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The trans-Planckian problem in inflationary cosmology highlights that modes observable today
may have originated at wavelengths smaller than the Planck length during an extended inflationary
phase. To investigate potential ultraviolet corrections, we study two paradigmatic modified disper-
sion relations applied to a massive scalar field in a cosmological background. Particle production
rates, the two-point correlation function, and the energy-momentum tensor are rendered finite via
adiabatic regularization. By deriving necessary and sufficient criteria for the WKB expansion’s va-
lidity, we show that, under broad adiabaticity conditions, standard inflationary predictions remain

stable against such high-energy modifications.
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I. INTRODUCTION

The theory of cosmological inflation has become the
prevailing paradigm in early universe cosmology. Initially
proposed to resolve the flatness, horizon, and monopole
problems of the standard Big Bang model [1], inflation
posits a brief epoch of accelerated expansion that drives
the spatial curvature to near zero and stretches micro-
scopic regions to cosmological scales. Beyond solving
these problems, inflation provides a mechanism for the
generation of primordial density perturbations: quan-
tum fluctuations of the inflaton field are redshifted be-
yond the Hubble radius and later re-enter as classical
seeds for large scale structure [2]. Observations of the
Cosmic Microwave Background (CMB) anisotropies have

confirmed the resulting nearly scale-invariant spectrum
with remarkable precision [3].

Notwithstanding these triumphs, a conceptual subtlety
arises when one traces observable perturbation modes
back to the onset of inflation. If inflation endures for
more than the minimal sixty e-foldings or so, then the co-
moving wavelengths corresponding to CMB scales would
have been shorter than the Planck length at the very
beginning of the inflationary phase. At such trans-
Planckian scales, the classical concept of spacetime and
the standard methods of quantum field theory in curved
backgrounds might lose their validity. This is the so-
called trans-Planckian problem of inflationary cosmol-
ogy [4, 5]. One must confront the possibility that pre-
dictions based on extrapolating low-energy effective field
theory may receive significant corrections from unknown
ultraviolet (UV) physics, potentially altering the power
spectrum.

Most trans-Planckian studies in cosmology assume
that at the onset of inflation perturbations were in an adi-
abatic vacuum state, neglecting any preceding dynamics.
Yet if new physics is operative at the Planck scale, its
imprint may be even stronger during a pre-inflationary
epoch [6]. This consideration opens a novel window:
rather than undermining the predictive power of infla-
tion, the trans-Planckian problem may provide an obser-
vational handle on quantum gravity phenomena through
subtle imprints in the primordial spectrum and higher-
order correlators [7].

A closely related issue was identified in black hole
physics. Hawking radiation is derived by tracing outgo-
ing modes backward in time to arbitrarily short distances
near the event horizon, where quantum gravitational ef-
fects are expected to dominate. Remarkably, analyses
incorporating modified dispersion relations (MDRs)—in
which the usual linear relation between frequency and
wavenumber is deformed at high energies—have shown
that the thermal character of Hawking radiation is ro-
bust over a wide range of UV deformations [8, 9]. This
suggests that MDRs can serve as useful phenomenologi-



cal proxies for the unknown Planck-scale theory, encod-
ing potential quantum gravity corrections in a simple,
controllable manner.

In the inflationary context, MDRs play an analogous
role. By substituting the standard dispersion relation
with one that deviates at a characteristic UV scale,
one aims to effectively model the influence of quantum
gravity on the evolution of perturbation modes [10, 11].
Two archetypal forms are often considered: the Corley-
Jacobson (CJ) relation, which introduces a smooth high-
momentum correction preserving monotonicity, and the
Unruh relation, which imposes a frequency cutoff reflect-
ing a maximal propagation speed in the deep UV. These
deformations capture qualitatively different behaviors—
smooth adiabatic bending versus abrupt high-frequency
suppression—and thus enable us to assess how sensitive
inflationary observables are to Planck-scale physics and
to characterize potential observational signatures in both
the scalar and tensor sectors.

A crucial element in any such analysis is the consistent
removal of UV divergences from physical observables. In
particular, the energy-momentum tensor must be renor-
malized so that its expectation value remains finite and
continues to serve as a reliable source in the semiclas-
sical Einstein equations. Without proper subtraction of
divergent parts, one risks introducing spurious anomalies
and violating energy conservation in the backreaction of
quantum fields on the background geometry. However,
the introduction of MDRs brings its own challenges, as
the high-momentum deformations alter the UV behav-
ior and can generate new divergent structures. In do-
ing so, one must ensure that the extended subtraction
preserves locality and energy-momentum conservation,
thereby maintaining the consistency of the semiclassical
dynamics under Planck-scale modifications. In cosmo-
logical scenarios, one typically adopts adiabatic regular-
ization [12-14] to systematically remove UV divergences
from both the two-point correlation function and the
trace of the energy-momentum tensor. This procedure
can be implemented for the standard linear dispersion
relation as well as for monotonic superluminal modifica-
tions. However, the Unruh dispersion relation exhibits
additional UV structure that complicates the usual sub-
traction algorithm. In this work, we present the explicit
implementation of adiabatic regularization for the two-
point function and the energy-momentum tensor in the
cases of standard and CJ dispersions, and we introduce
a novel subtraction scheme specifically tailored to handle
the Unruh dispersion relation.

