problem: Minimize £(u) among all functions u € () with

u=0in QF°.
(-A)’u = f inQ,
u = 0 1in Q°.

J.C. Felipe-Navarro (UPC-BGSMath)

Neumann fractional Laplacian

Analysis Seminar Heidelberg

7/23



The Dirichlet problem for the fractional Laplacian

We consider the nonlocal energy functional

2
E(u) = Cns// Julx )_ n—(i-25| dxdz — /fu
4 JJ(®rxrry\(@exne) X — 2|

Dirichlet Problem: Minimize £(u) among all functions u € () with
u=0inQ°.

(—A)’u = f inQ,
u = 0 inQ°.

J.C. Felipe-Navarro (UPC-BGSMath) Neumann fractional Laplacian

Analysis Seminar Heidelberg

7/23



The Dirichlet problem for the fractional Laplacian

We consider the nonlocal energy functional

2
E(u) = Cns// Julx )_ n—(i-25| dxdz — /fu
4 JJ(®rxro\(@exqe) X — 2|

Dirichlet Problem: Minimize £(u) among all functions u € H*(2) with
u=0inQ°.

(—A)’u = f inQ,
u = 0 inQ°.

This problem has a nice probabilistic interpretation in terms of Levy flights.
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Regularity of the fractional Dirichlet problem

The regularity of solutions to the Dirichlet problem is nowadays very well
understood
(=A)*u = f inQ,
u = 0 in Q°.
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Regularity of the fractional Dirichlet problem

The regularity of solutions to the Dirichlet problem is nowadays very well

understood
(=A)*u = f inQ,
u = 0 in Q°.
For interior regularity see [Landkof, '72] and [Silvestre, '07]
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Regularity of the fractional Dirichlet problem

The regularity of solutions to the Dirichlet problem is nowadays very well
understood
(=A)*u = f inQ,
u = 0 in Q€.
For interior regularity see [Landkof, '72] and [Silvestre, '07]

Theorem (Ros-Oton, Serra, 2014)

Assume 02 € C? and f € L®°(Q). Then, uc C5(9).
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Regularity of the fractional Dirichlet problem

The regularity of solutions to the Dirichlet problem is nowadays very well
understood

(=A)Yu = f inQ,
u = 0 1in Q°.

For interior regularity see [Landkof, '72] and [Silvestre, '07]

Theorem (Ros-Oton, Serra, 2014)

Assume 02 € C? and f € L>(Q). Then, u € C5(Q).

This regularity result is optimal since explicit solutions can be constructed:

—A)’u = 1 in By,
e ) L GRL(EERE
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The Neumann problem for the fractional Laplacian

We consider the nonlocal energy functional

o 2
E(U):Cn’s// dedz—/r‘u
4 JJ(moxroy\(Qexqe) X —z|"T=S Ja
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The Neumann problem for the fractional Laplacian

We consider the nonlocal energy functional

2
E(u) = Cns// Julx )_ ni25| dxdz — /fu
4 JJ(®rxro\(@exqe) X — 2|

Neumann Problem: Minimize £(u) among all functions u € H*().

(=A)Yu = f inQ,
Nsu = 0 in QF,

where A is a “nonlocal Neumann derivative” defined as

Nsu(x) := cns M dz

Q |X _ Z|n+2s
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The Neumann problem for the fractional Laplacian

We consider the nonlocal energy functional

B 2
E(U)::Cn’s// MX)_:(Jrzz)dedz/fu
4 JJ(moxro\(@exqe) X — 2| Q

Neumann Problem: Minimize £(u) among all functions u € H*(Q).

