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Motivation

Minimization/maximization has always been a main interest for all
civilizations
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Minimization/maximization has always been a main interest for all
civilizations

Given £ : A — R we want to find ag € A such that

E(ag) < &(a) forall ac A

@ Sometimes the problem can be modeled as optimization of a function
in finite variables, i.e.,

A=QCR"

@ In other situations the admissible set is a collection of paths,
trajectories, regions...

A = “set of real-valued functions”

Calculus of Variations treats this scenario )
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Examples

@ Shortest path between two points

Pe
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@ Shortest path between two points

i q

A={y:]0,1] = R" such that v(0) =p and (1) =q}

1
E(y) = /O () dt

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022 4/40



@ Shortest path between two points

v q

A={v:]0,1] - R" such that (0) =p and (1) =g}

1
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@ Isoperimetric problem

A={UCR" suchthat |U| =1}

&(U) = oy
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Examples

© Brachistochrone
A
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© Brachistochrone
A

A={y:[0,1] = R suchthat y(0)=2a and y(1)= b}

o= |1
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© Brachistochrone

A={y:[0,1] = R such that y(0) =a and y(1) = b}

1 /
g(y):/o ,/”y(”zdx
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https://blog.cpsgrp.com/engvt/solving-the-brachistochrone-problem-in-construction

Examples

© Catenary problem
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@ Catenary problem

A= {y :[0,1] = R such that y(0)=a, y(1)=5b

and /01 1—|—(y’)2—L}
5(y)=/01y\/mdx
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History

IX b.C. 1700 1800 1900
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IX b.C. 1700

Johani Bernoulli

J. Bernoulli

Shortest path
Dido's Problem
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History
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History
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Classical Theory

of
Calculus of Variations
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Given a bounded domain 2 C R" and a function g : 9Q — R we define

A ={w:QCR” - R suchthat w =g on 9dQ}
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Given a bounded domain £ C R" and a function g : 9Q — R we define
A ={w:QCR” - R suchthat w =g on 9dQ}

and

E(w) = /Q G (x, w(x), Vw(x)) dx
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Given a bounded domain £ C R" and a function g : 9Q — R we define
A ={w:QCR” - R suchthat w =g on 9dQ}
and
E(w) = /Q G (x, w(x), Vw(x)) dx
where

G:OxRxR"—=R
(x,\, q) = G(x, A\, q)
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Given a bounded domain £ C R" and a function g : 9Q — R we define

A ={w:QCR” - R suchthat w =g on 9dQ}
and
E(w) = / G (x, w(x), Vw(x)) dx
Q
where

G:OQxRxR"=>R
(x,\, q) = G(x, A, q)

The canonical example is

gl(W):;/Q|VW(X)|2C1X—/QF(W(X))dX
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Necessary conditions

E(w) = /Q Bl (), erf) J
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Necessary conditions

E(w) = /Q Bl (), erf) J

‘ E(u) < E(w) for any w = u on 0Q ‘
4
‘ E(u) <E(u+tn) foranyn=00n 9N and t € R ‘

ﬂ f(t)y=E(u+tn)
‘ f has a minimum at t = 0 for any n = 0 on 092 ‘

\
f'(0) = 0 and f”(0) > 0 for any = 0 on 9

5,E(u) = £(0) and  62E(u) = £"(0) J
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Euler-Lagrange equation

E(w) = /Q G (x, w(x), Vw(x)) dx J

First variation:
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Euler-Lagrange equation

E(w) = /Q G (x, w(x), Vw(x)) dx J
First variation:
5,6 (1) = %]tzog(w +tn) J

onE(u) = /Q O\ G (x, w(x), Vw(x)) n(x) + 04 G (x, w(x), Vw(x)) - Vn(x)dx
= /Q { — div (04 G(x, w(x), Vw(x))) + 9xG(x, w(x), Vw(x))} n(x) dx

+ [ 0060 w(x), Twi() - v () 41 ()
JoQ
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Euler-Lagrange equation