This thesis is organized as follows. In Sec. II, we
present the key concepts of the canonical quantization
of the field under consideration and formalize the no-
tion of modified dispersion relations. We then review
in Sec. III the concept of adiabaticity. We also derive
conditions for the validity of the adiabatic WKB expan-
sion, ensuring that the vacuum state remains well defined
and that particle interpretation is meaningful even in the
trans-Planckian regime. In Sec. IV, we apply the adia-

batic regularization framework to renormalize the two-
point correlation function and the trace of the energy-
momentum tensor in both the standard and CJ disper-
sion cases, and introduce a novel subtraction scheme for
the Unruh dispersion relation. We conclude in Sec. V
with a discussion of the robustness of inflationary pre-
dictions and the prospects for probing trans-Planckian
physics in forthcoming observations.

Notation: For the spacetime metric we use the signa-
ture (—,+,+,+). We employ units such as ¢ = h = 1.
Furthermore, m;, and ¢, denote the Planck mass and the
Planck length, respectively.

II. PRELIMINARIES
A. Canonical quantization

Consider a field ¢(x) propagating in spacetime. The
metric g, will be treated as a given unquantized exter-
nal field. Now, let us introduce a real, massive scalar field
minimally coupled to gravity. In the framework of classi-
cal field theory, we can compute the equations of evolu-
tion of the dynamical field ¢ by writing Euler-Lagrange
equations. For a generic spacetime, these equations take
the Klein-Gordon (KG) form:

(O - m?*)p(z) =0, (1)

where [ is the D’ Alembertian operator and m is the mass
of the field.

Given a globally hyperbolic spacetime, the KG inner
product is defined as [15]:

(61, b2)uc = i / Bar/int (610, — d20,67),  (2)

where ¢ is a global time function, ¥; is a Cauchy hy-
persurface defined by ¢t = const., n* is a timelike vector
orthonormal to the surface and future-oriented, b is the
absolute value of determinant of the induced metric on
the hypersurface, and ¢; and ¢ belong to the space of
complex solutions of Eq. (1). A key property of the KG
inner product is that it is preserved under temporal evo-
lution.

We shall consider a Friedmann-Lemaitre-Robertson-
Walker (FLRW) spacetime with flat space-like sections,
described in the coordinate chart = = (¢,Z), where ¢
denotes cosmic time and # the comoving spatial co-
ordinates. Then, the line element takes the form:
ds? = —dt? + a?(t)dz? with a(t) being the scale factor.

Let {fz(z), fZ(x)} be a complete set of complex solu-
tions to the KG equation, which we will refer to as mode
functions, or simply modes. We require these modes to
satisfy the following orthonormality relations:

(fE?ftT)KG :5(3)(];_(7% (f;}:fg‘)Kc =0, (3)

from which we deduce that

(f2, F3 e = =03 (k — @). (4)



The most general real solution to the KG equation can
be written as a linear combination of f and f’;f,

o(t, ©) :/d3k (aE E(t,f)+a,§f§(t,f)>7 (5)

where aj and az are the so-called annihilation and cre-
ation coefficients, respectively.

Because of spatial homogeneity and isotropy, we can
choose the mode functions fz of the form:

1

Wﬂc(t)@ikma (6)

fo(z) =

with k = \E| and the functions F}, satisfy the equation:
Fk—i—w,%Fk:O, (7
where the dot is the derivative with respect to ¢t and

wi=r>4+m?+o, o= —=--———. (8)

Here we denote k = k/a the physical (observed)
wavenumber, whereas k represents the comoving one.

In canonical quantization [14], the classical field is pro-
moted to an operator by elevating the creation and an-
nihilation coefficients to operators that satisfy standard
commutation relations:

6@ = [ (f@al+ filwa). O

Note that the preceding quantization procedure could
also be carried out using conformal time 7, related to
cosmological time ¢ by dt = a(n)dn. We have verified
that the two quantization schemes are formally equiva-
lent and yield identical physical predictions. Hence, for
convenience, we shall adopt the cosmological time quan-
tization throughout this work.