(=A)Y°u = f inQQ,
Nsu - O in QC,

where N is a “nonlocal Neumann derivative” defined as

Nsu(x) := cns (X) (Z)

’X—Z’"+25

Existence and uniqueness of weak solutions can be found in [Dipierro,
Ros-Oton and Valdinoci, 2017] ([Du-Gunzburger-Lehoucq-Zhou,'13])
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Basic properties of the Neumann problem

@ Variational structure
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Basic properties of the Neumann problem

@ Variational structure

o Integration by parts: If u, v are bounded C? functions in R”, then

o ]G )
(QexQe)e

4 |X—Z|"+25

:/Qv(—A)su—l—/chsu
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Basic properties of the Neumann problem

@ Variational structure

o Integration by parts: If u, v are bounded C? functions in R", then

7 // (u(x) = u(2)) (v(x) = v(2)) dxdz
(QexQe)e

4 |x — z|nt+2s

:/Qv(—A)su—i-/c v ANsu

@ Natural probabilistic interpretation
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Basic properties of the Neumann problem

Variational structure

o Integration by parts: If u, v are bounded C? functions in R", then

7 // (u(x) = u(2)) (v(x) = v(2)) dxdz
(QexQe)e

4 |x — z|nt+2s

:/Qv(—A)su—i-/c v ANsu

Natural probabilistic interpretation

Conservation of mass in the associated heat equation

Convergence to the classical Neumann problem as s 1 1
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Regularity of the fractional Neumann problem

{(—A)su = f inQ,

su = 0 in Q°.

Theorem (Audrito, F-N, Ros-Oton, '20

Let Q@ C RN be any bounded C' domain and f € L(Q) and [, f = 0.
Then, weak solutions are bounded, and

lull cagary < € (Il + llull 2ey) »

for some o > 0.
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Regularity of the fractional Neumann problem

(-A)’u = f inQ,
Nsu — O iIl QC,

Theorem (Audrito, F-N, Ros-Oton, '20)

Let Q@ C RN be any bounded C' domain and f € L°(Q) and [, f = 0.
Then, weak solutions are bounded, and
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Regularity of the fractional Neumann problem

(-A)’u = f inQ,
Nsu - O iIl QC,

Theorem (Audrito, F-N, Ros-Oton, '20)

Let Q C RN be any bounded C' domain and f € L9(Q), with ¢ > 4= and
Jo f =0. Then, weak solutions are bounded, and

lull cagary < € (Ifllag) + llull2()) »

for some o > 0. Moreover, if s > % and g > n we then have

lull cas—1tagmy < € (Ifllaq@) + lulli2()) -
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Regularity of the fractional Neumann problem

(-A)’u = f inQ,
Nsu — O iIl QC,

Theorem (Audrito, F-N, Ros-Oton, '20)

Let @ C RN be any bounded C* domain and f € L9(Q), with q > 4= and
Jo f =0. Then, weak solutions are bounded, and

lull cagary < € (Ifllag) + llull2(@)) »
for some o > 0. Moreover, if s > % and g > n we then have

lull cas—rtagmy < € (Ifllaq@) + lull2()) -

This is the first regularity result for the Neumann problem. Even the
boundedness of solutions is new.
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Main difficulties

@ No explicit (nontrivial) solution, not even in 1D.
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@ Classical methods do not work (flatten the boundary and even
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Main difficulties

@ No explicit (nontrivial) solution, not even in 1D. Indeeed there is a
“fake solution”. Thus, it is not clear what is the optimal regularity

@ Classical methods do not work (flatten the boundary and even
reflection)

@ The values of u are not known neither inside nor outside

@ The methods from the Dirichlet case, based on barriers, do not work
either
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The fake solution (in 1D)

Let us take
w(x) = [x|>*7! in R.
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The fake solution (in 1D)

Let us take
w(x) = |x[*71 in R.
On the one hand, it is clear that
(-A)*w = 0 in Ry =(0,00),
New = 0 inR_ =(—00,0).
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The fake solution (in 1D)

Let us take
w(x) = |x[*71 in R.

On the one hand, it is clear that

(=A)w = 0 inR; =(0,00),
Nsw = 0 inR_ = (—00,0).

On the other hand, it is also clear that

// (w) = w(2))el) = 2l2)) 4, 40
(RxR)\(R_ xR_) |X — Z|n+2s

for some ¢ € C°(R).
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The fake solution (in 1D)

Let us take

w(x) = |x[*71 in R.

On the one hand, it is clear that

{ (=A)Pw = 0 inRy = (0,00), +  Regularity condition

New = 0 inR_ =(—00,0).

On the other hand, it is also clear that

// (w(x) = w(2))(¢(x) — ¢(2)) dxdz # 0
(RxR)\(R_XR_)

|X_z|n+25

for some ¢ € C°(R).

