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Introduction

Given an operator 7', an important question in harmonic analysis is whether this
operator is bounded on LP, i.e., if there exists a constant C' > 0 such that

ITfllze < Cll fllzr-

There are many cases in which the norm of 7" on LP is finite for a certain range
of p and blows up as p approaches some critical value p = py. The point py at
which T loses its boundedness properties is called an endpoint, and it becomes
valuable to obtain a suitable estimate for the operator T" at such endpoint. For
example, the norm of the Hardy-Littlewood maximal operator M in (0, 1) behaves
like (p — 1)~ so it is unbounded at the endpoint py = 1. Nevertheless, it is still
interesting to determine for which integrable functions f, the function M f is also
locally integrable.

Yano’s theorem deals with the problem of finding estimates at the endpoint py = 1
when the norm of 7" on L? for p > 1 behaves like (p — 1)~ for some o > 0.

The origins of Yano’s Extrapolation Theory go back to 1928, when Titchmarsh [98]
proved that if € is the conjugate function on the interval (0, 1)

1
¢ f(x) == p.v. /0 f(x —y)coty dy,

then € f € L'(0,1) whenever flog(2+ |f|)'™ is integrable for some € > 0. Almost
at the same time, Zygmund [103] claimed that the above result should remain true
for e = 0. One year later, Titchmarsh [99] published a second paper where, using

that ,
€ Lp(o’ 1) — Lp(07 1)7 ||C€|| S —1a
p —



he obtained Zygmund’s conclusion. In the same year, Zygmund [104] also proved
the result using a different argument.

In 1951, inspired by the ideas of Titchmarsh, Yano [102] published the following
theorem.

Theorem 1 (Yano, 1951). Let (X, pu) and (Y,v) be finite measure spaces. If T is
a sublinear operator such that, for every 1 < p < 2 and for some o > 0,

1

T:LP(p) — LP(v), TS 1)

Then,
T : L(log L)*(u) — L*(v),

where L(log L)*(n) C L'(u) 4s the space of functions such that
/ |f(2)] (1 +10g+|f(x)\>adu(x) < .
X

The relevance of Yano’s theorem also relies on the fact that is optimal in the sense
that we cannot expect to obtain a better endpoint estimate with these hypotheses.
Indeed, in the particular case of the maximal operator M, for 1 < p < 2,

1
M : LP(0,1) — LP(0,1), | M| < PR
p_

and M f € L*(0,1) if and only if f € Llog L(0,1).

Since its original formulation and its extension to o-finite measure spaces (see [14]),
different versions of Yano’s theorem have appeared in the literature, leading to a
very complete extrapolation theory.

Some variants of Yano’s theorem involve spaces in the hypotheses that differ from
those in Theorem 1, such as LP! or L»*°, among others. Many of these variants have
been motivated by questions related to the convergence of Fourier series. In fact,
in 1966 Carleson [15] proved that the almost everywhere convergence of the Fourier
series of functions in L?(0, 1) follows from the boundedness of the Carleson operator
C from L?(0,1) into L**°(0,1). At that time, it was already known (see [69]) that
there exist functions in L'(0,1) whose Fourier series diverges almost everywhere.
However, in 1967, Hunt [56] proved that

1
(p—1)%

C:LP(0,1) — L*(0,1), [IC| £




for 1 < p < oo and, therefore, the almost everywhere convergence of the Fourier
series of functions in L(log L)?(0,1) followed from Yano’s theorem. To improve
this space, a possible approach is to revisit Hunt’s proof and observe that L?(0,1)
estimates on C stem from the fact that

1
ICxEllLree01) S pTllEll/p, (1)

for every measurable set E. This type of estimate suggests that one might attempt
to establish an analogue of Yano’s theorem starting from restricted weak-type esti-
mates of the form

1
(p—1)
so that the norm of C grows like (p—1)~! rather than (p—1)~2. In 1996, Antonov [3]
used (1) to establish the almost everywhere convergence of the Fourier series for
functions in Llog Llogloglog L(0, 1). Following Antonov’s ideas, Carro and Martin
[24] proved an analogue of Yano’s theorem with restricted weak-type estimates,
concluding convergence in the same space. Other authors (see [91], [92], [17]) have
also developed several versions of Yano’s result using different types of spaces in
the hypotheses.

TP (p) — L), 7] S

Regarding the endpoint, there also exist variants of Yano’s theorem where py # 1.
Moreover, other endpoints naturally arise in the study of classical operators in
harmonic analysis. For instance, the norm of the Hilbert transform is bounded on
LP(R) for 1 < p < oo, blows up as p approaches oo, and is unbounded on L*(R).
To address this type of problem, in 1959, Zygmund [105, p. 119] proved a dual
version of Yano’s result for cases where the endpoint is py = oo. Furthermore, any
1 < p < oo can act as the endpoint for a particular operator. This is the case,
for example, of the Bochner-Riesz operator of order o in R?, denoted by B®, with
0 < a < 1/2. Carleson and Sjolin [16] showed in 1972 that

B~ : [P(R*) — LP(R?) if and only if

<p<

34 2« 1—2a’

Hence, we have that p, = ﬁ > 1 and py = ﬁ < 00. Therefore, there exist
other versions of Yano’s theorem that cover these situations (see [27], [1], [2]).

Finally, there are also of extensions of Yano’s theorem concerning on how the op-
erator norm behaves. Indeed, there exist examples of operators for which the best-
known norm does not grow like a power function as (p — 1)~®. One notable case is
the Carleson lacunary operator Cp. (see (3.13) for a definition), which satisfies, for
I<p<2,

1
Clac : LP(R) — LP*(R), [Crac|| < log; (]:) :




Generalizations of Yano’s results with more general blow up behaviour of the oper-
ator norm can be found in [92], [1], [2].