B. Modified dispersion relations

In standard quantum field theory in curved spacetimes,
the dispersion relation for a free scalar field is given by
Eq. (8). However, in high-energy (or trans-Planckian)
regimes—particularly when quantum-gravitational ef-
fects are expected to become significant—this relation
may require modifications [16]. One convenient way to
encode such trans-Planckian corrections is to replace the
usual momentum term with a function K(k), so that

wi=K*+m?+o. (10)

To modify the UV behavior, K is endowed with a
new characteristic momentum scale, .. For physical
wavenumbers well below this threshold (k < k), one
recovers the standard linear relation wy ~ x, while for
Kk 2 K. the function K encodes the departure from rel-
ativistic behavior. Importantly, x. is introduced purely

as a phenomenological scale and does not signal any de-
formation of spacetime symmetries; it merely marks the
regime in which new high-energy physics effects become
relevant.

Multiple MDRs, characterized by different functions K,
have been studied in the literature. In our work, we focus
on two commonly encountered relations: superluminical
CJ’s and Unruh’s.

To construct the function K2 within an effective field
theory framework, we can expand this function in a power
series of k, suppressing higher-order contributions by
powers of the scale k.. This expansion must be performed
in even powers. Indeed, only local differential operators
can appear in the effective action, and these depend an-
alytically on the square of the physical momentum. Any
odd power would require a nonlocal, fractional operator
and is therefore excluded by the requirement of locality.

First, we consider the dispersion relations obtained by
truncating the previous power-series expansion at fourth
order [8]. There are two main branches of these rela-
tions: those in which the coefficient of the x* term is
positive—referred to as superluminal modifications—and
those in which this coefficient is negative—referred to as
subluminal modifications. However, we do not pursue
subliminal CJ relations, since they fail to produce stable,
cutoff-independent predictions for the primordial power
spectrum (see, e.g., [16]), violate the WKB adiabaticity
condition at high momenta, and lead to pathological be-
havior. Consequently, our analysis focuses exclusively on
the superluminal CJ relation,

K% =K*+ " (11)
K2’

where we recall k = k/a.
Another significant example is provided by the Unruh
dispersion relation [9]:

K = k. tanh (k/ke) . (12)

This relation exhibits the interesting property that K sat-
urates at the scale k. in the high-energy limit. Although
a power-series expansion of X2 also produces a negative
coefficient at order x*, the complete form remains strictly
positive for all x and thus avoids UV instabilities.

In the context of FLRW cosmology with MDRs, one
may ask whether quantization in conformal time is phys-
ically distinct from quantization in cosmic time. By
employing the same Klein-Gordon inner product (2),
we found that—analogously to the standard dispersion
case—this product remains conserved under the MDR
evolution, ensuring its validity as a KG inner product.
Consequently, the quantizations in cosmic and confor-
mal time coincide even in the presence of MDRs. To
demonstrate this, one introduces the associated KG inner
product for the modified field equations. When general-
izing the usual equations to include MDRs, the spatial
Laplacian A is replaced by a self-adjoint, positive opera-
tor D(A,a). Under these circumstances, D and A share



the same eigenfunctions although their eigenvalues are
modified in general due to the dependence on the scale
factor. As a result, the mode basis remains unchanged
and the corresponding quantizations in cosmic and con-
formal time yield the same vacuum state and particle
interpretation.

III. ADIABATICITY
A. Adiabatic Vacua

Defining a vacuum state in a time-dependent back-
ground is nontrivial due to the absence of a global time-
like Killing vector. In a FLRW spacetime, one seeks an
approximation to the true ground state of the field when
the background evolves slowly. This motivates the notion
of an adiabatic vacuum: a state constructed so that each
mode experiences only gradual changes in its effective
frequency, minimizing particle production.

To implement this idea, one uses the Wentzel-Kramers-
Brillouin (WKB) approximation to construct mode solu-
tions to the field equation. We first note that [14]:

Fp(t) = (13)

\/V;T(t) exp(i/t Wi (t') dt/),

is a solution of the mode equation (7) provided that
Wi (t) satisfies

-, .
Wi(t) = wi(t) + (i %’,}8 - ;%8) (14)

To solve Eq. (14) systematically, Wy (¢) is expanded in
an asymptotic series in inverse powers of a dimensionless
parameter 7 that measures the slowness of variation:

Wi(t) = ZM- (15)

n
n=0

Substituting this series into Eq. (14) and matching order
by order yields

W (t) = wi(t), (16)
w2 &
GCES S I

Higher-order terms can also be computed, but we omit
their expression since they are not particularly illuminat-
ing; moreover, all odd-order terms vanish identically.
The adiabatic vacuum of order n at an initial time
to is defined by requiring that the exact mode functions
and their first time derivatives coincide with their WKB
approximations up to order n at t = t3. Concretely, the
zeroth-order adiabatic vacuum is specified by the initial

conditions
1
2w (to)

Fk(to) = (iwk(to) —

Fy(to) =

2wi(to) ) /2wr(to)

Higher-order adiabatic vacua impose higher WKB order
initial conditions for Fj.

