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TRANSPORT EQUATION

Exercise 1. Find the solution of

Up + Cuy = —yU x>0,t>0
u(0,t) =1 t>0
u(z,0) =0 x> 0.

Is it classical?

Exercise 2. Consider the transport equation

ur +cuy = f(x,t) x€(0,R), t>0
u(0,t) =0 t>0
u(z,0) =0 z € (0,R),

where ¢, R > 0 are given constants. Prove the stability estimate:

R t / R
/ w?(z,t) de < et/ (/ f*(z,s) dx) ds, foranyt > 0.
0 o \Jo

Hint: Multiply the equation by u, use ¢ > 0 and 2fu < f? + u?, to arrive at

d (R R R
—/ u?(z,1) dwﬁ/ (x,t) da:+/ u?(r,t) dr.
dt Jo 0 0

Exercise 3. We say that u € L] _ (R x [0,00)), is a weak solution of
(1) u +cuy, =0 reR, t>0

u(z,0) =g reR
if

/OOO dt/Ru(vt + cvg) dr = — /Rg(x)v(x,o) dr

is satisfied for all functions v € C2*(R x [0,00)).
(a) Prove that if g € L] _(R), then u(x,t) = g(x — ct) is a weak solution of (1).

loc

(b) Given g € C°(R), prove that if u is a continuous weak solution of (1) then
u(z,t) = g(x — ct).

WAVE EQUATION

Exercise 4. Consider the problem

Ut — Ugyy = 0 re (0,7),teR
u(0,t) = u(m,t) =1 teR
u(z,0) = g(z) x € (0,7)

u(z,0) = h(x) x € (0,7).



(a) Give necessary conditions on g and h making the solution u belong to C?({z >
0,t > 0}).

(b) Apply d’Alembert’s formula to compute w(w/4,w/4).

(¢) Solve the problem by using separation of variables when g = 1 and h = sin®z.

(d) Use the previous parts to compute

[e.e]

1
(2k +1)2{4 — (2k + 1)?}

k=0
Exercise 5. Let €2 be a C"™° bounded domain in R™. Consider the problem
Uy —Au+mPu=0 €0 t>0

5 u(z,t) =0 xed, t>0
(2) u(z,0) = f(x) x €
u(z,0) = g(z) x €.

(a) Which quantity is preserved during time? Specify it in terms of f and g.

(b) Set Q= (0, L), f(z) =0 and g € C*(]0, L]). Using separation of variables, show
that the solution of (2) tends, when m — 0, to the solution of the wave equation
in (0, L) with homogeneous Dirichlet boundary conditions and the same initial
conditions as in (2).

Exercise 6. We have a solution of the wave equation

U — Ugy = 0 x€(0,L), t>0
u(0,t) =u(L,t) =0 t>0

u(z,0) = g(x) z € (0,L)
u(z,0) =0 z € (0,L).

(a) Is it true that, if g > 0 then u > 07
(b) Same question, with zero Neumann boundary conditions instead of Dirichlet con-
ditions.

DIFFUSION EQUATION

Exercise 7. Let u be a solution of the problem

Ut — Ugy = 0 r e 0,m), t>0
uz(0,t) = up(m,t) =0  t>0
u(z,0) = g(z) z € (0,m),

where g : [0,7] — R is C' and satisfies ¢'(0) = ¢'(m) = 0. Moreover we know
that maxy . g = 2.
(a) Study the sign of u(z,t) — 2 and describe when it is > 0,= 0, < 0. Justify your
answer.
(b) Compute [ u(x,t)dz as a function of ¢.
(¢) Given z € (0,7), discuss the existence and the value of lim;_,,, u(z,t). Describe
how fast it tends to its limit, i.e. its rate of convergence.



Exercise 8. Let u be a solution for the problem

Up — Uy = 0 z € (0,1), t>0
uw(0,t) =u(l,t) =0 t>0
uw(z,0) = z(1 — x) z e (0,1).

After showing that u is non-negative, find two positive constants «, 8 such that
u(z,t) < ax(l —z)e P
Deduce that u(z,t) — 0 uniformly in [0, 1] when ¢ — +o0.

Exercise 9. Let u be the solution of the homogeneous diffusion equation in the interval
(0,7) with vanishing Dirichlet boundary conditions and with initial condition g €
LOO((O, 7r)) Prove that, for all £t > 1,

(-, )l oo (0.m)) < 4e™ Mgl oo (0.2 -
LAPLACE OPERATOR

Exercise 10. Let v be a harmonic function in an open set {2 C R™. Show that:

(a) u* is subharmonic in .
(b) If @ =R" and [, v?(z)dz < +00, then u = 0.

Exercise 11. Let u be a harmonic function in the whole of R™, such that

1/2
| Vul| r2@ny = (/ \Vu(x)|2dx) < 0.
R

Show that w is constant.
Exercise 12. Let u be a non-negative harmonic function in the ball B C R" centered
at the origin. Prove the validity of the following Harnack inequality:

R — |z| R+ |z|
D -1 —n—lu(o)a
(R + |z) (R — |z])
for any x € Bg. Deduce that

(HI) R"? u(0) < u(r) < R"?

sup u < 3" inf wu.
Brs Bry2

Is the constant appearing in the last inequality optimal? [Hint: check carefully your
proof of (HI). Where did you throw away the most?]

Exercise 13. Let H C R™ be a bounded, C' domain such that B, C H, where B,
denotes the open ball of radius €, centered at the origin. Consider the set 2 = H\ B.(0)
and a solution u € C?(2) of

Au+a(z)uy,, =1  in Q,

% =—1 on OH,
U = Ty on 0B.(0),

where ¢ is a continuous function in 2 and v is the exterior normal vector to 2. Find
the value of maxg u.



Exercise 14. Let B; be the open unit ball in R? and A = {v € C*(By) : vjgp, = 0}.
Compute the value of

| 1 ,
%1/81 {ﬁyw(m _ 12\x|v<x>}d;c.

Exercise 15. Let f(z,y) = 2%(2? + y?)3/2.
(a) Compute a solution u to —Au = f in R2.
(b) Using (a), find the limit

1
m o 12 & o2
REI‘EOO R7log R /BR log< (x=1)+y ) flw,y)de dy.
Exercise 16. Let Q = {z = (z1,72) € R? : 2y > 0, x5 > 0} and u be the solution of

Au=0 inQ
u=0 on {0} x (0,400)
u=1 on (0, +o00) x {0}.

(a) Give the probabilistic interpretation of this problem. Deduce the value of u on
the ray {x; = zo > 0}.

(b) Prove analytically the last assertion about the values of w on {x; = x5 > 0}.

(¢c) Compute the Green function for the domain 2. Deduce the expression of the
Poisson kernel P(z,y) of Q at the points x € Q and y € 9Q with y = 0.

(d) Give an explicit expression for u in 2.

Exercise 17. Consider the domain Q = {(z,y) € R* : > 0,y > 0}. Suppose
that T, = {(z,0) € R? : z > 2} is the open part on of the boundary of © and
that T = {(2,0) e R? : 0 < 2 < 2} U{(0,y) € R? : y > 0} is the closed part of the
boundary (look at the figure below). Calculate the y-coordinate so that the probability
of exiting the domain starting a random walk at the point (1,y) is maximum.

7
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ISOPERIMETRIC INEQUALITY

Exercise 18. Let u : [a,b] — R be a C! function with u(a) = u(b). Prove the
so-called Wirtinger inequality

b 2 b
b_
/|u—cu|2dts< > “) / o 2t
a m a

where ¢, = ﬁ f; u. Characterize the functions for which the equality is attained.




Exercise 19. Let Q C R? be any smooth bounded domain, and let I' = 9. The aim
of this problem is to show the validity of the isoperimetric inequality

(3) 4mr|Q| < |00,
with equality if and only if §2 is a ball.

(a) Let L = |99] and ~ : [0,L] — R? be the parametrization for ' by arclength,
that is |7/(¢)] = 1 for each ¢ E [0,L]. Let x(t) and y(t) denote the coordinate
functions for v, that is y(t) = (x(t), y(t)). Show that

09| = / [ OF + WP dt

/OL x(t)y’(t)dt‘ :

(b) Using the Wirtinger inequality, show (3).

and

9] =

BANACH FIXED POINT THEOREM

Exercise 20. Consider the wave equation uy — uz, = f(z,t), for € R and t > 0.
(1) Compute the solution v with initial conditions u(z,0) = u(x,0) =0, x € R.
(i) Given T' > 0, let Q7 := R x (0,7T'). Prove that ||ul[zeg,) < %2||f||Lm(QT).

Consider now the nonlinear problem

{utt — Uge = u%(x,t) + g(z, 1) (x,t) € Qr,

(4) u(z,0) = uy(x,0) =0 z eR.

From (7) it follows that u solves this problem if and only if uw = N(u), where

z+(t—s)
// (u? + g)(y, s) dy ds.

X :={ue L®Qr) : |Jullre@n <1}.
(it7) Show that, if " < 1 and ||g||r=(@.) < 1, then N is a contraction from X into
itself.
(1v) Prove that the Banach Fixed Point Theorem holds true in closed sets of complete
metric spaces. Using this and the fact that L>°(Q7r) is a complete metric space,
deduce the existence of a soltuion u € L*(Qr) of the nonlinear problem (4)

Let

Exercise 21. Consider the homogeneous heat equation w; — u,, = 0 in (0,7) with
vanishing Dirichlet conditions. Given an initial datum g, let T;g be the solution at
time ¢ > 0.

(a) Prove that
1Tigllz20,7) < llgllz2(0.m)-



We now want to solve nonlinear problem
Up — Ugy = 1+ f(u) x € (0,m), te(0,T),
(5) u(0,t) = u(m,t) =0 te (0,7,
w(z,0) =0 x € (0,m),
for some fixed 7' > 0 and with f(u) = 7. (Notice that the function u = 0 is not a
solution.)
(b) Show that
1f(v) = fw)lz20m < v —wllz20m),
for any two functions v,w € L*(0, 7).

(¢) Use Duhamel’s formula to rewrite the nonlinear problem as a fixed-point problem.
Work in the closed unit ball of the complete normed space

X = {u ((0,m) x (0,7) = R = sup |Ju(-,t)|[z2(0,m) < oo}.
te(0,T)

Use Banach Fixed Point Theorem together with (a) and (b) to prove that, for T
sufficiently small, there exists a unique solution u to problem (5).
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BANACH SPACES

Exercise 1.
(a) Show that the norm
1£lloo = max |f(2)]

e[-1,1]

in the space C([—1,1]) does not come from any scalar product, thus C([—1, 1])
is not a Hilbert space. Hint: use the parallelogram law.
(b) Let C*([—1, 1]) be the space of real, continuous functions in the interval [—1, 1],

with the norm
1 1/2
1l = ( / |f(t)\2dt) |

Show that the norm comes from a scalar product, but that the space is not
complete with respect to this norm. Hint: consider

0, —1<t<0,
fot) =< nt, 0<t<1/n,
1, 1/n<t<l

(c) Prove that the ||-||z» does not satisfy the parallelogram law for any 1 < p < oo,
p # 2. This shows, in particular, that L? is not a Hilbert space for p # 2.

Solution. (a) In order to show it we only need to find two continuous functions f
and ¢ such that the parallelogram rule fails, i.e.

1S +gll3 + 1S = gllz # 211 /115 + 2llgll%

The idea is to take functions such that the maximum is not attained at the same point.
In fact, let us take f(z) = 1+ 2 and g(z) = 1 — z, then we can compute the different
norms and check that the equalities is not satisfied. That is,

1f +9lls + 11 = glls = 112115 + [122]]5, = 2° +2° = 8,

and
201112 +2llgl1% = 2[|1 — z||% + 2|1 + z||2, =2-2° +2- 2% = 16.

(b) We know that a given norm comes from a scalar product if and only if the
parallelogram rule holds. Moreover, in case it is satisfied we can recover the scalar
product in the following way

1 1
(fr9) = 211 + 9l = Z1If —all”

In this particular case, it is easy to verify that the norm comes from the scalar product

(f,9)12 = /_1f(t)g(t) dt.



Now, in order to see that this space is not complete we are proving that the given
sequence f, is Cauchy but it is not convergent in the space. That is, given m,n > N

1/N
1 fon— Ful 2 =/0 ) — Fu)P e < < 22

if N is big enough. On the other hand, let us suppose that C* is a complete space.
Then, there exists the limit f = lim;_, f, i.e., there is a continuous function f such
that || f— fx||zz — 0 when k — co. In particular, this means that f(x) = limy_, fx(2)
for almost every = € [—1,1]. Nevertheless, we can see that the pointwise limit is

fuw) = 10 if —1<a2<0,
g 1if 0<a<l,

that is not continuous, so we arrive at a contradiction by uniqueness of the limit.
Hence, the space C* is not complete.
(c) We already know that L? is a Hilbert space with the scalar product

(f,9)12 = /_1f(t)g(t) dt.

Now, we are showing that it is the unique LP-space with this property. Given any
p € [1,00] \ {2} we take the functions f(t) = x(-1,0)(t) and g(t) = x(0,1)(¢). Then, we
can check that they do not satisfy the parallelogram rule. That is,

1f +gllze +11f = gl = 227 + 227 = 227,
and
2115 + 29l =2+2 =4
Note that we only have equality if and only if 142/p = 2, which is equivalent to p = 2.

Exercise 2. Let ) be an open set in R™ and let f : {2 — R be a measurable function.
Suppose that f satisfies the property (B):

(B) There exists C' > 0 such that |f(z)] < C for a.e. x €.
We define
I flloo = inf{a: |f(z)] < a a.e. in Q}.

(a) Show that |f(z)| < || f]lc a.e. in Q.