E(w) = /Q G (x, w(x), Vw(x)) dx J
First variation:
5,6 (1) = %]tzog(w +tn) J

nE(u) = /Q O G (x, w(x), Vw(x)) n(x) + 94 G (x, w(x), Vw(x)) - Vn(x) dx
- /Q {=div (046 (x, w(x), Tw(x))) + 03 G(x, w(x), Vw(x)) } n(x) dx
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Euler-Lagrange equation
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Euler-Lagrange equation

E(w) = /Q G (x, w(x), Vw(x)) dx J
First variation:
0
5nE(W) = 5| _Ew+m) |

nE(u) = /Q O\ G (x, u(x), Vu(x)) n(x) + 084G (x, u(x), Vu(x)) - Vn(x) dx
= /Q { — div(0qG(x, u(x), Vu(x))) + 0, G(x, u(x),vu(x))} n(x) dx
+/ 8qG(x, u(x), Vu(x)) - v(x) n(x) danfl(X)
o0

- / Lu(x) n(x) dx + / Nu(x) n(x) dH"™ 1 (x)
Q o0

u is minimizer of £ )

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022



Euler-Lagrange equation

E(w) = /Q G (x, w(x), Vw(x)) dx J
First variation:
0
5nE(W) = 5| _Ew+m) |

nE(u) = /Q O\ G (x, u(x), Vu(x)) n(x) + 084G (x, u(x), Vu(x)) - Vn(x) dx
= /Q { — div(0qG(x, u(x), Vu(x))) + 0, G(x, u(x),vu(x))} n(x) dx
+/ 8qG(x, u(x), Vu(x)) - v(x) n(x) danfl(X)
o0

- / Lu(x) n(x) dx + / Nu(x) n(x) dH"(x)
Q o0

u is minimizer of £ )

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022



Euler-Lagrange equation

E(w) = /Q G (x, w(x), Vw(x)) dx J
First variation:
0
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E(w) = /Q G (x, w(x), Vw(x)) dx

Second variation:
2

o
52E(u) = 522 |, LW + tn)
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E(w) = /Q G (x, w(x), Vw(x)) dx

Second variation:
2

o
52E(u) = 522 |, LW + tn)

32(0) = [ {BRrGx,ulx), Tul) 72(x) + 20846 x, w(x). Tulx)) - n(x)¥n(x)
JQ

+ V(x) - 02,6 (x, u(x), Tu(x)) Vi(x) |
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E(w) = /Q G (x, w(x), Vw(x)) dx

Second variation:
2

o
52E(u) = 522 |, LW + tn)

628(u) / {8 G(x, u(x), Vu(x)) n? (x)—|—28>\q (x, u(x), Vu(x)) - n(x)Vn(x)

+ V(x) - 924G (x, u(x), Vu(x)) V(x) }

u is minimizer of £ — 5%g(u)£2u():37;i(§20n 0 J
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E(w) = /Q G (x, w(x), Vw(x)) dx

Second variation:

2

0
2 _
o€ (u) = 52 tzoé’(w + tn)

5375(11):/ {3§AG(X, u(x), Vu(x))n?(x) + 205G (x, u(x), Vu(x)) - n(x) Vn(x)
Q

+ V(x) - 924G (x, u(x), Vu(x)) V(x) }

o Lu=0in Q i
u is minimizer of £ — 53]5(11)2“0 V=0 on o = Y B stople J
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1D scheme
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1D scheme

Extremal &
(solution)
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1D scheme

Local minimizer

(stable solution)
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1D scheme

Global minimizer
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Necessary conditions: Legendre

Stability condition:

/ {0 2 G(x, w(x), VW(X))’I’]2(X) + 28§\qG(x7 w(x), Vw(x)) - n(x)Vn(x)

+ Vn(x) - ngG(x, W(X),VW(X))VU(X)} >0 forall =0 on 9dQ
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Necessary conditions: Legendre

Stability condition:

/Q {8§\A G(x, w(x), Vw(x)) n*(x) + 205, G (x, w(x), Vw(x)) - n(x) V(%)

+ Vn(x) - asqG(x, w(x), VW(X))Vn(x)} >0 forall n=0 on 9Q

Theorem (Legendre Condition)

Let u be a stable solution of the energy functional £. Then, it satisfies

2 .
0gqG(-,u, Vu) >0 in Q.
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Necessary conditions: Legendre
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Theorem (Legendre Condition)

Let u be a stable solution of the energy functional £. Then, it satisfies

2 .
044G, u,Vu) >0 in Q.