This phenomenon is due to a missing regularity condition in the strong
formulation that w is does not satisfy.
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Equivalent formulation

It is equivalent to minimize the nonlocal energy

B 2
E(U):Cn’s// dedz—/r‘u
4 JJ(moxroy\(Qexqe) X —z|"T=S Ja
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Equivalent formulation

It is equivalent to minimize the nonlocal energy

B 2
E(U)::C"’S// dedz—/fu
4 JJ(®rxro\(@exqe) X — 2| Q

than minimizing the “localized” one

Su) = C// u(x) — u(2)[? Ka(x, 2) dxdz—/qu
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Equivalent formulation

It is equivalent to minimize the nonlocal energy

o 2
E(u) = Cn’s// lu(X)_:Erzz)dedz—/fu
4 JJ(®rxro\(@exqe) X — 2| Q

than minimizing the “localized” one

() = T//meu(x)—u(z)wﬂ(x,z) dxdz—/ fu

Q

where Kq is an explicit kernel satisfying

1+log™ (M)

x—z|

Ka(x,z) <

X — 2|7 for all x,z € Q,
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Equivalent formulation

It is equivalent to minimize the nonlocal energy

B 2
E(U)::C"’S// |u(x)uizzndxdz—/fu
4 JJ(®oxroy\(Qexqe) |x —z|"T=S Q

than minimizing the “localized” one

() = ij//ﬂm|u(x)—u(z)\2/<9(x,z) dxdz—/ fu

Q

where Kq is an explicit kernel satisfying

1+ log™ (M)

x—z|

I — 7|72 for all x,z € Q,

It was first noted in the strong form by [Abatangelo, '20].
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Equivalent formulation

How does this new kernel appear?
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How does this new kernel appear?

Nsu(z) =0in Q°
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Equivalent formulation

How does this new kernel appear?

u(z) — u(y e
OZMU(Z):C"’S/Q|Z(—))/|”+(25) dy in Q
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Equivalent formulation

How does this new kernel appear?

u(z) — u(y e
OZNsu(Z):C”:S/Q|Z(_)y|n+(25) dy in Q

4

u(z) = /u(y)dy /dy - for all z € Q°
Qlz—ylm* Qlz—ylm*
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Equivalent formulation

How does this new kernel appear?
= = Cp —r =2 Q°
0= Nsu(z) C,S/ | Jres yin

4

u(y) dy \7*
u(z) = (/Q PRI dy) </Q |z—y|”+25> for all z € Q°

Then,

(-a7u) = e [ 2D gz, [ M2 g,

Q |X_Z|n+2s . |X_Z|n+2s
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Equivalent formulation

How does this new kernel appear?
= = Cp —r =2 Q°
0= Nsu(z) C,S/ | Jres yin

4

N u(y) dy - .
u(z) = </Q 7|z — dy) </Q 7|z - y’n+2s> forall ze Q

Then,

(-a7u) = e [ 2D gz, [ M2 0,

Q |X_Z|n+2s . |X_Z|n+2s
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Equivalent formulation

How does this new kernel appear?

0=Nsu(z) =cns / u(z) - ()dy in Q°

|Z _ |n+2s
D

u(y) dy -
- A S | Y for all z € Q°
u(2) </Q |z — y|n+es y) </Q Iz—y|”+25> oratzs

Then,
(—~D)u(x) = cns /Q (u(x) - u(2)) Ka(x. 2) dz,
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Equivalent formulation

How does this new kernel appear?

0=Nsu(z) =cns / u(z) - ()dy in Q°

|Z— |n+25
D
u(z) = (/Q|z_“(yy|,)7+25dy> </Q|z_dyy|n+25>_l for all z € Q°
o (—=A)°u(x) = cns /Q (u(x) — u(2)) Ka(x, z) dz,
with

1 dy
K = |
a(x, 2) |x — z|nt2s " /QC x — y[N¥2ely — 2|7+2 g \ydiw

,W‘n+2s
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Equivalent formulation

1 n / dy
R il eF iy e

Ka(x,z) =

I
1+log™ (M>

Ix—2]

Ka(x,z) <

|X _ Z|n+2s
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Equivalent formulation