(b) Let L>(R2) the set of functions on © with values in R that satisfy (B). Show
that || - |« is @ norm in L*°(2).

(c) Let f:[-1,1] = R, f(x) = z? and let g be equal to f except at x = 0, where
9(0) = 2, and at x = £1/2, where g(£1/2) = 4. Compare sup,¢_1 ) |f ()],
D, 1. (@) [Fll andl 1)

Solution. (a) We define the set
E = {x € Q such that |f(z)| > ||f]le} C .

Let us assume by contradiction that |E| > 0. Then, we claim that there exists a subset
E, C E with |E,| > 0 such that |f(x)| > ||f|lec + 1/n for every z € E,, and some



n € N. That is, it is clear that E' = U, nE,. Hence 0 < [E| < > [Ey|, so it is
needed |E,| > 0 for some n € N. Finally, we arrive at a contradiction since

| flloo = inf{a: |f(z)] < aae. in Q} >inf{a:|f(z)] < aae in E,}
2 (| flloe + 1/1 > |[flo-

The contradiction comes from assuming |E| > 0, so we can conclude that |E| = 0, and
the desired result is proven.
(b) Let us show that || - ||« satisfies the three properties a norm must have.

e Homogeneity of degree one:

[|Aflloo = inf{a: [Af(z)| < v ae. in Q} =inf{a: [f(z)] < % a.e. in Q}
=inf{|Ma: |f(z)] < aae. in Q} =|Ninf{a:|f(z)| < aae. inQ}

= (Al flloo

e Triangular inequality:

f () + g(@)| < |f @)+ lg@)] <[ flloo + llgllec ae. in €2,
Note the we have used here the result from part (a). Thus,
|f + gllec = inf{ar: [f(2) + g(2)] < v ae. in 2}
<inf{a : [|flleo + lgl|lco < @ ace. in Q}
= [[flleo 4 [19lloo
e Positive definition: by part (a) it is clear that || f||cc > |f(z)| > 0 a.e. in Q. In
paticular || f||.c > 0. Moreover,
|fllo=0<|f(z)]=0ae in Q< f=0in L™
Note that functions in L> are defined through a class of equivalence.
(c) On the one hand we have, since f is continuous it satisfies

flloo = sup [f(x)] =1.
ze[—1,1]
On the other hand, ¢ satisfies that g(z) = f(x) a.e. in (0,1), so

glloo = [ flloo = 1,
while it is clear that

sup |g(z)| =4 # [|g]lo-
z€[—1,1]

Exercise 3.
(a) Let Q C R™, and let f,g € LP(R2), 1 < p < oo. Show that ||f — g||r» = 0 if and
only if f =g a.e. in Q.
(b) Let 1 < p < co. Find a function in LP(0,1) that does not belong to L%(0,1)
for any g > p.
(c) Let f € L*(Q) with || < co. Prove that f € LP(Q2) for every p € [1,00].
Moreover, it satisfies

pligloo [ fllzr) = |[fllz=(0)



(d) Let f € LP(Q2) for every p € [1,00). Prove that if there exists a constant C' > 0
such that || f|[zr@) < C for every p € [1,00), then f € L*(Q) and it satisfies
[ f|zoey < C. Is it true that f € L>(Q) if f € LP(Q) for every p € [1,00) but
|| f||zr(@) = +00 when p — 4007

Solution. (a) It is clear that ||f — g||L» = 0 if and only if

[ 1) = @ @z =o.

Thus, || f — gl/zr = 0 if and only if | f(x) — f(x)|P = 0 for almost every x in €. Clearly
this is equivalent to the result in the statement.
(b) We are showing that the function
1

)= i ogay

belongs to L'(0, 1) but does not belong to LP(0, 1) for any p > 1. Knowing that, it is
easy to construct a function satisfying the statement by taking powers of f. Then, let
us first prove that f € L. It is easy since the primitive is explicit. That is,

1 1 L —171 _
/0 7 :/0 2(1—log(x))? [(1 —log(x)) ] = 1.

On the other hand, we know that the logarithm grows less than any positive power at
infinity, i.e.

log(y) < %yk in (1,00) if k>0.
.. . . -1 .
From this inequality, given any p > 1 we take k = 7’2—p > (. Then, we obtain that
(1-log(@)) ™ > Cya?™ i (0,1),
for some constant C}, > 0 depending only on p > 1. Thus,

/01 P = /01 = —1log(x))2p > C,,/le—l — .

(c) Given any p > 1 we have

L1 < U1l < oo,

so f € LP(2). Note that here it is crucial the fact that || is finite. Otherwise the
result is not true (take the constant function). Now, let us find the limit. From the
previous computation we obtain

limsup || f|[ o) < [[f]]zoe(e) limsup [Q'7 = || ]| (0

p—0o0 p—0o0

On the other hand, given any £ > 0 we define the set

Qo ={recQ  |f@)]>[lflle=@ -}
which satisfies |2.| > 0 for every € > 0. Then, it is clear that

/Wﬂv>/|ﬂp /‘Hﬂmn J— o) = (1l — ) 19



so taking the liminf we get
Hminf || £]| ooy > (|| f]|(@) — €) lminf |[QY7 = || f]| @) — e
—00 p—0
Since this inequality holds true for any given € > 0 we can take the limit and conclude

that
timinf || 1150 2 [1f]li(e) 2 limsup 1] oo

pP—00
Thus, the limit exits and it is equal to the L*>°-norm. Note that we need to work with
liminf and lim sup since a priori we don not know if the limit exists.

(d) Let us suppose that f & L>(Q). If we define the set
Oy ={z e - [f(x)] > M},
then, it satisfies |Q,/] > 0 for any given M > 0 (by definition of L*°). Thus,

1/p 1/p
02||f||m>=(/ﬂ |f|”> z(/ |f|”) > 9C Qe
2C

for every p > 1. If we take p going to infinity we arrive at the contradiction C' > 2C.
Here, it is crucial the fact that ||Qac|| # 0. Thus, f € L*. Now, let us take M =
|| fl|z(@) — €. Then, doing the same computation, we obtain

1/p 1/p
CZIIfIILPm):(/Q |f|”> z(/ |f|”> > (1fllim@ — <) [9] 7.

Finally, taking p going to infinity and € to zero we arrive at
[ fllze(@) < C.

Exercise 4. Let (M,d) be a metric space and let 0 < o« < 1. We consider the space
of Holder continuous functions with exponent a:

C**(M) = {u: M — R|u bounded and 3C > 0 s.t. W < C for x # y}.

If 0 < a<1,C%(M) is also denoted by C*(M). If « =1, CO(M) = Lip(M) is the
space of bounded Lipschitz functions on M. It is well known that, for 0 < a < 1,
C%(M) is a Banach space with the norm

|u(z) —u(y)]
[ullcoe = llulles + le;ly) Ty
Moreover, for 0 < o < # < 1, the following inclusions are true
Lip(M) c C%*(M) c C™(M) C C,(M),
where C,(M) = {u € C(M) | u uniformly continuous and bounded}.

(a) Show that if (ug)g>1 is a uniformly bounded sequence in C%%(M) that converges
pointwise to a function u : M — R, then u € C%*(M).
(b) Let 0 < 8 < v < a < 1. Show the interpolation inequality

o

2

2
|

sy

||UHCO‘”(M) < HUHT_,E(M)HU’HT(M)



(c) Let (M,d) be a path-connected metric space. Show that if u € C%*(M) with
a > 1, then u = ctt.

Solution. (a) Let us take x,y € M. Given any € > 0, by pointwise convergence we
know that there exists k big enough (depending on z and y) such that |u(x), ug(z)| < €
and |u(x),ug(x)| < e. Then, taking this £ we obtain

Ju(@), u()] < lu(@), uwe(@)| + lup(@) = ur ()] + |ur(y) — uly)| < 26 + Cd(z,y)".

Since this is true for any € > 0 and C' is independent of it, we can take the limit and
obtain

u(z) — uly)] < Cd(z,y)*,

so u € C¥*(M).
(b) Since < v < a, there exists t € (0, 1) such that v = (1 — )3 + ta. Then,

@) - )] fula) — )] Ju(e) — ufy)]
Wevr = =gy TSR )00 d(z, gy
lu(z) —u(y) ' lu(z) —uly)|\'
< (s M) (M)

= [ulgo's [u] oo

Now, let us define a = ||ul|r~, b = [u]cos and ¢ = [u]lo... Hence,

|ul|con = [|ul|ze + [u]cor < a-+b'"c
[ bl—tct
— b 1—t a
(a+b) | (a4 b)t-t * (a+ b)lt]

Pl P P (<azb)c)t]

a+b a+b
o b (a+b)c\]
< 1-t| @
< (a+1b) _a+b(a+b)+a+b< ; ﬂ

= (a+b)"" (a+ )" = [Jul|toh][teloo.0

(c) Let us take any given z,y € M. Since the space is path-connected, this means
that there exists a continuous map v : M — [0, 1] such that v(0) = x and (1) = v.
Moreover, we can take 7 such that d(v(t),v(s)) = (s—t)dist(z,y). Now, for any k > 1



we have

Thus, since « > 1 and the previous inequality holds true for any given k£ > 1 we can
take k — oo and obtain |u(z) — u(y)| = 0, so u = ctt.

HILBERT SPACE TECHNIQUES AND SOBOLEV SPACES
Exercise 5. Let H = L*(—1,1). We consider the subspace V of odd functions in H,
V={ueH : u(—t)=—u(t) ae. te€(-1,1)}

(a) Verify that it is possible to apply the projection theorem.
(b) After determining V+, write the expression of Py f, Qy f for a generic f € H.

Solution. (a) In order to apply the projection theorem we only need to show that
V is a closed subspace of L?, which is a Hilbert space. First, it is clear that a linear
combination of odd functions is also odd. Now, we are checking that it is closed. That
is, let us take a sequence of odd functions u,, — . Then, there is a subsequence u,,
converging almost everywhere to u. This means

0 =y, (t) + up, (t) = u(t) +u(—t)  for almost every t e (—1,1).

Thus, u(—t) = —u(t) for almost every ¢t € (—1,1), and we conclude that the limit
u €V, so it is a closed set.

An alternative way of proving that the set V is closed comes by rewriting it in the
following way

- {u cH /_11 lu(t)]? + u(t)u(—t) dt — 0} |

ans showing that the function F': H — R defined as F'(u) = fjl |u(t)])? +u(t)u(—t) dt
is continuous.
(b) Let us take w € V*+. Then, it satisfies

0= /_l w(t)u(t) dt = /0 w(t)u(t) dt + /01 w(t)u(t) dt

1 -1

_ /0 w(—tyut) dt + /0 w(t)ult) dt = /0 w(t) — w(—t)u(t) dt



for every u € V. Thus, we deduce that w must satisfy w(t) = w(—t) for almost every
€ (—1,1). So V't is the subspace of even functions.
In order to find the projection we are using the very well known decomposition of a
function in the sum of an odd and an even function. That is,

fl@) = f(==)  [fl@)+ f(=2)

flz) = 5 + 5 .
Therefore, it is clear that
Py f(t) = w and  Qvf(t) = w

Exercise 6. Let Q@ = (0,1) x (0,1) and H = L*(Q). We consider the subspace
V={uecH: u(z,y) =v(x), withv e L*(0,1)}.

Verify that H = V@V+ and determine Py and Py,.. Decompose the function f(xz,y) =
2y as a sum of an element in V and an element in V.

Solution. We know that we can decompose H = V@V if V is closed. Then, we need
to prove it. Let us take a sequence uy € V such that u;, — u. Since ug(z,y) = vg(z)

and uy is a Cauchy sequence in L*(Q) we deduce that v, is a Cauchy sequence in
L?(—1,1). That is,

[|vi = vjll 210y = [Jui = w2 @)-
Hence, there exists v € L?*(—1,1) such that vy — v in L?(—1,1). Then, by definition
of vy it is clear that moreover u, — ¥ in L?(Q). Finally, by uniqueness of the limit we

deduce that u(z,y) = v(z),sow € V and V is a closed set.
Now, let us find V*. If we take w € V*, it satisfies

/ w(z,y)u(z,y) dedy =0
Q

for every u € V. This is equivalent to

0:/Qw(x,y)v(x) dxdy:/olv(x) (/Olw(m,y) dy) dx

for every v € L?(0,1). Then, w must satisfy

1
/ w(z,y)dy =0 ae. z € (0,1),
0

so we deduce that
1
Vi={uecH: / uw(z,y)dy =0 a.e. x € (0,1)}.
0

Finally, given any u € L?(Q), let us write it as u(z,y) = v(x,y)+w(z,y) withv € V
and w € V. Then, integrating with respect to y and using the definition of the sets
we find

/Olu(:r:,y)dy = /Olv(x)dy+/01w($’y)dy — o(2).



Thus, we obtain that v(z) = fol u(z,y)dy and w(z,y) = u(z,y) — fol u(z,y) dy. Since
we know that this decomposition is unique we get

1 1
Prula.y) = / w(z,y)dy and  Pyou(z,y) = ule,y) — / u(.y) dy.
0 0

In the particular case u(x,y) = xy we can apply the general result to obtain
Py (zy) = g and  Pyi(ry) =2y — g
Exercise 7.

(a) For which choices of exponents a > 0 and p > 1 does the function u(z) = ||~
belong to the spaces W'*(By) and Wh?(R"\ B;)?
(b) For which exponents c does the function u(z) = (—log |z|)® belong to H'(Bj2)?