We should also mention that, in the 1990s, Jawerth and Milman constructed an
abstract theory of Yano’s extrapolation, extending these results to the setting of
compatible couples of Banach spaces using techniques from interpolation theory
(see [59-63], [81]).

We point ouf that most of the proofs of Yano’s extrapolation results in the context
of Lorentz spaces follow a common structure, which we introduce here as the ODR
technique. It consists of three steps.

Step 1. Optimization of Hypotheses. Obtain an endpoint estimate for a subset
O (to be determined) of the space L (u). For example, in the classical Yano’s
theorem,

O ={fel (WL : |flleeq <1},

and the endpoint estimate obtained is
< v 1 )
1T ey S N fllerg {1 +1log" m—] . VfED.
[nAlzm

Step 2. Decomposition. Decompose a function f € LP(u) as a linear combination
of functions in €. In the case of Yano’s theorem, one considers

; fX{2i—1<|f|<2i}
= E 2'f;,  wh =
f 2 f ere f 5

Step 3. Reconstruction. Combine properly the information from Steps 1 and 2.
In our example, since T is sublinear, for any f € L'(u1), applying the estimate from
Step 1 to each f; yields

i i 1 i
ITf ey S D 2NT il S D2 il <10g1 Tl )) S 1z og -
i I3

1€Z i1€EZ

As we shall see, Rubio de Francia’s extrapolation theorem and the theory of Muck-
enhoupt weights provide a natural source of examples for the results developed in
this book. It is well known that a weight is a locally integrable, non-negative func-
tion defined on R™ and taking values in (0,00). In particular, the Muckenhoupt
classes A, play a central role in harmonic analysis. As Muckenhoupt [82] proved in
1972, these weights precisely characterize the boundedness of the Hardy—Littlewood




maximal operator M: the operator M is bounded on LP(w) for some p > 1 if and
only if w € A,. This characterization is significant because the Hardy-Littlewood
maximal operator has often served as a model for the study of other operators.
Indeed, in the years immediately following, it was shown that many other classi-
cal operators satisfy the same type of weighted inequalities, including the Hilbert
transform or the Bochner-Riesz operator at the critical index.

If one is interested in studying this type of estimates, Rubio de Francia theorem
(see [88], [89]) provides a useful method for obtaining A, weighted estimates on L?
spaces for 1 < p < 0o, based on information from a single point. More precisely, if
for some fixed p and every w € A,, the operator 1" is bounded on LP(w), then for
every 1 < p < oo and every w € A,, T is bounded on LP(w).

Despite this, the endpoints pg = 1 and pg = oo can not be reached in general.
Moreover, one cannot expect to deduce an estimate on LP°(w) at these endpoints,
even in the unweighted case where w = 1. For example, the Hilbert transform, to
which Rubio de Francia’s extrapolation theorem applies, is unbounded on L!(R)
and L*>(R). However, an appropriate reformulation of Rubio de Francia’s theorem
(see [20]) states that if for some fixed 1 < ¢ < oo and every w € A, the operator T is
bounded on LY(w) with a norm that behaves like [w]} for some a > 0 (where [w]4,
is the A, constant of the weight w as defined in (1.1)), then for every 1 < p < ¢ and
every w € Ay, T is bounded on LP(w) with a norm that blows up like (p—1)~*=1).
Therefore, by Yano’s theorem, it follows that for every w € A, the operator T is
bounded from L(log L)*@~1) into a specific Lorentz space. Hence, Yano’s theory
can be used to obtain A; weighted estimates at the endpoint py = 1, and, using an
analogous argument involving Zygmund’s extrapolation result, one can also obtain
A, weighted estimates at the endpoint py = 0o, as shown in [30].

All the results discussed above belong to the linear framework. Nevertheless, many
fundamental questions in harmonic analysis concern operators acting on pairs of
functions, and it is therefore natural to extend the previous theory to the bilinear
setting. In this monograph we shall focus on this context, where several classical
operators arise naturally and new endpoint phenomena appear. More precisely, for
1 < p1,p2 < 00, one may consider estimates of the bilinear operator B at the point
(p1,p2;p) in the form

1 1 1
B:LPt x [P? — [P, where - = — 4 —.
p P11 D2

The analysis of bilinear operators became an important topic in the 1970s with the
work of Coifman and Meyer (see [36], [37]), who studied commutators of bilinear
singular integrals, such as the bilinear Hilbert transform. The works of Lacey and
Thiele (see [71], [72]) on the boundedness of this operator attracted significant




attention to this research area, leading to the development of numerous results in
the setting of multilinear operators, including those by Kenig and Stein (see [66]),
Muscalu, Tao, and Thiele [83], Grafakos and Li [50], and Grafakos and Torres
(see [52], [53]).

To obtain estimates for bilinear operators, many linear techniques have been ex-
tended to this new bilinear context, such as bilinear Rubio de Francia extrapolation
theory, which has been widely studied (see [51], [84], [76], [75]). Some attempts to
extend Yano’s theory to the bilinear context in the abstract setting appear in the
work of Jawerth and Milman [63] (see also [5]).

One of the main particularities of the bilinear theory is the fact that, if p < 1, the
space LP is quasi-Banach, and it is not generally true that for any decomposition

f = szza

|54, < St

Thus, the Step 3 of the ODR technique entails some difficulties. Observe, however,
that the condition p < 1 is common in the bilinear setting, as shown in Figure 1,
where the square represents all possible points with 1 < pq, ps < oo, and the shaded
area indicates those points for which p < 1.

(1,1;1/2)

Figure 1: (p1, p2;p) such that 1 < p;,ps < 0o and p < 1.

As we will see later, another particularity of the bilinear context is that different
results arise depending on how we reach the endpoint. Specifically, we may have
hypotheses valid for all points near the endpoint, or only for those lying on a ray
or even along a curve (as seen in [87]).