3
=
)
—~~
X
p—
|
™m
3|
/N
B3
ol
S
~——

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022 15 /40



Necessary conditions: Legendre

Stability condition:

/Q {8§\A G(x, w(x), Vw(x)) n*(x) + 205, G (x, w(x), Vw(x)) - n(x) V(%)

+ V(%) - 924G (x, w(x), vW(x))vn(x)} >0

Theorem (Legendre Condition)

Let u be a stable solution of the energy functional £. Then, it satisfies

2 .
044G, u,Vu) >0 in Q.
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Necessary conditions: Weierstrass

E(w) = /Q G (x, w(x), Vw(x)) dx J

Weierstrass excess function:

E(x,X,q,4) = G(x,X,q) — G(x,\,q) — 9qG(x, A\, q) - (9 — q)
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Necessary conditions: Weierstrass

E(w) = /Q G (x, w(x), Vw(x)) dx J

Weierstrass excess function:

E(X7A7q7 (7) - G(X7 )‘76) - G(X7 )‘7 q) - 8CIG(X7 )‘7 q) : (a_ q)

Theorem (Weiestrass Necessary Condition)

Let u be a minimizer of the energy functional £ among functions with the
same boundary data. Then, it satisfies

E(x,u(x),Vu(x),) >0 forall x € Q, £ €R"

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022 16 / 40



Calibrations
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The main question

Given an extremal of the functional £, when is it a minimizer among
functions with the same boundary data?
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The main question

Given an extremal of the functional £, when is it a minimizer among
functions with the same boundary data?

e If &£ is (strictly) convex, then there is a unique extremal that turns out
to be a minimizer
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Given an extremal of the functional £, when is it a minimizer among
functions with the same boundary data?

e If &£ is (strictly) convex, then there is a unique extremal that turns out
to be a minimizer

@ Important models with noncovex functional:
- Allen-Cahn energy
- Bernoulli free boundary problem
- Perimeter

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022 18 /40



Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? J
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Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? J

0:/divX
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Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? J

A ¢

0:/Qd|vX xu_/xyﬁ/l_/xyﬁ (@)
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Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? J

A e

0:/d|vX XV_/XVg—/XVa—/XI/B— )
Q

P(a):/BXJ/g
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Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? J

A e

OZ/QdIVX XV_/XVg—/XVa—/XI/B— )
P(a):/ﬁX-ugg/ﬁl
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Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? J

A e

O:/levX XV—/Xyg—/XVa—/XVB— a)
= [ xow= [1=P0) ¢
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Toy example

How to prove that a line in R? is a minimizer of the perimeter functional? J

A ¢
0:/divX: X-I/:/X-Uﬁ—/X-ya:/X.l/ﬁ_'P(a)
Q 00 B a 8

P(a):/ﬁx.yﬁma(m v

Cly) = /X-I/A,dl, where |[X|=1 and divX =0
Iy

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022 19 /40



The calibration functional

A functional C: A — R is a calibration for £ and u € A if the following
conditions hold:

o C(u) = &(u).
e C(w) < &(w) for all w € A.
e C(w) =C(w) for all w,w € A.
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The calibration functional

A functional C: A — R is a calibration for £ and u € A if the following
conditions hold:

o C(u) = &(u).
e C(w) < &(w) for all w € A.
e C(w) =C(w) for all w,w € A.

Given w € A

E(u) =C(u) =C(w) < E(w).
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The calibration functional

A functional C: A — R is a calibration for £ and u € A if the following
conditions hold:

o C(u) = &(u).
e C(w) < &(w) for all w € A.
e C(w) =C(w) for all w,w € A.

Given w € A

E(u) =C(u) =C(w) < E(w).

Then, v is a minimizer.
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The calibration functional

A functional C: A — R is a calibration for £ and u € A if the following
conditions hold:

o C(u) = &(u).
e C(w) < &(w) for all w € A.
e C(u) <C(w) for all w € A.