Solution. (a) As a first step, we are showing that u € L?(B;) if and only if n > pa
and u € LP(R™\ By) if and only if n < pa. That is,

1 1
lulP = / |x| 7P = |8Bl|/ r Pl gy = |8B1|/ rrPetn=l e « o0
B By 0 0

if and only if —pa+mn —1 > —1. Here, we have use spherical coordinates and the fact
that a power function in dimension 1 is integrable at zero if and only if the exponent
is greater that —1. In a completely analogous way we obtain

/ lulP = / |z| 7P = |0B1|/ Py = |aBl|/ Pt g < oo
R"\B1 R"\B1 1 1

if and only if —pa+n —1 < —1.
Now, we are using that Vu(z) = |z|7* 2z in the weak sense (we will prove it latter)
in order to show that Vu € LP(B,) if and only if @ < *2F < n—1and Vu € LP(R"\ B;)

if and only if a > %. Then,

1
/ ]Vu]p :/ ‘w’(*afl)P = |331’/ poletptn=1 5. ~ ~
B B 0

if and only if —(a+ 1)p+n — 1> —1. For the other domain,

/ (Vu|P = / |$|(_a_1)p = |0B,| /°° pr@tpn=l g 5o
Rn\Bl ]R"\Bl 1

if and only if —(a+1)p+n—1< —1.

Summarizing, we have that w € W'”(B,) if and only if @ < ™2, while u € W?(R"\
By) if and only if o > =2

Finally let us prove that the weak derivative coincides with the classical derivative
outside of the origin. We are using that v € C* outside of the origin, and we will note
u; the classical derivatives of . Then, given ¢ € C2°(Q) we have

/ugpi = lim up; = lim {/ UPV; —/ uigo} = — / Ui p,
Q =0 Jo\B. =0 L JanB. Q\B. Q



so the weak derivative coincides with the classical one outside of the origin. Note that
we have used that
/ upr;
9B

since o« < n — 1.

(b) Note that u is not continuous at the origin when o > 0, then we can directly
conclude that u ¢ H'(By/2) when n =1 and o > 0, since H' functions are continuous
in that dimension. Now, we are showing that u € L?(Bj2) for any given . It is clear

that it is true if o < 0 since in that case the function is bounded. Now, if @ > 0 we
are using that

< Ce ottt 4,

| —log(r)| < Cwr™® in (0,1/2)

for any k > 0. Then, taking k = ;= we arrive at

1/2
/ uf? = / |~ log |2 < C / ponbnl oy o
By s By 2 0

_ o Cloglzpo!

P x; in the weak sense. We will prove it

Next, we are using that Vu =
latter. Then we need to compute

1
V22 = o? / (— log |2~ ||,
0

In order to do it we distinguish three cases. If n > 3,
1

1
[Vullf: = oﬂ/ (= loga|)** ™ [a]"™ < oﬂ/ (—log|z])?*2 < oo,
0 0

for any @ € R. Here we have used the previous computations in this part. The second
case, when n = 2

1
IVal22 = o / (—log(r)?* 27 = a2

if and only if @ < 1/2. Finally, when n =1 and a < 0

1 1
V|32 = a2/0 (—log(r))** 2r 2> 042/0 rt = 0.

Here, we have used the estimate (—log(r))?*~2 > Cr for any a € R.

At this point, we are proving that the weak derivative is the function we have said.
We are using that u € C! outside of the origin, and we will note u; the classical
derivatives of u. Then, given ¢ € C:°(B1/2) we have

/ up; = lin% up; = lin% / upri — / Ui ¢ = —/ U; @,
By e B1/2\Be e 0B: By 2\Be Bio

so the weak derivative coincides with the classical one outside of the origin. Note that
we have used that

1/2

(~ log(r)* 1 _

200 — 1

0

upv;| < O(—log(e))* ™+ — 0,
0B,

sincen>1lorn=1and a < 0.




Exercise 8. Show that the functional

belongs to the space H~'(0,1) := (Hj(0,1))*. Find the element in HJ(0,1) that
represents it.

Exercise 9. Let H = H'(—1,1) and
V={ue H: u(0) =0}.

After showing that V is a closed subspace of H, compute the orthogonal projection
on Vof f(t)=1fort e (—1,1).

Solution. Recall that H! functions in dimension 1 are continuous, so pointwise
values make sense. Now, let us prove that in fact evaluating at a point is a continuous
functional. That is, let T': H'(—1,1) — R such that Tu = u(0), then by integrating
and using Cauchy-Schwartz

1

u(g;)+/ u'(t) dt‘ < fu(@)[+ [ [u' ()] dt < |u@)] + [[e/]]z20,)-

-1

u(0)] =

Next, taking the square, integrating and using that (a + 0)? < 2(a® + b?), we get

1 1
2
AuOF = [ @ Fde < [ (lu@)]+ |l d
1
< [ @) + 2 e = oy + 411 oo
-1
< 4H“||?{1(0,1)-

Thus, [Tu| = |u(0)] < v2||u||m) and T is continuous. Note that the fact that
evaluation is taken at 0 does not have any relevance in the computation.

Now, since V' = T~1({0}), it is clear that it is a cosed set. Moreover, it is clearly a
subspace. Therefore, the projection theorem guarantees the existence and uniqueness
of the orthogonal projection.

Finally, let us characterize the projection. We know that the projection w = Py f

satisfies
1

/ (f(t) — w(t)) v(t) dt+/ (V(t) — Vw(t)) Vo(t)dt =0 Yo € H.

1 —1
Assuming the projection is regular enough and integrating by parts we obtain
1
/ (f(t) —w(t) = f(t) + w" () v(t) dt + (f'(t) = w'(t)o(t)|L, =0 Vv e H.
~1

In particular, the equality must hold for every v € Hj(—1,1), so the boundary term
disappears and we get

/_ (F(t) — w(t) — F'(t) + w'(E) v(t) dt = 0 Yo € HY(—1,1),

1



which is equivalent to
w'—w=f"—f ae in (-1,1).

But now the boundary term in the previous equality have to be zero too. This means
that
(f'(1) = w'())v(1) = (f(-1) —w'(=1))o(=1) =0 Vv € H,
and thus
w'(=1) = f(=1) and  w'(1) = f'(1).

Hence, the projection of f satisfies

w(0) =0,
w'(=1) = f'(-1),
w'(1) = f'(1).

In the particular case f =1 it is easy to find that

{1—ﬁ(e2+t+e—t), if —1<t<0

1— (e +e), if  0<t<1

w(t) =

is a solution and moreover it satisfies the projection condition. Since we know the
projection is unique, it follows that it is in fact the projection.

Exercise 10. Let p > 1 and 2 C R™ be a bounded, open, convex set. Denote with
(u)q the integral mean over Q of any given function v € L'(Q), that is

(u)q = ]é u(z) da.

Show that there exists a constant C' > 0, depending on n, p and 2, such that
the Poincaré-Wirtinger inequality

Ju = (Wallr@) < ClIVullLr @),
holds for any u € WHP(Q).

Exercise 11. Let 2 be a bounded Lipschitz domain in R".
(a) Show that

(%U)em:/ U!agv|md0+/Vu-Vvdx
o0 Q

is an inner product in H* ().
(b) Show that the norm

1/2
ullon = </ u|§Q da—l—/ |Vu|2 dx)
a0 Q

is equivalent to ||u||g:.



Solution. (a) It is easy to see that it is bilinear and symmetric. Moreover, it is also
clear by using the scalar product in L? that (u,u)aa = [|ul|725q) + [IVullZ2q) > 0.
Finally, if (w, w)aq then ||Vw||r2@) = 0 and ||w]||;290) = 0. From the first condition
we obtain that Vw = 0, or equivalently that w is constant. But the second conditions
means that w = 0 on 02. Hence we conclude that w =0 in €.

(b) By density density arguments, we are only proving the equivalence of the norms
for functions in C*°(2). Since Q2 is bounded then 2 C Bp for some R > 0. Let us take
u € C*(€), then

/u —/ rydiv (%) dr = 1/BQuQ(x)xwda:—%/QV(uQ(x))mdx.

Now, if we estimate each term separately we obtain

/ w(r)z - vdr| < / lul? || |v| dx < R/ |u|? d,
o0 Gl) o0

1
§/2R\Vu|\u|d:c§ -/ ]u\2d:c+4R2/ IVl da.
Q 4 Q Q

and

*(x)) - wdx

In the last estimate we have used that 2ab < a® + b* with a = |u|/2 and b = 2R|Vul|.
Joining this inequalities we get

1 R
/|u|2§—/|u|2+—/ |u|2dx+—/|Vu|2dx
Q an Jq n
Thus
4R 16R? 4+ 4n — 1
2 _ 2 2 2 2
oy = [ 1o+ [ 1Val < 2 [ e R ol

< CY[ul e,

where C > 0 is a constant depending only on n and (2.
On the other hand, by the trace inequlity we know that there is a positive constant
C such that

[lulZ2(00) < Cllullfn o
Thus,
lullfe < (L + C?)||ullm )

Summarizing, there are two positive constants C} and C’Q such that
Co[lullon < [ullm@) < C1[|ulloq,

so both norms are equivalent.
Note that if u € Hj(Q), then ||u|[aq = [|Vu||12(), so we recover Poincaré inequality
and the fact that ||Vul||z2 is a norm in that space.

WEAK FORMULATION



Exercise 12. We consider the following problem in the interval (—1,1):
—u"=f u(-1)=u(l)=0
with f = X(-1,0) + 2x(0,1)-
(a) There exists a C* solution? There exists a continuous solution? Find the
solution in Hg(—1,1).
(b) Same questions but for
—u" = Xu=f, u(-1)=u(l) =0,
under suitable conditions on A.
Solution. (a) First, note that there is no C? solution. If there would be one, then
u” would be continuous. Nevertheless, since ©” = —f and —f is not continuous we
would arrive at a contradiction. In fact, we are showing that there is a unique weak

solution in H}(—1,1), and moreover it is C'. Tt is clear that the weak formulation of
the problem is to find u € H}(—1,1) such that

1 1
/ u'v = / fv Yve Hy(-1,1).
—1 -1

Then, we only need to show that F'(v) = f_ll fv is continuous in order to apply Riesz
Theorem. That is, since f € L? we have

1
[F(v)] < /1 [fllol < W Alzzllolle < Crllfllz2llv] -

Thus, there is a unique weak solution u € Hj(—1,1). In particular w = v’ € L%
Furthermore, it satisfies (from the weak formulation) that

1 1
/ wy' = / fe  VeeC(-1,1),
~1 -1
so —f € L? is the weak derivative of w = u’. Hence, u is more regular than H{, indeed
uwe€ H?*CCl
Finally, we want to find such solution. Since f € C*((—1,0)N(0,1)) we claim that

u satisfies ,
(v’ =—1, —1<x<0,

uW=-2, 0<uz<l,
u(—1) =u(l) =0,
u(07) = u(07)
(/' (07) = u/(07).
Then, it is easy to see that the solution of the previous ODE is
(2) —2?/2 —x/4+3/4, if —1<z<0
u(xr) =
—z? —x/4+ 3/4, it 0<z<1.

(b) Using the same arguments that in the previous part, we can deduce that there
is no C? solution. Here, we are proving by using Hilbert spaces techniques that there
is existence and uniqueness of solution whenever A < Cz* = (7/2)? (you can find



the exact value of the Poincaré constant by following the same idea of the proof of
Wirtinger inequality in Exercise 18 from Review List). Nevertheless it is possible to
prove by using Fourier series that there is existence and uniqueness of solution when
4\ # (k7)? for every k = 1,2,3,4... On the other cases, there is also existence (but
not uniqueness) if f satisfies certain orthogonality condition.

It is clear that the weak formulation of the problem is to find u € Hj(—1,1) such

that
1 1 1
/u’v'—)\/ uv:/ fv Yo e Hy(—1,1).
-1 _ _

Now, we only need to show that B(u,v) f RILED) fjl uw is continuous and coercive
in order to apply Lax-Milgram Theorem. On the one hand,

1 1
IBWWHS/IMWWHM/IMMSCWM%HM%-
-1 -1

On the other hand, since A > C3?, there is a constant ¢ such that 0 < e < 1 — C3\.
Then, taking such a constant we obtain

1 1 1
Buw == [ wie-a [ wpoxf jup
-1 1 -1
1 1
1—¢
> /12 / 2> 2 )
> [ W (350) [ P ey

Thus, there is a unique weak solution v € Hj(—1,1). In particular w = o' € L2
Furthermore, it satisfies (from the weak formulation) that

1 1
/ws@’z/(f+Au)90 Vo € C%(~1,1),

1 1

so —f — A € L? is the weak derivative of w = «’. Hence, u is more regular than H_,
indeed u € H? C C.

As in the previous part, we want to find such solution. Since f € C*°((—1,0)N(0,1))
we claim that u satisfies

(' = -1+ Xu, —1<x<0,
=24+, 0O<z<l,
(=1) =u(1) =0,

u(07) = u(0T)

u'(07) = /(07).

Q

\
Then, it is easy to see that the solution of the previous ODE is
L1—cos(vV/A) 3—cos(vV\)

2Acos(\f) COS(\/X'T) + 2)\s1n(\f) Sln(\/xx) a

u(m) - 1+cos(\f) 3— cos(\f)
Proos(v) cos(\/Xx) + Iren(VN) sm(\/Xx) _

> >



Exercise 13. Write the weak formulation of the problem

(> + D" — zu' =sin27z, 0<z <1,
u(0) = u(1) = 0.

Show that there exists a unique solution u € Hj(0,1) and determine an explicit con-
stant C' for which

||UIHL2(071) S C

Does this solution minimize an energy functional?

