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Integro-differential operators

Definition 1 (Integro-differential operator)

We say that the operator L is integro-differential if it is of the form

Lu(x) =

∫
Rn

(u(x + y)− u(x)− y · ∇u(x)χB1(y))K (x , y) dy ,

with K ≥ 0.

Translation invariant: K (x , y) ≡ K (y)

Symmetric: K (x ,−y) = K (x , y)

Lu(x) = P.V .

∫
Rn

(u(x + y)− u(x))K (y) dy .
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The fractional Laplacian

Fractional Laplacian: canonical example of integro-differential operator.

K (y) = |y |−n−2s

It corresponds to radially symmetric Lévy process of order 2s.

Proposition 1

(−∆)su = F−1
(
|ξ|2sF(u)

)
.

Definition 2 (Elipticity class L0)

We say that an integro-differential operator belongs to the ellipticity class
L0(s) if

λ

|y |n+2s
≤ K (y) ≤ Λ

|y |n+2s
,

with Λ ≥ λ > 0.
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Elipticity class L0

y

K (y)
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An extension problem for the fractional Laplacian

Definition 3 (a-harmonic extension)

Let u : Rn → R be a smooth function, and a ∈ (−1, 1) a real parameter.
We define its a-harmonic extension U as the solution of the problem{

div(ya∇U) = 0, in Rn × (0,+∞),

U(x , 0) = u(x), in Rn.

Theorem 1 (Caffarelli & Silvestre 2007)

Let be u : Rn → R a smooth function, a ∈ (−1, 1) a real parameter, and
U its a-harmonic extension, then we have

Cn,s (−∆)s u = − lim
y→0+

ya Uy (x , y),

with a = 1− 2s, and Cn,s > 0 only depending on n and s.
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Schrödinger operators

Definition 4 (Classical Schrödinger operator)

We say that L is a Schrödinger operator if it is of the form

Lu(x) = (−∆)u(x)− V (x) u(x),

for any function V (x), which is called the potential of the operator.

Schrödinger equation for quantum mechanical particles:

i
∂

∂t
ψ = Lψ,

with F (x) = ∇V (X ) the magnetic field.

Fractional Schrödinger operator: (−∆) −→ (−∆)s
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The problem

A Liouville type result is of the form:

Given a linear operator L and two bounded solutions w , w̃ of the equation

Lu = 0 in Rn,

with w > 0. Then
w̃

w
≡ ctt.

We focus on the case L = L− V (x) with

L u(x) =

∫
Rn

{u(x + y)− u(x)} K (y) dy .
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Motivation I

Conjecture 1 [E. De Giorgi 1978]

Let u ∈ C 2(Rn) be a solution of the Allen-Cahn equation

−∆u = u − u3 in Rn

such that
|u| ≤ 1 and ∂xnu > 0

in the whole Rn. Then, all level sets {u = λ} of u are hyperplanes, at least
if n ≤ 8. Equivalently, u is a 1D solution, that is, a function depending
only on one Euclidean variable.

n = 2 [Ghoussoub-Gui 1998]

n = 3 [Ambrosio-Cabré 2000]

4 ≤ n ≤ 8 [Savin 2009] with limxn→±∞ u(x ′, xn) = ±1

n ≥ 9 Counterexample [del Pino-Kowalczyk-Wei 2011]
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Motivation I

The conjecture is equivalent to proving that there exist a vector c
∈ Rn and a scalar function v : Rn → R such that

∇u = c v(x) for all x ∈ Rn.

If we call f (u) = u − u3 and differentiate the Allen-Cahn equation

−∆ui − f ′(u) ui = 0 for all i = 1, ..., n.

Let be
L := −∆− f ′(u(x)),

therefore

A Liouville type result for L =⇒ The conjecture is true
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Motivation II

Definition 5 (Nondegeneracy)

We say that u is a nondegenerate solution of the semilinear equation

Lu = f (u) in Rn

if it is a solution, and the linearized operator

L = L− f ′(u)

is such that
ker(L) = span(ux1 , ..., uxn).

Stability of stationary solutions in time dependent problems

Application of implicit function arguments
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Some Liouville type results for Schrödinger operators

L = L− V (x)

Ambrosio & Cabré, 2000

L = −∆ and n ≤ 2

σ =
w̃

w
=⇒ div(w2∇σ) = 0 in Rn.

Cabré & Sire, 2014

L = (−∆)s with s ∈ [1/2, 1) and n = 1

σ =
w̃

w
=⇒

 div(w2 ya∇σ) = 0 in Rn × (0,+∞),

lim
y→0+

ya Uy (x , y) = 0 in Rn.
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Some Liouville type results for Schrödinger operators

L = L− V (x)

Hamel, Ros-Oton, Sire & Valdinoci, 2016

L integro-differential operator in R2 s.t.

{
- Harnack Inequality

- K compact support

σ =
w̃

w

⇓∫
Rn

∫
Rn

[σ(x)− σ(y)]2 [
τ 2(x) + τ 2(y)

]
w(x)w(y)K (x − y) dx dy =

= −
∫
Rn

∫
Rn

[
σ2(x)− σ2(y)

] [
τ 2(x)− τ 2(y)

]
w(x)w(y)K (x − y) dx dy .
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New results

Theorem 2 (Cabré & F-N.)

Let L ∈ L0(s), with s ∈ [1/2, 1). Assume that the potential function
V ∈ Cβ(R) and satisfies

V ≤ −b < 0 in R \ [−M,M]

for some positive constants b,M and β.
Let w , w̃ be two solutions of the linear equation

Lu − V (x)u = 0 in R,

with w , w̃ ∈ L∞(R) and w > 0. Then

w̃

w
≡ ctt.

Analogous result if w and w̃ are odd with w > 0 in (0,+∞).
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Ideas of the proof

A bound for σ via a Maximum Principle:{
Lϕ ≥ 0 in R \ [−M,M]

ϕ ≥ 0 in [−M,M]
=⇒ ϕ ≥ 0 in R.

Then,
ϕ = Cw ± w̃ =⇒ |σ| ≤ C in R.

Integrability result for the kernel:∫∫
SR

min

{
|x − y |2

R2
, 1

}
K (x − y)dx dy ≤ C ,

with C a positive constant independent of R.
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Ideas of the proof

Rn

Rn

2R

4R

SR = [(B2R × Rn) ∪ (Rn × B2R)] \ (BR × BR)

SR ⊂ R2n
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New results

Corollary 1

Let L be an integral operator in the ellipticity class L0(s), with
s ∈ [1/2, 1), and u be a layer solution of

Lu − f (u) = 0 in R,

with f of bistable type. Then, u is nondegenerate.

x

u
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New results

Corollary 2

Let L be an integral operator in the ellipticity class L0(s), with
s ∈ [1/2, 1), K decreasing for almost every point in (0,+∞) and u be a
ground state solution of

Lu − f (u) = 0 in R,

with f such that f (0) = 0 and f ′(0) < 0. Then, u is nondegenerate.

x

u
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