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We consider theories which break the invariance under diffeomorphisms (Diff) down to transverse
diffeomorphisms (TDiff) in the matter sector, consisting of multiple scalar fields. In particular,
we study models with two TDiff scalar fields in a flat Robertson-Walker spacetime and use the
perfect fluid approach to study their dynamics. As a consequence of breaking the Diff symmetry,
an effective interaction between the fields is induced from the conservation of the total energy-
momentum tensor, which yields geometrical constraints different to those in single-field models.
Thereupon, we introduce an application of these models concerning an interacting dark sector, and
compare the theoretical predictions of our model to observations and wCDM.

I. INTRODUCTION

It is widely known, as observational data indicate, that
our universe exhibits an accelerated expansion [1]. Many
models explain this as the consequence of the domination
of a dark energy component, taken to be a cosmological
constant in the standard model, with there existing other
alternatives, such as quintessence, involving a canonical
scalar field with a dynamical equation of state [2]; and k-
essence theories [3], which present non-canonical kinetic
terms. Additionally, observations also indicate that most
of the matter composition of our universe is dark matter
[4]. There also exists a tension in the Hubble parameter
H0 measurement, which could be alleviated by models in-
volving dark sector interactions or phantom crossing [5].
However, the nature of the dark sector is unknown. A
way to address this problem is to consider possibe modifi-
cations of gravity on cosmological scales. With regards to
this, multiple modified gravity theories extending upon
General Relativity (GR) have been explored [6].

Even if GR provides a very powerful tool for study-
ing gravity and cosmology, theories breaking invariance
under diffeomorphisms (Diff) have been recently gain-
ing popularity, with one of the most prominent ones be-
ing Unimodular Gravity (UG) [7]. In UG, the metric
determinant is taken to be a fixed non-dynamical field
and the Diff invariance is broken down to transverse dif-
feomorphisms (TDiff) and Weyl rescalings. UG theories
have been capable of solving the vacuum-energy problem
[8], although in this work we will focus on theories that
are only invariant under TDiff, which have lately started
to be studied more deeply. For instance, theories with a
broken Diff invariance only in the Hilbert-Einstein action
have been studied in [9], and TDiff invariant single-scalar
field theories with broken symmetry in the matter sector
have been explored in [10–12], presenting interesting phe-
nomenology in cosmological backgrounds.

In this work we will consider multi-scalar TDiff invari-
ant models in a flat Robertson-Walker (RW) spacetime
in the matter sector. These fields present different cou-
pling functions of the metric determinant in their po-
tential and kinetic terms, which now need not be the

canonical
√
g [13]. We will mainly explore the kinetic

domination regime and adopt the perfect fluid approach.
The energy-momentum tensor (EMT) conservation will
provide geometrical constrains different to those in the
single-field case, and it will entail an effective interac-
tion between the fields as a consequence of the symme-
try breaking. We will study the single-field domination
regimes and the energy exchange during these interac-
tions, together with the analysis of the wide phenomeno-
logical variety provided by these models. Particularly,
we will apply this model to describe an interacting dark
sector, comparing its predictions with observations.
The work is organized as follows. In section II we

briefly review the TDiff formalism and lay the ground-
work for our particular models. Section III is devoted to
explain the theoretical framework for multi-scalar TDiff
models. In section IV we perform a numerical analy-
sis for our model, applying it to the dark sector. Results
will be compared both with observations and wCDM, and
physical predictions for our TDiff model will be obtained.
Finally, in section V we will discuss the conclusions.

II. SINGLE-FIELD TDIFF THEORIES

In this section we will present our model and briefly re-
cap the main results obtained for TDiff theories involving
one scalar field in the kinetic domination regime.

A. Transverse diffeomorphisms and matter action

Let us first consider a general infinitesimal coordinate
transformation xµ 7→ x′µ = xµ+ξµ(x) given by the vector
field ξ. As we know, the metric tensor (gµν(x)) variation
will be given by its Lie derivative, i.e.,

δgµν = Lξ(gµν) = −∇νξµ −∇µξν , (1)

and thus it follows that the metric determinant (g :=
|det(gµν)|) will transform according to

δg = ggµνδgµν = −2g∇µξ
µ. (2)



2

Let us now write down our action. This is

S = SHE[gµν ] + Smat[gµν , ϕj ], (3)

where Smat denotes the matter part of the action and
ϕj denote the respective scalar fields we will consider.
Since we will only break the Diff symmetry in the matter
action, the geometrical part will just be the usual Hilbert-
Einstein action

SHE[gµν ] = − 1

16πG

∫
d4x

√
gR. (4)

On the other hand, the matter part will read

Smat[gµν , ϕj ] =

∫
d4xf(g)L(gµν(x), ϕj(x), ∂µϕj(x)),

(5)
where L denotes the corresponding scalar under Diff La-
grangian density and f(g) an arbitrary function of the
metric determinant. Recalling (1) and (2) we can com-
pute δξS, which, after integration by parts and assuming
that the fields vanish at infinity, reads [10]

δξS =

∫
d4x∂µξ

µ(f(g)− 2gf ′(g))L. (6)

Thus, we see that the action is invariant under Diff only
when f(g) − 2gf ′(g) = 0, i.e. f(g) ∝ √

g. However, the
action still preserves a smaller subgroup of symmetry,
corresponding to transformations satisfying ∂µξ

µ = 0,
which correspond to transverse diffeomorphisms.