Given w € A

E(u)=C(u) < C(w) <E&(w)

Then, u is a minimizer.
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The calibration functional

A functional C: A — R is a calibration for £ and u € A if the following
conditions hold:

o C(u) = &(u).
e C(w) < &(w) for all w € A.
o C(u) <C(w) for all w € A.

Given w € A

E(u) = C(u) < C(w) < E(w)
Then, u is a minimizer.

When is it possible to find such a functional? )

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022



Construction of Calibration: Perimeter functional
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Construction of Calibration: Perimeter functional

The functional

C(y) = /X ‘vydl, where X =(0,1)
g

provides a Calibration for the line o and the perimeter P.

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022

21 /40



Construction of Calibration: Convex framework

G(x, A, q) convex in (A\,q) = & is convex
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Construction of Calibration: Convex framework

G(x, A, q) convex in (A\,q) = & is convex

Lemma (Comparison of energies)

Assume that G(x, \, q) is convex in (), q). Then, given u,w € H*(Q),
they satisfy

Bl = ) - / () (o) = () B

Q
+ [ Nu(x) (w(x) — u(x)) dH"}(x)

[9}9
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Construction of Calibration: Convex framework

G(x, A, q) convex in (A\,q) = & is convex

Lemma (Comparison of energies)

Assume that G(x, A, q) is convex in (), q). Then, given u,w € H*(Q),
they satisfy

E(w) > E(u) + /Q Lu(x) (w(x) — u(x)) dx
+ /89 Nu(x) (w(x) — u(x)) dH" (%)

It provides a Calibration functional for v and £
C(w)=E(u)+ /Q Lu(x) (w(x) — u(x)) dx
+ /(;Q Nu(x) (w(x) — u(x)) dH"}(x)

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022



Weierstrass Extremal Field Theory
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Weierstrass Sufficient Condition

E(w) = /Q G (x, w(x), Vw(x)) dx J

Theorem (Weierstrass Sufficient Condition)

Assume that G(x, A, q) is convex in g. If u is embedded in an extremal
field, then it is a minimizer of £.
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Weierstrass Sufficient Condition

E(w) = /Q G (x, w(x), Vw(x)) dx J

Theorem (Weierstrass Sufficient Condition)

Assume that G(x, )\, q) is convex in g. If u is embedded in an extremal
field, then it is a minimizer of £.

We say that a family of functions {u'};cr is a field if
e the functions t — u*(x) are increasing for each x

e the map (x,t) — u®(x) is continuous
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Weierstrass Sufficient Condition

E(w) = /Q G (x, w(x), Vw(x)) dx J

Theorem (Weierstrass Sufficient Condition)

Assume that G(x, )\, q) is convex in g. If u is embedded in an extremal
field, then it is a minimizer of £.

We say that a family of functions {u'};cr is a field if
e the functions t — u'(x) are increasing for each x

e the map (x,t) — u®(x) is continuous

Moreover, it is an extremal field if each leaf ut satisfies the E-L equation.
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The leaf-parameter function

A

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022 25 /40



The leaf-parameter function

A
/]
3
—] 2
ut
/]
0
u=u
A
u-1
A X
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The leaf-parameter function

A

/] X0 X

t(xo, Ao) is the unique 7 € R such that u™(xp) = Ao
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Proof via the construction of a calibration (1/3)

E(w) = /Q G (x, w(x), Vw(x)) dx J
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Proof via the construction of a calibration (1/3)

E(w) = /Q &5, (), o) J

/ 04 G (x, 4 (x), VU (x)) (Yw(x) = VU ()] e ey X

+ /Q G(x, u'(x), Vu'(x)) ’ t=t(x,w(x)) dx
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Proof via the construction of a calibration (1/3)

E(w) = /Q G (x, w(x), Vw(x)) dx J

!

