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Abstract

In this master thesis, a study of the control and sampling of the inverted pendulum
is presented. The modelling of the rotary inverted pendulum and the double rotary

inverted pendulum are developed.

For the rotary inverted pendulum, the control strategy is divided in two parts: the
swing-up control based on energy allows to reach positions close to the unstable
equilibrium point. Then, three different strategies have been designed and tested for
the stabilization: Full State Feedback (FSF), Linear Quadratic Regulator (LQR) and LQR
based on a fuzzy model. The last design consists specifically of a Takagi-Sugeno fuzzy
model to approximate the non-linear system to a succession of points where a linear
system is described. A feedback gain is obtained that allows the stabilization of the
inverted pendulum in a largest region of attraction than in the case of the analytic

controllers. For the double rotary inverted pendulum, a LQR control is designed.

A formalism for the study of the stability of the inverted pendulum under the
event-triggered control and the periodic event-triggered control is proposed. An
example which shows the improvement respect to the classical time-driven control is

presented. This formalism is applied to the rotary inverted pendulum.

The control and sampling strategies have been implemented in simulation and in
the experimental plant. A reduction of the number of control task updates has been
obtained. Moreover, we have confirmed that the fuzzy control presents the largest

region of attraction.

A simulator has been deployed using Easy Java/Javascript Simulations to have a
visual representation of the plants. The simulator serves as a testing ground before to

the implementation of new controllers and also for educational purpose.

Key words

Inverted pendulum, modelling, control strategies, sampling, event-based control,

Lyapunov stability, simulator.



Resumen

En este trabajo fin de master, se ha presentado un estudio de las estrategias de
control y muestreo del péndulo invertido. Se ha desarrollado un modelo tanto del

péndulo invertido rotatorio como del doble péndulo invertido rotatorio.

Para el péndulo invertido rotatorio, la estrategia de control estd dividida en dos
partes: el control de “swing-up” basado en energia permite alcanzar posiciones
cercanas al punto de equilibrio inestable. Seguidamente, se han disefiado y probado
tres estrategias diferentes para la estabilizacién: Realimentacién total de estados,
disefio dptimo LQR y LQR basado en légica borrosa. Concretamente, el ultimo disefio
consiste en un modelo de Takagi-Sugeno para aproximar el modelo no lineal a una
sucesion de puntos en los que se describe un modelo lineal. Se ha obtenido una
ganancia que permite estabilizar el péndulo invertido con mayor region de atraccion
gue en el caso de los otros dos controladores implementados, realimentacion total de
estados y disefio dptimo LQR. Para el caso del doble péndulo invertido rotatorio se ha

disefiado un controlador LQR.

Se ha propuesto un formalismo para estudiar la estabilidad de un sistema bajo
control basado en eventos y control peridédico basado en eventos. Se muestra ademas
un ejemplo en el que se observa la mejora que suponen respecto al control cldsico

basado en el tiempo. Este formalismo es aplicado al péndulo invertido rotatorio.

Las estrategias de control y muestreo se han implementado en la planta
experimental reduciéndose el nimero de actualizaciones de la sefal de control y

confirmando que el control borroso presenta la mayor regidn de atraccion.

Se ha desarrollado un simulador utilizado Easy Java/lavascript Simulations. El
simulador sirve como banco de pruebas antes de implementar los controladores en la

planta real, y también como herramienta educativa.

Palabras clave

Péndulo invertido, modelado, estrategias de control, muestreo, control basado en

eventos, estabilidad de Lyapunov, simulador.
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1. INTRODUCTION

1.1 Problem Statement

The control of the inverted pendulum and, in particular, of the Furuta pendulum,
which was proposed in [1], has been studied by many authors, (see for instance [2], [3],
[4], to cite a few) and it is a common example in Control Theory. The main
characteristics that make it an interesting case of study are that it is a strongly
nonlinear, unstable, non minimum-phase, which affects stability margins and
robustness, and underactuated system (there is only one actuator for more degrees of
freedom) and, therefore, a difficult and complex system to be controlled that has been

used as a benchmark to compare different control strategies.

The inverted pendulum has two equilibrium points, one of which is stable while the
other is unstable. On the one hand, the stable equilibrium point corresponds to a state
in which the pendulum is pointing downwards. In the absence of any control force, the
system will naturally return to this state. On the other hand, the unstable equilibrium
point is upwards. The different control strategies try to reach and maintain this

unstable equilibrium position.

Commonly, the control strategy of the inverted pendulum is divided in two steps.
First, the pendulum is balanced to its upright position. The control law for that is based
on using an energy function as in [2]. Once the system is close to the unstable
equilibrium point, the second step consists of applying a feedback control law, since

the system can be approximated by a linear model in that case [5].

The characteristics and challenges describe above make the inverted pendulum an
interesting and adequate application example to be used with master students. In the
lab, students face problems which were unnoticed during the theoretical lectures, and
the learning process is clearly enriched. In this regard, distance education universities
as UNED have successfully addressed the problem of the widespreadness of students
replacing the traditional hands-on laboratories with web-based labs [6], which should
consist of a virtual and a remote counterparts. The remote lab implies that the student

interacts with the real plant through the internet, sending commands and receiving



feedback from the received signals and a video streaming to and from the network,

respectively.

However, the use of communication networks has brought some problems as the
limited bandwidth or delays in the transmission of information. These phenomena can
negatively affect the control performance, and even make unstable a closed loop
system that is stable in absence of the network. Moreover, systems with fast and/or
unstable dynamics, as the inverted pendulum, are more vulnerable to these network

effects.

In this sense, the traditional control, in which the control signal is updated
periodically (time-driven control systems), may produce an unnecessary waste
of resources, as in many situations more information than the required by the plant is
sent. For this reason, in recent years, the interest in the event-based control (EBC) has
grown up significantly. In EBC, the control is only executed when a certain condition is
violated [7]. We can say that there is an adaptation to the needs of the plant, and
therefore, the event-triggered control (ETC) allows a more efficient usage of the scarce

communication resources [8], [9].

In the Figure 1.1, the difference between the time based control (in blue) and the
event based control (red) is shown. In the first case, the signal is sampled with a period
h, whereas in the second is sampled when the signal crosses the different levels

defined by 4. In this way, the number of control tasks can be reduced.

However, a new problem arises. The monitoring of the event-triggering condition
causes a waste of computation resources because the condition is evaluated
continuously. A possible solution is then to check the triggering condition only at
prefixed instances of time. This is the idea of the periodic event-triggered control
(PETC) [10]). The main difference with the conventional ETC is, therefore, that the
event-triggering condition is only periodically verified; hence, the waste of the
resources employed in the monitoring is reduced. In the Figure 1.2, the signal is
continuously sampled in the case of the ETC. However, in the case of PETC, it is sampled

only at period h, but the performance is the same.
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Figure 1.1: Sampling based on time (blue) and on events (red). Figure from [11]

4 ETC t PETC

e I
\ —Threshold a —Threshold
—Signal -Ll_ —Signal

\\\\ i [ J _-L-Ln___

i I,

>

t 5h  10h 20h 30 40h

Figure 1.2: Example of ETC (left) and PETC (right)

1.2 State of Art

On one hand, the inverted pendulum is one of the most popular benchmark in
problems of Control Theory. Many solutions has been proposed for the swing-up and
the stabilization of the inverted pendulum in all of its different types. This is due to the
fact that the inverted pendulum is a great testing ground for a lot of control algorithms
in different research areas, like intelligent control or nonlinear control. Artificial neural
networks has been used for the swing-up [12] and stabilization [13], [14]. Fuzzy models
have been also developed [15], [16]. In addition, it has been used to test optimal
control algorithms [17] and genetic algorithms [18]. Naturally, it has illustrated all kind
of nonlinear techniques like partial feedback linearization [19], energy based control
[20] or sliding mode control [21]. Its two noticeable inherent problems, the swing-up
control and the stabilization control, have been as well attacked by PID adaptive control

[22], feed-forward control [23], hybrid control [4], predictive control [24], etc. A



complete review can be found in the following surveys: In [25], more than 150
references are included since the beginnings of the studies in the 60s until the
publication date in 2013. In [26], several references related with nonlinear control are

presented, and intelligent control techniques can be found in [27].

On the other hand, the idea of sampling based on events appears in the last 50s
when [28] introduces a method to transmit data only if there is a significant change in
the signal. More recently, the first works where EBC is implemented are presented, for
example, a simple example of event-based PID control can be found in [29] and a level-
crossing control is used in [30]. However the real impulse of EBC came out few years
later when the advantages of its application to networked control systems were
realized. In these systems, the EBC has become very useful getting, for example, more

efficient use of the bandwidth than the periodic control.

A networked control system (NCS) is a digital control system whose components
are spatially distributed. Despite all its benefits, some undesirable phenomena have
been identified such as time delays in the information transmission, randomly
occurring dropped packets, quantization in the transmitted signals, etc. Therefore,
some effort should be put to reduce the adverse influences of the network. In [31],
[32], preliminary results of an event-triggering scheme, where the exponential stability
of the resulting sampled-data system is ensured, are presented. In [33], a schedule
called fixed threshold strategy has been proposed to guarantee the bounded-input

bounded-output stability of the controlled system.