Solution. Since we have homogeneous Dirichlet conditions we multiply the equation
by any v € Hj(0,1) and integrate by parts in order to obtain the weak formulation.
That is,

1 1
/ (2 + D" (2) v(x) — 2/ (2) v(z) de = / sin(2rz) v(x)dr Yo € Hy(0,1),
0 0
is equivalent to
1 1
/ (2% 4+ D)/ (2)v (2) + 3zu/ (z)v(z) do = —/ sin(2rz)v(r)dr VYo € Hy(0,1).
0 0
Then, if we define
1
B(u,v) = / (2% + D/ (2)v'(2) + 3z (v)v(x) du,
0
and
1
Fv) = —/ sin(2mrz) v(x) de,
0
we obtain the weak formulation: find « € HJ(0,1) such that B(u,v) = F(v) for
every v € H(0,1). Now, we want to apply Lax-Milgram theorem in order to prove

existence and uniqueness of solution. First, it is clear that B is bilinear. By using
Cauchy-Schwartz and Poincaré inequalities we get that it is continuous. That is,

|B(u,v)| < /0 (% + D' ()| [V ()] + 3] (2)|[v(2)] dz

< 2wl 20" 22 + 3] ||| 2] 0] 2
< (2+3Cp)[ullmllv]m3-

Moreover,

B(u,u) = /0 (2% 4+ V)| (z)|* + 3zu/ (z)u(x) de = /0 (22 + V)| (z)]* - ;|u(:v)|2 dx

3 3 3
> s = Sl > (1= 363 ) 1B = (1= 563 )l

Here, we need 2 — 3C% > 0. This holds true because Cp = 1/7 (you can prove it
by following the same idea that in the proof of Wirtinger inequality in Exercise 18



from Review List). Thus, B is coercive. On the other hand let us show that F is
continuous. That is,

b : V2 Cpv2
[F(v)] < /O |sin(2ma)||v(z) de < ||sin(2rz)||z2||v]|r2 = < [lollze < =5 —lv]m.

Since B is bilinear, continuous and coercive, and F' is bilinear, we can apply Lax-
Milgram and obtain existence and uniqueness of weak solution. Finally, we use the
previous computations and take v = u in the weak formulation in order to get

-1

: 3 .\ 3
1|22 = a2, < (1 - 501%) Blu,u) - (1 - 50;) Flu)

Cpv/2 3 5\
<2 (1-3c) il

which means that

CP\/§ . \/§
2-3C%2 2m2-3
Note that since the bilinear form B is not symmetric the solution is not the minimizer
of an energy functional.

[|w]]r2 < ~ 0.27.

Exercise 14. Write the variational formulation of the problem
coszu” —sinzu' —zu=1, 0<zx<7/6,
{u'(O) = —u(0), u(7/6) = 0.
Discuss existence and uniqueness.
Solution. Given a Dirichlet condition at 7/6 we take the functional space
V ={ve H(0,7/6) such that v(r/6) = 0}.

Then, in order to find the weak formulation we multiply the equation by v € V' and
integrate by parts. That is, the weak formulation consists on finding v € V' such that

/6 /6 w/6
/0 cos(x) u'(x) V' () da:+/0 zu(z)v(x)dr—u(0)v(0) = —/0 v(x)dx YveV.

Note that in case the weak solution is regular enough we can recover the strong for-
mulation from the weak one just by integrating by parts (first using a test function in
H} to recover the differential equation and then a general test function to obtain the
boundary conditions).

Then, if we define

/6 /6
B(u,v) = /0 cos(x) u'(x) v'(x) dx + /0 zu(z)v(z)dr —u(0)v(0),
and p
Fv) = —/0 v(x) de

we can prove existence and uniqueness of weak solution by applying Lax-Milgram
theorem if we show that B is bilinear, continuous and coercive and F' is linear and



continuous. Before proving that let us do some preliminary computations. Given any

v € V we have
/6
/ V' (t) dt

o) =
In particular we have a Poincaré inequality in V/, i.e., there is a positive constant such
that ||v||p2 < Cp|[V']|12 for every V € V| so we can define the scalar product in V' as

(u,v)y = /OW/G o' (z) v (x) d.

Now, we can check the hypothesis of Lax-Milgram theorem are satisfied. Linearity
(and bilinearity) comes trivially. Let us show continuity. On the one hand

/6
g/ W(6)| dt < /76 ||[0'||2 Y € [0,7/6].
0

/6 n/6
| B(u, v)| S/O |COS(CC)HU'($)\|U'($)|d3€+/O 2] (@) [o(z)] dz + |u(0)] v(0)]
™ ™
< 'l o'z + g llullez ol + Slle]]22 [10']] 2
< Clfully o[y

Here we have used the preliminary computation (at z = 0). On the other hand,

/6
|F'(v)] S/O (@)l de < /7 /6][v]]L2 < Cllv]lv.
Finally, concerning the coercivity we get
/6 /6
B(u,u) = / cos(x) [u/(x)|* dw + / x [u(x)|* dz — |u(0)[?

0 0
V3 V3 o

2 THU/H%‘Z — u(0)* = > 7% /|72

> Cllully

Here, we have crucially used again the preliminary estimates.
In conclusion we can apply Lax-Milgram theorem and we obtain existence and
uniqueness of weak solution to the problem.

Exercise 15. Let Q = (0,1)x(0,1) € R%. We minimize, for v € H}(Q), the functional
E(v) :/ {3Vl — zv} dady.
Q

Write the Euler-Lagrange equation and show that there exists a unique minimizer
u € H}(Q). Find an explicit formula for u.
Solution. If we define
Fv) = / zo(z,y)dr dy,
then, we know that u € H} is a minimicz?er of E if and only if
(u,v)gr = F(v) Vve H,.



Note that this is the weak form of the problem

—Au=2x inQ,
u=20 on 0Q).
Then, if we prove that F' is linear and continuous we obtain existence and uniqueness

of minimizer by using Riesz theorem. On the one hand, linearity comes trivial. On
the other hand

F(o)| < /Q 2 o(, )| dz dy < |lol|g) < el 2@ < Crllellm

Thus, the existence and uniqueness of solution in HJ(Q) is guaranteed.
In order to obtain an explicit solution let us use Fourier series. We know that
{sin(mix) sin(mjy)}i o0 is a basis in Hj(Q). Then, we can write the solution as

u(z,y) = Z a;j sin(mix) sin(rjy).
ij=1

The condition u = 0 on 0@ is automatically satisfied. We only need to check that
—Awu = z. That is, if we write x in Fourier serie as

xr = Z ¢ sin(mix) sin(m jy),

ij=1
we obtain that .
u(z,y) = Zl ﬁ sin(mix) sin(mjy).
1,)=

Now, we compute the explicit value of ¢, ;,
(—1)i+! 4 (—1)i+
w20 '

Cij = 4/ x sin(rix) sin(rjy)dedy =4
Q
Thus, taking into account that ¢; ; = 0 when j is even we finally obtain
8 & (-1
4 [P+ (2m—1)2)(2m—1)

I,m=1

sin(mlx) sin(mw (2m — 1) y).

U(J}7y) ==

Exercise 16. Let (2 be a bounded open subset of R". Consider the linear second
order differential operator L, defined as
Lu = —div(AVu) + b - Vu + cu,

where A = (a;;())ij=1,.n» IS a symmetric matrix (a;; = aj;), and a;;,b;, ¢ € L>(Q).
The operator L is said to be uniformly elliptic if there exists a constant A > 0 such
that

A €> ME)? for any € € R™ and a.a. z € Q.

(a) Write the weak formulation of the problem

Lu=f in Q,
u=>0 on 0.



Prove that the bilinear form is continuous.
(b) Prove that if L is uniformly elliptic with constant A > 0, then the so-called
Garding inequality

A
9 ||UH§{3(Q) < Br(u,u) +W||U||%2(Q) for any u € Hy(9),

holds true for some v > 0 depending only on n, A, ||b;||ze) and |[c_|| L~ ().
Here By, is the bilinear form found in the previous part.

(c¢) Prove by using parts (a) and (b) that if L is uniformly elliptic with constant
A > 0, there exists a constant ¢, > 0, depending only on n, A and ||b;|| =),
such that if ¢ > ¢, a.e. in 2, then for any f € L*(2) there exists a unique weak
solution u € HJ () of the problem. Furthermore, u satisfies

ull @) < Cllfll2@),
for some constant C' > 0 depending only on €2 and .

Solution. (a) It is easy to see by multiplying the equation by v € H} and integrating
by parts that the weak formulation is: find u € H} such that

/AVu-VU+/b-Vuv+/cuv:/fv Vv € Hy.
Q Q Q Q

If we define

BL(u,v):/AVU~VU+/b-VuU—|—/cuv,
Q Q 0

and

Fo)= [ fo

we can rewrite the weak formulation as: find v € Hj such that By (u,v) = F(v) for
every v € H}(Q). Here, it is clear that By, is bilinear. Moreover, we can see that it is
continuous. That is,

|Bi(u,0)] < / |AVa| V] + |[b]] = / 1Vl o] + llell o / ] o]
< 1Al [1Vullzz [IV0llzz + 1bll [1Vallze follze + lellzw [fullze llol 2
< (1Allz= + Co 1Bl + C2 llello=) [[ullss |[o]Lss.

where we are using Poincaré inequality. Moreover, we are using that since a;;(z) are
bounded, then there is a constant (that we call ||A||L) such that |A(z) £| < ||A||L=|&]-



(b) Let us proved the proposed inequality. Given any u € H}(Q) we get

BL(u,u)—/AVu-Vu—l—/b(:c)~Vuu—|—/c(x)\u|2

ZAQ/Q|VU|2—/Q|:(SC)IIVUI IUI—/:|C—(6C)IIUI2

> MIVullZz = 1Bl [[Vullz2|[ullz2 = lle-[[z ||ul[Z:
1617
2\

) bl
= Sty — (L= e )

Note that in the last inequality we have used that —2st > —s? — ¢ with s =
VA2l Vul|p2 and ¢ = (2X0)7Y2||u||12]|b||~. Thus, we have proved the desired in-
equality with v = (2A)7Y[|b]|2 + ||c_]| -

(c) In order to prove existence and uniqueness of solution we are showing that By,
is coercive and F' is linear and continuous. The fact that F' is linear holds trivially.
Moreover,

A
> MIVullzz = S Vullz: -

1Vul[Z2 = lle=][z [lullZ:

[F(v)] < /Q (ol < [ f 12 oll2 < Clfollm.

Now, let us prove that By is coercive when ¢ > ¢, = (2X)7!|b||2 > 0. That is, let us
define the auxiliary operator

L= —div(AVu) + b- Vu + (¢ — c.)u.

Then, we have
By (u,u) = Br(u, u) — ¢ |ul[Z=.

Finally, taking into account that this auxiliary operator satisfies the conditions of the
previous part, and moreover (¢ — ¢,)_ = 0 we arrive at

[1b]7- A

A
By (u,u) = cullullfe = By (u,u) = 2 lullz - [[ullze = Sl — elullza:

-2 2\
Thus, By, is coercive and we can apply Lax-Milgram theorem to prove existence and
uniqueness of solution. Now, we prove an estimate of the norm of the solution using
the coercivity of B, the continuity of F' and the weak formulation of the problem.
That is,

2 2 2 2Cp
IVallts < 5 Bu(uu) = $F() < S lsllulles £ S 201150l Ve 12

SO
4C?
SEIS s,

where Cp is the constant from Poincaré inequality, and depends only on (2.

Tl = [lullz2 + [[VullZ> < (CF + DI Vullf: < (Cp +1)



Exercise 17. Let 2 C R"™ be a bounded open set with smooth boundary. Given
[ € L*(R), a function u € HZ(Q) is said to be a weak solution of the following
boundary-value for the bilaplacian operator

Ay = f in €,

ou
—@—0 Ol’laQ,

u

if it satisfies
/ AulAvdr = / fvdxr for any v € HF(Q).
Q Q

Prove that there exists a unique weak solution of the bilaplacian equation.

Solution. First, let us recall that
HY ={u € H*(Q) suchthat Tr(u)=0 and Tr(Vu)=0}.

Indeed, it is defined as the closure of C°(£2) with the H? norm. In particular, both
the function and the gradient “vanish” on the boundary. Then, it is easy to see that
the weak formulation comes from multiplying the equation (here, A? means A o A)
by any test function v € HZ and integrating by parts twice. Furthermore, note that
due to the continuity of the trace operator, Hj is a closed subspace.

Now, let us show that we can equipped HZ with the scalar product

(u,v) g2 —/AUAU.
Q

It is clear that it is bilinear and symmetric. We only need to check that it is positive
definite. That is, on the one hand, we have integrating by parts and using the boundary
conditions that

n n n n
2 12 __ E 2 E 2 _ E _ §
/ ’D U’ / uij = /uij = — /U“j Uj = /U“ U]’j
Q Q Q Q Q

1,j=1 1,j=1 1,j=1 4,j=1

L(EEr)-Lo0

On the other hand, since both u and Vu belong to H we can use Poincaré inequality

to obtain
ullZ2 + || Vul[7: < 1+ CR)I|Vull2 < (1+ C3) CB||Dul|7-.

Then, we get 0 < [[ul|}. < (1 + Ch + Cp)||Aull}, = (1 + Ch + CF) (u,u)yz, and
moreover u = 0 if and only if (u,u)yz = 0. In fact, with these computation we have
seen that this new scalar product in Hj is equivalent to the usual one in H?. Finally,

it also clear that
F(v) = / fv
0

is continuous from HZ to R. Indeed,

[F(v)] < /Q 1ol < {1z [ollee < [1Fllzz (o]l < Cllollmg-



Hence, we can apply Riesz theorem to deduce the existence and uniqueness of weak
solution of the problem.