Thus, while the adiabatic regime refers to the interval
during which the frequency wy(t) varies slowly (justifying
the WKB approximation), the adiabatic vacuum corre-
sponds to the specific choice of initial conditions that
align the mode functions with their WKB counterparts.

B. Validity conditions

Having introduced the notion of adiabatic vacua, we
now turn to the question of when the adiabatic approxi-
mation is justified and what criteria govern its validity. If
the background evolution significantly departs from adia-
baticity, particle production can become substantial and
may even dominate the energy density of the field. In the
context of inflation, such backreaction could undermine
the assumption that the inflaton potential is responsi-
ble for the accelerated expansion [17]. For these reasons,
it is crucial to identify the conditions under which the
WKB-based adiabatic approximation remains valid.

In the literature, a conflict has arisen when addressing
the validity conditions of adiabaticity. On the one hand,
there is the eikonal condition presented in reference [18]:

e=|(%)| < (19)

On the other hand, there is the following condition pre-
sented in reference [19]:
3 (o) \? Lan(t)
4 \ wg(t)?

°= 2w

< 1. (20)

The condition for performing the adiabatic approxima-
tion and obtaining an adiabatic vacuum is that Wy (t) =~
wg(t). To ensure this, we have found that besides condi-
tion (20), there is actually one more, which is:

|/ (-1

10

This condition has gone unnoticed in the literature, and
yet it is, in fact, at least as restrictive as the other.
Although in many cosmological scenarios the condition
given by equation (19) is commonly considered sufficient
to guarantee adiabaticity, we have found that this con-
dition does not necessarily imply that conditions (20) or
(21) are satisfied individually. Moreover, we have also
established a mutual relationship between these condi-
tions. Explicitly, we have seen that Q < 1 if and only if

<1.  (21)




e < 1 and ‘wk/w,‘?‘ < 1. This equivalence helps to ex-
plain the discrepancies observed in the numerical analysis
of MDRs in de Sitter spacetime reported in [20].

These conditions arise from truncating the WKB se-
ries, although this is not strictly rigorous: as an asymp-
totic expansion, the WKB series guarantees a vanishing
relative error under suitable assumptions but does not
control the absolute error. Nevertheless, their use is fully
justified here, since a more rigorous yet practical analysis
is not feasible within this framework [21].

A subtle issue in adiabaticity arises because truncating
the WKB series need not converge if higher-order terms
diverge. In principle, one might have wg(t) = 0 at some
instant ¢, with its first and second derivatives also vanish-
ing, potentially satisfying the above adiabatic conditions
despite wx, = 0. To exclude this pathological case, we
require that wy have no degenerate critical points coin-
ciding with its zeros. In a slow-roll (nearly de Sitter)
inflationary background, this condition forces K (k) to be
k—independent at ¢, which contradicts the construction
K(k) ~ k as & — 0. Hence, no modified dispersion re-
lation can produce such degenerate zeros, and the previ-
ously derived conditions guarantee that no higher-order
adiabatic term diverges.

A numerical example

Let us consider a model of cosmological inflation last-
ing approximately 60 e-folds for a scalar perturbation
with a mass of m = 1.21 x 107%m, [22]. In this infla-
tionary scenario, one can study the adiabaticity of the
mode evolution by employing conditions (20) and (21)
and comparing them with condition (19). The numerical
results obtained are presented in Fig. 1.

We observe that, for all dispersion relations considered,
each adiabatic condition remains satisfied throughout the
entire evolution. Moreover, the numerical value of € is
consistently much smaller than that of Q. As shown be-
fore, no direct implication links them; however, in typical
slow-varying backgrounds one expects the second time
derivative of the frequency to be much smaller than the
first, so this hierarchy is natural. Consequently, ¢ alone
cannot serve as a reliable estimator of adiabaticity.

IV. RENORMALIZATION

Many physically meaningful quantities, such as the
action and the energy-momentum tensor, are quadratic
in the fields and their derivatives, evaluated at a single
spacetime point. This local structure leads to well-known
divergences in their expectation values. In flat spacetime,
such divergences can often be handled by normal ordering
in the case of free fields. However, the situation becomes
more subtle in curved backgrounds: even free fields in-
teract with the underlying geometry, giving rise to new
types of divergences. Additionally, vacuum energy must
be addressed with particular care, as it can have real

gravitational consequences through its role in the Ein-
stein field equations. In this section, we will analyze the
renormalization of the two-point correlation function for
the standard, the superluminal CJ, and Unruh disper-
sion relations. Finally, we will study the renormalization
of the trace of the energy-momentum tensor for the first
two. The Unruh relation presents greater difficulties and
remains a topic for future work.

One may determine all components of the expecta-
tion value of the energy-momentum tensor (7)) from
its trace (T') by exploiting the homogeneity and isotropy
of the background together with the conservation equa-
tion V,(T*) = 0. Consequently, in this work we shall
focus exclusively on the renormalization of the trace (T').

