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Abstract. We study soliton-like excitations in several two-dimensional lattices:
square lattices including ones with externally fixed square lattice frame (cuprate
model), and triangular lattices. We offer computational evidence of the possibility
of fast lattice solitons and corresponding supersonic nearly loss-free transport of
electrons bound to lattice solitons along crystallographic axes.

1 Introduction

Applications of nonlinear dynamics are a field of growing interest [1]. Of special interest are
collective phenomena in two-dimensional lattices, which are so far only partially explored [2]. In
the present work we study soliton-like collective excitations in two-dimensional systems of parti-
cles with strongly nonlinear interactions. In principle this is a quite old topic of natural sciences
from hydraulics to optics, Bose-Einstein condensates etc.. Important work on the theory of two-
dimensional solitons is due to Kadomtsev, Petiashvili, Zakharov and collaborators [3–5], see also
[6–18]. More recently acoustic solitons on piezoelectric solid substances attracted interest [19,
20], in particular applications to the control and transport of charges [21,22,20,23–26]. Further
we mention the observations of localized excitations (localized breathers, quodons) in layered
structures like muscovite mica [30,31] and finally the excitations in cuprate layers [31,32,34,35].

We further discuss the problem of control of electrons by acoustic lattice soliton excita-
tions, a form of electron surfing, which may have different origin such as e.g. mechanical or
electrical shocks generated by contacts of the tip of an electron field microscope with a suit-
able anharmonic crystal lattice layer. We consider systems of a few hundred atoms on a plane
interacting with one or a few added, excess electrons, earlier we have already discussed the
interaction between electrons and strongly localized lattice excitations of soliton-type in one-
(1d) and two-dimensional (2d) lattices [25,26]. For the electron dynamics we used the tight-
binding approximation (TBA) and for the lattice particles a classical Hamiltonian with Morse
interactions. As a result of this mixed classical-quantum dynamics we could show that the elec-
trons “like” to follow the trajectories of the lattice soliton-like excitations. In the 1d case we
have predicted several interesting phenomena, in particular the “vacuum-cleaner” effect, i.e.,
the electron probability density is gathered by solitons which along their trajectory act as long
range attractors [36–38]. Noteworthy is that these excitations move in general with supersonic
velocity, vs, or velocities a bit below the sound velocity depending on the parameter values,
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on the initial conditions and on the electron-lattice interaction [37]. This means that electrons
bound to lattice solitons (in short called solectrons) can move with quite high velocities.

In the last part we consider the anharmonic lattice with an added, excess electron with
charge e hopping from site to site along the lattice. The electron interacts with the initially
neutral lattice atoms, shifts their energy levels and locally induces electric polarization in neigh-
boring lattice sites.

2 Excitations in square lattices

Square lattices in 2d are closely related to 1d lattices since they may be considered as just
2 perpendicular crossed 1d-lattices. Each atom has 4 nearest neighbors and we have 2 crys-
tallographic axes. We expect therefore 2 quasi 1d excitations along the crystallographic axes.
Depending on the forces, there might be problems with he stability of square lattices, and this
we will discussed in the next section. Assuming the the atoms have the coordinates rk and the

Fig. 1. Square lattice: The core densities of the lattice units/atoms. Left panel: Small part of an ideal
square lattice. Right panel: Lattice consisting of 20 · 20 atoms including some displacements due to
noise/temperature.

velocities vk the Hamiltonian of our 2d system is

H =
m

2

∑

k

v2k +
1

2

∑

k,j

V (rk, rj) (1)

The subscripts locate the atoms all with equal mass, m, at lattice sites and the summations run
from 1 to N . We shall assume that the lattice units repel each other with exponentially repulsive
forces and attract each other with weak dispersion forces. The characteristic length determining
the repulsion between the particles in the lattice is σ. We limit ourselves to nearest-neighbors
only using the relative distance r = |rn − rk|. The above conditions are met by the Toda, VT ,
and the Morse, VM , potentials respectively:

VT (r) = −D +
Mω2

0

b2T
(exp(−bT r

′)− 1 + bT r
′), (2)

VM (r) = −D {2 exp[−br′]− exp[−br′]} , r′ = (r − σ), Mω2
0 = 2Db

To have dimensionless variables we consider the spatial coordinates rescaled with σ as unit
length. Time is normalized to the inverse frequency of linear oscillations near the minimum of
the potential well, ω−1

