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The local framework

We consider the energy functional

E(u) :=
1

2

ˆ
Ω
|∇u|2 −

ˆ
Ω
f u

Dirichlet Problem: Minimize E(u) among all functions u ∈ H1(Ω)
with u = 0 on ∂Ω. {

−∆u = f in Ω,
u = 0 on ∂Ω.

Neumann Problem: Minimize E(u) among all functions u ∈ H1(Ω).{
−∆u = f in Ω,
∂νu = 0 on ∂Ω.
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Regularity for the local case

Interior regularity: −∆u = f in B1, with f ∈ L∞(B1)

It is well known by Schauder estimates that u ∈ C 1,α(B1/2) for every
α ∈ (0, 1).

Moreover,

||u||C1,α(B1/2) ≤ C
(
||u||L∞(B1) + ||f ||L∞(B1)

)
.

Boundary regularity: −∆u = f in Ω, with f ∈ L∞(Ω) and ∂Ω ∈ C 2

The main idea is to flatten the boundary and apply interior estimates
to odd/even reflections (depending on the boundary conditions) of u
through the boundary.

J.C. Felipe-Navarro (UPC-BGSMath) Neumann fractional Laplacian BYMAT 2020 3 / 13



Regularity for the local case

Interior regularity: −∆u = f in B1, with f ∈ L∞(B1)

It is well known by Schauder estimates that u ∈ C 1,α(B1/2) for every
α ∈ (0, 1). Moreover,

||u||C1,α(B1/2) ≤ C
(
||u||L∞(B1) + ||f ||L∞(B1)

)
.

Boundary regularity: −∆u = f in Ω, with f ∈ L∞(Ω) and ∂Ω ∈ C 2

The main idea is to flatten the boundary and apply interior estimates
to odd/even reflections (depending on the boundary conditions) of u
through the boundary.

J.C. Felipe-Navarro (UPC-BGSMath) Neumann fractional Laplacian BYMAT 2020 3 / 13



Regularity for the local case

Interior regularity: −∆u = f in B1, with f ∈ L∞(B1)

It is well known by Schauder estimates that u ∈ C 1,α(B1/2) for every
α ∈ (0, 1). Moreover,

||u||C1,α(B1/2) ≤ C
(
||u||L∞(B1) + ||f ||L∞(B1)

)
.

Boundary regularity: −∆u = f in Ω, with f ∈ L∞(Ω) and ∂Ω ∈ C 2

The main idea is to flatten the boundary and apply interior estimates
to odd/even reflections (depending on the boundary conditions) of u
through the boundary.

J.C. Felipe-Navarro (UPC-BGSMath) Neumann fractional Laplacian BYMAT 2020 3 / 13



The fractional Laplacian

Defined for s ∈ (0, 1) by

(−∆)su(x) = cn,s

ˆ
Rn

u(x)− u(z)

|x − z |n+2s
dz .

Canonical example of integro-differential operator.

Translation and rotation invariant.

Homogeneous of order 2s.

We can recover it through Fourier transform:

(−∆)su = F−1
(
|ξ|2sF(u)

)
.

It has an associated local extension problem.
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The Dirichlet problem for the fractional Laplacian

We consider the nonlocal energy functional

E(u) :=
cn,s

4

ˆˆ
(Rn×Rn)\(Ωc×Ωc )

|u(x)− u(z)|2

|x − z |n+2s
dx dz −

ˆ
Ω
f u

Dirichlet Problem: Minimize E(u) among all functions with u = 0 in Ωc .{
(−∆)su = f in Ω,

u = 0 in Ωc .

This problem has a nice probabilistic interpretation in terms of Levy flights.
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Regularity of the fractional Dirichlet problem

The regularity of solutions to the Dirichlet problem is nowadays very well
understood {

(−∆)su = f in Ω,
u = 0 in Ωc .

Theorem (Ros-Oton, Serra, 2014)

Assume ∂Ω ∈ C 2 and f ∈ L∞(Ω). Then, u ∈ C s(Ω).

This regularity result is optimal since explicit solutions can be constructed:

(−∆)su = 1 in B1,
u = 0 in Bc

1 .

}
=⇒ u(x) = c(1− |x |2)s+
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The Neumann problem for the fractional Laplacian

We consider the nonlocal energy functional

E(u) :=
cn,s

4

ˆˆ
(Rn×Rn)\(Ωc×Ωc )

|u(x)− u(z)|2

|x − z |n+2s
dx dz −

ˆ
Ω
f u

Neumann Problem: Minimize E(u) among all functions.{
(−∆)su = f in Ω,
Nsu = 0 in Ωc ,

where Ns is a “nonlocal Neumann derivative” defined as

Nsu(x) := cn,s

ˆ
Ω

u(x)− u(z)

|x − z |n+2s
dz .