A. Two point correlation functions

The first physical observable we shall examine is the
two-point correlation function. Its relevance extends be-
yond its role in the computation of the energy-momentum
tensor; it also holds intrinsic interest as its Fourier trans-
form defines the power spectrum.

Let us consider the two-point correlation function of a
scalar field minimally coupled to gravity, as introduced in
Sec. I1. The UV divergence arises solely in the coincidence
limit, that is, when the two spacetime points are brought
together. In a homogeneous and isotropic background,
this yields:

1 < dk k?

GO = o | W @)

This quantity generally presents divergences in the
limit £ — oo which must be regularized and renormal-
ized in order to obtain physically meaningful results. The
method of adiabatic subtraction proves to be particularly
effective [23]. This procedure relies on the adiabatic ex-
pansion of mode functions, which provides a controlled
approximation valid in the high-momentum regime. A
key feature of this expansion is that each successive adi-
abatic order introduces additional inverse powers of the
momentum k, leading to stronger suppression in the UV
limit. Consequently, for dispersion relations in which the
frequency wy increases with k, higher-order terms yield
integrands that decay more rapidly at large momenta.
This ensures that, beyond a certain order, the corre-
sponding contributions to physical observables become
UV finite. However, this property no longer holds if wy
ceases to grow monotonically with k, as is the case, for
instance, with the Unruh dispersion relation. In such
situations, the convergence of the adiabatic subtraction
terms must be reassessed with care.

The scheme of adiabatic subtraction consists in remov-
ing, mode by mode, any adiabatic term that contains
UV divergences for generic parameter values. Crucially,
when a given adiabatic order contains any divergent con-
tribution, the entire term must be subtracted—including
its finite parts. By subtracting full adiabatic orders, one
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FIG. 1. Joint evolution of Q, € and Z as functions of the conformal time 7 (in Mpc), chosen here for simplicity, for the
comoving mode k = 1072 Mpc ™', which is the most infrared mode that remained trans-Planckian at the onset of inflation. The
red-shaded region indicates the interval during which this mode was trans-Planckian.

ensures the covariant conservation of the renormalized
energy—momentum tensor V,,(T""),en = 0.

When the divergent contributions depend on a param-
eter so that, for certain values, the integral becomes finite
but, for others, it diverges, the subtraction must still be
applied even if the raw integral converges. Enforcing this
subtraction guarantees that the renormalized result re-
mains a smooth, continuous function of the theory’s pa-
rameters, preserving both mathematical consistency and
physical continuity.

Let us now apply this renormalization scheme to
Eq. (22). To this end, we expand the numerator in a
series, formally obtaining

(Wi(t)~)™

™n

(23)

In particular, by using the expressions given in (15),
we obtain:

(W) =y,
(W) ™)™ = w W,
(Wit)™)'

2
Yewt (W) —utw?,

(24)
where all odd-order terms vanish. By substituting the
results from Eq. (23)—(24) in Eq (22), one arrives at

_ 1 > 2f -1 —2177(2)
= /0 dk k?{wit + wp W

2
+wi® (W,EQ)) —w 2w } (25)

where the ellipsis denotes higher adiabatic orders not dis-
played. This expression holds in full generality, irrespec-
tive of the particular dispersion relation employed.

In this framework, the adiabatic expansion plays a dual
role: it makes the UV structure of the theory manifest,

and it provides a systematic prescription for subtracting
divergences in a manner that is both minimal and con-
sistent. In doing so, it ensures that expectation values of
composite observables—such as correlation functions and
components of the energy-momentum tensor—remain fi-
nite and physically meaningful in curved spacetime.

B. Standard Dispersion Relation

We begin by analyzing the standard dispersion rela-
tion, whose frequency is given by Eq. (8), with x = k/a
denoting the physical wavenumber. According to the
general renormalization procedure, one must identify and
subtract the terms in the adiabatic expansion of Eq. (25)
that lead to UV divergences.

In the high-momentum regime, the frequency asymp-
totically behaves as wy — k, so that the leading term in
the integrand scales as k2 w,;l ~ k. This contribution di-
verges quadratically and must therefore be removed. The
next-to-leading-order term scales as k2(W, ') ~ kO,
leading to a logarithmic divergence, which must also be
subtracted. In contrast, the fourth-order term behaves
as K2(W, 1)@ ~ k=2, and is thus convergent in the UV
regime.