Let us comment that one could ask why we use a Banach space (HZ) where both
the function and the gradient vanish while we only need the function and the normal
derivative to be zero on the boundary. The reason is that they are in fact the same.
That is, if we take a regular enough function such that it is zero on the boundary,
then it is clear that any tangential derivative is zero. Therefore, if we also impose the
normal derivative to be zero we finally obtain that the whole gradient is zero on the
boundary.

Exercise 18. Let Q@ C R" be a bounded, regular domain, and let f € L*(Q) and
g € L*(09). Consider the following problem:

/Vu-Vvdx+)\/uvdx:/fvda:+/ gudo, forallve H(Q).
Q Q Q )

(a) To which classical problem does it correspond the previous weak formulation?
Can you solve it when A > 07
(b) Let us take A = 0 and g = 0. Prove that such a weak solution exists if and

only if
/ fdx=0.
Q

Furthermore, under this assumption the solution is unique (in H'(Q)) up to
an additive constant.

(¢) Let us take A = 0. In spirit of the previous part, find a necessary and sufficient
condition on f and g for the problem to be uniquely solvable up to an additive
constant.

Solution. (a) If we assume all the functions are regular enough and we integrate by
parts we obtain

—/Auvdm Vu-yv+)\/uvdx:/fvdx+/ gudo, for all v e C™.
Q o0 Q Q o0

Thus, if we first take v = 0 on 92 we arrive at —Awu + Au = f in Q. Then, we can
replace this pointwise identity in the previous characterization and get

Vu-l/v:/ gudo, forallve C,
o0 Gi)

which means that u,, = g on 0. Thus, summarizing, the weal formulation corresponds
to the problem

—Au+ M= f, in €9,
d,u =g, on 0.

In order to prove the existence and uniqueness of weak solution let us define

B(u,v):/Vu-Vvdx+)\/uvdx
Q Q



and

:/fvdx+/ gudo.
Q o0

We only need to prove that B is bilinear, continuous and coercive, while F' is linear and
continuous in order to apply Lax-Milgram theorem. The linearity (and bilinearity) is
trivial. Now, on the one hand

|Bﬁh@|§uL|VUHVﬂ-FALJUHUISHVWHH@Dvamﬂm)+AHﬂh%m|WHwan
< [ful 1ol L+ Mllal s [0l = (14 ) el [ [l

so B is continuous (in fact for every A > 0). On the other hand,

(u,u) /|Vu|2+/\/ ||
> min(1, ) (|[Vullzqg) + [ullfaq) ) = min(1, Al ullf.

At this point it is crucial A > 0 in order to obtain coercivity. Finally, we show the
continuity of F. That is,

|F(v)] S/Qlfl !v|0593+/aQ gl vl do < {|f][z2@ lv]le2@) + llgll20) [|v]] 2200

< fllz2@ [[vllzz@) + Cllgllz2 a0 0] @
< (If1lz2e) + Cllgllr209)) 0] -

Here, we have used the fact that the trace operator is a bounded operator from H*'(2)
to L2(99). Finally, we can apply Lax-Milgram to obtain existence and uniqueness of
weak solution.

(b) Let us begin by proving that the condition is necessary. Just by taking v =1 as
test function in the weak formulation we obtain that the integral of f must be zero.
Note that v = 1 is an admissible test function since it clearly belongs to H*(2).

Now, we are proving that under this condition there is existence of solution and
uniqueness up to additive constant. This means that if we have a solution v € H*!,
then u—+ C' is also a solution for any given C' € R. It is easy to check this last property.
In order to prove existence let us define the set

V ={w € H(Q) such that /Qw(x) dx = 0}.

We know by Exercise 4 in Homework 2 that V' is a Hilbert space with the scalar
product

(u,v)V:/QVu(:c) Vou(x) dz.

Then, let us study the following auxiliary problem: find ug € V' such that

(uo,v)vz/fv:F(v) for allv e V.
0



Since F' is linear and continuous we can apply Riesz theorem to deduce the existence
and uniqueness of a weak solution ug € V' to this auxiliary problem. Now, we can use
the condition on f to easily check that uy € V' also satisfies

(uo,v)V:/fv for all v € H'.
Q

The idea is to write any given v € H' as v = 0+ C with © € V and C' certain constant
(in fact it is the mean of v in 2). Thus, we have shown the existence of a solution to
the original problem.

Finally, let us prove the uniqueness up to additive constant. On the one hand,
we already know that we can construct different solutions to the original problem by
adding constants to the unique solution uy € V of the auxiliary problem. On the
other hand, let us suppose there is a solution © € H' that is not of this form. Then,
it is clear that @ = u — |Q|! [,u € V must be a solution of the auxiliary problem.
Nevertheless, by the uniqueness of solution to this problem we have that u = ug. So
we arrive at a contradiction since u = ug + C.

(¢) In order to find a similar necessary condition we use the constant function as
test function, as we have done in the previous part. In this case, we obtain that

=L

Once we have this necessary condition we can proceed exactly as in the previous
part and prove the existence and uniqueness (up to additive constant) of solution via
working in the Hilbert space V.

Exercise 19. Find the mistake in the following argument and discuss if the conclusion
is correct although the reasoning is not. For 2 C R™ bounded and regular, consider
the Neumann problem

—Au+c-Vu=f 1in €,
d,u =0, on 09,

with ¢ € C*(Q)" and f € L?*(Q). Let V = H'(Q) and
B(u,v) = /{Vu -Vv+ (c- Vu)v}.
Q

If dive = 0, we may write

1
/(C~Vu)udx:—/c~V(u2)d:z::/ u’c - vdo.
Q 2 Ja )

Thus if ¢ - v > ¢y > 0 then,
B(u,u) > [ Vull72() + collullz200) = Cllullin o)
so that B is coercive and the problem has a unique solution.

Solution. First, note that the conclusion of the exercise is not true. In fact, if you
have a solution u, it is easy to show that u+ C' is also a solution for any given constant
C € R. Thus, there is no uniqueness of solution. The mistake comes from assuming



both dive =0 and and c- v > ¢y > 0. This two conditions are incompatible. That is,
by using the divergence theorem we arrive at a contradiction

0:/divc:/ c-l/Z/ co = ¢o |02 > 0.
Q ) o0

Exercise 20. (The obstacle problem) Let € be a bounded, convex domain in R™ and
let v be strictly concave in €2 and such that maxy > 0 and ¢y < 0 on 9€2. Let K be
the set

K={veH) : v>1ae inQ}.

(a) Verify that K is a convex, closed subset of Hj(€2).
(b) Show that there exists a unique function v € K that minimizes in K the
functional

1
J(v) = §/Q|Vu|2dx,

and that it is characterized by the following expression:

/(VU—VU)-Vudszfor all v € K.
Q

(¢) Conclude that if u € HZ(Q), u solves the obstacle problem (b) if and only if
—Au>0, u—v>0 and Au(u—1)=0 a.e. in Q.

In particular, u is a harmonic function on each open subset where u > .

Interpretation of the problem: for n = 2 we interpret the graph of v as an elastic
membrane fixed at the boundary of . J(u) is proportional to the potential energy of
deformations of the membrane. The problem consists of finding the configuration of
minimal energy (equilibrium) under the condition that the membrane cannot go below
1, which is interpreted as an obstacle.

Solution. (a) First, it is easy to check that K is convex. That is, if we take u,w € K
and ¢t € [0,1], it is clear by definition that u(z) > ¢(x) and w(z) > ¥(x) almost
everywhere in ). Then, we obtain that

tu(x)+ (1 —t)w(z) > t(x) + (1 —t)Y(x) =P(z) a.e. in Q.

Hence, tu+ (1 —t)w € K.

Now, let us take a sequence u;, € K converging in H} to certain u. By the complete-
ness of H} we know that u € H}. Moreover, we know that there exists a subsequence
ug; € K converging to u pointwise almost everywhere. Then, since uy,(7) > 9(z)
a.e. we can deduce that u(x) > ¥ (z) almost everywhere. Hence, u € K, and we have
shown that K is a closed set.

(b) Let us take w = 0 € H}. Tt is clear that u € K since max > 0. Then, we can
apply the projection on convex theorem to ensure the existence and uniqueness of the
projection u = Pgw of w = 0. Indeed, by the definition of the projection it satisfies

o 2 . 2 : . 2 : 2 :
T(w) = fullfy = || Pw — w]ify = min|fo — w|ff, = min [v]f3, = min J()



so the projection of zero is the unique minimizer of the functional. Moreover, the
projection on convex theorem gives us a characterization of the projection. That is, u
is the unique element in K satisfying

—(u,v —u)y = (w — Pxw,v — Prw)gy <0 for all v € K.

Note that this is exactly the characterization of the minimizer we are asked to show.

(c) Assume first that u € HZ(2) N K solves the obstacle problem. We are proving
that it satisfies the three properties in the statement. The second one is trivial since
u € K. Now, let & € C°(€2) be such that & > 0. In that case u + ¢ € K and from
the variational characterization of u we obtain

Og/Vu-Vq):—/Au(I) for all ® € C2°(€2) such that & > 0.
Q Q

This implies that —Au > 0 a.e. in €.
For the last condition we consider two subsets of {2

Qp={zeQ:¢Yx)>0} and Q_={xreQ: P(x) <0}
By the maximimum principle, using that —Awu > 0 in €2 and that u = 0 on 0f2, we
obtain that
uw >0 in .
Define
by = max{0,9} € Hy(Q)
From the fact tha u > 0 in 2 and u > 1 we obtain that u — 1, > 0 € ) and therefore

(u—14)Au <0 ae. in €.

As iy > 1 in ), we can use the variational characterization with v = ¥, to obtain,
after an integration by parts, that

/(u — ) Au > 0.
Q
Combining this with the previous pointwise estimate yields that (v — 1 )Au = 0 in
Q). Using now that ¢, = in {2, we obtain that
(u—9Y)Au=0 1in Q..

Since u > 0 and ¥ < 0 on ©_ we have that for any ® € C°(Q_) (note that Q_ is
open, because v is continuous)

u+t® € K for small ¢t (depending on ).

Now, suing that v is a minimizer we get that

dt

J(u+ t®) =0,

t=0
which is equivalent to

—/ Aud =0 forall ® € CF(Q_).

This means that Au = 0 in 2_ and we obtain
(u—Y)Au=0 inQ_.



Finally, the converse direction is much easier. Let us assume the three conditions
are satisfied. Let v € K be given. Then v > v and v — u > 1) — u almost everywhere
in Q. Then, using that —Awu > 0 and —Au(y) — u) = 0 we arrive at

—Au(v —u) > —Au(p —u) =0 a.e. in Q.

If we integrate the previous inequality in Q and use v — u € H}(Q) in the integration
by parts we obtain the variational characterization of the solution to the obstacle
problem.

Exercise 21. (From Sobolev to Isoperimetric) We define the perimeter of a bounded,
measurable set {2 C R™ as the quantity

Per(§2) := sup {/ divX dr: X € CHR™;R"), | X| < 1in R”} :
Q

(a) Show that if Q has smooth boundary, its perimeter coincides with the usual

measure of 0€2.
(b) Prove that, for any v € C2°(R"), it holds
|Vw|dx:sup{— Vw- Xdr: X € C}(R";R"), |X|§1inR”}.
Rn R7l
c) Let {p.} be a family of smooth and radially symmetric mollifiers. Given a set
(c) p y y sy
Q) of finite perimeter, we define u. := xq * p.. Take advantage of (i) to prove
that for any € > 0
|Vue| dx < Per(9).
Rn
(d) Using (c), verify that the Sobolev inequality (with exponent p = 1) implies
the Isoperimetric inequality, with the same constant, i.e, given any bounded
measurable set €2,

Q"7 < C Per(1),
for some positive constant C' depending only on n.

Solution. (a) On the one hand, given any X € C!(R";R") such that |X| < 1 we can
obtain from divergence theorem that

/didexz X-y§/|X|§/1:|aQ\.
Q o0 o9 G

Thus, we clearly obtain Per(Q2) < [0€]. Moreover, we have equality if we construct
a vector field X such |X| < 1 and it coincides with v on the boundary of Q. Let us
do it. If we take any n € C'°((—1,1)) such that 0 = n(0) < n < 1. Then, since  is
regular we can take € > 0 small enough such that given any x € 052, the vector field
X defined as
X (@ = M(x)) = n(Me)w()
satisfies the desired properties.
(b) Let us denote by
V(w):sup{— Vw- Xdz: X € CHR"R"), | X|<1in R"}.

]Rn



On the one hand, it is clear as in part (a) that V(w) < [5, [Vw|dz. Now, let us define
the vector field
~ Vu(z)
X(x) =9 [Vw(z)]
0 otherwise.
Then, it is clear that X ¢ C}(R™;R"), but X € L'(R™;R™). Thus, by density we can
find a sequence of vector fields X. € C!(R";R") such that X, — X in L' as € goes to
zero. Hence

if Vw(z) # 0,

— Vw-XE:—/ Vw - X + Vw - (X — X,)
Rn n

R”
= / Vw]* + [ Vw- (X - X))
n RTL

< [ IVwP + e[Vl
Rn

and we obtain the equality.
(c) Let us take any X € C}(R™; R") such that | X| < 1in R". By using the properties
of the convolution we have

— | Vu.-X = —/ (xa*xVpe) - X = —/ Xo(Vpe x X) = / div(—pe x X).
R™ n n Q
Now, if we define X, = —p. * X, it is clear that X, € C}(R"; R"). Moreover it satisfies
/ pe(y) X (z —y) dy S/ pe(y) |X(z —y)| dy S/ pey) dy = 1.

Therefore, we can use X, as an admissible vector field in the definition of the perimeter
and we obtain

| Xe(2)] =

— Vu, - X < / divX, < Per(Q)
R Q
for every X € C!}(R™;R™), which means that

|Vue| dx < Per(Q).