0 , whereas energy is scaled with twice the depth of the well 2D. Further the
stiffness parameters b and bT (made dimensionless) define the strength of the repulsion between
atoms. Note that with the choice bT = 3b the two potentials agree up to the third derivatives
around the potential minimum. In the simulations we use a smooth cutoff of the potential at
1.5σ, excluding unphysical cumulative interaction effects arising from the influence of lattice
units outside the first neighborhood of each atom [25]. To study, at varying temperature, the



Will be inserted by the editor 3

nonlinear excitations of the lattice and the possible electron transport in a lattice in the simplest
approximation it is sufficient to know the coordinates of the lattice (point) particles at each
time and the interaction of lattice deformations with electrons. Coordinates and velocities of
particles are obtained by solving the equations of motion of each particle under the influence of
all possible forces. Our simulation algorithm corresponds to a molecular dynamics code, i.e. the
particles are not fixed to any lattice node but may move freely through the system, exchanging
places with neighbors etc.. Rather than using Cartesian coordinates x and y, we use complex
coordinates Z = x+iy. Then the initial classical Newton deterministic equations corresponding
to the lattice Hamiltonian (1) including also friction and random forces yields to a Langevin
dynamics for the lattice units

d2Zi

dt2
=

∑

k

Fik(Zik)zik +

[

−γ
dZi

dt
+
√

2Dv (ξix + iξiy)

]

, (3)

where again an index i identifies a particle among all N particles of the ensemble, γ is a
friction coefficient, Dv defines the intensity of stochastic forces, ξix,y denotes statistically in-
dependent generators of the Gaussian noise. T = mDv/γ (Einstein’s relation). Zik = Zi − Zk

and zik = (Zi − Zk)/|Zi − Zk| is the unit vector defining the direction of the interaction force
Fik, corresponding to the Toda or Morse potential, between the i-th and the k-th atoms in the
lattice.
Let us first study analytical representations fir the case that the noise is zero. In the case of
Toda interactions exists a special exact analytical solution for the square lattice by using the
functions found by Toda analytically solving the 1d- equations [6–9]. The Toda solutions re-
main valid for the special case that the initial conditions and the corresponding excitations are
strictly parallel to one axis, say the x-axis. Let n,m be the numbers denoting the nodes in x-
and y-direction and let us define the compressions in x-direction by

ρn,m(t) = xn(t)− xn+1(t)− σ (4)

Note that there are no compressions in y-direction due to the parallel dynamics inside the rows.
Then with appropriate initial conditions an exact solution is given by the Toda profile running
along the x-axis

ρn,m(t) =
1

bT
ln

[

1 +
sinh2(κ)

cosh2(κn− βt)

]

; β = sinh(κ) (5)

For small amplitudes this gives

ρn,m(t) ' 1

bT

sinh2(κ)

cosh2(κn)− βt
. (6)

Here bT is the Toda stiffness, for Morse systems we find empirically a good description of the
observed profile for b ' bT /3. The constant κ is defined by the energy of the soliton. In the
continuous limit this gives the well known soliton profile [6,21,22]

ρ(x, y, t) = ρ0sech
2(κξ), ξ = (x± vst)/σ (7)

where vs is the soliton velocity. The soliton represented by eq.(7) is a special solution, repre-
senting a ”line-soliton”, of the so-called KP-equation. This equation was derived in 1970 in a
pioneering paper by Kadomtsev and Petviashvili [3]. The Kadomtsev-Petviashvili equation is
a kind of extension of the 1d Boussinesq- Korteweg-de Vries (BKdV) equation and reads in a
standard form [3,7,9,15,16]:

∂

∂x

[ ∂

∂t
+

∂3

∂x3

]