C(w) = /Q 04 G (x, 0 (x), Vur () (Yw(x) = VUt ()] e ey 0¥

4 /Q G(x, ut(X)’Vut(x))‘t:t(x,W(X)) dx
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Proof via the construction of a calibration (1/3)

E(w) = /Q G (x, w(x), Vw(x)) dx }

ﬂ

/ 043G (x, u*(x), V() (T(x) = VU () |,y 4

+ /Q G(x, uf(x), v”t(x))’t:t(xu/V(X)) dx

O C(u) =&(u)?
C(u) = /Q 0qG(x, u*(x), Vut(x))(Vu(x) — Vut(x)) ’t:t(Xw(X)) dx

+ /Q G(x, u(x), Vui(x)) ‘ t=t(x,u(x)) dx
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Proof via the construction of a calibration (1/3)

E(w) = /Q G (x, w(x), Vw(x)) dx

ﬂ

/8 G(x, ut(x), Vu'(x ))(Vw(x) —Vut(x))‘t:t(xjw(x)) dx

+ /Q G(x, u*(x), Vu'(x)) ’ t=t(x,w(x)) dx

Q C(u)=E&(u)?
C(u) = /Q 0qG(x, u*(x), Vut(x))(VuO(x) — Vu'(x)) ‘t:t(x’uo(x)) dx

/Gx ut(x), Vu'( ‘t txuo(x))d
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Proof via the construction of a calibration (1/3)

E(w) = /Q G (x, w(x), Vw(x)) dx }

ﬂ

/ 043G (x, u*(x), V() (Tw(x) = VU () |,y 4

+ /Q G(x, u*(x), Vu'(x)) ’ t=t(x,w(x)) dx

O C(u) =&(u)?
C(u) = /Q 0qG(x, u*(x), Vut(x))(Vuo(x) — Vut(x)) ‘t:t(wo(x)) dx

+/QG(X, ut(X)7V“t(x))‘t:t(x,uo(X)) dx
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Proof via the construction of a calibration (1/3)

E(w) = /Q G (x, w(x), Vw(x)) dx }

ﬂ

C(w) = /Q 043G (x, u*(x), V() (Tw(x) = VU () |,y 4

+ /Q G(x, u*(x), Vu'(x)) ’ t=t(x,w(x)) dx

O C(u) =&(u)?
C(uv) :/QE)C,G(X, ut(x),Vut(x))(Vuo(x) - Vut(x)) ’t:O dx

+ /Q G(x, u*(x), Vu'(x))|,_o dx
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Proof via the construction of a calibration (1/3)

E(w) = /Q G (x, w(x), Vw(x)) dx }

ﬂ

- / 0qG(x, 4" (x). Vi () (Vw(x) = Vur' ()] ey O
Q

+ /Q G(x, u*(x), Vu'(x)) ’ t=t(x,w(x)) dx

© C(u) = E(u)?
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Proof via the construction of a calibration (1/3)

E(w) = /Q G (x, w(x), Vw(x)) dx }

ﬂ

- / 0qG(x, 4" (x). Vi () (Vw(x) = Vur' ()] ey O
Q

+ /Q G(x, u*(x), Vu'(x)) ’ t=t(x,w(x)) dx

© C(u) = E(u)?
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Proof via the construction of a calibration (1/3)

E(w) = /Q G (x, w(x), Vw(x)) dx }

ﬂ

C(w) = /Q 043G (x, u*(x), V() (Tw(x) = VU () |,y 4

+ /Q G(x, u*(x), Vu'(x)) ’ t=t(x,w(x)) dx

© C(u) = E(u)?

C(u) :/Q G(x, u%(x), Vil (x)) dx = £(uv)
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Proof via the construction of a calibration (1/3)

E(w) = /Q G (x, w(x), Vw(x)) dx }

ﬂ

C(w) = /Q 043G (x, u*(x), V() (Tw(x) = VU () |,y 4

+ /Q G(x, u*(x), Vu'(x)) ’ t=t(x,w(x)) dx

C(u) :/Q G(x,u(x), Vu(x))dx = E(u)
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Proof via the construction of a calibration (2/3)

E(w) = /Q G B J

I

C(w) = /Q 9qG(x, ut(x), Vut(x)) (Vw(x) — Vu'(x)) ’t:t(xw(x)) dx

4 /Q G(x, Ut(X)yVut(x))‘t:t(xw(x)) dx

@ C(w) < &(w) for all w with the same Dirichlet condition as u?
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Proof via the construction of a calibration (2/3)

E(w) = /Q G (x, w(x), Vw(x)) dx J

ﬂ

Cw) = /Q 046 (x, U (x), V() (VW(x) = VU ()] oo ey 9

4 /Q G (x, (%), V' ()], gy X

@ C(w) < &(w) for all w with the same Dirichlet condition as u?

