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In 1781, Gaspard Monge [6] proposed the following problem: Let c(x, y) denote the cost
of transporting a particle of mass from the location x € R? to y € R?. If n € IN particles
at locations x1,...,x, € R? need to be transported to y1,...,yn € R? in a bijective way,
what is the optimal assignment of locations? In mathematical terms, Monge problem can
be formulated as

argmin Y c(x;, T(x;)) st T:{xy,...,xs} = {y1,...,yn} is bijective. M)
T i=1

Solving (M) is not straightforward, as it involves a nonconvex optimization. However,
if the locations are univariate measurements (i.e., elements of R) and c(x,y) = (x —y)?,
the optimal solution can be computed by matching the order statistics—an essential tool
for nonparametric statistical inference—of the locations. That is, we relabel x4, ...,x, as
X(1) - -+ X() SO that x( ) < -+ < X(y). We do the same for the y-locations. Then the optimal

a551gnment is x; (see Fig. 1). But how is this done for multiple variables?
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Figure 1: Monge problem for univariate data.

It took around 150 years until L.V. Kantorovich, later awarded the Nobel Prize in Eco-
nomics, shed some light on Monge problem. In 1942, he formulated in [5] a generalization
of (M) allowing for particle splitting—that is, a fraction of each particle can be mapped to
different locations. In mathematical terms, we want to find

argmin Z xl,y] vij st Z’sz— Z'yk]—lforalllje{l ,n}. (K)
Y i,j=1 = k=1

This indicates that the <y; ;-portion of the particle at location x; is mapped to location y;.
The Kantorovich optimization problem has a larger feasibility set, since permutation matri-
ces—those having all entries equal to 0 except for a single 1 in each row and column—define
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the feasibility set of the Monge problem. The main advantage of Kantorovich’s relaxation is
that (K) is a convex optimization problem. Indeed, it is a linear program over the polytope
), of doubly stochastic matrices. Hence, the solutions of (K) form a face I' of (), (recall that
the vertices of I are, in particular, vertices of ),). A celebrated result by Birkhoff (see [1])
states that the vertices of (), are precisely the permutation matrices. Therefore, the solution
set of (K) can be characterized as the convex hull of the solutions of (M).

To conclude, Monge and Kantorovich problems are generally formulated in the contin-
uous version: Given two random variables X € R? and Y € R? with distributions P and
Q, Monge problem minimizes E[c(X, T(X))] among Borel maps T : R — R? such that
T(X) follows the distribution Q, while Kantorovich problem minimizes E[c(U, V)] among
the random variables (U, V) with marginal distributions P and Q. The relationship be-
tween the Kantorovich and Monge problems in the continuous setting has been explored
in the works of Yann Brenier [2], Juan Antonio Cuesta-Albertos and Carlos Matran Bea [3],
Ludger Riischendorf and Svetlozar Rachev [8], as well as Wilfrid Gangbo and Robert J. Mc-
Cann [4]. Of course, that’s just the tip of the iceberg—there’s a whole history behind this,
and the standard references (see e.g. [7, 9, 10]) tell the rest of the story.
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