To deal with event-based control strategies for linear NCS, several different
approaches have been proposed [9], [10], [34], [35] and also for nonlinear systems [36].
Other works propose a delay system method to investigate the NCSs under the event-

based scheme [37], [38].

As far as the way the events are triggered, many papers have been published as we
will detail in Section 4.3. Some of most common approaches are, for example,
deadband control [39], error bounded by the state [9], based on Lyapunov functions

[40] or the proposed by [41].



However, as we have mentioned, the ETC implies that the state has to be measured
continuously to compute the triggering condition. To avoid this, new strategies appear
such as the self-triggering [42], [41] have come up. Self-triggering computes the time
ty+1 for the next execution from the current state x,. The principal and inherent
problem of the self-triggering is the robustness against disturbances and model
uncertainties [7]. The state x;, is sampled at instances of time t;.. This measurement is
used to compute the control signal, estimate future states of the system, and predict
the next sampling time t;,,. If the system was affected by any disturbance in the
interval (ty, tx+1), the system would not be aware of it until t,, ;. Hence, self-triggered

control is more vulnerable to disturbances.

There exists also the so called Minimum Attention Control (MAC) [43], [44], which
maximize the next execution time, while a certain level of performance holds, and the
Anytime Attention Control (AAC), which assumes that the signal control cannot be
recomputed after each control task execution. Nevertheless, they both present similar

problems of robustness to face delays and disturbances.

A complete survey of event-based control can be found in [7], which gives a whole
study about EBC in NCSs and how the communication and actuation waste can be
reduced. In [45], a recent review about EBC and a summary of the most recent results

in the field are given.

Nevertheless, there are very few papers which apply event-based control to the
inverted pendulum [46]. In this way, this master thesis is a first approach to the control

of a rotary inverted pendulum using event-based control.

1.3 Goals of the Master Thesis

In this master thesis, a review of the modelling and the control laws of the Rotary
Inverted Pendulum (RIP) for the swing-up and the stabilization is presented. The
stabilization of the Double Rotary Inverted Pendulum (DRIP) is also studied. We also
analyse the different ways of updating the control signal. The Figure 1.3 shows the

prototypes of the RIP (a) and the DRIP (b) which have been used.



These general objectives are specified in the following points:

e The comparison of the classical stabilization strategies, Full State Feedback
(FSF) and Linear Quadratic Regulator (LQR) with a newer approach using a LQR
based on a model of Takagi-Sugeno in order to test what strategy allows a
higher region of attraction to the upright position.

e The study of different ways to update the control signal, Periodic-Driven
Control, ETC and PETC.

e To derive a formalism to obtain a maximum period which guarantees the
asymptotic stability of the PETC and that the event condition never is violated.
Moreover, it is applied to the RIP, which is a challenging system due to its fast
dynamics.

e Aninteractive simulator of the RIP and the DRIP developed which allows a clear
visualization of the physical phenomena which involve the inverted pendulum.

e The control and sampling strategies have been implemented in the

experimental plant.

Figure 1.3: a) Plant of the RIP. b) Plant of the DRIP



1.4 Organization of Master Thesis

This master thesis is organized as follows:

e Section 2 contains the specific description of the inverted pendulum, the
different types, and their utility. In this section, the dynamical models of the RIP
and the DRIP are derived using Lagrangian Mechanics.

e Section 3: In this section, different control laws are presented. In particular, for
the RIP, a classical energy based swing-up strategy and three stabilization
strategies (FSF, LQR, LQR based on TS fuzzy model) for the linearized model are
described. For the DRIP, a stabilization control law is also shown.

e Section 4: The different ways to update the control task are presented. We also
propose a formalism to guarantee the stabilization of ETC and PETC system. The
formalism is applied to the RIP system.

e Section 5 briefly describes the tool Easy Java/Javascript Simulations (EjsS).
Moreover, an interactive simulator of the systems developed with EjsS is
presented with some examples of use.

e Section 6: In this section the experimental results obtained with the reals plant
of the Figure 1.3 are presented.

e Section 7: The conclusions and the future work are given.



2. MODELLING

In this section a brief introduction of the inverted pendulums is presented. Then,
the models of the RIP and the DRIP are derived. The equations of motion of both plants

are obtained by Euler-Lagrange method [47], [48].

2.1 Introduction
2.1.1 The Inverted Pendulum and its different types

The inverted pendulum has been studied for decades since Stephenson [49]
examined an inverted pendulum and demonstrated that it could be stabilized by
applying rapid, vertical, harmonic oscillations to its base [50]. Initially, in the 60s, the
problem of stabilization was solved using linear methods in a pendulum on a cart.
However, when the global problem, including the swing-up, was tackled, the bounded
path of the cart was identified as a limitation. For this reason, Furuta designed the
rotary inverted pendulum (or Furuta pendulum) (Figure 2.1) in the 70s, which avoids
this limitation. However, this new implementation has a disadvantage, since the
dynamics of the system are more complicated due to new centrifugal and Coriolis

forces [26].

As a result of this, a complete family of pendulums has come up adding in each step
more degrees of freedom. The most common are the two aforementioned, the
pendulum on a cart (Figure 2.2) and the Furuta pendulum (Figure 2.1), which have two
degrees of freedom. Besides these, there are other examples such as the double
pendulum or those that result from adding new degrees of freedom through more

links, the pendubot, the reaction wheel pendulum or the spherical pendulum [25].

2.1.2  The Utility of the Inverted Pendulum

The inverted pendulum has been widely used, as a benchmark to test new control
algorithms. However, it is not only a lab experiment, as already mentioned. The
obtained knowledge from the inverted pendulum has been used in real-life

applications:



e The rocket stability can be seen, partially at least, as the stability of an

inverted pendulum in order to maintain the rocket vertical.

0

/

Lra
N

Figure 2.1: Rotary Inverted Pendulum. Figure from [51]

Figure 2.2: Inverted Pendulum on a cart. Figure from [51]

e The Segway personal transporter is a well-known vehicle based on the
two-wheeled inverted pendulum (TWIP). The TWIP consists of a pendulum
attached to a base platform that has a wheel at each side (Figure 2.3) [50].

e One important utility is the modelling the movement of robots. In order to
simplify the model, many studies simulate the steps of the robot as an
inverted pendulum on a cart [52].

e Related with the previous point, it can be used to study natural behaviours

such as the human walking.



e The mechanism of recording earthquakes shocks of several seismometers
uses an inverted pendulum [53]. It has been also utilized for the design of

metronomes [54].

Forward

Figure 2.3: Segway transporter and diagram of two-wheeled inverted pendulum on which it is based
[50]
2.2 Rotary Inverted Pendulum

The model of the rotary inverted pendulum is described in this subsection. The
system is shown in Figure 2.4, where 6 is the angle of the rotary arm respect to the X

axis and a is the angle of the pendulum respect to the vertical axis.

Zo

Pendulum
A
» a>0
Xo . .‘.‘ »
A @
6>0 Rotary arm

Figure 2.4: Diagram of the Rotary Inverted Pendulum
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The application of Newton’s laws to the RIP is not easy. Instead of that, the

equations of motion of the RIP can be derived from using the Euler-Lagrange equation:

d 9L\ oL
( ) - (2.)

a\ag,) "ag, " @

where L is the lagrangian, g; are the generalized coordinates of the system and Q; are

the generalized forces, used to describe non-conservative forces. In this case:

@1 2)=00 a)
. . N _ (dO da
@ =6 d=(5 5

Q@ Q) =(r-B.8 Bya),
being 7 the torque applied at the base of the rotary arm and By, . the viscous damping

coefficients of the pendulum and the rotary arm, respectively. The Lagrangian can be

obtained from the kinetic energy () and the potential energy (V):

L=T -7V (2.2)

T and V are the sum of the kinetic energy and potential energy, respectively, of all
the elements of the system. They depend on the position and velocity of each element

in the following way:

T = 1m-vz + - Jiw?
l 2 [ 2 A A (23)
V =m;gz,

where i represent the i-element, m is the mass, x = (X Y Z) is the position, v =
d . . . . . .

[lv|| = ”d—:” the linear velocity, w the angular velocity, | is the moment of inertia

respect to the center of mass, and g the gravitational acceleration. This generalization

will be also useful in the case of the DRIP. For further details, see [55].

For the RIP, it is assumed that the potential energy in the rotary plane is zero and,
hence, the potential energy of the rotary arm would be zero. So that the positions and

the velocities are:

11



x, = (l,cos@ l,sinf 0)
v, =(=l,sin6060 l.cosf6 0)

x, = (LycosO +,sinasin@ L,sinf —1,sinacos® [, cosa)

—L,sin0 6 + L,(cosasinf d + sin a cos 6 0)

v, =| —L,sinf 0 + L,(—cosa cos 6 ¢ + sin asin 6 6)

—l,sinada
Thus, the kinetic and potential energies are, respectively:
1 .1 A N2 . N2
T = EJTH +§]pa + m, ((LTH +l,cosad)” + (I, sinad) )
V =my,gl, cosa.
Then, from (2.1) the following two expressions are obtained:

(myL2 + myl2 —myl2cos?a +J, )6 —myL, cosa &
+ 2mplésina cos a Ot + myl,L, sina ¢? =t — B0

(2.4)
—myl,L, cosa 8 + (J, + myl2)d — m, 12 sin a cos a 2
—myly,gsina = —B,.a
The equations (2.4) can be solved for the angles’ accelerations so that
b [h3 cos a (h, cos @ 82 — B, + hssina)]
H

h4|8(B, + 2hyé cosasina) — T + hyd? sina|

H (2.5)

. (hysin?a+ hy)(hycosasina§? — Byd + hssina)
a=

H
hs cos a [@(B, + 2h,d cosa sina) — T + hyd? sina|

H

where hy, h,, ..., H are defined as

hl :]T +mpL%‘,h.2 = mpllzj,h?) = mpler,h4 :]p + hz

hs = myl,g,he = m,L, ,H = hyhy + hyhy sin? a — h3 cos? a.