Concerning the operator norm, it may behave as a function of p alone or as a
function of both p; and p,. For example, the analogue of Yano’s result in the




bilinear context could involve hypotheses such as
1
(p1r = 1) (py — 1)’

for some aq, s > 0 and for every 1 < py,ps < 2, or alternatively,

B:L"x L — 1P, |B|<

1
T a
(r—3)
for some « > 0 and for every 1 < py,py < 2, generating different endpoints in each
case. If the norm of B follows the first form, there is not just a single endpoint

(1,1;1/2), but rather all points with p; = 1 and 1 < ps < 2, or p = 1 and
1 < p; <2, also act as endpoints.

B:L"xL” — 1P, |B|<

Contributions of this monograh. The first contribution of this book is to
present a comprehensive collection of results from Yano’s linear theory within the
context of Lorentz spaces, with proofs made as direct as possible, avoiding technical-
ities from the abstract theory. In particular, we have standardized and generalized
the ODR technique, enabling most proofs to follow straightforwardly from it. We
extend all these results to the case where the operator norm blows up as an ad-
missible function, a broader class than power functions which includes all operator
norm behaviours observed in the literature. We have covered the different types
of spaces that could appear in the hypotheses and addressed all possible endpoints
that may arise in each case.

Some of these cases were not previously addressed in the literature. In particular,
the new case where our hypotheses are weak-type estimates of the form

T:LP(pn) — LP>™(v)

and the endpoint is 1 < pg < oo appears in Section 3.2. In Section 3.5, we extend
the existing proof to handle the case with strong LP”* hypotheses of the form

T : LP(u) — LP™(v)

when the endpoint is py > 1 (the original proof was for pyg = 1), and we provide an
alternative proof for the case with endpoint py < oo and we have the hypotheses
for p < pg. We devote Section 3.6 to address the case of having a fixed target space
for all the hypothesis estimates, i.e., we consider estimates of the form

T:LP(u) — X,

where X is fixed for all p.




We include examples of applications of the different theorems to obtain endpoint
estimates for a broad range of operators, including Fourier multipliers such as the
Marcinkiewicz and Mihlin-Hormander multipliers, and classical harmonic operators
like the Hilbert transform, the spherical maximal function, the rough maximal oper-
ator, the Carleson operator, and the intrinsic square function. We derive estimates
not only for the unweighted case but also for different weights.

Our second goal is the extension of Yano’s extrapolation theory to the bilinear
setting, in the context of Lorentz spaces. Following the structure of the linear
case, we have considered different types of hypotheses, norms that blow up like an
admissible function, and various types of endpoints.

P2 P2

Figure 2: Techniques to approach an endpoint in the bilinear setting.

In contrast to the linear case, in this setting, we must also take into account the
approach to the endpoint. We have used two techniques: linearization via an off-
diagonal result (Figure 2(a)) and extrapolation by rays (Figure 2(b)). We present, as
examples, two of our theorems that illustrate how we can reach the point (1,1;1/2)
in the context of finite measure spaces.

Theorem 2. Let (X1, 1), (Xa, p2), and (Y,v) be finite measure spaces. If B is a
bisublinear operator such that, for every (pi, pe;p) with 1 < py,ps < 2 and for some
aq, Qg > 07

1
(p1 — 1)1 (p2 — 1)

B: Lpl(,ul) X Lp2(,u2) — Lp(y)’ ||B|| 5

then, for every e > 0,

B : L(log L)*""*=(u1) x L(log L)*> "¢ (1y) — L2 (1),




Theorem 3. Let (X, p1), (Xo, pe), and (Y,v) be finite measure spaces. If B is a
bisublinear operator such that, for every 1/2 < p <1, for some a > 0,

B : L2p(,u1) X L2p(M2) — Lp(y), HBH 5

then, for every e > 0,

B : L(log L)***¢(u1) x L(log L)*™¢(1s) — L2 (1).

In addition, we apply bilinear Yano’s extrapolation to obtain A, weighted estimates
at the endpoints not covered by the bilinear Rubio de Francia theorem (see [51]),
which provides estimates of the form

BILpl(wl) ><Lp2(w2) —>Lp(w), w1 EApl,’LUQGAp2,

where w = wlf/plwg/m, at each point (py,pa;p) with 1 < py,ps < o0, based on
information from a single point (ri,79;7) for each w; € A, and wy € A,,. By
employing Yano’s bilinear theory, we obtain weighted estimates at the remaining
pOintS: (17p27p)7 <p17 17p>7 (17 (& eH 1)7 (OO, 17 1)7 (007]723]7)7 (pla OO,p), and (007 003 OO)

We also provide several examples of operators for which this theory yields new
estimates, such as the bilinear Bochner-Riesz operator at the critical index and
rough singular operators.

Outline of the book We present a brief summary of the contents of each chapter.

» Chapter 1. In this chapter, we establish the theoretical framework used through-
out the book. We begin in Section 1.1 by setting the conventions and notations
that will be assumed. Section 1.2 introduces the concepts of distribution function,
decreasing rearrangement, and maximal function, along with their main properties.
Our notion of admissible function is introduced in Section 1.3. Section 1.4 is de-
voted to defining the function spaces used in the manuscript. Finally, in Section 1.5,
we define the classes of Muckenhoupt weights, and state the extrapolation theorems
concerning them.

» Chapter 2. This chapter summarizes all the technical results related to the
ODR technique that are needed for linear and bilinear Yano’s extrapolation theory.
In Section 2.1, we present the results concerning Step 1. In Section 2.2, we introduce
the different types of decompositions we shall use, and Section 2.3 is devoted to
reconstruction results.
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» Chapter 3. The third chapter contains a review of Yano’s linear extrapolation
in the context of Lorentz spaces. The chapter is divided into six sections, according
to the different type of spaces involved in the hypotheses: strong L? hypotheses (Sec-
tion 3.1), weak hypotheses (Section 3.2), restricted weak-type hypotheses (Section
3.3), hypotheses for characteristic functions (Section 3.4), strong L»* hypotheses
(Section 3.5), and hypotheses with fixed target space in Section 3.6. All the extrap-
olation proofs presented follow the ODR technique, except for those in Section 3.4
and one in Section 3.5.