1 dy
Kalx,2) = s + |
‘X_Z‘n+2s ac |X_y|N+2s|y_Z|n+2s fﬂ\y—i/%,

4

KQ(X,Z)X |X—Z|”+25

@ It is scale invariant

Ka(rx,rz) = r "% K, 19(x, 2)
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Equivalent formulation

1 dy
K = s
Q(X7Z) |X _ Z|n+2s + /QC |X —y|N+25‘y - Z|n+25 fQ \y*diw’

W‘n+2s
I
1+ log™ (7“"{7&)2’7(2)})
KQ(X’ Z) = |X _ Z|n+25

@ It is scale invariant
Ka(rx,rz) = r "2 K,_1q(x, 2)

@ In some of the computations it is sufficient to consider the flat case
by doing a bi-Lipschitz transformation
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The regional fractional Laplacian

Motivated by the equivalent formulation, we first study the minimization
of the functional

_Cns

u(z)[?
X—z|”+25 dxdz — fu
QxQ Q
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The regional fractional Laplacian

Motivated by the equivalent formulation, we first study the minimization
of the functional

_Cns

u(z)[?
X—z|”+25 dxdz — fu
QxQ Q

Dirichlet Problem (s > 1/2): Minimize £(u) among all functions
u € H*(Q2) with v =0 on 0%.
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The regional fractional Laplacian

Motivated by the equivalent formulation, we first study the minimization
of the functional

_Cns

u(z)[?
X—z|”+25 dxdz — fu
QxQ Q

Dirichlet Problem (s > 1/2): Minimize £(u) among all functions
u € H*(Q2) with u =0 on 0%2.

(—A)jyu = f inQ,
u = 0 on 09,

where
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The regional fractional Laplacian

Motivated by the equivalent formulation, we first study the minimization
of the functional

~ 2
= Cns// +2)| dxdz—/fu
QxQ |X—Z|” g Q

Dirichlet Problem (s > 1/2): Minimize £(u) among all functions
u € H*(Q2) with u =0 on 0%2.

(—A)jyu = f inQ,
u = 0 on 09,

where

) = [ L

Theorem (Bogdan, Burdzy, Chen, 2003)
Assume 02 € C? and f € L°(Q). Then, uc C*> Q).
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The regional fractional Laplacian
£(u) = C”S// uC) w2, /f
= — u
axQ |X - Z|”+25 Q
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The regional fractional Laplacian
~ Cn,s ( )2 /
= dxdz— | f
//QXQ X—Z|”+25 A Q u

Neumann Problem: Minimize £(u) among all functions u € H*(Q).

J.C. Felipe-Navarro (UPC-BGSMath) Neumann fractional Laplacian Analysis Seminar Heidelberg



The regional fractional Laplacian
~ Cn,s ( )2 /
= dxdz— | f
//QXQ X—Z|"+25 A Q u

Neumann Problem: Minimize £(u) among all functions u € H*(Q).

We prove exactly the same regularity results up to the boundary as in the
case of the fractional Laplacian.
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The regional fractional Laplacian
~ Cn,s ( )2 /
= dxdz— | f
//QXQ X—Z|"+25 A Q u

Neumann Problem: Minimize £(u) among all functions u € H*(Q).

We prove exactly the same regularity results up to the boundary as in the
case of the fractional Laplacian.

In a more recent work, M. Fall proves C?*~¢ regularity up to the boundary
by using the extension problem.
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C” regularity

We use the ideas coming from the interior regularity theory for divergence
form elliptic equations. That is, we do a delicate Moser iteration with
logarithmic corrections.
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We use the ideas coming from the interior regularity theory for divergence
form elliptic equations. That is, we do a delicate Moser iteration with
logarithmic corrections.

u weak solution
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C” regularity

We use the ideas coming from the interior regularity theory for divergence

form elliptic equations. That is, we do a delicate Moser iteration with
logarithmic corrections.

u weak solution
ﬂ e~ uP 4+ Sob. Ineq.

ue L>(Q)
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C” regularity

We use the ideas coming from the interior regularity theory for divergence

form elliptic equations. That is, we do a delicate Moser iteration with
logarithmic corrections.