ρ(x, y, t) =
∂2

∂y2
ρ(x, y, t) + 3

∂2

∂x2
ρ2(x, y, t) (8)
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Line solitons are extended rectilinear wave fronts localized perpendicular to the propagation
direction, see also the simulations [17,18]. Let us discuss now the method of computer simula-
tions in more detail. We solve numerically the equations of motion for the complex coordinates
Z(t) taking into account only those atomic units satisfying the condition |Zi − Zk| < 1.5. The
dynamics of the atoms is considered to take place inside a rectangular cell Lx ·Ly with periodic
boundary conditions and depending on the symmetry of an initial distribution of units and
their number N ' 400. As initial condition we assume usually a compression and velocity pro-
file corresponding to the analytical form of a 1d Toda soliton [6–9] in a given lattice row. The
other lattice units remain at their equilibrium positions on the given lattice [17,18]. As shown
by Remoissenet [8], a broad spectrum of initial excitations, as e.g. excitations of rectangular
profiles are able to create solitons or cnoidal waves. For this reason we have experimented with
a broad range of initial conditions. For example we gave initially a suitable high momentum
to one lattice site in the direction of one of the crystallographic axes in such a way that a
successful start of a soliton was observed. This way we found that not only Toda profiles but
also simpler initial conditions as pushing initially just one particle may be sufficient to create
a soliton due to the stiffness of the exponential repulsion.

For visualization and tracking the atomic densities we modeled the atoms as little spheres
with ”cores” represented by a Gaussian distribution centered at each lattice site:

ρ(Z, t) = C
∑

|Z−Zi(t)|<1.5σ

exp

[

−|Z − Zi(t)|2
2λ2

]

. (9)

Using data about trajectories of particles Zn(t) and their velocities we can calculate the lattice
atom distribution ρ(Z, t). In Fig. 2 we show a track of the running excitation (in “bubble
chamber representation”) which was created by pushing just one atom in the direction of the
crystallographic axis x. We show the space and time evolution of the initial soliton density
peak for the time interval ∆t = 3 (measured in units of 1/ω0, as earlier said). The parameter
values of the potential are bσ = 4, λ = 0.3σ. The Langevin source corresponds to a rather low
temperature, T = 0.001 (in dimensionless units). This corresponds to the mean kinetic energy
of a particle < Tkin > reaching the value T . The soliton is moving along a crystallographic axis

Fig. 2. Square lattice: The core density of the lattice atoms is shown in the course of time. A lattice
soliton is excited by a strong pulse in x− direction with velocity 2vs imposed to one lattice particle
located not far from the left border (site 4, row 10) along and a rather high energy 2mv20 to the 4th
atom in the row. A track of the excitation (in “bubble chamber representation”) of the running soliton
density is represented for the time interval ∆t = 3 (measured in units of 1/ωM ) in ”bubble chamber
sequence” as time proceeds. (Parameter values: N = 400, bσ = 4, λ = 0.3σ, and T = 0.001.)

and was excited by a strong pulse of velocity 2v0 imposed at t = 0 to the 4th atom n = 4 in the
10th row with rather high energy 2mv20 . The high-energetic soliton excited this way is quite long
lasting in its motion along the chosen crystallographic axis. Transverse excitations and thermal
collisions due to the source term in the Langevin equation do not play a significant role in the
interval of observation (3 time units). The phenomena studied in our simulations remind very
much the discrete moving breathers observed by Marin, Eilbeck and Russell [30,31] for a wide
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range of nonlinear 2-D- lattices. These authors have shown that breather excitations propagate
along lattice directions at subsonic speeds and are rather robust. The results suggested broader
applications including the track formation in some mica minerals and excitations in cuprates
[30,31]. From the length of the cumulative path and the time interval we may estimate the
velocity of the excitations demonstrated in Fig. 2. It appears that this strong local compression
moves with velocity about 1.2vsound with a lifetime of at least several time units. In the 2d
triangular Morse lattice vsound is slightly above 1 in our units. Solitonic excitations move a few
picoseconds with nearly unaltered profile and just this robustness is the reason that we can
identify them with the proposed visualization method. Losses due to scattering and radiation
of linear waves are quite low, due to the nearly integrable character of the problem. Note that
the 2d solitons observed here, are not line solitons but localized solitons similar to the so-called
lump solutions of the KP - equations [15]. Looking at the transverse direction we find that
the oscillations of the atoms in the rows adjacent to the row of maximal activity of the soliton
oscillate in antiphase similar as 1d breathers [27–30]. Corresponding excitations observed in
2d-crystals were denoted as ”moving breathers” [30]. We will show in the next section that the
similarity to KP-solitons is so striking that we prefer to denote them as 2d-solitons [17,18].
A specific property of our solitonic excitations in square lattices is that potential energy may be
released during propagation. Therefore the solitonic propagation may leave irreversible traces
(see Fig. 2). The trajectories itself may be self-sustained and sometimes might be extremely
long. As mentioned already, similar trajectories were observed for example as long black stripes
in natural crystals of muscovite mica [29]. In theoretical work of Marin et al. [30,31] such stripes
were interpreted as moving breathers. Our numerical experiments suggest that the tracks in
muscovite mica could be interpreted also as high-energetic solitons generated by impacts from
cosmic rays. This question has still to be discussed, we notice however that our high-energetic
solitons are also very robust and may run a long path along crystallographic axes.