12



Moreover, the following change of variables is made so that the number of future

rules in the fuzzy control can be reduced [56]:

sina . ) o
,Z, =cosa ,zz3 =0 cosasina ,z, = asina.

1 =
a

Therefore, a model of the form

x(t) = A(2)x(t) + B(z)u(t)

is obtained, wherexT = (9 a 6 @), zT =(Z21 22 Z3 Z4) and the coefficients

of A(z) = (aij (z)) and B(z) = (bl-j (z)) can be derived straightforward from (2.5):

11 = Qg =Qqq = Ay =0yp = A3 =031 =0y = 0,013 =04 =1

h3h5Z1Z2 h2h3Z2Z3 —_ h4BT 2h2h4Z3 + h3Z4 —_ Bp
aszzT'am: H yA34 = T
hihsz; + hyhs(1 — z2)z,
Ayp = q ) Ay3
_ ha(h,(1 = 25) — hy) — h3z,23 + hsz,
N H
(hy(1 —22) + hy)By — h3zy23 + haz,
Aygq = H
hyhe hshez,
b11—b21—0:b31:T: 41 = H

2.3 Double Rotary Inverted Pendulum

The model of the double rotary inverted pendulum is described next. Equivalent
steps than for the RIP has been followed. In this case, there is a new link attached to
the system (see Figure 2.5). In the design of the real plant, a shorter pendulum is placed
between the rotary arm and the link of assembly of the RIP. Moreover, an encoder is
collocated between both links to measure the angle of the second pendulum. Using

the expressions (2.2):
L, cos8 + Lgsinasin® + [, siny sin6

X, =|Lrsint —Lssinacosb — L, siny cos 6
Lgcosa + L, siny

13



—L,sin60 + Lg(cosasin®d + sinacos00)+ ,(cosy sin0y + siny cos 6 6)
vp" = —L,sin00 + Ly(—cosacosOd +sinasingd )+ ,(—cosy cos 0y + siny sin6 0)
—Lgsinada —L,sinyy

Then, adding its kinetic and potential energy to the obtained in the RIP and solving

(2.1) for the variables (41 92 q3)=(0 a Yy):

d (6L> oL B 8.d
dt\gg) 96 "
d <6L) oL B4
dt\oa)  oa ¢
d (6L) oL By
dt\ay) oy = ¥

the following expressions are obtained:

[/-L2(ms + my, + mp)]8 — [L, (msls + mpLs + myL,,) cos a]d
+ [mpler cosyly
+ [L,(mgls + myLs + myL) sin a]a?
+ [myl,L, siny|y? =7 - B,6

—[L,(mgls + myLs + myLy) cos a6 + [Js + mgl?2 + mp L2 + m,L2]d  (2.6)
+ [myl,Ls cos(y — )]¥ — [myl,Ls sin(y — a)]y?
— g(msls + muLg + mpLS) sina = —B;a

—[mpler cos y]é + [mplpLS cos(y — a)]d + []p + mplzz,]]'/'
+ [mplpLs sin(y — a)]d2 — gmyl, siny = =B,y

where mg, lg, Ly are the parameters corresponding to the new pendulum on the
bottom. It is important to note the presence at a constant m,,. It represents the mass
of the hinge between both pendulum and it is always oriented with a. In Section 3.2.2,
a linearization of (2.6) is obtained to get a feedback gain for the stabilization of the

DRIP.

Remark: Note that the torque 7 is a non-conservative force, which correspond with
the force that the motor should apply to the system. However, the torque cannot be

applied to the plant. Instead of that, the variable which can be manipulated is the

14



voltage (V,,). For this reason, it is necessary to establish a relationship between the

torque and the voltage. This relationship is defined as:

. TIgTIngkt(Vm - ngmé)

R, =m,L,u. (2.7)

Ya

Link2 4.9

Link 1

o>
Qp = v

60 3 Y1 v
v Rotary arm ﬁ\

L, 0, X4
A

Figure 2.5: Diagram of the Double Rotary Inverted Pendulum

The parameters of (2.7) represent the gearbox efficiency (), the motor efficiency
(Mm), the high-gear total gear ratio (K;), the motor current-torque constant (k.), the
motor back-emf constant (k,,), and the armature resistance (R,,), and their values can
be found in the list of symbols. The derivation of this relationship can be made

straightforward using the SRV-02 model of the Appendix A.
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3.CONTROL LAWS

Next the swing-up control and the different control strategies for the stabilization
of the rotary inverted pendulum are presented. Next, a LQR is also designed to stabilize

the double rotary inverted pendulum.

3.1 Introduction

Most of the existing literature considers acceptable that two control algorithms,
one to stabilize the pendulum and one for the swing-up, are required. Then, there
exists a switch between the controllers at the instance of time at which the inverted
pendulum can be stabilized. This occurs for the rotary inverted pendulum when a and
a are in the region of attraction, i.e., the range in which the stabilization controller
works appropriately. Analogously, for the double pendulum, a, &, y and y should be

inside of the region of attraction.

Many strategies have been proposed for the swing-up of the rotary inverted
pendulum, for example the aforementioned [12], [21], [26]. However, in this section
we use the classical energy based control, and we focus on the stabilization control in
order to obtain the larger region of attraction which allows the stabilization of the
pendulum. We design a LQR controller based on a fuzzy model of Takagi-Sugeno, which

improves the region of attraction to the unstable equilibrium point.

3.2 Rotary Inverted Pendulum

In the case of the RIP, the control strategy is divided in two parts. The swing-up
control allows to reach positions close to the unstable equilibrium point. Then, a
stabilization approach yields the pendulum to the equilibria. In this master thesis, three

different strategies of stabilization have been designed and tested.
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3.2.1 Swing-up Control Strategy — Energy Based Control

The classical approach for the swing-up of the pendulum was developed by K. J.
Astrom and K. Furuta [2]. The idea is the following. First of all, let us consider the
equations of motion of a single pendulum under several assumptions (no friction, the
pendulum is a rigid body, and the velocity of the pivot is not limited). Moreover, instead
of a, consider a’ = a —m in order to get the angle measured from the stable

equilibrium position:

'y : r r_
Jpa —mpgl,sina’ + myulcosa’ =0,

where u is the velocity of the pivot and, in this case, the input. Let us consider the

energy of uncontrolled pendulum, i.e. u = 0:

1 .
E = E]pa’2 +mygl,(cosa’ —1).

It is necessary to know how the energy is affected by the acceleration of the pivot.

So take the derivative of the energy with respect to time:
E= ]pd'éf’ —myglya'(cosa’) = —mpulpd' cosa'.

According to [2], the control of the energy is easy because the system results an
integrator with varying gain. One strategy to swing-up the pendulum to a desired

energy reference E, could be a proportional control law:
u=(E - Eef)a cosa'.

The goodness of the control law can be proven using the Lyapunov method [57]

and taking as Lyapunov function

V= (E B Eref)2
2 )

whose derivative is:
V=—m,l ((E — Eyof)a’ cos a’)z.

17



The Lyapunov function decreases if a' # 0 and cosa’ # 0. Since the pendulum

cannot maintain a stationary position with a’ = +m/2, the energy goes to E,...

Additionally, to change the energy as fast as possible the magnitude of the control
signal should be as large as possible. This is achieved implementing the following

control law:

u = u(E — Eof)sign(a’ cosa’),

where u is a tunable control gain.

3.2.2 Stabilization Control Algorithms
In this subsection the stabilization control strategy is presented. The aim is to

obtain a feedback gain K such that the control law is defined as:

u = Kx.

Three different strategies have been proposed to find this gain: Full State Feedback

(FSF), Linear Quadratic Regulator (LQR) and LQR based on a Takagi-Sugeno fuzzy model.