u weak solution
ﬂ p~uP 4+ Sob. Ineq.
ueL>®(Q)
ﬂ e~u P 4+ J-N lneq.

u e C*(Q) for some small

J.C. Felipe-Navarro (UPC-BGSMath) Neumann fractional Laplacian
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Higher regularity (when s > 1/2)

We want to prove that

lu(x) —u(y)] < C|lx —y|7 forall x,y €.
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Higher regularity (when s > 1/2)

We want to prove that

lu(x) —u(y)]| < Clx —y|7 forall x,y € Q.

o If this estimate is not satisfied, we can contruct a blow-up sequence

satisfying
(-Ayy = f g,
Nevj = 0 in Qf,
vi(0) = 0,
IVillte(gy)y = 1,
IVilloBry < R
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Higher regularity (when s > 1/2)

We want to prove that
lu(x) —u(y)]| < Clx —y|7 forall x,y € Q.

o If this estimate is not satisfied, we can contruct a blow-up sequence

satisfying
(_A)Svj = 6 in Qj7
Nevj = 0 in QJ?,
vi(0) = 0,
||V_I'HL°°(31) > 1
[Villo(gry < R

@ Thanks to the C“ estimate, the limit v; — v satisfies an equation
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Higher regularity (when s > 1/2)

We want to prove that

lu(x) —u(y)]| < Clx —y|7 forall x,y € Q.

o If this estimate is not satisfied, we can contruct a blow-up sequence

satisfying
(Ayy = £ in%, (-A)°v = 0 inH,
Nevj = 0 in QF, Nsv 0 in HS,
v;i(0) = 0, o v(0) = 0
HVJ'HLOO(BI) > 1, HVHL“‘(Bl) > 1,
[villio(Bey < R? IVlie(Be) < R°.

@ Thanks to the C“ estimate, the limit v; — v satisfies an equation
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Higher regularity (when s > 1/2)

We want to prove that

lu(x) —u(y)]| < Clx —y|7 forall x,y € Q.

o If this estimate is not satisfied, we can contruct a blow-up sequence

satisfying
(=A)»v; = f; inQ, (-A)¥v = 0 inH,
Nevj = 0 in Qf, Nev = 0 in HS,
VJ(O) = 0, — V(O) = 0,
Ivillie(gy)y = 1, [Vllteo(Byy > 1,
IvillLo(Br)y < R7. [vlo(Bry < R

@ Thanks to the C“ estimate, the limit v; — v satisfies an equation

Thus, we arrive at a contradiction if we show that a weak solution with
certain growth in a half-space is constant.
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From dimension n to dimension 1

(=4)v

Il
o

in R”

4
Nev = 0 in R”, = v = w(x,)
HVHLOO(BR) < R7, witho < 1.
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From dimension n to dimension 1

(-A)y°v = 0 inRf,
Nsv = 0 in R",
”VHLoo(BR) S Ro, with o < 1.

@ We construct the auxiliary function

he) —
vi(x) = vix+ :)a V() for any given e = (&,0) € S" ! and h > 0.
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From dimension n to dimension 1

(-A)yv = 0 inRj,
Nsv = 0 in R”,
HVHLOO(BR) < R?, witho < 1.

@ We construct the auxiliary function

he) —
vi(x) = vix+ “fl)a V() for any given e = (&,0) € S™ ! and h > 0.

@ Thanks to the C% estimate and the invariance of the equation we
prove that v; is also solution with growth ¢ — «
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From dimension n to dimension 1

(-A)ywv =0 in R7,
Nsvi = 0 in R",
[villo(Bey < RO, witho <1

@ We construct the auxiliary function

he) —
vi(x) = vix+ “fl)a V() for any given e = (&,0) € S™ ! and h > 0.

@ Thanks to the C* estimate and the invariance of the equation we
prove that v; is also solution with growth o — «
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From dimension n to dimension 1

(—APve = 0 in RY,
Nsvk = 0 in R”,
[Villcoo(Br)y < R ke with o < 1.

@ We construct the auxiliary function

Vk—1(x + he) — v_1(x)

= A"

Ve = (&,0) € S" ! and h> 0.