Rn
(d) On the one hand, if we apply now Sobolev inequality with p = 1, which means
p* =n/(n — 1) we obtain

) < C||Vue||p1mny < CPer(Q).

(DA

On the other hand, taking into account that u. — yg in L? for every p as ¢ — 0 we
conclude that

n—1
B = Xl gy < CPex(®)

Exercise 22. Let Q C R™ be a bounded domain and u € Hg(2) N L3(Q2) be a weak
solution of the nonlinear equation

—Au=u—u? in

u=20 on 052,



i.e. that it satisfies
/ Vu-Vedr = /(u —u*)pdr  for all p € Hy(Q) N L¥(Q).
Q Q
Prove that |u| <1 a.e. in €.

Solution. First, note that if u is a weak solution, then —u is a weak solution too.
Hence, it is sufficient to prove that « < 1. In order to do it, the idea it to take (u— k)™
as test functions and check that this function is indeed equal to 0 for every k£ > 1.
Nevertheless, we need to take a bit more care since test functions for this problem are
bounded. That is, given any k > 1 we define the function

o = min(1, max(u — k,0)),
and the sets
WG={reQ:k<ulx)<k+1} and U={reQ:k<u(x)}
Note that by the boundary conditions on w it is clear that ¢ = 0 on 9€2. Hence,
taking into account that Vi = yq,Vu and u — u® < 0 in Q; we obtain

0< / |Vul? = /~ (u—u®)(u— k)" <0,
Qp Qp

which means that (u — k)™ = 0 a.e. for every k > 1. Thus, we conclude that v < 1

almost everywhere.

Note that the arguments are simpler when w is a classical solution. That is, let us
suppose by contradiction that there are points where the function is above 1. Since
u is bounded and it is zero on the boundary, this means that the maximum (that is
grater than 1) is achieved at an interior point zy € 2. Therefore, if we evaluate the
equation at this point we arrive at a contradiction since

0 < —Au(rg) = u(wo) — u?(x0) < 0.

The first inequality comes from assuming xy to be the point where the maximum is
achieved and the last one from being u(zg) > 1.



Advanced Course in PDEs.
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You have 2 hours for doing this exam.

You must upload your answers via the corresponding task in Atenea (you don’t have to
upload the calculations, just your final choice in each question).

There is only one correct answer for each question.

A correct answer scores +1 (over 8), a wrong answer scores —1/3 (over 8), and an empty
answer scores (.

You must mark at most one answer per question.

Question 1. Let 2 C R™ be an open and bounded set, a € R, and

K = {u € H'(Q): /(@Elu—au) = 1}.
Q
Then, inf,cx ||u]l g @
(a) is always attained.
is never attained.

)
(b)
(c) is attained if and only if a > 0.
(d) is only attained for a = |€2].

Question 2. Let u € C%(Q2) N C(Q) € HY(N), where Q C R is a bounded and smooth domain,
and set f = —Au+wu. Let v = Py @yu, where Ppq) is the orthogonal projection of H'(Q) onto
a) v is the unique minimizer of infweHé(Q)(HwH?{l(Q) — Jo fw).

H; (). Then,
(a)
(b) v may not exist depending on wu.
(c) v solves —Av + v = f in the distributional sense in .
(d) none of the previous answers is correct.

Question 3. Let p(x) = (1 — |z[)x(~1,1) for x € R. Given Q C R, set
Fo={¢(-—1t): teQ}c L'(R).
Then, Fno CC LY(R) (i.e., the closure of Fy with respect to the ||-|| 1) norm is compact in L'(R))

(a

(b
(c
(d

) if and only if Q is finite.

) if and only if Q is bounded.
) if and only if || < 4o0.

) always.

Question 4. Let 4 € D'(R) be the Dirac delta measure in R, that is, do() = ¢(0) for all
¢ € C*(R). Then,

(2) SUPecs k), o0 \}5010)” = +00.

(b) there exists a unique u € H'((—1,1)) such that 50 = Lu'y forall p € C2((—1,1)).
(c) there exist several u € H'((—1,1)) such that do(¢ f Lu'y for all o € CF((—1,1)).
(d) none of the previous answers is correct.



Question 5. Let 2 C R™ be an open and bounded set. Assume that u € H'(Q) weakly solves
the Neumann problem Au = 74 u e in Q and Vu-v = 0 on 99, where v denotes the outward
unit normal vector on 0§2. Then,

(a) v = u+ 7 weakly solves Av = —m +ve ") in Q.
(b) u>min .

(¢) u<0in Q.

(d) none of the previous answers is correct.

Question 6. Let 2 C R™ be an open and bounded set with outward unit normal vector v, A a
non-symmetric n X n matrix (and A* its adjoint), a € L>(Q), and f € L*(Q). If u solves

u € HY (),
/AVu~VU+/auv:/fv for all v € H' ()
Q Q Q

then u is a weak solution to
(a) div(AVu) 4+ au = f in Q and Vu - Av =0 on 0f.
(b) div(AVu) + au = f in Q and Vu - A*v = 0 on 99.
(¢) =div(AVu) + au = f in Q and Vu - Av = 0 on 99.
(d) —div(AVu) + au = f in Q and Vu - A*r = 0 on 9.

Question 7. Let us consider the function v : R" — R defined as

u(z) = cos <3§|xy2) |

(a) It is harmonic in By := {z € R": |z| < 1}.

(b) It is not harmonic in By, but for any given € > 0 there is a harmonic function w, such that
|| — wel| Lo (my) <e.

(c) There is no harmonic function w; o such that ||u —ws 2|z (p,) < 1/2 but there is one, wy,
such that [|u — ws||re(p,) < 2.

(d) There is no harmonic function ws, such that ||u — ws||p~(p,) < 2.

Question 8. Let f € L*(B;), where B; := {x € R" : |z| < 1}. Consider the functional

B = | {3170+ ol - o) | o

Let u and v weakly satisfy the following problems

—Au+u=f in By,
u=>0 on 0By,

and
—Avt+v=f in By,
{ o,v =0 on 0B;.

Then,

(a) E(u) < E(v) independently of f.

(b) E(u) > E(v) independently of f.

(¢) E(u) < E(v) or E(u) > E(v) depending on f.

(d) E(u) < E(v) or E(u) > E(v) depending on f and v (since the is no uniqueness of the

Neumann problem).



Advanced Course in PDEs.
FINAL EXAM June 2nd, 2020.

You have 3 hours for doing this exam.

You must upload your scanned answers via the corresponding task in Atenea.

You must give a complete explanation of the development of your answers. You can use
all the results from the theory/exercises lessons (without giving their proofs), but you must
cite them properly verifying all the corresponding hypothesis.

In each exercise, you can use a stage to solve the others, even if you have not solved it
(say, you can use (a) to prove (b), etc.).

Problem 1. (5 points) Let @ C R™ (n > 1) be an open and bounded set. Let ov > 0 and set
aa(z) = arlog(1 + |z[*)
for all x € R™. Consider the problem
{u € HY(Q), "
—Au+a,u=1 1in Q.

) (0.5 points) Show that there exists a unique weak solution to (1). We call it u,,.
) (1 point) Prove that u, is of class C*° in ().
) (1 point) Show that 0 < u, < ug in €.
) (0.5 points) Let A\ (Q2) be the first eigenvalue of the Dirichlet Laplacian in 2. Prove that
el < 2
allL2(Q) = A (Q)

(

(a
(b
(

(e) (1 point) Show that there exist ay, > 0 with ax — 0 as k — +o0, for which

kgrfoo |tta, — uollL2() = 0.

(f) (1 point) Compute ug forn =2 and Q={z € R?: 1 < |z| < 2}.

Solution.
(a) We say that u is a weak solution to (1) iff

JoVu-Vo+ [ aquv = [jv forall v e Hj(SQ).

Since € is bounded, we have a, € L>(Q2). Also, a, > 0 in 2. With this at hand, one can simply
apply the theorem in [Chapter 3, page 3| of the handwritten notes (derived from Lax-Milgram
theorem) to get the existence and uniqueness of the weak solution u,,.

(b) Observe that a, € C®(Q) (because 1 + |z]* > 0 for all x € Q, and z > |z|? is a O
function) and that DPa, € L>®(Q) for all 3 > 0 (because € is bounded). Then, the fact that
—Au, = 1 —ayu, weakly in H}(Q) suggests that u, € C*(Q) by a bootstrap argument. We now
prove this rigorously.

Since u, € H3 () C L*(9), a, € L®(2), and 2 is bounded, we have f := 1 — aju, € L*(Q).
Also, from (2) we deduce that

uwe H(Q) Cc HY(Q),
Jo Ve - Vo= [, fv forall v e Hj(Q).
Therefore, using the theorem on “H?-regularity” in [Chapter 4, page 9] of the handwritten notes,

we deduce that u, € H*(Q) for all ' CC Q. Given one such ', we see that f = 1—a,u, € H*(Q)
because DPa, € L>(Q) for all 3 < 2. Using now (3) and the theorem on “improving regularity”

(3)



in [Chapter 4, page 12] of the handwritten notes, but applied on €', we deduce that u, € H*(Q")

for all 7 cC . Since 0 was arbitrary, we conclude that u, € H*(Q') for all ' cC Q. Now,

we can iterate this argument to deduce that indeed u, € H*(') for all ' CC Q and all k > 1.
Given zg € €, let € > 0 such that B.(x¢) C Q. Take n € D(R™) such that

XB,s(z0) <1 < XB.(xo)-

Since u, € H8(Y) for all ' CC Q and all k > 1, we have nu,, € Hf(B.(x)) for all k > 1. Finally,
using that k — n/2 — 400 as k — 400 and the theorem on “regularity of Sobolev spaces” in
[Chapter 4, page 5] of the handwritten notes, we obtain nu, € C9(B(z)) for all integer ¢ > 0.
But nu, = uq in Bejs(zo), which yields that u, is of class C* in B js(xg). Since zy € Q was
arbitrary, we conclude that w,, is of class C* in ).

(c) We first prove that u, > 0 in . Set Lu := —Au + a,u. By (1) we have Lu =1 > 0
in D'(Q). Also, u, € H}(Q) yields u, > 0 on 9Q. Therefore, since a, > 0, the weak maximum
principle for the operator L with Dirichlet boundary data (the theorem in [Chapter 3, page 5]),
we deduce that v > 0 in €.

We now address the inequality u, < ugin 2. From (1) we have —Au, = 1 —a,u, and —Auyy = 1
(since ag = 0). Therefore, —A(uy — ug) =1 — aquq — 1 = —aguy < 0 in D'(2), since aq, uq > 0.
Also, u, —up € Hy(Q), which yields u, —ug < 0 in 99Q. Using again the weak maximum principle
with Dirichlet boundary data, but this time for the operator —A, we get u, — up < 0 in €.

(d) Combining the Rayleigh quotient (the theorem in [Chapter 5, page 5]), a, > 0, (2) with
U = U, and Cauchy-Schwarz inequality, we see that

MO el = 2(@) [ fuaf? < [ 1V
Q Q
< [ Vol + [ aolial? = [ o <V Pllual12
Q Q Q

Dividing this by A1(2)||ua|lr2) We get the desired result.
(e) Combining the developments in (d) with (c¢) we see that

/Q!Vual2 < VIQlluallz2@) < VIQl[uoll2 @) < +oo.

Therefore, [, |[Vuqs|® is uniformly bounded for all & > 0. In particular, there exists C' > 0 such
that [, [Vuy ;> < C for all integer j > 1. Since Q is bounded, by the Remark in [Chapter 2,
page 13] (derived from Fréchet-Kolmogorov theorem on HJ(2) CC L*(12)), we see that there exist
u, € Hj(Q) and a subsequence {ay tr>1 of {1/7};>1 such that

{Huak — Uy|[2() =+ 0 as k — +oo0,

Uq, — U,  weakly in H}(Q) as k — +o00.

Hence, to solve (e), we only need to show that u, = ug. By taking in H}(Q2) the scalar product
(u, V) i) = Jo Vu - Vv, that g, — u, as k — +00 means that

/Vuak-Vv%/Vu*-Vv
0 0

as k — +oo for all v € H}(Q). But (2) and |ua, — u|12() — 0 yield

/Vuak -Vv:/(l—aakuak)v—>/(1—a0u*)yz/y-
Q Q 0 0

Therefore, u, € Hj(Q2) satisfies [, Vu, - Vo = [, v for all v € Hj(Q). Since the solution to (2) is
unique by (a), we conclude that u, = uy.



(f) Set n=2,a=0,and Q = {xr € R?: 1 < |z| < 2}. We will find the classical solution to

(4)

—Au=1 1in Q,
u=20 on 0f2,

which will be the weak solution wuy to (1) for v = 0.

We know that A is invariant under rotations, that is, if O is an orthogonal matrix then
A(u(Ox)) = (Au)(Oz). Therefore, if u solves (4) and we set v(z) = u(Ox), then v also solves
(4) because €, the nonlinear term, and the boundary condition are invariant under the rotation
O. This shows that u — v is a harmonic function in €2 whose boundary values vanish identically
on 0. By the maximum (and minimum) principle, we get that u — v = 0 in €, which means
that w(x) = u(Ox). Since this holds for all orthogonal matrix O, we conclude that u is a radial
function in Q. Therefore, setting r = |z|, we can write u(x) =: U(|z|) = U(r), where 1 <r < 2.