3.2.2.1 Full State Feedback

First of all, the dynamics of the system (2.5) is approximated by a first order Taylor
expansion at the point xJ = (0 0 0 0). The Taylor series of d variables can be

expressed as

f(xl,.. xd)
(x; — x01) 1 (xd — Xpg)" gnite +ndf
z z z axn1 6xnd (x01""'x0d)-
N1=0n2=0 ng=0 ng! 1 = 0Xy

If only the first order is consider

of

Xj

f(xl, . xd) = f(x01, . de) + z <

N xo) (%) = x0).
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Rewriting the system (2.5) as x = f(x) + g(x)u, we obtain a linear model such

that
fi 0fi 0fi df; %
0x,; 0x, 0x3 0x,4 dx,
f, 0f, 0f, 0f; %
) dx, 0x, 0x3 0x, dx,
x = Ax + Bu = Cx + cu (337)
dfsy 0f; 0f; 0f; %
dx,; 0x, 0x3 0x,4 0x4
of, 0fi Of Of; 394
dx,; 0x, 0x3 0x,4 x=xy dx, =1
being
0 0 1 0 0
0 0 0 1 0
= = . 3.2
A 0 73.0 —-42.8 -0.90 B 77.87 (3.2)
0 1181 -40.8 -—-1.46 77.67

The feedback gain is designed to reach some desired poles. For this reason, the

characteristic polynomial of A is computed:

s"+a,s™t4+--+a, =0,

being in this case n = 4 the number of the states of the system. The transpose

companion matrix [58] of A can be found as:

—
O -
o O
o O

N
I
| see
N~

—
d o
=
|
Qo--
N
|
:QO
A
Q =
S

and the matrix

Next, the characteristic polynomial of the system A + BK is calculated:
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0 1 0 0
0 0 0 0
: : : : l.
\ 0 o . 0 1 /
—a1 + k1 _az + kz _an_l + le—l _an + kn
According with Quanser specifications [59], the damping ratio and the natural

frequency are { = 0.7 and w,, = 4 rad/s, respectively. Thus, the desired poles are

selected as

p=(—40 -30 -—-2.80% 2.86i),

which yields

K =-(19200 9835 1707 29).

Finally it is obtained:

Kegr = KW' = —(=526 2816 =276 3.22),

where W = TT~! and

are the controllability matrices.

If this feedback gain is applied for the stabilization of the pendulum, we can use a
simulation to compute the largest region of attraction. This region is defined by
the maximum a which allows the correct switch between the swing-up and the

stabilization control. In this case, a = 37.2°. The results of the simulation are

shown in the Figure 3.1.
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Figure 3.1: Simulation of the RIP using the FSF controller for the stabilization. a) Angle described by the
rotary arm. b) Angle described by the pendulum. c) Velocity of the rotary arm. d) Velocity of the
pendulum. e) Input signal

3.2.2.2 Linear Quadratic Regulator

The LQR approach is an optimal control technique which consists of minimizing the

cost function given the system (3.1):

J= f x()TQx(t) + u(t)TRu(t)dt,
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where Q and R are the weight matrices and indicate how LQR minimizes the function
and the feedback gain is given by K = R~*BT P, where P is the unique positive defined

solution of the algebraic Ricatti's equation:

ATP + PA— PBR™'BTP +(Q = 0.

The choice of the weight matrices is done using the Bryson’s rules [60]:

1

Qu = maximum acceptable value of x?
1

R:.. =

7 maximum acceptable value of u?

Thus,
8.16 0 0 0
0= 0 816 0 O
0 0 4 0
0 0 0 4
R=1

This yields the following feedback gain:

Kior = —(—2.86 32.14 —237 3.86).

In the same way that in the previous subsection, the maximum «a for LQR is 40.1°.

The evolution of the states and the control signal are depicted in the Figure 3.2.

3.2.2.3 Control based on Takagi-Sugeno fuzzy model

The fuzzy model, which is proposed by Takagi and Sugeno [61], is described by
means of a succession of IF-THEN rules that represent the local input-output relations
of a nonlinear system, in such way that each rule expresses the local dynamic by a linear

system [62]:

Rule i if x, is equal to M%, ... and x,, is equal to M%, then % = f;(x).
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Figure 3.2: Simulation of the RIP using the LQR controller for the stabilization. a) Angle described by the
rotary arm. b) Angle described by the pendulum. c) Velocity of the rotary arm. d) Velocity of the
pendulum. e) Input signal

Therefore, the output of the fuzzy model for any x is the following:

_ 2= wifi(0)

- m
j=1Wj

where
— gl Jj
w; =M ..M,

being Ml.j the membership functions and f;(x) the consequence for each rule [61].
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For the construction of the fuzzy model, the membership function Ml.j can be taken

such that they are divided in M; and M; as it is shown in Figure 3.3.

M, M,

i i

T T1

min‘(:,-) max(z;)
Figure 3.3: Membership functions construction
Note that the relation M; + M; = 1 is preserved and that M; is 0 if z; < min(z;)

and 1 if z; > max(z;) (and the opposite for M;). Writing the variables z; in terms of

these membership functions as

z; = M; max(z;) + M; min(z;),

where max(z;) and min(z;) are the maximum and minimum value, respectively, that
the variable z; can reach. For instance, in the model presented in Section 2.2, the

maximum and minimum values are presented in Table 3.1.

Table 3.1: Maximum and minimum values of the variables zi.

Variables Maximum value Minimum value
Z1 1 0.9003
Zy 1 0.7071
Z3 6 -6
Zy 4.2426 -4.2426

So we can establish the 16 rules as follows:

Rule 1: If z, is equal to My, z, is equal to M,, z5 is equal to M y z, is equal to M,

then x = A;x + Bju.

Rule 2: If z, is equal to My, z, is equal to M,, z5 is equal to M5 y z, is equal to M,

then x = A,x + Byu.
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Rule 16: If z; is equal to M,, z, is equal to M,, z5 is equal to M3 y z, is equal to M,

then x = A16x + Bl6u.

Hence, the 16 rules provide 16 A matrices and 16 B matrices with constant
elements. That is, a fuzzy technique is applied in order to obtain 16 linear systems and
their 16 corresponding feedback gains. As a result, after the defuzzication process, the
gain K applied to the nonlinear system can be computed from

jo1 wiK;x(t)

u(t) = ———g——— = —Kpzx(t), (3.3)
j=1Wj

Where Wi = M1M2 M3M4, Wy = MlMZ M3M4, e, Wig = M1M2M3M4.
Thus, using the LQR design explained in Subsection 3.2.2.2, and using the same

matrices Q and R, we compute 16 K; gains for the 16 states defined by (4;, B;). Finally,

using (3.3), the “overall system” gain applied is:

Kpy; = —(—2.86 2222 -2.28 3.99)

Simulating the system with the feedback gain for the fuzzy controller, we observe
that the region of attraction has grown up. In this case, the switch between the swing-
up and the stabilization is produced in @ = 51.6°. The evolution of the states and the

input signal are presented in the Figure 3.4.

The results of the simulations are summarized in the Table 3.2.

Table 3.2: Comparison of the maximum region of attraction of the different stabilization control
strategies for the RIP in simulation.

Strategy Maximum region of Improvement of LQR
attraction based on TS
FSF 137.2° 38.7%
LQR 140.1° 28.7%
LQR based on TS 151.6° -
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Figure 3.4: Simulation of the RIP using the fuzzy controller for the stabilization. a) Angle described by
the rotary arm. b) Angle described by the pendulum. c) Velocity of the rotary arm. d) Velocity of the
pendulum. e) Input signal

3.3 Double Rotary Inverted Pendulum

In the case of the DRIP, the swing up control is considerably more complex and the
design of the plant is not devised for this kind of experiment. For this reason, the
control strategy only includes the stabilization control. A LQR has been taken as in the
subsection 3.2.2.2 for the RIP. First of all, it is necessary to linearize the system (2.6).

The equations obtained are:

26



]TLi(mS +my + mp) —Lr(”mslS +myLs + mpLs) my, Ly L, g

—L,(mslg + my,Ls + mpLs) Js + mgle + myli +m,L3  myl,Lg a
—mylyL, mylyLs Jp +myl 14
0
(3.4)
0 0 0 B, 0 0 / “\ .
=10 —g(msly +myLs +my,Ly) 0 0 —-B, 0 i g i + (0)
— 0
0 0 gmyl, 0 0 B, \d/
14
Multiplying by
2 -1
]TLr(ms +my, + mp) —Lr(msls +mpLg + mpLS) myl,L,
H=| —-L.(mgls + myLg + myLs)  Js + mgl2 + myl2 + myL%  myl,Lg
—mylyL, myl,Ls Jp + myld

in both sides of (3.4), a linear model is obtained:

]
5 0 0 0 -B, 0 0 /a\
al=H|O _g(msls +myLs + mPLS) 0 0 =B 0 i ]9/ i
V 0 0 gmpl, 0 0 -B, \d /

<.

o)

Replacing the parameters, the (4, B) matrices of the state-space representation

result:

0 0 1 0

s 8 1oy ()

0
0
a-l0 0 0 0 0 | g o0 |
0 29097 -1585 —46.67 —0.75 ’ 84.95 |
ko 25647 —2890 -35.57 —0.70 1.15} k64.77/
0

—339.91 12744 4714 1.15 -3.11 —85.84

= =0 0O

Finally, using LQR as in subsection 3.2.2.2, with the following weight matrices
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Figure 3.5: Simulation of the stabilization control of the DRIP. a)-c) Angles described by the rotary arm

and the pendulums. d)-f) Velocities of the rotary arm and the pendulums. g) Control signal
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the following feedback gain results:

Kp, = —(0.54 -20.48 -5590 045 -7.32 -—5.63).

The correct work of the feedback gain has been tested in simulation. We can see
in the Figure 3.5 that the DRIP reaches the equilibrium when the initial conditions are

close to the linearization point. In this case, x) =(0 0.1 0 0 0 0).
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4.SAMPLING AND CONTROL TASK UPDATE

4.1 Introduction

In this section, the different sampling strategies and ways to update the control
signal are proposed. First, the Time Driven Control (TDC) is introduced. The stability of
uniformly sampled systems has been widely studied [63], [64], [65]. Nevertheless, the
ETC and PETC are proposed to get a best use of resources. The three strategies are
illustrated through an example (a DC motor) and the corresponding results are

compared. Finally, the theory is applied to the rotary inverted pendulum.