@ Thanks to the C* estimate and the invariance of the equation we
prove that v; is also solution with growth ¢ — «

@ [terating we obtain that the discrete derivatives of order d is zero
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From dimension n to dimension 1

(—A)Pve = 0 in RY,
Nevie = 0 in R", — vy = 0 with d > |o/a]
[Villie(gey < R7F, with o < 1.

@ We construct the auxiliary function

_ he) — vy _
vk(x) = Vi1 + |:|)a Vie1(0) Ve = (6,0) € S" 1 and h > 0.

@ Thanks to the C% estimate and the invariance of the equation we
prove that v; is also solution with growth ¢ — «

@ lIterating we obtain that the discrete derivatives of order d is zero
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From dimension n to dimension 1

(=A)»v = 0 in R7,
Nsv = 0 in R”, = v is a polynomial in x1, ..., x,_1
||VHL°°(BR) < RU, with o < 1.

@ We construct the auxiliary function

Vk_]_(X + he) — Vk_]_(X)
Al

vk(x) = Ve =(6,0) € S"tand h > 0.

@ Thanks to the C% estimate and the invariance of the equation we
prove that v is also solution with growth ¢ — «

@ lIterating we obtain that the discrete derivatives of order d is zero

@ The original function is a polynomial in the n — 1 parallel directions
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From dimension n to dimension 1

(-A)P*v = 0 inR7,
Nev = 0 in R”, = v = w(x,)
HVHLOO(BR) < R7, witho < 1.

We construct the auxiliary function

Vk—1(x + he) — vk_1(x)

) = A"

Ve = (&,0) € S" ' and h> 0.

Thanks to the C% estimate and the invariance of the equation we
prove that v; is also solution with growth ¢ — «

Iterating we obtain that the discrete derivatives of order d is zero
The original function is a polynomial in the n — 1 parallel directions

Since it grows less than linear, it should be constant in that directions
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1D Liouville theorem

We want to prove

(=A)yw = 0 in (0, c0),
New = 0 in (—00,0), p = w =ctt
lw(x)] < 1+4]x|7 inR.
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1D Liouville theorem

We want to prove

(=A)yw = 0 in (0, c0),
New = 0 in (—o00,0), p = w =ctt
w(x)| < 14 x> 1T inR.
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1D Liouville theorem

We want to prove

(=A)yw = 0 in (0, c0),
New = 0 in (—o00,0), p = w =ctt
w(x)| < 14 |x[>*7 1> inR.

e We can assume wlog that w(0) = 0.
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1D Liouville theorem

We want to prove

(=A)yw = 0 in (0, c0),
New = 0 in (—o00,0), p = w =ctt
w(x)| < 14 |x[>*7 1> inR.

@ We can assume wlog that w(0) = 0.

@ In particular the solution satisfies the Dirichlet problem for a Regional
type operator.
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1D Liouville theorem

We want to prove

(=A)yw = 0 in (0, c0),
New = 0 in (—o00,0), p = w =ctt
w(x)| < 14 |x[>*7 1> inR.

@ We can assume wlog that w(0) = 0.

@ In particular the solution satisfies the Dirichlet problem for a Regional
type operator.

@ We prove a boundary Harnack inequality in Bg by using the “fake
solution” as barrier.
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1D Liouville theorem

We want to prove

(=A)yw = 0 in (0, c0),
New = 0 in (—o00,0), p = w =ctt
w(x)| < 14 |x[>*7 1> inR.

@ We can assume wlog that w(0) = 0.

@ In particular the solution satisfies the Dirichlet problem for a Regional
type operator.

@ We prove a boundary Harnack inequality in Bg by using the “fake
solution” as barrier.

e Letting R — oo we arrive at w(x) = C|x[?* 1.
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1D Liouville theorem

We want to prove

(=A)yw = 0 in (0, c0),
New = 0 in (—o00,0), p = w =ctt
w(x)| < 14 |x[>*7 1> inR.

We can assume wlog that w(0) = 0.

In particular the solution satisfies the Dirichlet problem for a Regional
type operator.

@ We prove a boundary Harnack inequality in Bg by using the “fake
solution” as barrier.

Letting R — oo we arrive at w(x) = C|x|>7L.
We conclude that w = 0.
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ThankYou
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