Now, we can use the expression of the Laplacian in R? for radial functions to deduce that

o? 10 1

Multiplying both sides by r we get
—r=rU"(r)+U'(r) = (rU'(r))

and, thus, U'(r) = —§ + < for some ¢; € R. Integrating once more in 7, we obtain

2
U(r) = —TZ + c1log(r) + ¢

for some ¢, ¢ € R. Imposing now the boundary condition v = 0 on 92, which corresponds
to U(1) = U(2) = 0, we can determine ¢; and ¢y. Putting everything together and using that
u(z) = U(]z]), we conclude that

|z[* | 3log(lx]) | L
4 4log(2) 4

UO(I) =

Problem 2. (5 points) Let 2 C R™ (n > 1) be an open, bounded, and smooth domain. Let
u = u(x,t) be a smooth function satisfying

uw—Au+u=1 inQ x (0,00),

Oyu = ctt on 99 x (0, 00), (6)
Joqu=0 for every t € (0, 00),
u(z,0) =0 in Q.

(a) (1 point) Show that d,u(z,t) <0 for every x € 92 and t € (0, +00).

(b) (1 point) Prove that there exists at most one smooth solution to (6).

(¢) (2 points) Assume that u® : Q — R is smooth, such that [,,u* = 0, and it is a local
minimizer of the functional

1 1
E(w)zé/Q|Vw|2+§/Q|w|2—/ﬂw

among smooth functions w : @ — R such that |, sqWw = 0. Prove that it is the unique
global minimizer and, moreover, it is a stationary solution of problem (6).

(d) (1 point) Prove that u(-,t) converges to u® in L*(Q)-norm as ¢ goes to infinity. Moreover,
show that

|u(-,t) — USHLQ(Q) <et ||us||L2(Q) for every t € [0, 00).

Solution.



(a) Let us take any 7' > 0. Since u is continuous and 2 is bounded, there is a point (x¢, %)) €
Q x [0, T] such that
u(zo,to) =  inf  w(z,t).
(,£)€Q%[0,T]
By the mean property on the boundary, it is clear that u(zg, %) < 0. It is easy to check that
(xo,t0) & Q2 x (0,T]. If (zg,t0) € Q x (0,T], then uy(xo,tp) < 0 and —Au(xg,tg) < 0. Thus, we
arrive at a contradiction with the equation

0 Z ut(x(),t0) — AU(.Io,to) + U(.To, to) =1.

Now, we distinguish two cases: either the infimum is strictly negative or zero. We will show that
in both cases we can take (xg,%y) on the lateral boundary. In the first case, it is obvious from the
initial condition. In the second case, the infimum of w is zero and the average of u(-,t) on 0N is
also zero for every t, therefore u = 0 on the lateral boundary and we can take (xg,to) there. Once
we know the infimum is attained on the lateral boundary it is clear that w,(xg,ty) < 0. Moreover,
since the normal derivative is constant along the lateral boundary we conclude that

dyu(z,t) <0 for every z € 92 and t € (0, c0).

(b) Let us assumme that there are two solutions u; and us to (6). We will prove that the
difference w := u; — usy is zero. That is, it is clear that w satisfies

wy—Aw+w=0 1in Q x (0,00),

dyw = ctt on 02 x (0, 00),
Joqw =10 for every t € (0, 00),
w(xz,0)=0 in .

Now, by using the equation and the boundary conditions (when integrating by parts) we obtain

L d w(x,t) d:v:/wt(x,t)w(x,t) dx
Q

24t Jq
:/Aw(:v,t)w(a:,t) dx—/wZ(x,t) dx
0 Q

:AJWMM@ﬁ—LWMMWM—LMmﬂM

:ctt/mw(a:,t)—/Q|Vw(a:,t)]2d;1:—/9w2(x,t) dx
:—LWWMWM—LmeM
0.

This means that G(t) := [, w?*(z,t)dz is a nonincreasing function in ¢. Since by definition G(t)
is a nonnegative function and G(0) = 0 by the initial condition, we conclude that G(t) = 0 for
every t > 0. It is clear that G = 0 is equivalent to w = 0.

(c) Let us take n € C*(Q) such that [,,n = 0. Then, it is clear that u® + e is an admissible
competitor for every ¢ € R. By using the minimality properties of u® it is clear that

IN

E(u® +en) =0.
e=0

de
Now, if we use the explicit form of the functional and integration by parts we obtain

d
0=— E(u5+5n):/VuS-Vn+/usn—/77
de le=0 Q Q Q

:/(—Aus+us—1)n+ du’n
Q o0



for every n € C*>°(Q) such that [,,7 = 0. Note that in particular we can take any n € C°(Q)
and obtain that

—Auv+u =1 in €,

since the boundary term vanishes in that case. Once we have this condition we can return to (7),
which turns to be now

du’n=0 VneC™®(Q) such that / n=0.
o9 o9

0,u’® as a test function, we obtain that

0= [ ot -

Here, we have used Cauchy-Schwartz inequality with the functions 0,u* and 1. Since equality is
only achieved in Cauchy-Schwartz inequality when the functions are proportional, we conclude
that

If we take n = d,u® — |8_1(2\ Jo0

2

(9us > 0.

o,u’ =ctt on OS2

Therefore, u® is a solution of the stationary problem. Now, let us check that it is in fact the unique
global minimizer. That is, given any v smooth such that |, a0 ¥V = 0 we have

E(v) = /Vv—u (v—l—u)—ir;/(v—us)(v—irus)—/ﬂ(v—us)

/|Vv—u|2 /| /Q(—AUSMS—U(U—US)
/]Vv—u|2 /\v—u

with equality if and only if v = uw®. Note that this global minimality property comes from the
convexity of the functional F.

(d) Let us call w(z,t) = u®(z) — u(z,t). Then, it is clear that it satisfies

> E(u’

w; — Aw+w =0 in Q x (0,00),

dyw = ctt on 0f) x (0, 0),
Joq@ =0 for every ¢ € (0, 00),
w(x,0) = u®(z) in Q.

Then, by repeating the kind of computation from part (b) and denoting G = [ w*(z,t)dx,
we find that G satisfies

%é'(t) < —G(t) forevery t>0,
which is equivalent to
% (e%CNJ(t)> <0 forevery t>0.
This means that
eG(t) < G(0) = ||u3||%2(9) for every t € [0, 00).
Finally, from here we directly deduce
Ju(- ) — u’||r2@) < €' ||u’llr2@) for every t € [0, 00).

This clearly means that u converges to u® in L*(2)-norm as ¢ goes to infinity.



Let us remark that indeed we can obtain an estimate where the right-hand side depends only
on 2 (and not on u®). We only need to multiply the stationary equation by u°, integrate by parts
and use Cauchy-Schwartz to obtain

22y < / W (@) de < ||uf]|2q 192,



Advanced Course in PDEs.
MIDTERM EXAM April 7th, 2021.

e You have 2 hours for doing this exam. Then, you must upload your scanned answers via
the corresponding task in Atenea.

e You must give a complete explanation of the development of your answers. You can use
all the results from the theory/exercises lessons (without giving their proofs), but you must
cite them properly verifying all the corresponding hypothesis.

e In each exercise, you can use a stage to solve the others, even if you have not solved it
(say, you can use (a) to prove (b), etc.).

Problem 1. (2.5 points) Let Q C R™ (n > 1) be an open set, and g € L*(©). Consider the set
K ={vel*Q): v(z) < g(z) for ae. z € Q}.

(a) (1.25 points) Show that K is a non-empty, closed, and convex subset of L?(12).
(b) (1.25 points) Prove that, for every u € L?(€2), the orthogonal projection of v on K is the
function (Pgu)(z) = min{u(x), g(z)} for a.e. x € Q.

Problem 2. (2.5 points) Let 1 = (—1,1) C R.
(a) (1.25 points) Show that it does not exist f € LL (Q) such that

/ fo=¢(0) forall p € CF(Q).
0

(b) (1.25 points) Let u(x) = |z| for x € Q. Prove that u € H'(Q) but u ¢ H*(Q).

Problem 3. (5 points) Let Q@ C R™ (n > 1) be an open and bounded set with smooth boundary.
(a) (0.75 points) Let u € C*(Q) N C(Q) be such that
{Nu —0 inQ,

1
u=20 on 0f). (1)

where A? is the bilaplacian operator, defined as A%y = A(Auw). Show that u = 0, or give
an example of a nontrivial (not identically zero) function u and a set  such that (1) is

satisfied.
(b) (1.5 points) Assuming the existence, prove uniqueness of C*(£2) N C*(2) solution for the
problem
A%y =0 1inQ,
u=f on 02, (2)
d,u=g on 0,

(c) (0.75 points) Let B; C R™ be the unit ball, and let v,w € C*(B;) N C3(B,) be such that
{Aw—O in By, {AU—O in By,

and —ow
w=f ondBy, v=9=*% on 0B;.
Prove that u = (Jz]* — 1)v + w satisfies (2) with Q = B;.
(d) (2 points) Using separation of variables, find the solution to (2) for n =2, Q = B; C R?
f(x) =z, and g(x) = x5, where we denoted x = (xy,15) € R%



Solution 1.

(a) Obviously g € K, thus K # (). That K is a subset of L*(Q) is also clear by definition. Let
us first see that K is convex. If u,v € K and 0 <t <1, then tu+ (1 —t)v <tg+ (1 —t)g =g a.e.
in Q. This yields tu + (1 — t)v € K, which gives the convexity of K.

We now check that K is closed. Let v; € K such that limj o ||v; — v||2() = 0 for some
v € L*(Q2). We want to show that v € K. To prove this, we only need to check that v < g a.e. in €.
One way to do it is to use a result which states that convergence in L?(2) yields convergence almost
everywhere in  of a subsequence (this result is indeed used to prove that L*(Q) is complete).
We can also proceed without using this result, as follows. Assume by contradiction that there
exists U C € measurable, with 0 < |U| < +o00, and such that v(z) > g(z) for all x € U. Since
U = U,>, Uk, where

Up:={ze€U: v(z)—g(x)>1/k},

we deduce that there exists some k& > 1 for which 0 < |Uy| < 4o0. For this chosen &, using Holder
inequality and that v; € K, we have

0<]Uk]:/Ukl§/Ukk(v—g):/Ukk(v—vj)—i—/Ukk(vj—g)

< kv — vj| 2 |Un| 2 +/ k(v — g) < kllv — v;]| p2(0) | U /2.
Uy

Taking now j — 400 and using that limj; ;o [|v; — v|[z2) = 0 we get 0 < |Uy| < 0, which is a
contradiction. Therefore, K is closed.

(b) We only need to check that if w = min{u, g} then [[u—w||?5q) < [lu—v[7zq forallv € K,
since we obviously have w € K. Set Q. ={z € Q: u(z) > g(x)} and Q_ =Q\ Q4. Then, w =g
a.e.in {0y and w = wu a.e. in €2_. Hence,

= ]2y = / fu — wf? = / — / ot — w
Q Q. Q.

_ / u—g? < / = 0 < lu— v]Zage).
Q. o

where we also used that, for every v € K, u > g > v a.e. in 0, which yields |u — g| < |u —v| a.e.
in Q+.

Solution 2.
(a) We argue by contradiction. Assume that there exists f € L () such that

loc

/Qfgo = (0) for all p € C(Q). (3)

Take 0 <d<land Q' ={reR: §<|z|] <1—4§} Then, @ CCQ, and f € L' ().

Let 0 < € < § and, given = € ', let ¢.(y) = p(x — y) for all y € Q, where p, is a compactly
supported approximate unit (p. € C*°(R), [ p. = 1, and supp p. = Bc(0)). Then ¢, € C>(Q).
Hence, by (3) we have

pe() = .(0) = / fo. = / SWndr ) dy = f@) forallz e (4)

On one hand, p. = 0 in Q' since supp p. = B¢(0) and ¢ < §. On the other hand, by the theorem
on approximation by mollifiers, lim.o || fe — f|| 21y = 0. Therefore, taking the limit € — 0 in (4)
we get f =0 a.e. in ). Since this holds for every ¢, taking 6 — 0 we deduce that f = 0 a.e. in €.
Then, (3) gives 0 = [, fo = ¢(0) for all ¢ € C2°(Q2). This is a contradiction because there exists
p € C(2) with p(0) # 0.



(b) Clearly, u € L*(Q). Let us compute the distributional (weak) derivatives of order 1 and 2
of u. If p € C(Q) then, by integration by parts and using that p(41) = 0,

/ugp—/xgp dm—/:vgp()d

x;l_/_l p(z) dz — zp(x) x:0+/0190(x)d:1:

[ etwis+ [ ptwyde = [ Lot dr

Therefore, u/(x) = x/|z| in the sense of distributions on . This gives v’ € L*(Q2), and u € H'(Q).
Let v(x) = u/(x) = z/|z| for z € Q. Then, since p(£1) =0,

/vgp —/ x)dr — /1 ¢'(x) dz = 2¢(0).

Therefore, v = u” is the distribution on 2 given by ¢ +— 2p(0) for all ¢ € C°(£2). By (a) it does
not exist f € L?(Q) such that 2¢(0) = [, fe for all ¢ € C2°(R). This means that v” ¢ L*(Q)
and, hence, u & H?*(Q).

= 1p(v)

Solution 3.
(a) We are giving a nontrivial function satisfying the equation in the simplest case 2 = B;. For
instance, it is clear that the unique solution of the problem
Au=1 in Bl,
u=20 on 0By,

satisfies (1) and is not identically zero. In fact, it can be written explicitly as
|z[> — 1
2n

(b) Given u; and uy two solutions of the problem (2), the difference u, := u; — us satisfies the
homogeneous problem

u(r) =

A%ug =0 in Q,

ug =0 on 0f),

Oyug =0 on 0f).
Multiplying the PDE by u,4 and integrating in €2 we obtain

0= / ug Auy = —/ Vug - V(Aug) —i—/ udaAud
Q Q o0 dv

8ud 8Aud
_ 2 _ —¢ _
= 5 \Aud] /aQ (Aud 8V Uqg 81/ )

Q
where we have integrated by parts twice and used the boundary conditions. Then, we deduce that
Aud =0 in Q.