4.2 Time-Driven Control

The time-driven control samples the states and updates the control task
periodically. The theory of sampled-data system has been well-developed [66], [67],
[68] and it results very useful for the analysis and design of the system. However, it is

less preferable from a resource utilization point of view [10].

In sampled data control, the control law can be represented as a delayed input as

follows:

u(t) = ug(tp) witht, <t <tpy;, k€N

where u,;(t;) is the discrete-time control signal and the delay is piecewise continuous
and defined as 6(t) =t — t, k € N. In this way, the linearized system (3.1) can be

rewritten as

% = Ax + BKx(t,). (4.1)

The sampling period h is such that h = t,,; — t;, Vk = 0 and it is constant. It can

be computed employing the Nyquist-Shannon sampling theorem [69].

Example 4.1: Consider a linear system of the form:

{x = Ax + Bu (4.2)

y=Cx+Du
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with

- (39
B= ((1)) (4.3)
C=(-0.54 0)
D=0

which correspond to the (stable) second-order linear model of a motor. The sampling
period using the Nyquist-Shannon sampling theorem is h = 0.1 s. We can compute the

discrete model of the system for this sampling period such that
_ (095 0
Aa = (0.097 1)

4= (096009479)

C; = (-0.54 0)

Dd=0
Thus,

X1 = Agxy + Bau(ty),

where x;, = x(t;) and xy41 = x(tx4+1)- We compute a feedback gain using a LQR
design so that the closed-loop system is stable. For a sampling period h = 0.1 s, the
number of samplings per second is 10. The state of the system and the number of

control updates is depicted in Figure 4.1.

4.3 Event-Triggered Control

The idea of a control based on events came up to reduce the waste of
communication resources, because it has been proved to reduce the number of
transmission from the sensor to the controller (and/or from the controller to the

actuator) in the classical time-driven control. Event based systems are characterized by
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an event-triggering condition, which determines when the input signal is updated. The
EBC can be implemented in many ways [7], but the common idea is to define an error

function and a threshold to bound the error.

0.9+

0.8-

0.7 -

08+

0.5~

Events

0.4-
0.3-
02-

0.1

b)

a)

Time (s) Time (s)

Figure 4.1: Simulation of the motor with TDC. In (a) the evolution of the state is represented. In blue x,
and in green x,. In (b) each vertical line correspond to an event. Since the control task is periodically
updated, there is an event each 0.1s

If the error is the difference between the state at the last event occurrence and the
current state and the bound is constant, it is called deadband control [39], [70] and the

triggering condition is (see Figure 4.2 a,b):

lle®ll < ¢

However, the deadband control does not generally guarantee asymptotic stability.
For this reason, others conditions have been studied. For example, bounding the error

with the state [9]:

lle@®Il < allx @)l

Recently, trigger rules depending on the time have been proposed in order to reach

the reference asymptotically [71], [72]:
lle(OIl < c,e”*t
It can be defined also from the Lyapunov function [40] (see Figure 4.2 c):

Vix,t) <S(x,t)

where S(x,t) is a certain threshold of reference.

32



aj b) c)
Figure 4.2: Different trigger rules. Figure from [7]

In this master thesis, an event-triggering condition proportional to the norm of the

state is studied:

lle@®Il < allx(@®, (4.4)

where o is a parameter such that 0 < o < 1, and e(t) is the error between the state

in the last control update and the current state. So, it is defined as:

e(t) = x(t;) — x(0),
and it is compared with a constant event-triggering condition:
lle®Il <, (4.5)
where c is a constant maximum value to determine.
Consider now the following linear system and the first event condition proposed:
x(t) = Ax + BK(e(t) + x(t)) (4.6)

With a similar procedure to [73], where a method to obtain the maximum o for
event-triggered output-feedback is presented, it is possible to guarantee the stability
of the system. First of all, let us define a proposition whose result will be used in the

future.

Proposition 4.1: Consider n X n matrices a and b and considery > 0, alsoan X n

matrix. Then:

2a"bh < aTya + bTp~1b.
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Proof: This can be shown choosing a matrix M* > 0, such that M* = MTM, by
definition of positive definite matrix. Then, if M = (¢pa¢p~1 + ¢ 1b¢), and ¢ is

positive definite:

(padp™" + ¢~ 'bp)" (pagp™" + ¢~ bg) > 0.
Computing the product, using that
atppa+ bTdp 1p~b —2a"h > 0

for a positive definite matrix = ¢7, replacing ¢¢p = 1 and extending the result to the

case in which a = b, the proof is completed. m

Now we can formulate the theorem which guarantees the asymptotic stability of a

linear system under the event condition (4.4).

Theorem 4.1: The system (4.6) is asymptotically stable under the condition (4.4) if
there exist a positive definite matrix P and a positive scalar o such that the inequality

(4.7) is satisfied:
PA, + ATP + PBK(PBK)T + 02 < 0, (4.7)
being A, = A + BK.

Proof: Choose V = xT (t)Px(t) as a Lyapunov function candidate. If P > 0, then V

is a positive definite function. Then compute its derivate:

V =xT(@)Px(t) + xT(t)Px(t) = xT(t)(PAj + ALP)x(t) + 2xT (t)PBKe(t).

Keeping in mind the Proposition 4.1 and taking a” = xT(t)PBK, b = e(t) and
Y =1.Then

V < xT(t)(PA, + ALP + PBK(PBK)T)x(t) + eT (t)e(t).

Since eT (t)e(t) < a?xT(t)x(t) holds, replacing e’ (t)e(t) by oxT(t)x(t):

V < xT(t)(PAy + ALP + PBK(PBK)T + 02)x(t),
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and considering that V < 0 must hold for asymptotic stability (Lyapunov’s second

method [57]):

PAy + ATP + PBK(PBK)T + 02 < 0

and this completes the proof. m

Remark: Note that the inequality (4.7) is nonlinear due to the third term. However,

it can be transformed in a Linear Matrix Inequality (LMI) using the Schur complement

[74]:
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Figure 4.3: Simulation of the motor with ETC with condition (4.4). (a) The evolution of the state
variables. In blue x; and in green x,. In (b) each vertical line correspond to an event. The more the state
is close to zero, more events happen. (c) In black the evolution of the norm of the error. In red, the
bound determined by the event condition (4.4)

Example 4.2: Consider again the continuous system (4.2), (4.3) and the event

condition (4.4). If we compute again a feedback gain K using, for example, a LQR and
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we apply the Theorem 4.1, the result is that the system can be asymptotic stabilized to
the origin if the parameter o satisfies ¢ < 0.6. We can take for instance ¢ = 0.3 in

order to check the result.

In the Figure 4.3a, we can see that the behaviour of the state is very similar to the
presented one in the case of time-driven control. However, in this case, the signal input
has been only updated 38 times. That is a reduction of 52.5%. Figure 4.3b illustrates

how the events are more and more frequent when the state is closer to zero.

Moreover, we can see in the Figure 4.3c how the error increases with time until it

reaches the bound. Then the control task is updated and the error goes back to zero.

We can compare this result with the constant event-triggering condition (4.5),
choosing for example ¢ = 0.03. The Figure 4.4 shows that the system is not
asymptotically stable even when it is simulated for a long time (100s). Besides, 54
events have been produced in 8 s, a higher number than in the case of the condition

(4.4). Respect to the time-driven control, the number of samplings is reduced in 32.5%.

4.4 Periodic Event-Triggered Control

The idea of the PETC, as already mentioned, is join the advantages of time-sampled
control and event-triggered control to reduce the waste of communication and
computation resources. The Periodic Event-Triggered Control has been studied by

Heemels et al. [10] for linear systems and more recently for nonlinear systems [36].

In this master thesis, one of the principal aims is to obtain a novel way to determine
the maximum period that guarantees the stability of the system and the boundedness
of the error due to the even-triggering. Note that, in general, when choosing a period
and an event-triggering condition the system can be stable but the second condition
usually does not hold. That is, the event occurs between the times t; and t;,; butitis

not detected until ¢, (see Figure 4.5).
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Figure 4.5: Scheme of the situation when the time between an event and another is less than the

(4.5)
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With this aim in mind, the theory established for the ETC is extended to the PETC.
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Let us formulate the following proposition, which is derived from the Razumikhin
theorem [75], the improvement made by B. Xu and Y. Liu [76], and the corrections of

X. Mao [77], and that will be used in the future.

Proposition 4.2: A time-delay system with maximum time-delay h is asymptotically
stable if there exists a bounded quadratic Lyapunov function V such that for some & >

0, it satisfies
V(x) = ellx|?
and its derivative along the system trajectory, V(x(t)), satisfies
V(x(®) < —ellx||?

and thereis a g, = 1/q4 such that

sup V(t+&x(t+8)<qV(tx®)
$€[-h,0]

atanyt > t, implies

. s[ufo]llx(t + O < q1q:llx@Il < uH{g vlx©®I13
€(—h,

at the same t whenever
llx(t + DIl < qllx(®I, -h <& <0
for some constant g = q1q, > 1.