» Chapter 4. In this chapter, we develop a multilinear extension of Yano’s extrap-
olation theory. As in the linear case, we distinguish different types of hypotheses.
The chapter is structured as follows: in Section 4.1, we shall treat the case when
the target space at the endpoint estimate is Banach and Section 4.2 will be dedi-
cated to the quasi-Banach context. Our proofs will follow the ODR technique and,
in both settings, we mainly use linearization in each variable (see Theorems 4.1.3,
4.1.6 and 4.2.5). We also present results where we reach the endpoint through rays
(see Theorems 4.1.8, 4.1.9, 4.2.7 and 4.2.8), and we treat the endpoint (1,00;1)
separately (see Theorem 4.1.10 and Theorem 4.2.9).

» Chapter 5. The final chapter explores the relationship between bilinear Rubio
de Francia and Yano’s extrapolation, and uses bilinear Yano’s extrapolation to get
A, weighted estimates. We then use these techniques to obtain new estimates for
bilinear rough singular operators (see Theorem 5.1.1), the bilinear Bochner-Riesz
operator at the critical index (see Theorem 5.2.1), and bilinear Fourier multipliers
of bounded variation (see Theorem 5.3.1). Finally, in Theorems 5.4.1 and 5.4.2, we
derive new estimates for bilinear Hardy operators with power weights using only
bilinear Yano’s theory.




Notations

Ca Cl) C(2

~

~Y

inf

sup

ess sup
N

7z

7~

R

R+

]RTL
Sn—l

T

B(z, R)
XE

£

positive universal constants

a < Cb for some constant C' > 0

a > Cb for some constant C' > 0

a<band b<a

the distribution function of f in the measure space (X, )
the decreasing rearrangement of f in the measure space (X, )
the maximal function of f in the measure space (X, u)
limy .+ f(t)

the infimum of a set

the supremum of a set

the essential supremum of a set

the set of natural numbers

the set of integers

the set of negative integers (without 0)

the set of real numbers

the set of strictly positive real numbers

the n-dimensional Euclidean space

the (n — 1)-dimensional unit sphere {z € R" :|z| =1}
the unit circle identified with the interval [0, 1]

the ball with radius R > 0 centered at x

the characteristic function of the set F

the Lebesgue measure of £ C R”

11
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log s
log™ s
log,, s

Y, $1, P2
Lp,p(3)
Jso,p(s)
C>*(R™)
8Jmf

85]‘

< (R")
LP(p)

L (X)
Lige (1)
Liy. (X)
LPee(p)
LPee(X)
BMO

v, Yo, V1, U2

V(1)

the logarithm with base e of s > 0
max {0, log s} for s > 0
1+1log™...log"s

admissible functions

s'/P¢ (log; 1) for s > 0 and 0 < p < 0o

sy (log, s) for s > 0 and 0 < p < o0

the space of smooth functions from R"™ to R

the m-th partial derivative of f(z1,...,z,) with respect to z;
o ... oo f

{f € O=(R™) - sup,epe°0° ()] < o0)

the Lebesgue space over the measure space (X, i)

the Lebesgue space over the measure space (X, |- |)

the space of functions in L*(u) over (u, K) for any compact
set K C X

the space of functions in L'(K) for any compact set K C X
the weak Lebesgue space over the measure space (X, )

the weak Lebesgue space over the measure space (X, |- |)
the space of bounded mean oscillation functions

weights defined in R™

fot v(s)ds

a weight defined in R"
[pw(x)dx

the A, constant of the weight w
the AZ,Z constant of the weight w

the operator associated to the Fourier multiplier m
the Hardy-Littlewood maximal operator

the rough maximal operator

the spherical maximal operator

the Hilbert transform

the Carleson operator

the Carleson lacunary operator

the intrinsic square function

the bilinear Hilbert transform

the weighted bilinear Hardy operator

the bilinear Bochner-Riesz operator of index «

the operator associated to the bilinear Fourier multiplier m




CHAPTER 1

Preliminaries

In this chapter, we establish the theoretical framework used throughout the book.
We begin in Section 1.1 by setting the conventions and notations that will be as-
sumed. Section 1.2 introduces the concepts of distribution function, decreasing
rearrangement, and maximal function, along with their main properties. Our no-
tion of admissible function is introduced in Section 1.3. Section 1.4 is devoted to
defining the function spaces used in the text. Finally, in Section 1.5, we define the
classes of Muckenhoupt weights, and state the extrapolation theorems concerning
them.

1.1 Conventions

We use capital C' to denote positive universal constants that do not depend on any
important parameter. As usual, we write a < b (or a 2 b) if there exists a constant
C' > 0 such that a < Cb (or a > Cb). If both a < b and a 2 b hold, we write a ~ b.
In particular, if f and g are functions, we write f < g if f(s) < g(s) for every s in
the domain.

We denote by log s the logarithm of s > 0 with base e, and log™ s = max{0, log s}.
For n € N, we write

log, s =1+1logt...log"s.
——

Recall that a function f defined on a subset of R is essentially increasing (respec-
tively, essentially decreasing) if there exists an increasing function (respectively, a
decreasing function) g, defined on the same subset, such that f ~ g.