Fig. 3. Square lattice: Time evolution in the atomic rows adjacent to the (central) one in which a high
energy soliton-like excitation is running (red: soliton row; dark blue and green: nearest row; light blue
and pink: next-nearest row, etc. The (dimensionless) period of oscillations is below 3.

3 Dispersion relation for two-dimensional excitations and KP equation

For a linear 1d-lattice the dispersion eq for excitations in x-direction reads

ω2 = 4 sin2(
1

2
k) (10)

which is depicted in Fig. 4. We used here the frequency of the linear oscillations ω0 as the unit
of the frequency and the reciprocal lattice length 1/σ wave number unit. Let us search now
for appropriate wave equations. Denoting the continuum limit of the strain zn = xn − xn−1 as
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Fig. 4. The dispersion relations for 1d harmonic lattices in first Brillouin zone (left) and for 2d lattices
(right panel).

the compression density ρ(x, t) we arrive at a partial d.e. which was obtained already in 1877
by Boussinesq for the description of hydrodynamic waves and which belongs to the standard
equations of nonlinear mathematical physics [7,9]:

[ ∂2

∂t2
− v20

( ∂2

∂x2
+

1

12

∂4

∂x4

)]

ρ(x, t) =
γ

κ

∂2

∂x2
ρ2(x, t) (11)

with the dispersion relation

ω2 = k2v20

(

1− (k2σ2)/12 + ...
)

(12)

In the lowest approximation the Boussinesq equation reduces to the standard linear wave equa-
tion, which is solved by two plane waves ρ(ξ) depending on the dimensionless running coordinate
ξ = (x± v0t)/σ where v0 is the sound velocity. For the nonlinear Boussinesq equation there are
two solutions for the continuous density

ρ(x, t) = ρ0sech
2[κξ], ξ = (x± vst)/σ. (13)

in agreement with the approximation (7) written above. The 1d solitons described by eq. (13)
correspond to long wave length and hence to small wave vectors k. In the 2d-case we expect in
agreement with the previous section, waves which have a similar profile in x-direction but are
extended also in y-direction. Indeed there are excitations in 2d which are either line solitons
or lump solitons. Both are in x-direction like the Boussinesq-Korteweg-de Vries solitons. Line
solitons are extended in y- direction and lump solitons have in y-direction an envelope which
is like a Gaussian.
We will show now that the KP-equation describes both phenomena. Let us consider again the
case of the simplest 2d quadratic lattice A straightforward additive combination of two linear
lattices would correspond to dispersion relation

ω2 = 4 sin2(
1

2
kx) + 4 sin2(

1

2
ky) (14)

The problem with the KP-solutions, which describe observed 2d-phenomena, is that they are
not symmetric along x and y. Hence eq.(14) needs some further treatment. The soliton-like
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waves we have found in our computer simulations run along the x - axis like a soliton but in
the direction of the y - axis the neighboring lattice units oscillate in anti-phase like breathers
with amplitudes slowly decreasing along y. Because in the transverse direction the 2d-solitons
behave like breathers, we should use with respect to the dispersion relation a ”soliton-like”
expansion along the axis x and a ”breather-like” expansion into a series along the axis y. We
assume that in kx − ky− space the essential parts of the 2d-soliton dynamics appear in the
region

|kx| � 1, ky = π +∆ky , |∆ky| � 1, ω ' 2 (15)

Looking at Fig. 4 the essential kx−ky− region corresponds to the left upper corner. Accordingly
we may use the expansion

ω2 = 4

[

1

4
k2x − 1

48
k4x

]