Accordingly, the renormalized two-point function for
the standard dispersion relation takes the form:

<¢2(tﬂf)>rcn = Zmzig(t)/ooo dk k2
x (W:(t) —wpt = (W) ) (26)

We now turn to the vacuum expectation value of
the trace of the renormalized energy-momentum tensor,
(T),en- For a scalar field one might invoke the standard
relation (T) = —m? (¢?), but the UV divergences in (T



exceed those in (¢?), so that m? (¢?) _ alone cannot ren-
der the trace finite. Indeed, for instance, (7)) contains
a divergent contribution proportional to the integral of
Fy(t) (and hence of Wy(t)), which raises the adiabatic
order to the next one. Consequently, UV divergences
persist through fourth adiabatic order and must be re-
moved by subtracting all lower orders. This defines the
renormalized tensor (7)), ., whose trace is rendered fi-
nite:

m? 1
75 W — k2 ~1
Thren = ~ 1230 /0 aw (Wkt —

— (W) - “”) (27)

After a lengthy calculation one finds
1 at N
12872 | 2a*

‘a 3aad
il }7 (28)

which is a well-known result [23].

294%a  3a?

(T)1en = —m* (D(2)%)10n — 153

C. Superluminal Dispersion Relation

To carry out the renormalization procedure for the su-
perluminal CJ dispersion relation, we adopt the same
formalism as before. We recall that the dispersion re-
lation was defined in Sec. II by K? = k? + x*/k? (cf
Eq. (10)). Substituting into the general adiabatic expan-
sion given in Eq. (25), one observes that in the UV limit
wi ~ k2, so that k2 w,;l ~ kY which produces a linear
divergence. Consequently, one must subtract this term
to render the two-point function finite. Although the ex-
plicit form of the subtraction term is lengthy and does not
add conceptual insight, we proceed to compute the next
adiabatic correction. One finds that, in the UV regime,
k2 (W, (t)_l)(Q) ~ k%, confirming that this higher-order
term vanishes fast enough to yield convergence. There-
fore, the two-point correlation function takes the form:

:m/o dka(W:(t) wit).
(29)

(@*(t, 7))ren

It is worth noting that the superluminal relation
achieves stronger UV suppression than the standard case.
Whereas the usual dispersion yields wy ~ k at large
momentum (inducing quadratic divergences), the quar-
tic correction enforces wy, ~ k2, so that inverse-frequency
integrands decay more rapidly. This built-in damping of
high-frequency modes illustrates how MDRs can serve as
natural regulators for trans-Planckian excitations, ensur-
ing a well-controlled quantum field behavior at ultra-high
energies.
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Let us now turn to the computation of the trace of
the energy-momentum tensor for this modified dispersion
relation. First, we introduce the Lagrangian density that
reproduces the equation of motion for the scalar field with
frequency determined by Eq. (10), where K is specified in
Eq. (11). In fact, working backwards from the dispersion
relation, one finds that the appropriate Lagrangian is

Since no closed-form expression for the trace of the
energy-momentum tensor is available in the literature for
this type of Lagrangian, we proceed to compute 7}, ex-
plicitly and then take its trace. We employ Hilbert’s pre-
scription [15]. A straightforward calculation shows that

1
T = VudVid = 5 guw Loy

+ 75; 5 (v V,(A¢) + A(vivj@) . (30)
The trace follows immediately:

T = —m?¢? + i?gbAqu. (31)

It should be emphasized that the renormalized trace
cannot be obtained simply by applying adiabatic renor-
malization directly to the formal expression in Eq. (31).
Indeed, for the same reason encountered in the standard
dispersion-relation scenario—mamely that (T) exhibits
divergences even more severe than those of ($?)—one
must subtract an additional adiabatic order. Moreover,
when computing its vacuum expectation value one in-
troduces a factor of k* in the integrand, which renders
the integral divergent. Consequently, it is necessary to
subtract contributions up to the second adiabatic order.

Thus, in complete analogy with the standard disper-
sion relation case, the renormalized expectation value of
the trace is given by
m2 ¢2>

<T>ren = <% ¢A2¢ -

4

")

1 o0
L k2< 2 _
+ 47r2a3/0 m at

There does not exist closed-form analytic solution for this
integral in the general case, and hence it must be evalu-
ated numerically in the regimes of physical interest. In
spite of the absence of an analytic form, the result of the
numerical evaluation is finite.

D. TUnruh Dispersion Relation

While the superluminal dispersion relation ameliorates
the UV behavior by accelerating the growth of the fre-
quency with respect to momentum, the Unruh dispersion
follows a distinct behavior: it causes the frequency to sat-
urate at large momenta. This saturation introduces new



obstacles in the renormalization procedure, as we now
discuss.

To examine this dispersion relation, recall the explicit
form of Unruh’s frequency,

wi(t) = \/ #2 tanh? (ai) +m2g(t), (33)

where, by virtue of Eq. (8), we define mZ;(t) = m?+o(t).
One might then attempt to employ the adiabatic renor-
malization technique—used successfully in the previous
two cases—to regularize the divergence of the two-point
correlation function given by Eq. (25). However, a critical
complication arises: upon performing the adiabatic ex-
pansion of the integrand, every term diverges. Subtract-
ing all of these divergent contributions would inevitably
drive the two-point correlation function to zero.