13



14 CHAPTER 1. PRELIMINARIES

Given a pair of quasi-normed function spaces X and ), we write T': X — ) if the
operator T' is well-defined from X to ) and

1711y
| T = sup < 00.
T gex Il

If X and Y are clear from the context, we simply write ||T'||. Here, & is referred to
as the domain space, and ) as the target space. If X}, X, and Y are quasi-normed
function spaces, we write B : X} x Xy — ) if the operator B is well-defined from
X x Xy to Y and

500l

f€X1|’fHX1HgHX2
geEXs2

1Bl x 20,59 =

An operator T is said to be sublinear if, for every pair of functions f, g and every
a € R, we have [T(f + g)| <|Tf| +|Tg| and |T(af)| =lal|Tf|. Similarly, we say
that B is bisublinear if it is sublinear in each variable.

1.2 Distribution function and decreasing rearrangement

Given a non-atomic and o-finite measure space (X, i), we define the distribution
function, the decreasing rearrangement, and the maximal function of a y-measurable
function f. We refer to [8, Chapter 2].

Definition 1.2.1. The distribution function of a u-measurable function f is defined
by

Ni(s) = p({x € X :|f(z)] > s}), s>0.

Definition 1.2.2. The decreasing rearrangement of a u-measurable function f is
defined by

fit) :=inf{s > 0: Ni(s) <t}, ¢>0.

m

Definition 1.2.3. The mazimal function of a p-measurable function f is defined
by

f;*(t) = %/0 f;(s) ds, t>0.
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When the measure p is not relevant in the context, we omit it and simply write
A, ¥, and f**, respectively. We now state some elementary properties of these
functions.
Proposition 1.2.4. Let f, g be two p-measurable functions. Then:

(i) A“,f;, and f}* are nonnegative, decreasing functions.

(i1) /\’Jﬁ and f; are right-continuous functions, and f;* is continuous whenever
fii € Lioc(RT).
(i1i) If |g| <|f| almost everywhere, then )\’; <N < g, and £ < g
(i) For everya € R, Ay(s) = Ny(s/]al), (af); =lal [}, and (af);7 =lal [
(v) We have

Niyg(s1+52) < Ni(s1) + M (s2), 81,82 >0,

and
(f +9)u(ti +t2) < fu(t1) + g,(t2), ti,t2 > 0.
(vi) (f +9);" < [+
(vii) f < fi.
(viii) For every 0 < p < oo, (|f|P)* = (f*)P,
p _ OO p—1yH _ > * p
Jisvan=p [ o as= [

and, for p = oo,

esssup|f(x)| = inf{s : X;(s) = 0} = f2(0).

zeX

The following formula from [29] will be useful for our purposes.

Proposition 1.2.5. Let ¢ € L. (RT). Then, for 0 < p < oo,

loc

| Goysma~ [ ( / " gt dt) ds.

1.3 Admissible functions

We define the following set of functions as extensions of power functions.
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Definition 1.3.1. An increasing, absolutely continuous, and derivable function
v :[l,00) — [1,00)
is said to be admissible if:
i) e(1) =1,
i) limy o p(t) = o0,
iii) for every s,t > 1, p(st) < (s)p(t).
Throughout the book, ¢ will always denote an admissible function.

Remark 1.3.2. For every admissible function ¢, there exists f > 0 such that, for
every s > 1,

To see this, let 3 such that p(2) = 2°. Since, for every s > 1, there exists n > 0
such that 2" < s < 2" we get

e(s) < (2 < (p(2))" T = 208 < 2048,

For our purposes, we can replace iii) with the weaker conditions:
iv) for every s,t > 1, p(st) < ¢(s)p(t),
v)  for some 3 > 0 and every s > 1, p(s) < s”,

and all the theory still holds.

Example 1.3.3. If vy > 0 and (,...,8: > 0,

(log,, 5)""

S
—

»
~

I

Vo)

=2
—

is an admissible function.

1.4 Function spaces

In this section, we define the function spaces that will appear in the text, explain
their main properties and the relation between them. Let 0 < p < oo, unless
indicated otherwise.

The Lebesgue space LP(u) is defined as the set of measurable functions such that

= ([ 116 \pdu) e
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For any weight (a non-negative and locally integrable function) w, if du = w(s)ds,
we write LP(w). When w = 1, we omit it.

For every weight v defined in R™, the classical Lorentz space AP (v) is defined using
Lebesgue spaces as | f| sz () = 1/l Lr(v)- These spaces were first studied by Lorentz
when the underlying measure space is ((0,¢),|-|) with ¢ < oo (see [77], [78]). In
particular, if for some 0 < p,q < oo, v(t) = ts_l, we have that A?(v) = L9 (u).

The space AP>°(v) is defined by
1
1 llage=y = sup OV (E)> < oo,

where, for every ¢t > 0, V(t) := fotv(s) ds.

The logarithmic spaces that we define below are special cases of At(v). They are
an extension of the Zygmund space Llog L(u).

Definition 1.4.1. Let a1,...,a; > 0 and let ¢ be an admissible function. The
space L]];_,(log, L)**¢(log; L)(p) is the set of p-measurable functions such that

J a
o 1) 1
121 rogy £k ptton, 1)) = /0 fa(t) H (logk Z) ® <10gj g) dt < oo.
k=1

We also introduce the weighted gamma space ;> (v) that was first studied in [29].

Definition 1.4.2. Let v be a weight in R*. The space I'2>**(v) is defined by the
set of p-measurable functions such that

. 1
1 llrge ) = sup "BV ()7 < oo,

We observe that they are always Banach spaces.

Remark 1.4.3. From the fact that f; < f;* and Hardy’s inequality, it follows that,
for every 1 < p < o0,

p
£l ooy S WFllrgee < 2 1 llipo -

On some occasions, we shall also use the following notation:

/]

S =

1 *%
apeepy c=sup fu(OV(E)rand|[fllppecy) = sup fiR(E)V(E)r.
>0 >0

Let us consider now the following extension of Zygmund exponential spaces.
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Definition 1.4.4. Let a > 0 and let w be a weight in R™. The space E*(w) is the
set of all y-measurable functions such that, for some A = A(f),

[ exp (A!f(x)})l/aw(x)dx 3
sg{p max (w(K), 1) >

where the supremum extends over all measurable sets K with w(K) 1= [, w < oo.
Moreover, if V(¢) = (log, 3) ™", f € E%(w) if and only if f € AL®[V] (see [30]).