E(w)—C(w)
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Proof via the construction of a calibration (2/3)

E(w) = /Q G (x, w(x), Vw(x)) dx J

ﬂ

C(w) = /Q 046 (x, U (x), V() (VW(x) = VU ()] oo ey 9

4 /Q G (x, (%), V' ()], gy X

@ C(w) < &(w) for all w with the same Dirichlet condition as u?

5(W)—C(W):/Q{G(X, w(x), Vw(x)) — G(x, ut(x), Vu!(x))

— 0qG(x, u'(x), Vu' (x))(Vw(x) — Vu(x)) }‘ dx

t=t(x,w(x))
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Proof via the construction of a calibration (2/3)

E(w) = /Q G (x, w(x), Vw(x)) dx J

ﬂ

C(w) = /Q 046 (x, U (x), V() (VW(x) = VU ()] oo ey 9

4 /Q G (x, (%), V' ()], gy X

@ C(w) < &(w) for all w with the same Dirichlet condition as u?
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Proof via the construction of a calibration (2/3)

E(w) = /Q G (x, w(x), Vw(x)) dx J

ﬂ

C(w) = /Q 046 (x, U (x), V() (VW(x) = VU ()] oo ey 9

4 /Q G (x, (%), V' ()], gy X

@ C(w) < &(w) for all w with the same Dirichlet condition as u?

E(w)—C(w) = /Q {G(x7 ut(x), Vw(x)) — G(x, u'(x), Vu'(x))
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Proof via the construction of a calibration (2/3)

E(w) = /Q G WL )X J

ﬂ

C(w) = /Q 9qG(x, u'(x), Vut (x))(Vw(x) — Vu'(x)) ‘t:t(xw(x)) dx

4 /Q G(x, Ut(X)yvut(X))‘t:t(x,W(X)) dx

@ C(w) < &(w) for all w with the same Dirichlet condition as u?

5(W) — C(W) = /Q E(X, Ut(X)v VUt(X), vW(X))‘t:t(x,w(x)) dx
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Proof via the construction of a calibration (2/3)
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Proof via the construction of a calibration (2/3)

E(w) = /Q G WL )X J
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C(w) = /Q 9qG(x, u'(x), Vut (x))(Vw(x) — Vu'(x)) ‘t:t(xw(x)) dx

4 /Q G(x, Ut(X)yvut(X))‘t:t(x,W(X)) dx

@ C(w) < &(w) for all w with the same Dirichlet condition as u? v/
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Proof via the construction of a calibration (3/3)

E(w) = /Q G (x, w(x), Vw(x)) dx }

ﬂ
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/Q ( ( ) ( ))‘tft(x,w(x))

@ C(u) = C(w) for all w with the same Dirichlet condition as u?
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Geometric interpretation

graph(w)

Q
/ X vy, dH", where divX =0
graph(w)

2
3
I
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Geometric interpretation

graph(w) graph(w)

Q
C(w) —/ X vy dH", where divX =0
graph(w)

This geometric strategy fails when applying to other problems J
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PDE understanding of the Calibration

Is there a structure behind the calibration that we can understand from a
PDE point of view?
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the leafs in Q
Can we find the same structure in the local theory? J

J.C. Felipe-Navarro (Helsinki) How to know we have the minimizer? November 2022 30/40
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Can we find the same structure in the local theory? YES v J
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Q
I
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New identity

Can we find the same structure in the local theory? YES v J

E(w) = /Q G(x, w(x), Vw(x)) dx

C(w) = /Q 04 G (x, 0 (x), Vur () (Yw(x) = VUt ()] e ey 45

_|_/QG(X, ut(X)7Vut(x))‘t:t(x,W(X)) dx

Proposition [Cabré, Erneta, F-N, '22]