B. Single scalar field models in the kinetic regime

Before we present our dark sector model, we will briefly
recap the main results obtained for the single-scalar field
model in a cosmological background. Let us first write
the matter part of the action [10, 11]:

Smat =

∫
d4x

(
1

2
fK(g)∂µϕ∂

µϕ− fV(g)V (ϕ)

)
, (7)

where V (ϕ) denotes the potential and fK, fV are positive
functions of the metric determinant. On the other hand,
since we are not modifying the Hilbert-Einstein action,
the Bianchi identities are preserved and thus the local
conservation of the EMT and Einstein equations will still
hold [10, 11]. The EMT will be defined as usual:

Tµν := − 2
√
g

δSmat

δgµν
, (8)

which in this case reads

Tµν =
fK(g)√

g
(∂µϕ∂νϕ− FKgµν□ϕ)+2

fV(g)√
g

FVgµνV (ϕ),

(9)
where we have defined Fi := d ln fi(g)/d ln g, i = K,V.

In relation to the background geometry, we will con-
sider a spatially flat FLRW metric. Since we have less
symmetry than in the Diff case, we will not generally
be able to perform a coordinate change that fixes the
time component g00 to one. This is a result of having
less gauge freedom than in GR, which follows from the
transversality condition [14]. Thus, our spacetime will be
described by the following metric:

ds2 = b2(τ)dτ2 − a2(τ)dx2, (10)

where a(τ) and b(τ) are the independent components
that will act as the scale factor and shift function, respec-
tively. Both must be computed from Einstein equations.
Particularly, the equation for the G00 component of the
Einstein tensor yields [14](

a′

a

)2

=
8πG

3
ρb2, (11)

which is the usual Friedmann equation in time τ . Notice
that it recovers its original shape under the coordinate
transformation dt = b(τ)dτ , where t will be referred to as
cosmological time. We will denote ′ = d/dτ and · = d/dt.
Let us now apply the perfect fluid approach. It is worth

recalling that, when ∂µϕ is a time-like vector, the EMT
takes the form [11]

Tµν = (ρ+ p)uµuν − pgµν , (12)

where ρ = T 0
0 denotes the energy density, p = −1/3T i

j δ
j
i

is the pressure, and uµ is the four-velocity of the fluid, a
time-like vector. Recalling (9) and using (10) we get

ρ =
fK(g)

b2
√
g
(1− FK) (ϕ

′)2 + 2
fV(g)√

g
FVV (ϕ), (13)

p =
fK(g)

b2
√
g
FK(ϕ

′)2 − 2
fV(g)√

g
FVV (ϕ); (14)

where we assumed for simplicity the case of a homoge-
neous field ϕ = ϕ(τ). Before we recap the physical re-
sults for the kinetic domination regime, let us write the
equations of motion of ϕ(τ) in this spacetime using the
Euler-Lagrange equations [10]:

ϕ′′(τ) + ϕ′(τ)
L′(τ)

L(τ)
+ b2

fV(g)

fK(g)

dV

dϕ
= 0, (15)

where L(τ) := fK(g(τ))/b
2(τ). Lastly, the zeroth com-

ponent of the EMT conservation equation ∇νT
µν = 0

yields the following useful result [10]:

ρ′ + 3
a′

a
(ρ+ p) = 0. (16)

We will study the kinetic domination regime (for further
analysis on the potential case see [10, 11]). In this case,
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by neglecting the potential contributions in (13) and (14)
it is straightforward to see that p = wϕρ, where

wϕ :=
p

ρ
=

FK(g)

1− FK(g)
; (17)

which will generally depend on τ and, thus, the equation
of state parameter wϕ will evolve throughout time. One
particular case takes place when the coupling function
is a power-law, i.e., fK(g) = kgα, where k and α are
constants. In this case we obtain for wϕ:

wϕ =
α

1− α
= const. (18)

Notice how this requires α < 1 in order for the weak
energy condition to be satisfied [11]. The equation of
motion (15) in this limit implies that ϕ′(τ) = Cϕ/L(τ),
with Cϕ = const.. Substituting this in equations (13),
(14); factoring out ρ + p in (16) and recalling g = b2a6

the conservation law (16) reads

d

dτ
ln
(
a6
)
= g′(τ)

d

dg

[
ln

(
(1− 2FK(g))

g

fK(g)

)]
, (19)

which provides the geometrical constraint that allows the
conservation law (16) to be satisfied. This is [10]:

g

fK(g)
(1− 2FK(g)) = Cga

6. (20)

This geometrical constrain on g allows us to obtain the
relation between b and a for any given coupling. For
instance, if fK(g) ∝ gα (20) implies that b ∝ a3α/(1−α).
Notice that if we take α = 1/2 (Diff limit) we obtain
that in the kinetic regime ρ(a) ∝ a−6, which depicts the
behavior of a stiff fluid; a fluid whose equation of state is
p = ρ. Some of the models used to explain stiff fluids use
what are called kination fields, these being scalar fields
dominated by their kinetic terms, and can be found in
some inflationary contexts [15, 16]. In conclusion, the
TDiff formalism enables a much wider phenomenology
for kinetically driven fields, as opposed to the Diff case
in which we are limited to stiff fluids.