This proposition is derived from the Razumikhin theorem, which can be found in

the Appendix B.

Consider the linear system (4.6) and replace e(t) + x(t) by e(t;) + x(t;), because
the event condition is only checked periodically at t;, k € N. Finally, calling §(t) =t —

tk:

x(t) = Ax(t) + BK(e(t — 8(8)) + x(t — 6(1))) (4.8)
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Consider also the condition (4.4). Then, it is possible to formulate the theorem.

Theorem 4.2: Given the system (4.8), it is asymptotically stable under the condition
(4.4), if there exist a positive definite matrix P, a positive scalar g, scalars q1,q > 1,

and a positive period h such that the inequality (4.9) is satisfied:

—Q* + hR* < 0, (4.9)

where the matrices Q* and R* are

Q* = —[ALP + PA, + PBK(PBK)" + 02q] > 0

R* = 2q,P + PBKAP~*(PBKA)T + P(BK)2(P(BK)?)T
+ P(BK)2P~1(P(BK)®)T + 62q > 0.

Proof: Note now that x(t — 7(t)) can be expressed as:

t

x(t —1(0) = x(0) — f KOs

=x(t) — f Ax(s)ds — f BKx(t — T(t))ds
t—(t) t—(t)

- f BKe(t — t(t)) ds
t—1(t)

Then (4.8) results:

x(t) = Ax(t) + BKx(t) — BKA f x(s)ds — (BK)?x(t — t(t))r(t)
t—1(t)

— (BK)?e(t — t(t))t(t) + BKe(t — t(t))

Choose now a candidate Lyapunov function as in the ETC case. That is, V =
xT (t)Px(t), P positive definite, which is a bounded quadratic function and satisfies
the first condition of the Proposition 4.2. Computing its derivative:

t

V =xT(t)(PA, + ALP)x(t) — f 2xT(t)PBKAx(s)ds

t—1(t)

= 21()xT () (P(BK)Hx(t — t(1))
—1()xT()P(BK)?e(t — (t)) + xT () PBKe(t — 7(t))
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Using again the expression 2a’bh < a’ya + bTyY~1b (see Proposition 4.1) and

noting that 7(t) < h, each term is bounded and the period comes up explicitly.
o Withal = —xT(t)PBKA, b = x(s),y = P~ L

t t
- j 2xT () PBKAx(s)ds < f V(s)ds + h[xT () PBKAP~1 (PBKA)T]
t—1(t) t—1(t)

o Witha” = —xT()P(BK)?, b = x(t —t(t)),p = P%:

—21()xT () (P(BK)®)x(t — ©(t))
< h[xT(t)P(BK)?P~Y(P(BK))T + V(t — 1(t))]

o Witha” = —xT()P(BK)%, b=e(t —t(t)), Y =1

—t()xT (t)P(BK)?e(t — ©(t))
< h[xT(&)P(BK)?(P(BK)®)T + eT(t — t(t))e(t — 1(t))]

o Witha” = —xT(t)PBK,b=e(t —t(t)), ¥ =1

xT(t)PBKe(t — 1(t))
< xT(t)PBK(PBK)Tx(t) + e (t — t(t))e(t — t(t))

Summarizing:

t

V < xT(t)(PA, + ALP)x(t) + f V(s)ds + xT(t)PBK(PBK)Tx(t)

t—1(t)
+eT(t—(®)e(t — (1))
+ +h[xT (t)PBKAP~'(PBKA)"
+xT()P(BK)?P~(P(BK)?)T + V(t — 7(1))
+xT(O)P(BK)?(P(BK)?)T + €T (t — t(t))e(t — T(t))]

Using the Proposition 4.2, the Lyapunov function can be bounded as V(t + §) <

q.V (t) with some constant q; > 1. So the following terms can be bounded:

f V(s)ds < f qV (x(t))ds < q,hV (x(t))
t—1(t)

t—1(t)

V(x(t—t(0)) < g,V (x(1))
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In addition, the triggering condition (4.4) is introduced, so eT(t— T(t))e(t —

7(t)) < o2x"(t — 7(0))x(t — (t)) < a?qllx(®)|l. Finally, V is bounded:

V < xT(t){PA, + ALP + PBK(PBK)" + 0%q
+ h[2q,P + PBKAP~Y(PBKA)T + P(BK)?P~*(P(BK)?)T
+ P(BK)?(P(BK)?)T + 02q]}x(t) = xT(t)[—Q* + hR*]x(¢)
<0
The system is asymptotically stable if V < 0. Then if (4.9) holds, the stability

condition is fulfilled guaranteeing that no events happenift — ¢, < h. m
Remark: Note that if h — 0, then the Theorem 4.2 turns into the Theorem 4.1.

Remark: As in the Subsection 4.3, the condition (4.9) is nonlinear. To construct a

LMI, let us multiply (4.9) by S = P~ on the right and the left:

[SAT + A,.S + BK(BK)T + Sa2qS]
+ h[2q,S + BKAS(BKA)T + (BK)2((BK)»)T (4.10)
+ (BK)2S((BK)?)T + S02gS] < 0

Then, employing the Schur complement:

/ SAT + A,.S + BK(BK) + 2hq,S ¢ \

| ThIBKAS(BKAYT + (BK)*(BKY2)T + (BK)*S((BK)™)'] <o
—

\ S g2q(1+h)

Example 4.3: Consider once again the system (4.2)-(4.3) and let us take the
parameter ¢ = 0.3 from the Example 4.2. Then, from the Theorem 4.2 the maximum
period h which guarantees the asymptotic stability of the system and that (4.4) holds

is h = 0.16. Taking, for instance, h = 0.1, the results of the Figure 4.6 are obtained.

4.5 Application to the Stabilization of the RIP

First, the time-driven control is applied. Using the Nyquist-Shannon theorem, we
can determine a sampling period of 10 ms. Simulating the system (3.1)-(3.2) with any

of the computed feedback gains, for example, Krsr. The result is shown in Figure 4.7.
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Figure 4.6: Simulation of the motor with PETC. (a) The evolution of the state variables. In blue x; and in
green x,. In (b) each vertical line correspond to an event. The closer the state is to zero, the shorter is
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Consider the ETC, applying the results of the Theorem 4.1 for the system (4.6),
being A and B the matricies of (3.2) and the feedback gains corresponding to the three

stabilization methods, the following maximum o are got (Table 4.1).

Table 4.1: Comparison between the maximum o obtained for the different stabilization strategies. It is
presented the maximum o so that (4.7) holds. The last value of o is the value for which (4.7) does not
hold but if the inequality was =, then it would be feasible.

Maximum o not strictly

Strategy Maximum o feasible feasible but may be
feasible
FSF 0.0225 0.0377
LQR 0.0630 0.0699
LQR based on TS 0.0548 0.0599

If we simulate the system for the three gains with, for instance, 0 = 0.02, 0 = 0.06
and o = 0.05, respectively, the number of events is clearly reduced in comparison with
the TDC in the case of LQR and TS. However, the FSF controller in ETC present worse
results than TDC because its maximum o is more conservative (see Table 4.2). In the
Figure 4.8 the evolution of the states and the error and the events are represented for
the fuzzy control as an example. It can seem weird that more events happen when the
system is far from the equilibrium. However, the reason for this is that the velocity of
the pendulum increases very fast at the beginning because of the gravitational

acceleration. When the pendulum is closer to the equilibrium, this effect is reduced.

Table 4.2: Comparison of the different strategies for the RIP using the ETC respect to the TDC in
simulation.

Reduction respect

Strategy o Number of events to the TDC
FSF 0.02 733 -83.25%
LQR 0.06 255 36.75%
LQR based on TS 0.05 289 27.75%

Next, these values of g can be taken to determine the maximum period in the case
of PETC. Solving the inequality of Theorem 4.2 for the system (4.8), the maximum h

that results for the three stabilization methods can be computed (see Table 4.3).
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Figure 4.8: Simulation of the linear model of the RIP with gain K. In (a), the angle of the rotary arm is
in blue, the angle of the pendulum in green, the angular velocity of the rotary arm in red and the
angular velocity of the pendulum in cyan. In (b) each vertical line correspond to an event. (c) In black
the evolution of the norm of the error. In red, the bound determined by the event condition (4.4)

It is easy to see that the maximum h is very small. This is caused because of the fast
dynamics of the system. In fact, if we observe the difference in time between events in
the ETC of the Figure 4.8c, the smallest time between two events is 2.18 - 107> s. It is
important to remark that this h guarantees that the condition (4.4) never is violated
but the system can be stabilized even if this condition does not always hold. An
example can be seen in the Figure 4.9. The linear system is stabilized (a) but the event

condition is violated in the intervals 0 — 0.007 s and 0.06 — 0.065 s (b).

Table 4.3: Comparison between the maximum h obtained for the different stabilization strategies which
guarantee the stability.

Strategy o Maximum h [s]
FSF 0.02 8.09-10°
LQR 0.06 2.68-10°
LQR based on TS 0.05 3.68-10°
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Figure 4.9: (a) Evolution of the states in the simulation of the RIP with gain K;og, o = 0.05 and period
h = 0.001 s. (b) Violation of the bound (red) by the (error)

Since the sampling period for this RIP is ~10 ms, it does not make sense to consider
periods around 0.01 ms. This shows that the developed theorem for PETC vyields

conservative results that are unrealizable for systems as fast as the RIP.
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5.SIMULATION PLATAFORM

5.1 Introduction

A simulator of the models has been deployed using a tool called Easy
Java/Javascript Simulations [78]. The objective is to have a visual representation of the
plants before the tests over the real plant. Moreover, it serves as a testing ground

before to the implementation of new controllers or for educational purpose.