Likewise, extending the same procedure to the compu-
tation of the energy-momentum tensor also yields a triv-
ial result. Thus, although this renormalization scheme
is formally permissible, it fails to capture any nontrivial
physical content for the problem at hand.

Furthermore, standard alternatives—such as di-
mensional regularization or heat kernel renormaliza-
tion—cannot be applied in a straightforward manner to
isolate and remove the divergence. In light of these chal-
lenges, we now propose an alternative renormalization
strategy specifically designed to accommodate the un-
usual UV behavior inherent to the Unruh dispersion re-
lation.

The first step is to introduce an arbitrary (but finite)
scale 1, so that the two-point correlation function can be
written as:

1 * dk k?

200 2\ _
(¢°(t, 7)) = 4dr2a3(t) Jo Wi(t)

+ 1,(1), (34)

where we have defined:

1  dk k?
I,(t) = .
u(?) 4m2a3(t) Wi (t)

(35)

This integral admits the following adiabatic expansion:

I,(t) = 47r2c113(t)/# i k2 {wy
+ (W) )Y + () +

1 + (Wk(t)_l)(2)
} (36)

This integral diverges, as every term in the integrand
yields a divergent contribution, so the integral as a whole
is unbounded. To analyze the leading term divergence,
we perform a change of variables from k to wy, whose
inverse Jacobian yields the density of states:

ak2wy, -1
plwi) = e (Ki — (wi - mgff)) : (37)
Wi — Mg

Hence, the leading term becomes

K2 [wm
IP(LO) = 47:2 / dw (H — (w? —|—meff))

n

2
- w? —mg p(w)
tanh ™' oft , (38
X [ an ( Fo ) [W,,Qn —LU'Q] ( )
with w?, = k2 + m?; and w,, denoting the lower bound.

This integral diverges as w — wyy,, since the denomina-
tor vanishes and the density of states simultaneously be-
comes singular. In contrast to earlier cases—where, the
density of states did not introduce any new UV diver-
gences—in the present scenario it instead aggravates the
singularity.

To isolate this divergence, we set ¥? = w2, — w?, yield-
ing:
I(O dx
H 47r2 w2 —22)

2

2
X [tanh_1 < 1-— /#)1 7t (39)

Observe that, under this change of variables, the integral
diverges as * — 0, coming from the last factor of the
integrand. This divergence is identical to the one previ-
ously expressed in other coordinates. To regularize it, we
expand the integrand in a series around x = 0 and retain
only the divergent contribution. By doing so, we obtain:

v E ()]
~In(4)In (;”) + (In2)? )

Note that this expression contains no finite terms in its
expansion. Finally, we rewrite the integral in the original
variables:

2
2
(0) / 1 W _wk

~In(4)In <w> + (In2)° } (41)

This integral isolates the divergent part associated with
the first term of the adiabatic expansion. To characterize
the UV divergence, we first make the change of variable
from k to the dimensionless variable k/k. and then re-
place the upper integration bound by 1/¢, so that the
previous expression is recovered in the limit ¢ — 0%. In
this way, we obtain:

3
©e_ K )1 (lnd 1
s 42w, { 323 + ( 9 In2 o2 (42)

5. In®2 5\ 1 .
+ { In 2—7—1 n4ln”2 - + finite terms,

L. (t) =

22




+
such that Iff?gf 20 L(Bgo, and the remaining finite

terms are not shown, as their explicit form adds no ad-
ditional insight.

We now analyze the divergences of the remaining infi-
nite terms in (36). Consider the generic form of any term
in the expansion (23), which takes the form

(W)~ Zc@") amH NN CE)

with real coefficients cs,%n) and positive integers
Qm, by, dy, No,, M,,. Each inverse adiabatic term is thus
a linear combination of powers of wy and its deriva-
tives. The integral corresponding to such a term, denoted
1 (t), is again divergent.

M ) & g

In the UV limit, the n-th derivative of wy becomes
independent of k. Indeed, from Eq. (33) we have
tanh(k/(akc)) — 1 as k — oo, so all k-dependence in
those derivatives vanishes. Consequently, in the limit
k — oo Eq. (43) can be written as

N2, Mm, by 2
—_1\(2n n) —@m— d; d ‘mg d
(Wk(t) 1)( ) ~ Z 0512; )OJm Zl 1 |: dtblff:| ,
m=1 =1

(44)
which shows that no new UV divergences arise from these
terms. Therefore, the divergence can be isolated exactly
as in (41). We denote the resulting divergent contribu-

tion by I,SQZQ (t), yielding:

Np
2n _
I =3

=1 92w

(2n)

aq 1+ZM‘1 d;

Mm b, 2
d "mgg d 70 (t)
dtbl H,00 :
=1

(45)
Thus I, ,50?)0 (t) represents a universal divergence in the ex-
pansion. This expression holds for all 2n > 0, covering
every term in (36).