III. MULTI-FIELD TDIFF MODELS

In this section we will present our new approach, con-
sisting of two TDiff homogeneous scalar fields in the mat-
ter action with different coupling functions, both in the
kinetic regime. Our action will read

Smat =

∫
d4x

2∑
i=1

(
1

2
fKi

(g)∂µϕi∂
µϕi

)
. (21)

Notice that we did not consider an interaction potential
between both fields. As we will see, the energy exchange
and the rich phenomenology will arise from geometri-
cal constrains coming from the conservation of the total

EMT, since the individual EMTs of each field will not be
conserved as a consequence of the symmetry breaking.
The individual energy density and pressure of each

field will therefore be given by (13) and (14), neglecting
the respective potential term contributions. We will also
consider power-law coupling functions, i.e., fK1

= kgα,
fK2

= λgβ . Recalling the equation of motion (15), we can
see that ϕ′

i(τ) = Cϕi
/Li(τ). Substituting these into the

respective pressures and energy densities, recalling the
conservation equation (16) and proceeding analogously
to the one field case we get the geometrical constrain

C2
ϕ1

g|2FK1 − 1|
fK1

+ C2
ϕ2

g|2FK2 − 1|
fK2

= Cga
6, (22)

which in the power-law coupling case yields

C1g
1−α|2α− 1|+ C2g

1−β |2β − 1| = Cga
6; (23)

where C1 = C2
ϕ1
/k and C2 = C2

ϕ2
/λ. This is a very illu-

minating result, since as we observe from (23) it does not
require the individual EMT conservation of each field and
thus it will involve a geometrical-like interaction between
the two components caused by the symmetry breaking.
However, this equation is complicated to solve and we
might need a numerical treatment.
Lastly, here we include the expression for the energy

density in the power-law coupling case, which will be of
valuable use throughout the rest of the work:

ρ(a, b)i = Ci(1− αi)
b1−2αi

a6αi+3
, (24)

which is obtained from (13) neglecting the potential term.

A. Approximate results: single-field domination

Let us first consider the general case in which one of
the fields, for example ϕ1, dominates over the other, ϕ2.
We can thus neglect the contribution of ϕ2 in (23), so

C1g
1−α|2α− 1| ≃ Cga

6 ⇒ b ∝ a3w1 , (25)

where w1 = α/(1 − α) and w2 = β/(1 − β). This is the
same geometrical constrain one would obtain if ϕ1 was
the only field. Notice that this is just an approxima-
tion that provides the leading order of b(a), but it gives
us valuable information concerning the evolution of the
energy densities in the different domination regimes. In
terms of the conservation equations, this translates into

ρ′1 + 3
a′

a
(ρ1 + p1) = Q = −ρ′2 − 3

a′

a
(ρ2 + p2), (26)

0 = ρ′1+3
a′

a
(ρ1+p1)+ρ′2+3

a′

a
(ρ2+p2) ≃ ρ′1+3

a′

a
(ρ1+p1);

(27)
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where Q is commonly referred to as the interacting kernel
in the literature [17]. Recalling (24) and using (19) yields

ρ1(a) ∝ a−3(1+w1) , ρ2(a) ∝ a−3(1+weff ); (28)

and thus ϕ1 decays as expected from its equation of state,
but ϕ2 will exhibit a decay as if it were a perfect fluid with
constant equation of state parameter weff ̸= w2, where

weff =
2w2 − w1 + w1w2

1 + w2
. (29)

This was obtained by replacing the geometrical constrain
(25) in ρ2 and equating to Ca−3(1+weff ). Fig.1 summa-
rizes the wide range of possible phenomenology for the
subdominant component.

FIG. 1. weff of ϕ2 under ϕ1 domination.

This result happens to be physically illuminating with
regards to cosmological contexts. As we can see above,
interactions between perfect TDiff fluids with different
equation of state parameters allow for a wide range
of possible evolutions for the subdominant component.
In particular, as the above dotted lines indicate, all of
the possible dark energy behaviors are plausible for the
subdominant field, including phantom dark energy [18]
(weff < −1, its energy density increases over time) and
quintessence. We emphasize that these behaviors have
been obtained without the addition of non-canonical ki-
netic terms [3], they are a result of breaking the Diff
symmetry. Interestingly, although wi < −1 is not al-
lowed for each individual field, the dominance regimes
allow for subdominant phantom behavior without violat-
ing the energy conditions. As a result, this provides a
vast range of possibilities to describe an interacting dark
matter-dark energy sector (w1 = 0, w2 < −1/3) with an
evolving dark energy given by a function weff(a) stem-
ming from the broken Diff invariance, exhibiting phan-
tom decay at early times during the matter epoch.