+ 4

[

1− 1

8
(∆ky)

2

]2

(16)

We introduce now a new frequency
Ω = ω2 − 4 (17)

and get

Ω2 − k2x +
1

12
k4x + (∆ky)

2 = 0 (18)

By using
Ω2 − k2x = (Ω − kx)(Ω + kx) ' 2kx(Ω − kx)

we arrive finally at the dispersion relation

2kx(Ω − kx) +
1

12
k4x + (∆ky)

2 = 0 (19)

corresponding to the linear weakly dispersive 2d wave equation for the compression density

∂

∂x

[ ∂

∂t
+ v0

∂

∂x
+

v0σ
2

24

∂3

∂x3

]

ρ(x, y, t) =
v0
2

∂2

∂y2
ρ(x, y, t) (20)

This is nothing else than a linear version of the KP- equation. By comparing our weakly
dispersive 2d wave equation (20) with the KP-equation (8) we see that a nonlinear term on the
r.h.s is missing. By adding this term which is known to us already from the Boussinesq equation
we find the KP-equation in physical variables as used e.g. for the description of shallow water
waves [16]:

∂

∂x

[ ∂

∂t
+ v0

∂

∂x
+

v0σ
2

24

∂3

∂x3

]

ρ(x, y, t) =
v0
2

∂2

∂y2
ρ(x, y, t)− v0γ

∂2

∂x2
ρ2(x, y, t) (21)

This equation is also exactly solvable as found by Zakharov and Shabat [4] and others [15,16].
However the structure of the manifold of solutions is much richer than that of the BKdV equa-
tion [16]. There exist line solutions which are localized along certain lines in two-dimensional
planes. These solutions are plane waves which in simplest case are generalizations of the BKdV-
solitons [15]. There exist many other line solutions [16]. A second class of solutions represent
the so-called lump solitons which are like moving hills. A special solution for the envelope of a
lump-type soliton reads [7,15]:

ρ(x, y, t) = ρ0
[vsy

2 + 3/vs − (x− vst)
2]

[vsy2 + 3/vs + (x− vst)2]2
(22)

Note that this special solution depends only on one parameter vs which is the soliton velocity
and has positive and negative parts. This is related to the property that the integral is zero

∫

dxdyρ(x, y, t) = 0; ρ0 =
vs
3
. (23)

In Fig. 5 we represented the envelope of a lump soliton at two subsequent time instants. Such
lump solutions we have found numerically for Morse lattices in section 2 and in [17,18].

We come to the conclusion that the the type of solitons found in our simulations for Morse
lattices corresponds with respect to the envelope to the type of lump solitons.
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Fig. 5. Solution of the KP equation showing a travelling lump soliton at two successive time instants.

4 Stabilization of square lattice by onsite interactions - CuO2 lattices

Heating square lattices with Morse interactions shows that this lattice configuration is thermally
unstable. We have demonstrated this by simulations with increasing strength of the noise source
in the Langevin equations (3). An illustration of the thermal instability is depicted in Fig. 6.
We heated an initially square lattice in contact with a heat bath of temperature T = 0.1 up
to the time t = 5. Then we switched the heat bath off and made a snapshot after time t = 50.
What we observe is the occurrence of local defects and local transitions to the more stable
triangular lattice. This shows that the square lattice is globally unstable. Before we study the

Fig. 6. Square lattice of heated Morse atoms: by heating of an initially square lattice occure more and
more defects. We show the landscape of the deformation density (left panel) and the distorted lattice
structure (right panel). Parameter values: N = 400, bσ = 4, T = 0.1, t = 50.

more stable triangular structures, let us investigate a method of stabilization by fixed onsite
interactions. We introduce interactions with a second square lattice with motionless units fixed
in space. Such modified square configurations are very stable and are observed in nature e.g.
in the CuO2-layers of the Cuprates [31,32] Fig. 7 shows a stable configuration of an Oxygen
lattice imbedded into a rigid motionless copper lattice. The parameters of the assumed Morse
interactions were adapted in the following way. The relation of the radii was obtained from the
geometrical argument, that the relation 1/

√
2 is optimal. Further we took qualitatively into

account that the the bonds Cu − O are stronger than the bonds O −O. Therefore we used in
our model:

σCuO

σOO

= 1/
√
2;