C(W)E(u)+/§;/;:(2X) Lut(x)

W(x)
t —
+/aQ o NU ()] iz A AH" ().

dAdx
t=t(x,\)
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Ideas of the Proof

Given any w we define ( = u—w and wy = (1 — 0)w + Ou
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Ideas of the Proof

Given any w we define ( = u—w and wy = (1 — 0)w + fu
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|deas of the Proof
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Given an extremal u of the functional
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Vertical invariance

E(w) = /Q el [69) b J
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Vertical invariance

E(W):/QG(X,VW(X)) dx J
Y
L(u)=0 = L(u+t)=0 )

//\\//

ut(x) == u(x

How to know we have the minimizer? November 2022 34 /40
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Monotonicity and horizontal invariance
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Embedding the extremal

When can u be embedded into an extremal field for £7 )

@ If there is translation invariance v/
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Embedding the extremal

When can u be embedded into an extremal field for £7 )

@ If there is translation invariance

@ In problems with many symmetries ~» Simons Cone

@ In many cases if we only want a local embedding ~~ Viscosity theory
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Nonlocal theory of Calibrations
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Nonlocal calibration

1
nw) =5 [ Gty wl), wiy)deay
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Nonlocal calibration

1
nw) =5 [ Gty wl), wiy)deay

Theorem [Cabré, Erneta & F-N '22]

Let u be embedded in an extremal field {u'};cr such that (x,t) — uf(x)
is a bounded C? function. Assume that Gy is a function of (x,y, a, b)
satisfying 92, Gy < 0 and let Cy be the functional

Cr(w) = // / 85 G (x, ¥, tH(x), 1(¥)) dAdxdy
QexQe)e Ju(x) t=t(x,\)
—i—EN(u

N
|

Then, it follows that Cp is a calibration for the functional £y and wu.
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Nonlocal calibration

1
nw) =5 [ Gty wl), wiy)deay

Theorem [Cabré, Erneta & F-N '22]

Let u be embedded in an extremal field {u'};cr such that (x,t) — uf(x)
is a bounded C? function. Assume that Gy is a function of (x,y, a, b)
satisfying 92, Gy < 0 and let Cy be the functional

Cr(w) = // / 85 G (x, ¥, tH(x), 1(¥)) dAdxdy
QexQe)e Ju(x) t=t(x,\)
—i—EN(u

N
|

Then, it follows that Cp is a calibration for the functional £y and wu.

The condition ngGN < 0 turns to be the natural ellipticity condition for
the problem.
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Examples of nonlocal Lagrangians

@ The case
|a — b|P 1
2p|x — y|mtPs 2(Q|

comes from equations driven by fractional p-Laplacian.

GN(X7y737 b) = ]lQXQ(X7y)(F(a) + F(b))
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Examples of nonlocal Lagrangians

@ The case
|a — b|P 1
2p|x —y|mtPs 2Q]
comes from equations driven by fractional p-Laplacian.
@ The Lagrangian

GN(X,y,37 b) =

Laxa(x,y)(F(a) + F(b))

G (|afb|>
x—y
Gn(x,y,a,b) = X Z y[rrs T
where s € (0, 1),
1

n+s+1 7
2

(1+72)

gives rise to the fractional perimeter for subgraphs.

G'(1) = and G’(0) = G(0) =0,
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Examples of nonlocal Lagrangians

@ The case
|a — b|P 1
2p|x —y|mtPs 2Q]
comes from equations driven by fractional p-Laplacian.
@ The Lagrangian

GN(X,y,37 b) =

Laxa(x,y)(F(a) + F(b))

G (|afb|>
x—y
Gn(x,y,a,b) = X Z y[rrs T

where s € (0, 1),

1
=m0 =c0=0
T 2
gives rise to the fractional perimeter for subgraphs.
@ The case

GN(Xaya a, b) = _]]-QXQ(ny)K(X - y) ab
corresponds to convolution-type energies.
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