5.2 Easy Java/Javascript Simulations

Easy Java/Javascript Simulations (EjsS) is a free authoring tool written to create
interactive simulations in an easy way. The principle advantages of EjsS are that it is
free and open source software and that advanced knowledge in programming are not
required in the creation of the simulations. In addition, EjsS gives high-level graphical

capabilities as well as a high degree of interactivity and flexibility.

In this master thesis, a simulator for the RIP and the DRIP has been created using
EjsS to show visually the dynamics of the plant and to allow tests of the different

control laws.

More information about EjsS can be found at the site web: [79].

5.3 Simulation Description

The simulator deployed in EjsS allows the selection of:

e The dynamical model (RIP or DRIP)
e The stabilization controller (see Section 3)

e The sampling and control update strategy (see Section 0).

The current version of the simulator is based on a menus’ system, so that the user
can choose the simulator of the RIP or the DRIP. Then the user has the possibility to
choose the type of the controller (FSF, LQR or Fuzzy for the RIP and LQR or an own

controller for the DRIP). Besides, in the case of the RIP, it is available the decision of
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the type of the control task update. This is made through the menus of a) in the Figure

5.1. The user has also the possibility to change the language (Spanish or English).

Once the user has selected a plant, the RIP by default, its view is shown (see Figure
5.1 for the RIP and Figure 5.3 for the DRIP). In the case of the RIP, the simulator has
several panels that have been labelled from b) to f) (see Figure 5.1). In this case, we can
display the linear model (red), the nonlinear model (blue) or both (panel b), so that the
behaviours can be compared. Even more, both representations can be overlapped.

Also a summary of the control design is shown in the panel c).

Moreover, the set-point for the angle motor can be change using a slider (see panel
d)). Another slider allows the graphical overlapping commented above. On the right
hand side, the different graphs show the positions, velocities, control signals in the
panel e). Additional comments are given for the Event tab (see Figure 5.2). The graphs
show a black curve that represents |le(t)|| and a red curve, which is the threshold.
Also, the number of events, that is the number of samples and control task updates, is
shown, as well as the number of times that the event condition is checked in both cases

(linear and nonlinear).

The panel f) on the bottom right of the simulator, some numerical values are
displayed. At the beginning of the simulation, it is possible to change them to define

the initial conditions.

The simulator of the DRIP has a similar structure (see Figure 5.3). The graphical
representation of the DRIP is shown in the panel a). Input commands to the motor
angle can be given with the slider in the panel b), as in the case of the RIP. The main
difference with the simulator of the RIP is that the user can introduce his own code and
test it in the simulation (see panel c)). The use of this element will be explained later in
the next subsection. On the right side, main variables of the model are represented in
the panel d) and their values are shown in the panel e). As for the RIP, the initial

conditions are chosen at the beginning of the simulation.
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Figure 5.2: Event tab in the EjsS simulator of the RIP

5.4 Examples of Simulation and Use

In the simulator of the RIP, we can compare the linear and the nonlinear models. If
the initial conditions are selected close to the upright position (equilibrium), the

behaviour should be the same, as the Figure 5.4 shows.
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Figure 5.3: Simulator in EjsS of the double rotary inverted pendulum

The simulator allows to illustrate the influence of the design parameter o. The
higher ¢ is, the fewer events are triggered. In the Figure 5.5, these results are shown.
Moreover, we can estimate which feedback gain requires more updates. We can see
from the Table 5.1 that the control based on the Takagi-Sugeno model triggers less

events to stabilize the RIP.
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Figure 5.4: Simulation of the RIP with initial conditions xI = (0 0.1 0 0). The behaviour of the

Table 5.1: Number of events for the different controllers. ¢ = 0.02 and initial conditions x} =

(0 01 0 0.

Events

nonlinear model and the linear approximation are very close

FSF
733

LQR
632

TS
615
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Figure 5.5: Number of events as a function of o and for the LQR controller. Only the stabilization control
is taken into account (initial conditions xI = (0 0.1 0 0))

Some properties of the event conditions can be easily observed. For example, the
results for the event condition (4.4) are shown in the Figure 5.7a. On the contrary, the
results when the event condition (4.5) is used are depicted in the Figure 5.7b. The
simulation shows that when the constant event condition is used, the system is not
asymptotically stable and the pendulum oscillates around the equilibrium point (see

Figure 5.6).
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Figure 5.6: Simulation of the RIP using (4.5) with ¢ = 0.03
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Figure 5.7: Comparison in simulation of the conditions (4.4) (a) and (4.5) (b)

The simulator of the DRIP can be used for two purposes. On one hand, the
disturbances can be induced on the system clicking on the pendulum on the top. The
magnitude of the disturbance will be proportional to the time that the user is clicking
on it (see Figure 5.8). The user can see how the controller tries to reject the disturbance
and the pendulum moves back to the equilibrium. If the disturbance cannot be rejected
(Figure 5.8b), then the DRIP falls freely and describes a chaotic movement [80] until

the friction stops it.
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Figure 5.8: Behaviour of the DRIP to face a disturbances. In (a), small disturbances. In (b) an intense
disturbances

On the other hand, the simulator of the DRIP includes an option to test controllers
developed by the user. To do that, the user has to select DRIP - Own controller in the
menu bar (see Figure 5.1a)). There are also three buttons: edit, save and load. If the
user clicks on edit, a new window is displayed, where the user can write his own code.
When the window is closed, the simulation starts using the written code as a controller.
The buttons save and load allow to save and to get the controller codes to and from a
txt file, respectively. In the Figure 5.9 we can see how the DRIP is stabilized using a

simple controller implemented by the user.
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code. In (b), it can be seen enlarged
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6. EXPERIMENTAL PLANT

6.1 Laboratory Description

The experimental plant consists of the RIP or DRIP of the Figure 1.3 attached to a
SRV-02 gear (see Figure 6.1a). In the case of the RIP, two encoders measure the angles
of the rotary arm and the pendulum. The encoders are connected to a data-acquisition
board (see Figure 6.1b) which is also connected to the PC. In the case of the DRIP, an
additional encoder is required to measure the angle of the second attached pendulum.

A power amplifier (see Figure 6.1c) supplies the voltage to the motor.

- N

—

c)

Figure 6.1: (a) SRV-02 motor, (b) Q8-USB data-acquisition board, (c) VoltPAQ-XI power amplifier from
Quanser Inc.
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6.2 Experimental Results for the RIP

In the case of the RIP, two experiments have been performed to study: i) The region
of attraction of the different stabilization controllers, ii) The events triggered in the

different sampling strategies.

For the first experiment, the regions of attraction for the different controllers are
shown in the Table 6.1. As we predicted with the simulations of the Subsection 3.2.2,
the region of attraction of the controller based on a model of Takagi-Sugeno is the
largest. However, the results are not as significantly different as in the simulation (see

Table 3.2). The cause of this might be model uncertainties.

Table 6.1: Comparison of the maximum region of attraction of the different stabilization control
strategies for the RIP in the experimental lab.

Strategy Maximum region of Improvement of LQR
attraction based on TS
FSF +31.5° 27.6%
LGR 134.3° 17.2%
LQR based on TS +40.2° )

The evolution of the states is shown below. The angles described by the rotary arm
and by the pendulum for the three controllers are represented in the Figure 6.2 and
the Figure 6.3, respectively. The corresponding velocities are shown in the Figure 6.4
and the Figure 6.5. In the Figure 6.6, the input signal is displayed. If the results are
compared, we conclude that the maximum region of attraction for the stabilization is
larger in the fuzzy control and, moreover, this stabilization is achieved in less time than

in the FSF control or the LQR control.
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Figure 6.2:Measurement of the angle described by the rotary arm in the case of a) FSF control with
switch from swing-up to stabilization in &« = 31.5°, b) LQR control with switch from swing-up to
stabilization in @ = 34.3° and c) LQR control based on a fuzzy model of TS with switch from swing-up to
stabilization in a = 40.2°
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Figure 6.3: Measurement of the angle described by the pendulum in the case of a) FSF control with
switch from swing-up to stabilization in « = 31.5° b) LQR control with switch from swing-up to
stabilization in « = 34.3° and c) LQR control based on a fuzzy model of TS with switch from swing-up to
stabilization in a = 40.2°
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Figure 6.5: Measurement of the velocity of the pendulum in the case of a) FSF control with switch from

swing-up to stabilization in &« = 31.5°, b) LQR control with switch from swing-up to stabilization in a =

34.3° and c) LQR control based on a fuzzy model of TS with switch from swing-up to stabilization in a =
40.2°
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Figure 6.6: Measurement of the input signal in the case of a) FSF control with switch from swing-up to
stabilization in &« = 31.5°, b) LQR control with switch from swing-up to stabilization in @« = 34.3° and c)
LQR control based on a fuzzy model of TS with switch from swing-up to stabilization in a« = 40.2°

As far as the event triggering design is concerned, the theoretical bound of the
sampling period obtained for the PETC in the subsection 4.5 is too small to be
implemented in an experimental lab. Nevertheless, we can test the results. In the Table
6.2 we can see a comparison of the number of events produced in 15 s using the TDC

and using PETC with a sampling period of h = 10 ms.