B. Energy exchange

We will now analyze the exchange of energy between
the fields induced by the effective interaction, and its

evolution through the several field domination regimes
by studying the interacting kernel Q. Let us consider
two scalar fields ϕ1 and ϕ2 in the kinetic regime, with
equation of state parameters w1 and w2. Let us also
assume that ϕ1 dominates over ϕ2. Recalling (29) and
(24), using the conservation law (16) in the domination
approximation yields the following expression:

Q = 3C2(1− β)
a′

a
a−3(1+weff )(weff−w2). (30)

Using (24) and writing both conservation equations in
terms of ρ1 and ρ2, respectively,

ρ′1+3
a′

a
(ρ1+p1) = 3ρ2H

−w2
2 + w2 − w1 + w1w2

1 + w2
, (31)

ρ′2+3
a′

a
(ρ2+p2) = −3C2H(1−β)(weff−w2)

(
Ĉ1

ρ1

)ζ(w1,w2)

;

(32)

where we defined Ĉ1 ≡ 1−α, ζ(w1, w2) = (−3w2 +w1 −
w1w2 − 1)/(1 + w2 + w1 + w1w2) and H = a′/a denotes
the Hubble parameter in time coordinate τ .
We will now study the sign of Q during this domina-

tion regime. Firstly, we observe from (31) that Q has
two zeros, those being at weff = w2, i.e., w2 = w1 and
w2 = 1. The analysis in the ϕ2 domination regime is
fully akin to the previous one, but we have to perform
the change w1 7→ w2 and change the sign of Q (remem-
ber we defined Q with respect to the conservation law for
ϕ1). We distinguish three cases: w1, w2 < 1, w1, w2 > 1,
w1 > 1, w2 < 1. However, the last two involve compo-
nents that are beyond stiff fluids (wi > 1), and thus are
not particularly interesting for our dark sector model.
We will hence focus on the first one from now on. We
get, for w1, w2 < 1, the results in Tab.I:

w2 ∈ I1 w2 ∈ I2
Q < 0 Q > 0

w1 ∈ I ′1 w1 ∈ I ′2
Q > 0 Q < 0

TABLE I. Flux of energy: ϕ1 domination regime, depending
on w2 for w1 < 1 (subtable 1); ϕ2 domination regime depend-
ing on w1 for w2 < 1 (subtable 2);

where I1 = (−1, w1), I2 = (w1, 1) and the I ′i are the
same as their Ii partners but interchanging w1 and w2.
We can hence observe that the direction of the energy
flux will not change between both domination regimes.
More clearly, if we assume w1 > w2 then when ϕ1 domi-
nates Q < 0 and ϕ1 loses energy in favor of ϕ2, with the
same happening as well when ϕ2 is dominant. The same
reasoning can be applied for the case w1 < w2, allowing
us to conclude that in this case it is the field with the
greater wi who always loses energy.
In terms of the dark sector, notice that in (31) weff =

−1/3 when w2 = (−1 + 3w1)/(7 + 3w1) ≡ A < w1.
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This separates the region of w2 values in which the sub-
dominant field starts decaying as dark energy. Similarly,
weff = −1 occurs at w2 = (−1+w1)/(3+w1) ≡ B and it
corresponds to the phantom behavior boundary for ϕ2.
Hence, if w1 < 1 we can see that if w2 ∈ (−1,B) the
subdominant component will exhibit phantom dark en-
ergy behavior and the dominant field will lose energy in
favor of this (see Tab.I); and if w2 ∈ (B,A) it will also
gain energy from the dominant component ϕ1, but not
enough to display phantom nature.

More specifically, if we consider a dark sector model
consisting of dark matter (DM) with w1 = 0 and dark
energy (DE), with w2 < −1/3, we can observe that DE
will always be phantom during the matter domination
epoch due to the energy flux from DM (Q < 0). The en-
ergy exchange will occur in the same direction when DE
dominates, although it will now not be enough to keep
the phantom behavior, and the DE decay will gradually
transition to resemble its asymptotic value for the equa-
tion of state parameter w2. On the other hand, DM will
slowly start to exhibit a different decay than the typical
a−3 as DE becomes more dominant, see (29).

C. Analytical model

Solving the general constrain (23) is not a simple task,
and it usually requires numerical treatment. We will later
do this for generic dark sector models with w1 = 0 (DM)
and w2 < −1/3 (DE), so we can get theoretical pre-
dictions that can be compared to observations. However,
there is a particular dark sector model for which (23) can
be analytically solved, consisting of DM (w1 = 0, α = 0)
and DE with w2 = −1/2, β = −1. Despite not being
the best fitting model, as we will later see, being analyti-
cal provides us with a wide insight to further understand
TDiff models. The constrain (23) then reads

C1g + 3C2g
2 = Cga

6, (33)

which is quadratic in g. Thus, we get

g = − C1

6C2
+

√
C2

1 + 12C2Cga6

6C2
; (34)

which allows us to explicitly obtain the relation b(a):

b(a) =

√
C1

6C2

[
a−6

(√
1 +

12C2Cg

C2
1

a6 − 1

)]1/2
; (35)

valid for all values of a. It is worth remarking that, in
this model, during the respective DM and DE domination
regimes the Friedmann equation (11) recovers its usual
Diff form when the only fields are non-relativistic matter
or DE, respectively, thus yielding an expanding universe.
As we will later see, the faraway past a ≪ 1 will corre-
spond to the matter era, and in the future a ≫ 1 DE will
be dominant, as expected.