Definition 1.4.5. Let w be a weight in R”, L¥(w) is the space of measurable
functions such that

ds
iz =1l + [ Fa(ohio gy 8) 5 < o
If p(s) = s* for some a > 0, we simply write L2 (w) (see [30]).

1.5 Muckenhoupt weights and extrapolation

We conclude this chapter by introducing the A, classes of Muckenhoupt weights,
which characterize the boundedness of the Hardy-Littlewood maximal function,
defined, for f € L} (R™), as

= d
Milz) = %&@/V Idy.

with the supremum taken over all cubes @ C R" containing xz. We refer to [45,
Chapter 7] and [42, Chapter 7] for a complete statement of the results presented in
this section. A weight w defined on R" belongs to A, for some 1 < p < oo, if

hmpsw<@/‘>GaAM“yl<w (L)

where p' is the conjugate of p. The quantity [w]4, is known as the A, constant of
w. For p =1, a weight w € A, if

[w] 4, := esssup

The class of A,, weights is defined by
U 4.
1<p<oo

In 1972, Muckenhoupt [82] proved the following result.
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Theorem 1.5.1. For every 1 < p < oo and every weight w,
M : LP(w) — LP(w)

if and only if w € A,. Moreover,

i
| [~

M| Loy oy < PP W], (1.2)

S

P

Also, for 1 < p < oo,
M : LP(w) — LP*°(w)
if and only if w € A, and

1
M oy oo ) S 0] 47

The behaviour of the operator norm in (1.2) was proved in [13]. Additionally, it
holds (see [20]) that, for every 1 < p < oo and every w € Ay,

||M||Lp(w)_>Lp(w) S p'w]a, (1.3)

Rubio de Francia’s extrapolation theorem will be fundamental for the development
of the examples presented in this book, connecting weighted estimates with the
endpoint extrapolation results established here. We state a modern version of the
original theorem (see [88], [89], [41], [43]).

Theorem 1.5.2. If for some 1 < py < oo and every w € A,
T: L (w) = L (w), (T[] S d([w]a,), (1.4)

where ¥ 1 (0,00) — (0,00) is an increasing function, then, for 1 < p < oo and
every w € A,

T:LP(w) = LP(w),

with

, (po—1)(P—pg)

e e ) B R

(0 <C2ppp_‘p10 [w]Ap> if po<p < oo.

Using (1.3), the following result was obtained in [20)].
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Corollary 1.5.3. If T satisfies (1.4), then, for 1 < p < py and every w € Ay,

T D(w) — L(w) TS (Cw)» " [wl).

We also consider the classes A;’f of restricted Muckenhoupt weights, which char-
acterize the restricted weak-type boundedness of the Hardy-Littlewood maximal
operator. For 1 < p < oo, the class AZ} is defined by the condition

ol = (1) (5E) <=

where the supremum is taken over all cubes () C R™ and all measurable sets F C Q).
It holds that AR = A; and, for every 1 < p < oo and every € > 0, A, C AZ} C Apie.
The origin of these weights goes back to the work of Kerman and Torchinsky [67],
where the following result was proved (see also [35]).

Theorem 1.5.4. For every 1 < p < 0o and every weight w,
M : [P (w) — LP®(w)
if and only if w € Af. Moreover, for 1 < p < oo,
(»—1)

P ) P 13 TR
and if p=1,

||M||L1(w)_>L1,oo(w) ~ [w]a, .

A subset of A% was introduced in [22] as follows: for every 1 < p < oo,

Ay i={w:3f € LL.(R), 3w, € Ay s w = w (M[f)"7}

loc
with
: 1
[w]AP = 1nf[w1]A/1p.
Clearly, A; = A; and it also holds that [w] ar S [w]y, - Using this class of weights,
the following restricted Rubio de Francia extrapolation theorem was proved in [22].

Theorem 1.5.5. If for some 1 < pg < 0o and for every w & flpo,
T: L7 (w) — LP(w), T S ¢([w]y,, ),

PO
where v : (0,00) — (0, 00) is an increasing function, then, for 1 <p < py and every
w e Ap,

. pvpl ,O0 1717& I
T ) — D), TS ol B (clf )

P0
Ap
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Note that Theorem 1.5.2 does reach the endpoint p = 1, contrary to what happens
in the above theorem.







CHAPTER 2

Optimization, Decomposition, Reconstruction

In 1951, inspired by the ideas of Titchmarsh, Yano [102] established the following
theorem.

Theorem 2.0.1. Let (X, ) and (Y,v) be finite measure spaces. If T is a sublinear
operator such that, for every 1 < p < 2 and for some fized o > 0,

1

T:LP(p) — LP(v),  |IT| S 1)

then

T : L(log L)*(u) — L*(v).

Yano’s theorem is optimal, in the sense that we can not expect to get a better
endpoint estimate with these hypotheses. Indeed, for 1 < p < 2,

1
(p—1)
and Stein [94] proved that M f € L'(0,1) if and only if f € Llog L(0, 1).

M : LP(0,1) — LP(0,1), IM|'<

Let us present a modern proof of Yano’s theorem (see, for example, [27]) that
illustrates the basic structure of most proofs of the extrapolation theorems in this
text.