From this and the boundary condition u; = 0 on 92 we conclude (by uniqueness of solution for
the Laplace equation) that uy; = 0.
(c) First, it is clear that (Jz|? — 1)v +w satisfies the Dirichlet condition on the boundary. Next,
let us check that it is biharmonic. On the one hand,
A((Jz)? = v+ w) = Az = v+ 2V(Jz> = 1) - Vo + (Jz]* — 1)Av + Aw
=2nv+4z-Vou




Then,
A (|2 = v +w) = A(2nv+4x- Vo)
=2nAv+4Az - Vo + 4z - V(Av) + 8 Av
= 0.

Finally, let us check that (|z|> — 1)v + w satisfies the Neumann condition. That is, since
V ((Jz]* = v+ w) =2vz + (|z]* = 1) Vo + Vu,
we obtain

B, ((|2]? = 1o +w) = %.v (22 = 1)v + w) ‘ L =2vtdw=y

(d) In part (c) we deduced how to construct a solution. Since we know from part (b) that if it
exists then it is unique, it should be of that form. Hence, let us find w and v satisfying

Aw =0 1in By, Av =0 in By,
and _8
w=1x; on dBy, v=2=*% on dB.

In order to find w let us write it and the PDE in polar coordinates: w = w(r,#) and

r~rw,), + 72 wee =0 in (0,1) X R,

w(1,0) = cosd in R,

w(r,0) =w(r,0 + 2m) in (0,1) x R.
In the method of separation of variables we first look for solutions to 7~ !(rw,), + r =2 wgs = 0 of
the form w(r,0) = R(r)©(#). The equation on w yields r~!(r R')© + r—20"R = 0. Then, using
that R only depends on r, and that © only depends on 6, we get ©” = —\O and r(rR') = AR for
some A € R. Now, the fact that # is an angle means that © is 2m-periodic and satisfies the ODE

0" = -)\0.
Under these conditions, we know that A = k? for some k € N and
O(0) = Asin(kx) + Bcos(k z), A, BeR.

Taking into account these admissible values for A and looking at the ODE on R, we must have
r(rR') = k*R for some k € N. Therefore, R must be of the form

R(r) = Cr* + Dr ", C,DeR, k=0,1,2,...

Then, imposing that R must be bounded at » = 0 because w must be regular at the origin, we
must have D = 0.
Up to now, we have seen that, for every k = 0,1,2,... and every ayg, by € R,

w(r,8) = (aysin(k ) + by, cos(k Q))Tk

satisfies the PDE and the periodic conditions. By the linearity of the equation, it is natural to
consider solutions of the form

oo
Z ay, sin(k 0) + by, cos(k 0)) r*
k=0
whenever the series converge in some sense. Looking now at the boundary conditions, we must

have
o0

cosf =w(l,0) = Z (arsin(k 0) + by, cos(k 9)),
k=0
which means that the unique nonzero coefficient is b; = 1. Hence, the solution is

w(r,0) = rcosé.



Once we know the function w, we can proceed in a similar way to find v, which satisfies
r Y ruv), +1r 20 =0 in (0,1) x R,
U(l, 9) —_ sin@;cos@ in R,
v(r,0) = v(r,0 + 2m) in (0,1) x R.

That is,

(e 9]

v(r,0) = Z (ck sin(k 0) + dy, cos(k 0)) r*,
k=0
and by imposing the boundary condition we obtain

sinf — cos 0

0) —
o(r,0) =r 0
Finally, we can write the solution of the original problem
rd—r 3r — 13

u(r,0) = (r* — Du(r,0) +w(r,0) = sinf +

cos 6,

that written in Cartesian coordinates is

—1¥ — 2123 + 371 + 220? + 23 — 19

2

u(zy, xe) =



Advanced Course in PDEs FME-UPC
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e You have 3 hours for doing this exam. Then, you must upload your scanned answers via the
corresponding task in Atenea.

o You must give a complete explanation of the development of your answers. You can use all the
results from the theory/exercises lessons (without giving their proofs), but you must cite them
properly verifying all the corresponding hypothesis.

e In each exercise, you can use any part to solve the others, even if you have not solved it (say,
you can use (a) to prove (b), etc.).

Problem 1. Let Q C R? (n = 3) be an open and bounded set with smooth boundary. Let f: R — R
be a measurable function. Assume that « € H'(Q) is a weak solution to —Au+u = f(u) in Q, that is,

/Vu VU+/uv—/f u)v  for all v € H)(R).

Prove the following (independent) statements:

(a) (1 point) If f is of class C* on R and || f||zeow) + || /|| Loo(r) < 400, then u is of class C* on Q.
(b) (1 point) Tf u e HF(Q), fis odd, and f(t) < (14 A)t for all t > 0, where A; > 0 denotes the
first eigenvalue of the Dirichlet Laplacian on €2, then w =0 in Q and f(0) =
[Hint: Show that u* =0 in Q.]
(c) (1 point) There exists C > 0 only depending on Q such that ||ul|s) < C if u € Hy(Q) and

If ()] < [t[V? for all t € R.

[Hint: Note that 6 = 2% = ~L with n = 3 and p = 2]

Problem 2. Let Q@ C R" (n > 1) be an open, bounded, and smooth domain. Let u = u(z,t) be a
smooth function satisfying
—Au+2x-Vu=1 inQ x (0,00),
Oyu+~yu =0 on 99 x (0, 00), (1)
u(-,0)=0 in €,
for some v > 0.

(a) (1 point) Write the weak formulation of the stationary problem associated to (1).
(b) (1 point) Prove that

(U, W) ep := /Q e Vo(z) - Vu(z) de +~ /asz e " y(z) w(z) dS(x)

is a scalar product in H'(£2). Show also that the associated norm is equivalent to the usual one.
(c) (1 point) Show that u® is a weak solution to the stationary problem if and only if

(U, W) exp = / e 1P w(z)de  for all w e H'().
Q

(d) (1 point) Prove that there exists a unique weak solution u® to the stationary problem. Fur-
thermore, show that u® is the unique minimizer of an energy functional.
(e) (1 point) Show that u® > 0 a.e. in €.
Assume now that the stationary solution u® : 2 — R is smooth.

(f) (1.5 points) Prove that 0 < u < u®.
(g) (0.5 points) Show that there exists a set E C  of positive measure such that

1 2
u®(y 2—/6_‘" dr forall y € E.
W)= Tloni J,



Solution 1.
(a) Let us first show that f(u) € H'(Q). On one hand,

e |2<4[ 15 - 50 + / 5(0) } s4[||f’||%m<R) 1l + 1] <+

On the other hand, V(f(u)) = f'(«)Vu in the sense of distributions. Since [|f’|| =®) < +oo and
Vu € L*(Q)", we get V(f(u)) € L*(Q)". Therefore, f(u) € H ().
From the weak formulation we have

/ Vu-Vov = /(f(u) —w)v  for all v € Hy(Q).
0 Q
Since f(u) —u € H'(Q), by regularity theory we deduce that v € H3(Q") for all Q" CC Q. Take now
V' cC Qand n e CX(Q) such that n =1 on . Then,
nu € Hy(2) = W (Q) — CVV*(@Q) c C'(Q)

by Morrey’s inequality. Finally, nu € C1(2) and n = 1 on €' yield that u is of class C*! on €. Since (V'
is arbitrary, u is of class C' on €.

(b) Since u € H}(2), we have u* € H}(Q2). Assume that u™ > 0 in a set of positive measure in 2.
From the weak formulation and the estimate on f, we see that

/va<u+)|2+/9\u+l2=/w Viu /““ /f
:Af(u+)u+<(1+A1)[Zlu+l,

which leads to [, [V(u™)[* < Ay [, [ut|?, but this contradicts the characterization of A; as the infimum
value of a Rayleigh quotient. Hence, u™ vanishes identically in €.

Assume now that u~ > 0 in a set of positive measure in ). From the weak formulation, the fact that
f is odd, and the estimate on f, we see that

/Q|V(u_)|2+/ﬂ|u_|2:—/QVU-V(U_)—/QUU_ :—/Qf(u)u_
- [ = [ o <@ [

which leads to [, |[V(u™)]* < Ay [, [u™[>. As before, we deduce that u~ vanishes identically in Q.
In conclusion, u* = 0 in Q, thus u = 0 in Q. In particular, 0 = —Au +u = f(u) = £(0).

(c) We know that H( (Q) = W,?(Q) — LS(Q) by Sobolev—Gagliardo—Nirenberg inequality. Therefore,
there exists Co > 0 only depending on € such that ||ul|zs) < Collu||g1(q).- Then, using also the Weak
formulation, the estimate on f, and Holder inequality, we get

1/2 1/2 1/2
||U||L6(Q) S CQHUHHl OQ[/ |Vu|2 / |u|2} = OQ|:/ f(u)u} S OQ[/ |u|3/2}
Q Q

1/8
<ca[ [ 1t m\ﬂ OQ|Q|3/8[ / |u|6] = ColOP ]y
Q

This yields ||ul| @) < C3|QP2.

Solution 2.
(a) Multiplying the stationary equation by v, integrating in {2 and applying integration by parts we

obtain
/v:/—Ausv+2/x-Vusv:/Vus-VU— 3VUSU+2/$'VUSU
Q Q Q Q o0 Q

:/Vus-Vv+'y/ usv+2/;1:-Vusv.
Q o0 Q



Here, we have used the boundary condition 0,u® + yu® = 0. Then, the weak formulation is finding
u® € H'(Q) such that

/VUS-VU+7/ usv—i—Z/x«Vusv:/v for all v e H'(Q).
Q ) Q Q

(b) It is clear that (-, -)esp is symmetric and bilinear. Moreover, since e”*° > 0 and v > 0, it satisfies
(W, W)ezp > 0, with equality if and only if w = 0.
In order to show that the induced norm is equivalent to the usual one we will show that it is equivalent

to the norm L2
fulon = ([ V@Rt [ uiPast)
Q [2}9]

from Exercise 11 in the Advanced List. Since €2 is bounded, we use that
0<e < el <1 forall ze€Q,
where R > 0 is such that 2 C Bg(0). Then, we conclude
e min{1, 7} wl3q < (w0, 0)eay < max{L, 7} w30,

(c) Given w € H'(Q), it is clear that v = e~ 1*w € H*(Q), and moreover Vo = e #*FVw—2z ¢l 1.
Hence, using v as a test function in the weak formulation found in (a) we obtain

/Qe—fl"’ Vo' (z) - Vu(z) de — 2/

Q

+2 /Q e 1 2 Vud (z) w(z) do = / e 1w () da.

Q

e o Vs (@) w(z) do + 5 /asz e 1 s (2) w(z) dS(x)

Since this can be done for every w € H*(£2), we conclude that if u® is a weak solution to the stationary
problem then

(U, W) eqp = / e 1’ w(z)dx for all we HY(Q).
Q
The converse result is analogous.

(d) By Riesz-Frechet theorem and parts (b) and (c) it is enough to check that
F(w) = /Qe”|2 w(z) dx
is a continuous linear functional on H'(€2). The linearity is clear. Regarding the continuity, we see that
)l < [ e fu@lde < [ ol < 191wl < Clulime < Clul

by (b). In addition, the solution is the unique minimizer of

1
E(w) = §(w,w)ezp - F(w)
- % /Q e | Vw(x)|? du + % /aQ e fw(x)|” dS(x) — /Qe_lx|2 w(x) dx

among H'(2) functions.
e) Let us take w = (v*) ™. It is well known that w € H*(Q2) and Vw = Vu® xiussor a.e. in Q. Using
{ }
the energy functional found in (d), we see that

E(w) = %/ﬂ el \Vu' (2)|? do + %/8 el |u® (x)]? dS(z) — /Q el u’(x) dx

N{us>0} QN{us>0} N{us>0}
]. 2 2 2
< —/e“’”' |Vus(x)|2dx+z/ e~ el |us(1:)|2dS(x)—/e_|m| u’(x) de
2 Jo 2 Joa Q
= E(u’).

Since u® is the unique minimizer of £, this means that u® = w = u* xfys>0y. Thus, u* >0



(f) Let us suppose by contradiction that u < 0 in a certain region of Q x [0, T] for some 7' > 0. Then,
the minimum of u in Q x [0,7] is attained at some point (zg,to) such that u(zg,ty) < 0. From the
equation we discard that (zo,tg) € ©Q x (0,7]. Hence, (o, tr) must belong to the parabolic boundary,
but since u(-,0) = 0, the only possibility is being on the lateral boundary. Nevertheless, in that case,

dyu(zo, to) = —yu(zo, to) > 0,
which contradicts the fact of being a minimum. Here, it is crucial the positivity of ~.

The upper bound follows similarly once we know u® > 0 from (e). That is, writing the equation
satisfied by u® — (1 — £)u, we deduce that u® > (1 — €)u for every £ > 0. Finally, taking the limit € to
zero we obtain the desired result.

(g) By taking w = 1 in the weak formulation with the exponential weight from part (c), and since
we know that u® > 0 from (e), we deduce

2 2
0N o0 Q

1 2 1
K = —/e_lﬂﬁ| < — u®.
7109 Jo 109 Jaq
Now, we can distinguish two cases:

which is equivalent to

e u® = K on 0f2. By repeating the arguments from part (f) to the stationary problem we deduce
that u*® attains the minimum on 0€). Hence, we conclude that «®* > K in Q and the result follows
in this scenario.

e u(zy) > K for some xy € 0Q. By continuity of u?, it is clear that u® > K in B.(x) N Q for
some € > 0 small enough. Thus, the result also follows in this second case.
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