For a ≪ 1, expanding (35) in powers of a yields

b(a)a≪1 ≃
√

CgC1

(
1− 3

2

C2Cg

C2
1

a6
)
, (36)

from which we can obtain the respective energy densities:

ρ1(a) ≃
√
C1Cg[a

−3 − 3C2Cg/(2C
2
1 )a

3], (37)

ρ2(a) ≃ 2(Cg/C1)
3/2C2a

3. (38)

Notice how the DM (ρ1) decay is governed by the a−3

term, which corresponds to the expected behavior ac-
cording to w1 = 0. Consequently, DM is dominant at
early times. Besides, DE (ρ2) evolves with a3, exhibiting
the phantom nature we previously discussed (in particu-
lar, weff = −2) as a result of it gaining energy from DM.
This can be illustrated writing the conservation equations
for each component in terms of the energy density of the
other, which read:

ρ′1 + 3
a′

a
ρ1 = −9

2
Hρ2, (39)

ρ′2 + 3
a′

a
(ρ2 + p2) = +9C2

g

C2

C1
H 1

ρ1
; (40)

where the phantom nature is exposed in (40) as a result
of ρ1 appearing in the denominator.
On the other hand, for a ≫ 1, expanding (35) yields

b(a)a≫1 ≃
√

C1

6C2

(√
Aa−3/2 − 1√

2A
a−9/2

)
, (41)

with A ≡
√
12C2Cg/C2

1 . The energy densities thus read

ρ1(a) =
C

3/2
1√
6C2

(√
Aa−9/2 − 1

2
√
A
a−15/2

)
, (42)

ρ2(a) =
C

3/2
1

63/2C
1/2
2

(−3a−9/2
√
A+ 2a−3/2A3/2). (43)

The leading order for great values of a in ρ2 indicates that
now our DE will decay as expected from its equation of
state (w2 = −1/2), and DM decays faster than a−3. This
implies that at later times it is DE who becomes domi-
nant, and from the reasoning of the previous subsection,
we can see that DM is still giving energy to DE, but
not enough to keep the phantom behavior as DM starts
becoming subdominant. One could write analogous ex-
pressions to (39) and (40), but they are not as physically
enlightening due to the lack of phantom nature.
We will now write the exact expressions for both energy

densities in order to discuss the whole evolution. From
the previous analysis we know that both energy densities
become equal at a certain time: a = aeq, ρi = ρeq. We
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can thus write ρ1 and ρ2 substituting (35) in (24) and
equating them. We obtain

C1 =
5

2
ρ2eqa

6
eqC

−1
g , C2 =

125

16
ρ4eqa

6
eq

1

C3
g

; (44)

which yield

ρ1(z) =
1√
3
ρeq

(
1 + z

1 + zeq

)6√
Θ(z), (45)

ρ2(z) =
1√
27

ρeq

(
1 + z

1 + zeq

)6√
Θ(z)3; (46)

where we defined Θ(z) ≡
√

1 + 15((1 + zeq)/(1 + z))6 −
1, and where z = 1/a− 1 denotes the redshift.
We will now obtain some physical results and compare

this model to ΛCDM before plunging into the general
case. Firstly, recalling (24) and the conservation law (16),
we can parameterize the decay of each component with
a function weff,i(z) which satisfies

ρ′i + 3
a′

a
(1 + weff,i(z))ρi = 0; (47)

which yields the following result when recalling (24):

weff,i(z) = −1

3

(
−1 + z

b(z)
(1− 2αi)

db

dz
− 6αi − 3

)
− 1.

(48)
This recovers the previously studied constant results
when considering the respective field domination regimes.
The functions weff,i can easily be simplified for the ana-
lytical case since we know b(z). Using the exact expres-
sion for b(z) (35) yields the result in Fig.2, for several
values of the free parameter zeq. Notice how in reality
we only have zeq as our free parameter, since the condi-
tion (ρ1 + ρ2)

∣∣
t=t0

= (1 − ΩB)ρc must be satisfied and,

thus, it enforces an extra relation between the param-
eters. As a reminder, ΩB depicts the baryonic matter
component of the universe and ρc is the critical density.

FIG. 2. weff(z) for DM and DE for various zeq.

In this work we assumed that only the dark sector breaks
the Diff invariance, hence we will treat baryons as Diff
matter. As we can see from Fig.2, the DE decay behav-
ior starts being phantom-like at early times, as expected,
and then evolves in time until it reaches the asymptotic
value reflected in the equation of state w2 > −1 in the
future, with the parameter zeq only changing the behav-
ior in the intermediate regimes. On the other hand, DM
will exhibit its usual a−3 decay at early times but it will
decay faster when DE starts to dominate. In light of this
we can see that TDiff models can provide very rich phe-
nomenology involving a time evolving decay for the dark
sector, as opposed to ΛCDM in which DM always decays
with a−3 and DE is a cosmological constant. This could
lead to innovative models with a cosmological-constant
like DE today, but with w ̸= −1 at early times.
Lastly, we will analyze this model from the perspective

of the density parameters to further understand TDiff
dark sector models. We will denote the density param-
eters for DM and DE, respectively, as ΩDMT and ΩDET.
We will also use the standard notation for the ΛCDM
parameters: ΩM = ΩDM +ΩB for matter and ΩΛ for the
cosmological constant. Recalling the Friedmann equation
(11) and using cosmological time dt = b(τ)dτ yields