Table 6.2: Comparison between TDC and PETC in the experimental plant.

Strategy Even_lt_Eg\ the o Ever;t;!g the Reduction
FSF 1090 0.03 784 28.1%
LQR 1096 0.1 800 27.0%
LQR based on TS 1010 0.2 674 33.3%

We can plot the evolution of the states in the last case (TS model) as an example
(see Figure 6.7). We observe how the behaviour is very similar to the one obtained with
the periodic control (Figure 6.2 - Figure 6.6). The number of events have been clearly
reduced and hence, the waste of communication resources. However, it is not
guaranteed that the event condition holds for such a large h. In fact, taking a look to

the Figure 6.8, we check that the threshold is exceeded several times.
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If we compare the results of the Table 6.2 with the Table 4.2 of the Section 4.5, the

order of the reduction of updates is similar in the case of LQR and TS (~30%).
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Figure 6.8: The evolution of the error (black) and the bound (red) with the fuzzy control in the case of
the PETC in the experimental plant

6.3 Experimental Results for the DRIP

In the case of the DRIP, the plant can serve to test the computed feedback gain and
how it responses to disturbances. The evolution of the states and the inputs signal are
presented in the Figures 6.9 — 6.11. We can observe that the computed feedback gain

keeps the DRIP in the unstable equilibrium position.
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Figure 6.9: Measurement of the angles described by the rotary arm (a) and the pendulums (b-c) while its
stabilization
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/7.CONCLUSIONS AND FUTURE WORK

7.1 Conclusions

This master thesis has studied the dynamical models of the RIP and DRIP as well as
different control and sampling strategies. A simulation tool developed in EjsS to
evaluate different control designs has been presented. Finally, the experimental results
have illustrated the results. Hence, the conclusions deduced from this master thesis

can be structured as follows.

First, the region of attraction of the rotary inverted pendulum has been studied. A
new feedback gain has been derived from a fuzzy model of Takagi-Sugeno. This
feedback gain has been tested in the real plant with best results than in the case of
classical controllers as FSF and LQR. Specifically, it improves 27.6% respect to FSF and

17.2% respect to the LQR.

To reduce the waste of resources, different ways to sample and update the control
task have been studied. The classical time-driven control has been compared with the
event-triggered control. Moreover, the periodic event-triggered control, a combination
of both, has been considered. The objective is to reduce the waste of communication
resources (as in ETC) and the waste of computation resources (as in TDC). In this
direction, the Theorem 4.2 has been proposed. It provides a period h which guarantees
that, if the event condition is checked only at multiples of h, then the system is
asymptotically stable and the event condition is never violated in the interval

(nh,(n + 1)h).

These strategies for the control task update have been applied to the rotary
inverted pendulum. This system has several difficulties due to its fast dynamics.
However, the simulation results have shown that the ETC provides an important
reduction in the number of updates for the case of the LQR (36.75%) and the TS
(27.75%). The application of the Theorem 4.2 to the RIP provides very small periods,
that makes this design non-implementable in the experimental plant. The reason for

this is that the event condition can be violated in short periods of time due to the fast
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dynamics. However, for a system with slower dynamics (a DC motor) the usefulness of

the PETC has been clearly demonstrated

The event-based control has been successfully implemented in the experimental
plant, yielding a considerable reduction of control task updates (approximately 30%),

even though the event condition is violated several times.

Some preliminary results have been obtained for the DRIP. The dynamical model

and the study of the stabilization controller have been presented.

As final contribution of this master thesis, a simulator in EjsS has been developed
for the RIP and the DRIP. The objective is to provide an intuitive, interactive, graphical
simulation, which provides the users an insight of the hands-on lab. In addition, it
serves as a starting point to include this plant in the network of remote labs the

department coordinates.

7.2 Future Work

Some of the future work can be deduced from the previous conclusions. On the
one hand, the improvement of the Theorem 4.2 which yields a conservative choice of
the sampling period can be tackled by the use of Lyapunov functionals, because the
bound to V results less conservative [81]. Another line of research can be the design of
more appropriately event conditions. Both directions could make implementable the

formalism of ETC and PETC in plants with fast and unstable dynamics, such as the RIP.

On the other hand, a complete study of the DRIP is still a long way away. It is
necessary to improve the region of attraction of stabilization to develop an effective

swing-up control law. This may be done using the fuzzy strategy proposed.

Finally, as we have mentioned, the integration of the plant in the network of

remote laboratories Unilabs [82] should be a fundamental objective.
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APPENDICES

A. The SRV-02 motor model

On one hand, using Kirchhoff’s second law in the circuit of Figure A.1 and that back-
emf voltage (E,y,f) is proportional to the speed of the motor shaft 6., , it follows the

electrical equations:

dl (1)

T k.0 = 0.

Vi, (t) — Ryl (t) — Ly,
Since L,, < R,,, the inductance (L,,) can be neglected and, solving for I,,,(t):

V. (t) — k.0
L, (t) = m()R ==,
m

On the other hand, from Newton’s second law, the mechanical equations of the
motor shaft are got:

Ty

ngKyg

- Bméml (A.1)

]mém =Tm —

where 1, is the torque applied on the motor shaft, B, the viscous friction acting on it

and t; is the torque applied on the load.
Analogously, for the load of the motor:
116, = 7, — B,6, (A.2)

being B, the viscous damping coefficient at load. Collecting the equations (A.1) and
(A.2), it yields:

]lél = T’gKng - ngKg]mém - Blél - ngKgBmém- (A.3)
Since 0, = K0, and 7, = 1,y K¢ Iy, then (A.3) can be written finally as:
]eqél = ngKgantIm - Beqélr (A.4)

where Joq = J; + 1gKyJ;mKy and Beg = B; + 14K Bp,.
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Figure A.1: Electrical circuit of the SRV-02 gear and gear train. Figure from Quanser Inc.
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B. Razumikhin Theorem and Proposition 4.2 derivation

This appendix describes the Razumikhin theorem. It can be also found in the book

of Gu et al. [75] with the corresponding proof.

Theorem B.1 (Razumikhin Theorem): Suppose f: R X C — R" in aretarded system
x(t) = f(t,x(ty)), takes R X (bounded sets of C) into bounded sets of R, and u,
v, w are continuous nondecreasing functions, such that u(x),v(x) > 0 Vx # 0 and
u(0) = v(0) = 0, v strictly increasing. If there exists a continuous functional V:R X

R"™ - R such that
u(llx]) < V(t, x(t)) < v(lx|]), fort € Rand x € R"

and the derivative of IV along the trajectories of the system satisfies:

V(t,x(t)) < —w(||x|]) whenever V(t +60,x(t + 9)) < V(t,x(t))

for 8 € [—6, 0], then the system is uniformly stable.

If, in addition, w(x) > 0 for x > 0, and there exist a continuous nondecreasing

function g(x) > 0 for x > 0 such that the above condition on V is reinforced:

V(t,x(t)) < —w(||x||) whenever V(t + 0, x(t + 9)) <q (V(t,x(t)))
for 8 € [—h, 0], then the system is asymptotically stable.

Next, using the following corollary of the Theorem B.1 and the improvement of the

Razumikhin Theorem developed in [76], the Proposition 4.2 can be derived.

On one hand, we can formulate the corollary such that a time-delay system with
maximum time-delay h is asymptotically stable if there exists a bounded quadratic

Lyapunov function V such that for some & > 0, it satisfies
V(x) = ¢llx|?

and its derivative along the system trajectory, V(x(t)), satisfies
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V(x(t)) < —ellx||?

whenever

V(x(t+8) <qV(x(),-h<&<0
for some constant g > 1.

To prove this, it is only necessary to show that the Lyapunov function is such that
V(t,x(t)) < v(|lx]]), because the rest of the conditions of the Razumikhin theorem
hold in the proposition. Since the Lyapunov function is bounded quadratic (For example

V = xT(t)Px(t)), then there always exists a sufficiently large constant C such that:

V< Clixll?

Then for v(|lx]]) = Cl|x||?, all the conditions of the Razumikhin theorem are

satisfied.

On the other hand (see [76], [77]), less conservative conditions are obtained if all
of the suppositions of the Razumikhin theorem are satisfied and g; > 1 is a constant.

If there is a continuous function V such that:
i) Forte Randx € R"

u(llxl) = v, x(8)) < v(lix|D;

ii) thereisaq, = 1/q4 such that

sup V(t+&x(t+8))< qlV(t,x(t))
$€[-h,0]

atany t = t, implies

. S[”,{? ]le(t + O < q1q:llx@Il < uH{g vllx (@)1}
€[—h,0

at the same ¢;

iii) for any t,
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V(t, x(t) < —w(llx|]) whenever ; s[ufz?o]llx(t + O < qllxl
€|—h,

for 8 € [—h, 0], then the system is asymptotically stable.

Finally, since a bounded quadratic Lyapunov function can satisfy the Razumikhin
theorem in a restricted form, which is the necessary one to apply the less conservative

condition ||x(t + &) < qllx(¢)]l, the Proposition 4.2 is obtained.
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