Step 1. Optimization of Hypotheses. To obtain an endpoint estimate for a
subset @ (to be determined) of L'(u). For example, in this case,

o= {1erwnr=w: | fllew <1}

23



24 CHAPTER 2. OPTIMIZATION, DECOMPOSITION, RECONSTRUCTION

Since & C LP(u) for every 1 < p < 2, we have that, for every f € O,

1
FiPr i

(p—1)2"~ (p—1)

Hence, taking the infimum over 1 < p < 2 on the right hand side, we obtain

1/p’
||Tf||L1(V) < ”TfHLP(y) (V(Y)) U x ||Tf||Lp(V) S

1 «
1T Ay SUF gy (o8 i) » V€O (2.1)
1Al 2

Step 2. Decomposition. To find a decomposition of a function f € L'(u) as a
linear combination of functions in €. In this case, we can consider

— Z2ifi where f; = —fX{T_;'f'di}.

i€Z
Observe that f; € € and HfiHLl(u) < )\/Jj(zi—l)_

Step 3. Reconstruction. 7o gather the information obtained in Steps 1 and 2.
As T is sublinear, for any f € L'(u), applying (2.1) to each f; yields

||Tf||L1 < ZQlHTfZHLl(V S ZQZHfZ“Ll (1) (10g1 Hf H )
1 Ll

€L €L

oo 1 “
< /0 Ni(s) <log1 %> ds S| pgog Ly -

where Proposition 1.2.5 is used in the last inequality.

The above steps will be called the ODR technique (Optimization, Decomposition,
and Reconstruction). This chapter summarizes all the technical results that we will
need in Chapters 3 and 4. In Section 2.1, we present the results concerning Step
1. In Section 2.2, we introduce the different types of decompositions we shall use,
and Section 2.3 is devoted to reconstruction results. From now on, we omit the
underlying measure spaces (X, ) and (Y, v), which are o-finite and non-atomic.

2.1 Optimization of the hypotheses

In this section, we compute the various infima that will arise. Some of them already
appear in [1], [2] and [27], but we included them all for the sake of completeness.
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Lemma 2.1.1. For each fized 1 < py < 00, the following holds:

1 p(po) p(log, 5), 0<s <1,
inf o(p)s™? S

Po<p<oo _1

@(po)s o, s> 1,
where the omitted constant does not depend on py.

Proof. When 0 < s < 1, choose p = pg(log, %) Clearly pg < p < oo, and

1 1 log s _ 1 1
p(p)s = (po <10g1 ;)) ero(+less) < g (po (10g1 g)) e S (po)e (10g1 g) :

In the case s > 1, it suffices to select p = py. O

The following functions I, and J,, will be relevant for our purposes.

Lemma 2.1.2. The function

I, () = s%go (log1 g) : s >0, (2.2)

satisfies the following properties:
a) 1,,(07) = 0.

b) 1, is essentially increasing. In fact,

5T
/ _%p(t) dt = I, ,(s).
0 4 7

¢) 1,1 is subadditive.

Proof. a) By Remark 1.3.2,
s

, 1\’
sv < I,p(s) < sP (log1 ) .

Taking s — 0, we obtain the result.

b) We observe that

S I t ]_ s
0 t 5/ Jo
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and, since p(log; -) is submultiplicative,

s ] ¢ 1 ] 1 1
/ o )dt _ / Mdr < Lp,p(s)/ T%_lcp <10g1 —) dr =~ I, ,(s).
o ¢ 0 r 0 r

¢) For all s,t > 0, since ¢ is increasing, we have that

1
I,1(s+1t)=sp <log1 ) +tp <log1 s——l—t) < I,1(8) + I,a(t).

s+t
Lemma 2.1.3. The function
Jop(s) = s%ga(logl s), s >0, (2.3)

satisfies the following properties:
a) Jop(07) =0.

b) J,p is essentially increasing. In fact,

/ Terll) e g, ).
0 t

Proof. a) By Remark 1.3.2,
s» < Jop(s) < 3%(10851 s)”.

Letting s — 0, we are done.

b) We have that

S t 8
/ —J‘p’;’;( ) dt < ¢(log, S)/ tr ! dt ~ Jon(8),
o 0

and, since
1
¢(log; 5) < p(log, rs)e ( log, R
we get
s t 1 ! -
/ Jon(t) dt = / Ton(s7) dr 2 J@,p(s)/ re <log1 —> dr = Jpp(s)
ot 0 r 0 "




2.1. OPTIMIZATION OF THE HYPOTHESES 27
Lemma 2.1.4. Let 1 < py < p; < co. For every s > 0,
i 1 1 L (s)
in 5P s
Po<p<p1 $ P — Do ~ SPpo\)s
inf P S Jom(s)
po£<p1<p P—p SP S Jop\S)s
and
inf » < p(log, s).
b o(p)s S p(log, 5)
Proof. By Lemma 2.1.1, setting é = pio — %, we get
1 1
inf ¢ ( ) 57 A 570 inf gp(q)s_%
po<p<p1 P — Po (i—i)_1<q<oo
po P1 -
1 1 1
S st (10& g) X(0,1)(8) + 871 X[1,00)(5) (2.4)

and, since p(1) = 1, we conclude

1 1 1 1
inf sp < gPo log, — | =1, s).
p0<p§p180 (p —po) S SPow ( g1 5) oo (S)

Similarly, if * =1 — L we have
e p m
1 N 1\ ¢«
inf ¢ ( > 57 A s inf ©(q) (—)
Po<p<p1 p1—0D (i—i)71<q<oo S
PO pP1 -

1 1
S 570 x(0,1)(8) + s71p(logy $)X(1,00)(5),

and, using that ¢(1) = 1, we obtain

1 1
inf ¢ ( ) s» < s o(log, s) = Jyp(s).

Po<p<p1 pP1L— P

Finally,

inf p(p)sy < s70x(0,1)(s) + p(logy 5)X(1,00)(5) < p(log; 5).