H2 =
8πG

3
(ρB + ρ1 + ρ2). (49)

Multiplying and dividing this expression by the Hubble
parameter at t = t0 (today) H2

0 , and recalling that ρc =
8πG/(3H2

0 ) it is straightforward to obtain

ΩDMT(z) =
1√
3

ρeq
ρc

(
1 + z

1 + zeq

)6 √
Θ(z)

E2(z)
, (50)

ΩDET(z) =
1

3
√
3

ρeq
ρc

(
1 + z

1 + zeq

)6 √
Θ(z)3

E2(z)
, (51)

where we defined

E2(z) ≡ ΩB(1+z)3+
ρeq√
3ρc

(
1 + z

1 + zeq

)6√
Θ(z)

[
1 +

Θ(z)

3

]
.

(52)
This allows us to obtain the time evolution for each den-
sity parameter. This will obviously depend on the spe-
cific value of zeq, but the general tendency will be similar.
For the sake of simplicity, we included the case zeq = 1.1
in the Fig.3 to show qualitative results. This results in
a higher DE density parameter and a lower DM den-
sity parameter at t = t0 than those from ΛCDM, which
can be interpreted as a consequence of the phantom era
during the DM domination regime. As we previously dis-
cussed, DM grants DE a lot of energy, which translates
into its phantom behavior and thus contributes to ob-
taining higher values of ΩDET. It is worth mentioning,
however, that we shall not compare these parameters to
those from ΛCDM, as ΩDMT and ΩDET may not be re-
garded as true DM and DE density parameters, since,
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FIG. 3. Evolution of the density parameters: ΛCDM vs ana-
lytical TDiff case (zeq = 1.10).

as opposed to ΛCDM, this model presents an interacting
dark sector and thus there may be contributions from
both components to each parameter. Nonetheless, some-
thing that we could look out for in TDiff models is com-
patibility with the CMB measurement of ΩM, since at the
decoupling time (zdec ≃ 1100 [19]) the DE contribution
is negligible and DM is approximately dominant.

IV. A TDIFF MODEL FOR DARK SECTOR
INTERACTIONS

We will now consider a more general case with w1 = 0,
which could play the role of DM; and arbitrary w2 <
−1/3, which could play the role of DE. We will then
contrast their predictions to observations. Recalling the
geometrical constrain (23) arisen from the conservation
of the EMT, using α = 0 and dividing by C2 yields

C1

C2
g + g1−β |2β − 1| = Cg

C2
a6. (53)

It may seem as if we had two other free parameters, those
being the quotients of the several integration constants;
but in reality there is only one. Without loss of generality,
we can fix the gauge condition a(t0) = 1, and also g(t0) =
1, which leads to b(t0) = 1. Notice how we can fix the
second condition as well, since performing this change
will be reflected in the action (21) as a global constant C,
S̃mat = CSmat; both actions being physically equivalent
under a redefinition of the fields embodying this change:
ϕi 7→ ϕ̃i =

√
Cϕi. Thus, evaluating (53) at t0 we get

C1

C2
+ |2β − 1| = Cg

C2
≡ k. (54)

It is also worth noticing that

ρ1(t0)

ρ2(t0)
=

C1

C2
(1− β)−1 =

ΩDMT

ΩDET
≡ λ. (55)

Therefore, we only have two free parameters, those being
the exponent of the power-law coupling function of the

DE component, β and λ. However, we will use another
physical parameter instead of λ in order to obtain a more
direct analysis and an easier comparison to observations.
In fact, recalling Friedman equation (49) in cosmological
time, using (24) and noting that (ρ1+ρ2)

∣∣
t0

= (1−ΩB)ρc

yields the following expression for H2(z):

H2 = H2
0

[
ΩB(1 + z)3 + (1− ΩB)

(
1 +

1

λ

)−1

b(z)(1 + z)3

+(1− ΩB)
1

λ

(
1 +

1

λ

)−1

b(z)1−2β(1 + z)6β+3

]
,

(56)

where we neglected radiation, as the purpose of this
model is to study the DM and DE domination epochs.
Otherwise, we should have included the respective ΩR(1+
z)4 contribution, assuming it is a Diff component. Thus,
if we consider the decoupling time (zdec ≃ 1100), at
which the DE contribution is negligible and most part
of ΩDMT(zdec) will come from DM, we will just have the
respective matter and radiation components in H2(z).
This allows us to define the following effective density
parameter for total matter at high z:

Ωeff
M ≡ ΩB + (1− ΩB)

(
1 +

1

λ

)−1

bearly, (57)

which can be compared to the CMB measurement for
ΩM [19](ΩM = 0.315 ± 0.007). bearly denotes the value
of the shift function at high redshift, which is constant
as matter dominates at high z (see (25)). We will use
this parameter Ωeff

M instead of λ, since both are trivially
related through (57). Acknowledge that bearly can be
directly computed from the conservation equation (53)
taking into consideration that DM dominates at this time
and radiation does not contribute to the geometrical con-
strain, since we are treating it as a Diff component and
thus its EMT is automatically conserved because of the
lack of any interaction terms in the action. Thus, recall-
ing (25), using (54) and (55) yields:

bearly =

√
λ(1− β) + |2β − 1|

λ(1− β)
. (58)