This problem was first treated by Dipierro, Ros-Oton and Valdinoci, 2017.
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where Ns is a “nonlocal Neumann derivative” defined as

Nsu(x) := cn,s

ˆ
Ω

u(x)− u(z)

|x − z |n+2s
dz .

Existence and uniqueness of weak solutions can be found in [Dipierro,
Ros-Oton and Valdinoci, 2017] ([Du-Gunzburger-Lehoucq-Zhou,’13]).
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Basic properties of the Neumann problem

Variational structure

Integration by parts: If u, v are bounded C 2 functions in Rn, then

cn,s
4

ˆˆ
(Ωc×Ωc )c

(u(x)− u(z)) (v(x)− v(z))

|x − z |n+2s
dx dz

=

ˆ
Ω
v (−∆)su +

ˆ
Ωc

v Nsu

Natural probabilistic interpretation

Conservation of mass in the associated heat equation

Convergence to the classical Neumann problem as s ↑ 1
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Regularity of the fractional Neumann problem

{
(−∆)su = f in Ω,
Nsu = 0 in Ωc .

Theorem (Audrito, F-N, Ros-Oton, ’20)

Let Ω ⊂ RN be any bounded C 1 domain and f ∈ L∞(Ω) and
´

Ω f = 0.
Then, weak solutions are bounded, and

‖u‖Cα(Ω) ≤ C
(
‖f ‖L∞(Ω) + ‖u‖L2(Ω)

)
,

for some α > 0.

Moreover, if s > 1
2 and q > n we then have

‖u‖C2s−1+α(Ω) ≤ C
(
‖f ‖L∞(Ω) + ‖u‖L2(Ω)

)
.

This is the first regularity result for the Neumann problem. Even the
boundedness of solutions is new.
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Regularity of the fractional Neumann problem

Comments and difficulties:

No explicit (nontrivial) solution, not even in 1D.

Then, it is not clear
what is the optimal regularity

Classical methods do not work (flatten the boundary and even
reflection)

The methods from the Dirichlet case, based on barriers, do not work
either

The values of u are not known neither inside nor outside Ω
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Ideas of the proof

We find an equivalent “localized” formulation of the problem

E(u) :=
cn,s

4

ˆˆ
Ω×Ω
|u(x)− u(z)|2 KΩ(x , z) dx dz −

ˆ
Ω
f u

with KΩ satisfying

KΩ(x , z) �
1 + log−

(
min{d(x),d(y)}

|x−y |

)
|x − y |n+2s

for all x , y ∈ Ω,

How does this new kernel appear?

Nsu(z) = 0 in Ωc ⇒ u(z) =

(ˆ
Ω

u(y)

|z − y |n+2s
dy

)(ˆ
Ω

dy

|z − y |n+2s

)−1

Then,

(−∆)su(x) = cn,s

ˆ
Ω

u(x)− u(z)

|x − z |n+2s
dz + cn,s

ˆ
Ωc

u(x)− u(z)

|x − z |n+2s
dz
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KΩ(x , z) �
1 + log−

(
min{d(x),d(z)}

|x−z|

)
|x − z |n+2s

for all x , z ∈ Ω,

How does this new kernel appear?

Nsu(z) = 0 in Ωc

⇒ u(z) =

(ˆ
Ω

u(y)

|z − y |n+2s
dy

)(ˆ
Ω

dy

|z − y |n+2s

)−1

Then,

(−∆)su(x) = cn,s

ˆ
Ω

u(x)− u(z)

|x − z |n+2s
dz + cn,s

ˆ
Ωc

u(x)− u(z)

|x − z |n+2s
dz
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Ideas of the proof

We use the ideas coming from the interior regularity theory for
divergence form elliptic equations. That is, we do a delicate Moser
iteration with logarithmic corrections.

u weak solution ⇒ u ∈ L∞(Ω)⇒ u ∈ Cα(Ω) for some α

Thanks to the Cα estimate, we can use a blow-up + compactness
argument to reduce the higher regularity of solutions to a 1D
Neumann Liouville Theorem

(−∆)su = 0 in (0,∞),
Nsu = 0 in (−∞, 0),
|u(x)| ≤ 1 + |x |β in R.

 =⇒ u ≡ ctt
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