DCuO

DOO

= 2

This way we obtained a stable lattice consisting of two square lattices depicted in Fig. 7.
This stable Cu − O− lattice is not able to bear solitons due to the big distances between the
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Fig. 7. Two square lattices: The unstable square lattice of Oxygen is in copper oxide stabilized by a
second fixed square lattice of Cu-atoms (the narrow peaks in our picture). Parameter values: (bσ)OO =
7, (bσ)CuO = 10, DCuO = 2DOO = 2, σCuO = 0.707σOO .

movable elements, the oxygen atoms as to be seen in Fig. 7. We have just to remember that the
generation of solitons requires that the atoms come near to each other and feel strong repulsive
forces. What we need for bearing solitonic excitations, are rectilinear rows of strongly repulsive
atoms with small distances in the range of repulsive forces.
Several authors claim that solitons and bisolitons play a leading role for the explanation of the
superconduction of the cuprates [32]. How such solitons or bisolitons could arise in spite of the
unfavorable conditions in normal Cu − O− lattices? We have shown in recent work that with
electron or hole doping, the conditions for the generation of solitons are favorable. This is due
to the fact that doping induces a change of the bond length. As a consequence the Cu − O−
lattice may be rearranges creating stripes of atoms O−O−O−O− ... which might be streets
for the propagation of solitons. In order to study this effect we assumed that electrons or holes
introduced by doping may increase he relations between the radii of Cu and O. For illustration
we assumed a different geometrical relation for the bond length and also some larger relation
for the bond strength

σCuO

σOO

=

√
3

2
;

DCuO

DOO

= 4

Our computer simulations show, as depicted in Fig. 8 that changing bond length may gener-
ate crystal structures with rectilinear rows of Oxygen. Possibly these stripes of Oxygen atoms,
might be good streets for the propagation od solitons in cuprates. It might be interesting to note
that the formation of stripes in Cuprates is a well known phenomenon [33]. This observation
might support our assumptions.

In the next section we turn to the much simpler case of triangular lattices which are very
stable and contain from the very beginning atomic rows able to propagate solitons [17,18].

Fig. 8. By changing the bond length, possibly through doping, we may generate stable lattices which
are able to carry solitons. Parameters: (bσ)OO = 5, (bσ)CuO = 10, DCuO = 4DOO, σCuO = 0.87σOO .
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5 Excitations in triangular lattices and interactions with charges

In the triangular lattice, which is the simplest stable lattice, it is not difficult to generate
solitons by appropriate initial conditions [17,18]. We were able to generate line solitons of finite
length and studied their behavior at collisions. Further by exciting atoms in one row along a
crystallographic axis we could generate lump solitons running along that crystallographic axis.
The Hamiltonian we used for the simulations is just the same as in Section 2 with the difference
that the initial conditions correspond to an equilibrium triangular lattice now. We simulated
initially N = 400 particles with periodic boundary conditions, the parameters of the Morse
interactions were bσ = 4. In Fig. 9 we show an example of a lump soliton which was excited
by a strong kick. Starting with a lattice at rest we attributed an initial velocity v0 = 2 to just
one atom located at x = 4, y = 9 in direction of the x-axis. The corresponding momentum is
transmitted to the next neighbor at right etc.. and this way a solitonic excitation is created.

Fig. 9. Triangular lattice: The moving soliton-like compression density along a crystallographic axis
in a triangular lattice without electrons (N = 400, bσ = 4). The excitation moves with supersonic
velocity.

Following earlier work [25,26] we will show now that lump solitons are able to carry electrons
(or holes) surfing on the compression wave. We consider a system consisting of atoms arranged
initially on a triangular lattice and additional electrons moving from site to site and interacting
with the atoms. In order to study the evolution of the quantum states of the additional electrons
interacting with the atoms in the 2d-lattice, we assume a standard tight-binding description. Let
n,m denote the internal quantum numbers of the states of electrons bound to the corresponding
atoms at sites rn and rm. In the following we will assume for simplicity, that there is only one
quantum state per atom which can be occupied by the external electrons. If necessary, the
internal state that characterizes the orbit as well as spin, can be included in the quantum
number n. We set the electronic Hamiltonian

He =
∑

n

Enc
+
n cn +

∑

n,n′

tn,n′c+n′cn . (24)