This will allow us to fit our parameters (β,Ωeff
M ) to ob-

servations and obtain physical predictions for this model.
In particular, we developed a code in Python that solves
the conservation law (53) for any given pair of these two
parameters. Hence, we can obtain b(z) andH(z) through
(56). We will then regard the Union2-database observa-
tional data coming from type Ia Supernovae [20] consist-
ing of 557 data for 0.015 < z < 1.030 and compare them
to the theoretical distance moduli µ(z) predictions of our
model. We will study the agreement between theory and
observations using the χ2 statistical estimator [20]:

χ2 =
∑
i

(µobs(zi)− µth(zi))
2

E2
i

, (59)
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where the theoretical distance modulus is given by

µth(z) = 5 log10(H0dL(z)) +M = µ̂(z) +M, (60)

with M the absolute magnitude, which we marginalized:

M =
∑
i

(
1

σ

µ̂(zi)− µobs(zi)

E2
i

)
. (61)

Ei denotes the error in the µi measurement at redshift
zi and σ =

∑
i E

−2
i . On the other hand, dL(z) is the

luminosity distance, computed from

dL(z) = (1 + z)r(z) = (1 + z)χ(z) = (1 + z)

∫ z

0

dz

H(z)
,

(62)
where χ is the co-moving radial distance and r the ra-
dial coordinate, both being the same in this case since
we are considering flat spatial hypersurfaces. Numerical
integration will allow us to perform the analysis in the
subsequent sections.

A. One-parameter fit

We will first start by studying which β value for the
coupling exponent of the dark energy field fits best to the
observational data, when fixing Ωeff

M to the central value
measured by Planck CMB observations [19]. This will
allow us to get a glimpse of the viability of this model
before tackling the two parameter case, in which we will
regard Ωeff

M as another free parameter (notice from (57)
that fixing Ωeff

M leaves us with β as our only free param-
eter). We considered a set of 400 values of β lying in the
interval (−30,−0.5) and computed the distance moduli
using (60) for the respective redshift values present in
Union2 data. This allows us to study the agreement be-
tween our models and observations by using the χ2 es-
timator defined above. The model minimizing χ2 will
be the best fit to the observational data. For the sake
of comparison, we will also include the results obtained
from the respective wCDM fit, for which the distance
moduli are computed from (60), the Hubble parameter
being the only difference:

H(z)wCDM = H0

√
ΩM(1 + z)3 +ΩΛ(1 + z)3(1+w), (63)

for the DM and DE domination eras, where w denotes the
constant DE equation of state. This allows us to compare
our one-parameter TDiff fit to the analogous wCDM fit
when considering w as the only free parameter by fixing
ΩM to the CMB measurement (we used 400 values of w
in (-2,0)). This yields the result in Tab.II.

Best fit χ2
min

TDiff β = −2.792 (w2 = −0.736) 543.28
wCDM w = −1.112 542.73

TABLE II. One-parameter fit: TDiff vs wCDM results.

We can thus infer that both models provide excel-
lent concordance to observations, with the minimal χ2

differing just a 0.10% between them. As we know, in
ΛCDM, dark energy is a cosmological constant with
a non-dynamical equation of state. However, in our
ideal TDiff model, it would be a TDiff component with
p = −0.736ρ but a dynamical decay behavior given by an
effective parameter weff , given through (48). Using (48)
for the best TDiff fit allows us to obtain the DE decay be-
havior for all redshifts. Thus, the DE component would
have been phantom in the past under DM domination
and afterwards would slowly transition until reaching the
asymptotic decay reflected by w2 (quintessence dark en-
ergy). Numerically we obtained that weff ∼ −0.80 today,
which indicates that our DE would be close to a cosmo-
logical constant at recent times. We also include the 1-σ
region of the equation of state parameter w2:

w2 = −0.736+0.041
−0.005. (64)

B. Two-parameter fit

We will lastly analyze our TDiff model without con-
straining Ωeff

M , which will allow us to conclude if the ac-
tual best TDiff fit is compatible with the CMB measure-
ment for Ωeff

M , and, if not, how far it is from it. On the
grounds of this, we will consider a set of 73 values for β
in the interval (−40,−0.5) and 73 values of Ωeff

M in the
interval (0.15, 0.56). For each possible pair of values, we
calculated the distance moduli using (60) and then com-
puted the respective χ2 estimator for each case with (59).
In the following analysis we will also include the direct
wCDM analogue of this two-parameter fit, in which both
ΩM and w are fitted (using a 73×73 grid with w ∈ (−2, 0)
and ΩM ∈ (0.01, 0.60)), in order to compare both models.
Numerical analysis thus yields the results in Tab.III.

Best fit χ2
min

TDiff β = −4.340 (w2 = −0.813), Ωeff
M = 0.389 542.16

wCDM w = −1.055, ΩM = 0.289 542.63

TABLE III. Two-parameter fit: TDiff vs wCDM.