The absence of new divergences in this method is no
coincidence—it reflects the underlying physics: effective
frequencies that saturate in the UV naturally constrain
the adiabatic expansion, ensuring that renormalization
proceeds in harmony with the physical structure of the
theory.

After the previous discussion, we find that the set of
infinite divergences results in

1 p dk k2 =
— I(2n)
730 J, +Z Cul®),

(46)
where the entire divergent part is contained in the term
with the summation and C,(t) contains the finite rema-
nent left when we have isolated the divergence in (39):

oo

Cult) = 1u(t) = Y IER (1), (47)

n=0

which is a finite function of cosmological time. Therefore,
we will say that the renormalized two-point correlation

function is the finite function obtained by subtracting the
divergent part of the previous expression, yielding:

N v dk k2
<¢ (tax)>ren - 4772a3(t) 0 Wk(t) +C,u(t)7

(48)

where now ¢, (t) is a finite function of ¢, but otherwise
arbitrary for now. This finite remainder arises because,
in subtracting the divergent contributions, one may al-
ways add any finite local contribution without spoiling
the cancellation of infinities. Consequently, all those fi-
nite remnants accumulated throughout the subtraction
procedure are absorbed into the function ¢, (t).

It remains to establish a scheme compatible with this
renormalization method that enables the determination
of this function while preserving the desired symmetries
of the theory—most notably, the conservation of the
energy-momentum tensor, which will be renormalized in
future works using the same renormalization method that
we have presented here. We will also try to set a mean-
ingful relationship between the renormalization scale p
and the deformation scale k., so that no new scale ap-
pears after renormalization.

In summary, extracting each UV pole and its coeffi-
cient explicitly ensures the subtraction of all divergences
and demonstrates that the Unruh dispersion relation is
renormalizable adiabatic order by adiabatic order. More-
over, having each divergence fully characterized clarifies
the structure of the finite remainder, simplifies compari-
son between different regularization schemes, and makes
it straightforward to track any residual scheme depen-
dence.

As future work, we will introduce explicit counterterms
to remove these divergences, thereby opening the door to
the running of parameters and a transparent determina-
tion of renormalization-group behavior. Even in the ab-
sence of loop diagrams, we can implement an adiabatic
expansion of the prefactor multiplying the leading diver-
gent term, which allows a systematic, order-by-order adi-
abatic renormalization. Because all UV poles are already
localized, this scheme not only streamlines the renormal-
ization procedure but also highlights the fact that regu-
larization reflects the physical taming of trans-Planckian
modes by modified dispersion relations. Consequently,
the divergences that appear are not pathological artifacts
but indicators of the breakdown of the high-energy effec-
tive description—precisely the limitation that our renor-
malization corrects.

V. CONCLUSIONS

In this work, we have explored the influence of MDRs
on quantum field dynamics during the inflationary pe-
riod, motivated by the trans-Planckian problem. We
focused on two representative MDRs—the superluminal
Corley-Jacobson and Unruh dispersion relations—and
analyzed their implications for particle creation and
quantum fluctuations in an FLRW background.



Our analysis shows that the modification of the UV
behavior of the dispersion relation affects the adiabatic
expansion used in defining physically meaningful vacuum
states. We have discussed and clarified the necessary
and sufficient conditions under which the WKB approxi-
mation—and thus the zeroth-order adiabatic vacuum—is
valid. These conditions are essential for interpreting the
creation of particles and for ensuring the consistency of
the quantum field description.

A major part of the study was devoted to the renormal-
ization of divergent quantities, particularly the two-point
correlation function (¢?) and the trace of the energy-
momentum tensor (7). We implemented adiabatic reg-
ularization techniques tailored to each dispersion rela-
tion. While the superluminal dispersion naturally regu-
lates high-energy divergences due to its rapidly growing
frequency, the Unruh relation requires a more refined ap-
proach, due to the saturation of the frequency at high
momenta.

To address this, we have proposed a new renormaliza-
tion scheme that isolates and consistently subtracts the
divergent contributions associated with the Unruh dis-
persion relation. This scheme ensures the extraction of
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finite, physically meaningful quantities, and provides a
viable route for handling trans-Planckian effects in sce-
narios where standard techniques fail for the Unruh dis-
persion relation.

These results emphasize that MDRs, though phe-
nomenological, provide a viable framework to probe
Planck-scale effects during inflation. However, their im-
plementation requires careful attention to the structure
of the vacuum, the validity of approximations, and the
renormalization scheme. Future work will extend this
analysis to the renormalization of the energy-momentum
tensor and to scenarios beyond de Sitter or slow-roll infla-
tion, possibly within a full effective field theory approach.
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