The energy levels En will be approximated by constant values En = E0. The transition matrix
elements tn,n′ depend in our model on the atomic distances, tn,n′ = t(rn′ −rn). Following Slater
and others we take an exponential dependence

tn,n′ = V0 exp[−αh|rn − rn′ |] . (25)

The range parameter αh can be related to the tunneling probability that decreases exponen-
tially with distance.
For the lattice part, the Hamiltonian with Morse interactions reads as above. As before the
characteristic length determining the repulsion between the particles in the lattice is σ. We
limit ourselves to nearest-neighbors only using the relative distance with rkj = |rk − rj |. Also
as before by imposing the cutoff of the potential at 1.5σ, we exclude unphysical cumulative in-
teraction effects arising from the influence of lattice units outside the first neighborhood of each
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atom [25]. Introducing complex coordinates Zn = xn − iyn we write the discrete Schrödinger
equation for the electrons and the Newton equations for the atoms in the form (τ = V0/h̄ω0):

dcn
dt

= iτ exp(αbσ)
∑

m 6=n,|Zn−Zm|<1.5

cm exp(−α|Zn − Zm|) (26)

d2Zn

dt2
=

∑

m 6=n,|Zn−Zm|<1.5

[exp(bσ − |Zn − Zm|)

(1− exp(bσ − |Zn − Zm|)) + 2αV0 exp(αbσ − |Zn − Zm|)Re(cnc
∗
m)]

Zn − Zm

|Zn − Zm| (27)

For the simulations we use again dimensionless units, i.e. lengths are measured in units σ, times
in units of the reciprocal frequency around the minimum of the atomic interaction potential
1/ω0. For purpose of a better visualization we replace all points resulting from the simulations
by little Gaussian balls representing the wave functions at the corresponding site. In a first
run we look at the dynamics of electrons decoupled from the lattice (see Fig. 10). We observe
the typical spreading of the free wave functions. In a second run we switch on the interaction

Fig. 10. Triangular lattice: Spreading of the smoothed density distribution of a free electron at t = 0.2
which was inserted at t = 0 at just one lattice point. Besides the typical spreading of the wave function,
we see some structuring which is due to the lattice symmetry with 3 crystallographic axes and to the
periodic b.c. (N = 400, bσ = 4, τ = 10, α = 0).

with the lattice on which a soliton is running. Surprisingly enough the electron density is all
gathered by the soliton and both move together, the electron is surfing on the soliton (see Fig.
11).

The simulations are carried out by solving numerically the set of equations given above for
400 atoms and 1 electron. We are well aware that simulations for a matrix of 20 to 20 sites
still need a careful check for finite size effects. Preliminary tests with 1600 particles (in part
presented in the next section) have however shown that the basic effect demonstrated here,
the formation of moving bound states between lattice excitations and electrons is only weakly
size dependent. We note that similar phenomena of collecting electron density by solitons in
2d-lattices were recently observed also by Cisneros-Ake and Minzoni [38]. There seems to be
also some analogy to recent experiments about controlling electrons by strong surface acoustic
waves [23,24]. However a direct comparison of our simulations for small lattices with the ex-
periments on the millimeter - scale [23,24] is not possible. We may assume, however that the
basic effects of coupling electron-lattice excitations remain the same or are at least similar.

6 Lossfree charge transport

The numerical experiments described in the preceding section illustrate a new way of of charge
transfer from a point A in a 2d-layer to a point B as far as both points are located along
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Fig. 11. Triangular lattice: Including the interaction with the lattice (α = 0.5, V0 = 1), on which like
in Fig. 9 a soliton is running, the electron feels the compressions created by the soliton and starts to
concentrate around the compression density. With increasing time (above t = 0.8 , center t = 1.0,
below t = 6.0 ) the electron density is more and more concentrated around the compression density
and moves finally with the soliton with supersonic velocity along the crystallographic axis .