These indicate that both models fit extremely well to
observations, with TDiff even achieving this subtly bet-
ter. Lastly, we focus on the TDiff case and present the
contour plot for both parameters up to the 4-σ region in
Fig.4, from which we can infer that, not only does our
TDiff model provide excellent concordance with observa-
tional data, but it is also compatible with the ΩM CMB
measurement in the 1-σ region.
We can also obtain the 1-σ intervals for each of the

parameters by marginalizing the likelihood

L(β,Ωeff
M ) = N e−χ2/2, (65)

which can be done for each variable by performing the
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FIG. 4. Two-parameter fit: contour plot for χ2 up to 4-σ.

integration with respect to the other. This yields:

Lm(β) = N1

∫
e−χ2/2dΩeff

M , Lm(Ωeff
M ) = N2

∫
e−χ2/2dβ;

(66)
where N1 and N2 are normalization constants. The max-
imization of these marginalized likelihood distributions
Lm allow us to obtain the following 1-σ regions for both
of the parameters, which have been obtained from the
GetDist package1:

β = −4.340+2.460
−9.981 , Ωeff

M = 0.390+0.083
−0.003.

Notice how, as expected from Fig.4, the model’s depen-
dence on β is weaker than on Ωeff

M , with the latter being
the more determinant parameter when comparing to ob-
servations. This is a consequence of the flexibility pro-
vided by two-field TDiff models, since, as we saw before,
all the possible dark energy components transition from
phantom at early times to standard DE behavior, and it
is not the equation of state parameter w2 which dictates
the decay behavior until the distant future. Fig.5 sum-
marizes the results of the best fitting model and its com-
parison to wCDM, displaying excellent agreement with
observations, and also to wCDM, although there start
being minor differences between both models at higher
redshift values.

Lastly, we include the evolution of the effective equa-
tion of state parameter for the DE and DM components
for the best fitting model in Fig.6. We see that to-
day DE approximately behaves like a cosmological con-
stant, as in ΛCDM (numerically, weff,2(t0) ∼ −0.90). As
a result, TDiff models favor the presence of dynamical
DE, starting from phantom at early times and slowly
transitioning to usual quintessence DE, with an asymp-
totic quintessence decay dictated by w2), roughly be-
ing a cosmological constant at current times. Similarly,
DM will exhibit a faster decay than that expected from

1 https://getdist.readthedocs.io/.

FIG. 5. Best fit: comparison to wCDM and observations.

FIG. 6. weff(z) for the two-parameter best fit.

w1 = 0 at recent times as a consequence of the symme-
try breaking, without the usual a−3 decay being altered
during the matter era. It is worth remarking that this
time-evolving DE behavior involving phantom-constant-
quintessence transitions was obtained without enforcing
any type of interaction potential in the Lagrangian, and
without the addition of non-canonical or ghost terms in
the matter action.

V. CONCLUSIONS

In this work, we have considered theories with two
scalar fields breaking the Diff symmetry down to TD-
iff and studied their cosmological consequences. We have
focused on their kinetic domination regimes and analyzed
the geometrical conditions imposed by the conservation
of the total EMT, which still holds as a consequence of
the Bianchi identities. When working in a flat FLRW
background, this allows to obtain the g00 parameter,
which is now physical as a consequence of the symme-
try breaking.
This geometrical constraint enforces an exchange of en-

ergy between both fields, as their individual EMTs are
not conserved. In light of this, we proposed a dark sector

https://getdist.readthedocs.io/
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model involving two TDiff scalar fields coupled to grav-
ity through power-law functions, with one depicting dark
matter and the other depicting dark energy. We regarded
the different field domination regimes and showed that,
although the equation of state parameters are constant,
both components will exhibit a different dynamical de-
cay as that corresponding to Diff models with the same
parameters. Particularly, when imposing that DM de-
cays as a−3 at early times we show that the DE com-
ponent will present phantom behavior during the matter
era, for it to slowly transition into usual DE behavior in
the future. This interacting model for the dark sector
is obtained without the need of non-canonical terms or
any interacting potentials introduced by hand. We also
studied the evolution of the energy exchange and showed
how in these models it is always DE which gains energy
from DM, and we also considered a particular analytical
case to deeply understand the physics involved in these
particular TDiff models.

Lastly, we studied this particular model deeply from
a numerical perspective. We considered two parameters:
β (the coupling exponent for the DE field, closely linked

to its equation of state parameter) and Ωeff
M (an effective

density parameter at high redshift values, which can be
easily compared to the CMB measurement for ΩM). We
used the Union2 data for Ia supernovae and fitted our
two parameters to these observations, showing excep-
tional compatibility with them, and a goodness of the
fit similar to that of wCDM. In addition, the best fit-
ting region for our parameters at 1-σ is compatible with
the CMB measurement of the matter density parameter;
and DE, while exhibiting a dynamical behavior, would
approximately be a cosmological constant today.
Notwithstanding the above, there is future work that

can be done regarding these theories. Specifically, sta-
bility under cosmological perturbations should be pro-
foundly investigated, in order to study structure forma-
tion from the TDiff perspective. The covariantized ap-
proach, studied in [21], could be of special relevance in
this case. Other possible future approaches could in-
volve the use of more general coupling functions or non-
homogeneous fields, as well as breaking the symmetry in
the Einstein-Hilbert action too and studying the poten-
tial and mixed regimes.
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