a crystallographic axis. As shown in Fig. 11, the soliton is able through the formation of a
solectron bound state to carry an electron nearly free of losses at least on a distance of 20
crystallographic units, i.e. possibly around 10nm in a time interval of t ' 6 in units of the
oscillation time. Over this relatively short time and short distance no damping is seen, i.e. the
transfer is nearly loss-free. We see, that the 2d-solectron propagating along a crystallographic
axis which is the carrier of the observed effect is a nearly conservative process. This is connected
with several circumstances:
(i) In the longitudinal direction i.e. along the axis of propagation, the soliton is a 1d- ballistic
excitation for which energy is conserved.
(ii) In perpendicular direction, i.e. across the crystallographic axis of propagation, the excita-
tions are breather-like, i.e. they are in a window of non-transparency and cannot propagate.
This is related to the dispersion relations discussed in section 3.
Of course, some losses cannot be avoided, however the losses are for this kind of charge transfer
very weak in comparison with standard ways of charge transfer which are connected with the
emission of phonons preferentially in perpendicular direction. In our case, the phonon emission
is weak due to fact that in the operating regime, phonons are in the window of non-transparency.
In order to study the life time of solectronic excitations in more detail, we studied a sample
with a rather long channel-like two-dimensional crystal containing N = 20 ·80 = 1600 particles.
Looking at Fig. 12 we see
(i) the transversal extension similar as predicted by the solution of the KP equation (22),
(ii) the absence of significant losses leading to a nearly ballistic propagation.
The directed motion of an electron guided by a soliton along crystallographic axis carries a
current. Adapting the quantum-mechanical formula to a linear lattice we calculated the mean
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Fig. 12. Triangular lattice: Soliton compression density (panel above) and corresponding solectron
probability density (panel below) density in a channel-like lattice of N = 20 · 80 = 1600 particles.
(bσ = 4). The soliton was created by attributing in a lattice at rest the velocity v0 = 2 in x− direction
to the atom at x = 10, y = 9. We see that the compression density (above) and the charge probability
density (below) coincide very well even after a relatively long time of propagation t = 50.

current from [36,37]

j = i
∑

n

[cn(c
∗
n+1 − c∗n)− c∗n(cn+1 − cn)] = i

∑

n

[c∗n+1cn − c∗ncn+1] (28)

In application of formula to the current along a crystallographic axis, the elements have to
be numbered accordingly. The results show a strongly fluctuating in time and slowly decaying
current, see Fig. 13. We observe a rather weak decay of the current with a long tail, the decay
time is around 50 - 100 in our time units given by 1/ω0. The decay to zero may be overtaken by
an electric field. In order to study the effect of an electric field we may add a corresponding term

Fig. 13. Long time evolution and slow decay of the electric current generated by the soliton shown in
Fig. 1212 in the time interval 10 < t < 50 (N = 1600).

to the TBA equations as in [36,37]. We shall deal with this problem elsewhere. The current
obtained in our simulations is strongly fluctuating in time and is nearly loss-free. The value of
the electron current (the drift velocity) is determined mainly by the soliton velocity. We note
that similar electron currents were observed experimentally by Donovan and Wilson on samples
of PDA- and PDTA-crystals [39–41].

7 Discussion

We studied the dynamics of soliton-like excitations in several two-dimensional lattices: square
lattice, square lattice with onsite stabilization, and triangular lattice including interaction with
charges.
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In the first part we studied beside simulations, dispersion laws of 2d solitons and basic solutions
of the Kadomtsev-Petiashvili theory in comparison to our simulations. Further we have devel-
oped theoretical tools for the study of slaved individual electron evolution by means of lattice
soliton-like excitations acting as carriers along the crystallographic axes of a e.g. a triangular
lattice. We have shown that for each crystallographic axis there exist stable electron-soliton
bound states, called solectrons. The velocity of solectrons may be higher than 1000m/s in a
solid medium, faster than the drift velocities of “free” electrons, which usually do not exceed
1 − 100cm/s. Such high electron velocities were observed experimentally in crystals of PDA
and PDTA by Donovan and Wilson [39–41]. Therefore there is not only theoretical but also ex-
perimental evidence that solitonic excitations may create bound states which are able to carry
electrons at near-to-sound velocity over a distance of a few hundred sites. We have shown that
there is no significant loss of electron energy and momentum. This appears as a clear case of
electron surfing. Our most interesting result is, that due to the conservative character of soli-
ton motion and the fast decay of lump solitons in transversal directions, the electron transfer
is nearly lossfree. By means of external electric fields, a fast current with electron velocities
around the sound velocity may be obtained.
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