Po<p<oo
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2.2 Decomposition results

We shall use the following decompositions.
a)  The dyadic decomposition over Z:
f= Z 2'f;  where f;= —fX{2i71.S|f|<2i}.

21
€L

b)  The k-dyadic decomposition over N:

on

f = Zdnfn where dn = 22" and fn — fX{dn_:l:de"}

n>0 k-times 2
with d_y = 0. If k£ = 1, we refer to it as the dyadic decomposition over N.

c)  The f*-decomposition:

Ixanzry n =0,
f=> fu where f,= (2.5)
n>0 IX{rem<ifi<@-ny n =1

d)  The K(Ay, Ay)-decomposition, given below.

Recall that Peetre’s K-functional (see [8, Chapter 5] or [9, Chapter 3]) for a pair of
compatible quasi-normed function spaces A = (Ao, A1), is defined, for ¢t > 0, as

K(f,t:A) = it {Ifoll gy +Efilla, = f = fo+ fi, Jo € Ao, fi € Av}.

The K-functional is an increasing concave function and, hence, is differentiable
almost everywhere for ¢ > 0.

Lemma 2.2.1 ([27]). Let
F(t) = K (f,t; A),
and let, for every i € Z,
E;:={t€(0,00): F'(t) > 2'}.

Then, there ezist functions {f;}; such that f = Z 21 f; and

1E€EL

K (fi,t; A) < min {t,|E[} .
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The proof is based on the K -divisibility Theorem (see [12, pp. 315-337]). The above
decomposition of f is what we call K(Ag, A;)-decomposition.

In this work, we shall only use the following K-functionals. For 1 < p < oo,
tP 1/1’
o K(f.t:Lr,L%) =~ (J;" f(s)rds) "
o K (f.; 17, L) % sup,p 57 f*(s);
and, for 1 < p < oo,
o K(f.00, D7) mt ([ £ (s)rds)",
o K (f, t; L', Lp’oo) A ESUp, s s%f**(s)

Lemma 2.2.2. Fizr 1 < py < 00, 1 < p; <00, a set E C R and a function f.
Suppose that, for everyt >0,

K (f,t;fl) < min {t,\E|} :

Then,
a) if A= (LP, L>),

£l SIEP?,  Vpo <p < oo
b) ZfA — (LPO’OO,LOO)}
1 flloee SIEP?, Vpy < p < co.

¢) if A= (L', L),

1

/(1 1
1L, SIERG) . vi<p<p

d) if A= (Ll,Lplﬂoo),

1fllpe SIEPGT) . v1<p <.

Proof. a) We have that

20 1/po
</ f*(s)pods> < min {t,|E|} ,
0
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which is equivalent to

t t
/ fH(s)Pds S min {t,|E|"} = / X0,/ E[po] (8)ds.
0 0

Hence, (fP0)** < (X[Q'E‘po})** and, [8, Corollary 4.7, p. 61] implies that, for every
Po < p < 0,

1 1/
1l =112 < xosmmolll g =11

b) In this case,

K (f,t; L%, L) & sup s f*(s) < min {¢,|E]}.

s<tPo

E
P <mind 1, LY
tro

and, therefore, for every py < p < oo,

E 1_1
[Ralp Sstugt% min{lyu} ZmaX{ sup tr, sup tv pOIEI} =|E[P7”.
>

Hence,

two t<|EP0 t>|B|Po

¢) Since

[ s =i ([ smas) " [ s

0o S prx p1 1/[71 1
< tl/;o’1 </ (fo / (7“>d7") dS) ~K (f,tl/pll;Ll,Lm) 5 min {tf’/l’|E|}’
t

spP1

we get that || f|| ;. S|E|. Also,

00 1/p1 00 1/p1 |E|
< f*(s)iﬂlds) < < f**(s)p1d$> < min {1, T} <1,

/ /
1 tP1

< 1. Now, for every 1 < p < py, let 0 < 6 < 1 such that

~Y

and, therefore, || f||
%:1-6’—#%. Then,

11 = ([ 1710-0m111) " < | 10-2v =AU 1A

1

P
P

Lop

o117

1
P
L[ (1—=0)p
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i_ i), we obtain
p p1

Since (1 —0) =p) (
11 S1EPG)

d) Using that

_1 E
fr St min{l,‘—l‘},
t*
we conclude that, for every 1 < p < py,
1_1 E
£l S supEH 5 mm{l,'—l'}
t>0 v
= max { sup tii%, sup t%_l\E| :|E]p/1<%7ﬁ>.

t<JEIPL >|B|PL

Parts a) and ¢) of the above result can be found in [27].

2.3 Reconstruction results

Here, we present the results related to Step 3. Let I,, and J,, be the functions
described in (2.2) and (2.3).

Lemma 2.3.1. Let 1 < p < oo. If {f;}: are the functions obtained from f with the
dyadic decomposition over Z,

i 1 1
520 (160) Sy o0 =657 (1og11 ).
1€EZ

and

S 2oy (1£il22) Sl 0(t) = 57" (log, 1).

1€Z

Proof. For the first statement, we use that || fi||,. < Ay(2°"!) and that [,, 0 Af is
essentially decreasing, to get

Zzij%p (Ifillz) < Z 2L,y ()‘f(zi)> ~ /OOO Loy (Af(s)) ds.

1€EZ €7
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From Lemma 2.1.2 b) and Proposition 1.2.5 it follows that

|t sy as~ [ e (logl )dt

The proof of the second statement follows the same steps using Lemma 2.1.3 b). [J

Lemma 2.3.2. For any f € L, let {f,}» be the functions obtained from f with
the f*-decomposition (2.5), then

S falle ¢ <1og1 ||||£7||1|f;> SISl

n>0

Proof. By definition, it comes clear that || f,.|| ;1 S full e 2", Therefore,

S falle ¢ <1og1 |'|']{"|'|'LL;) SISl + 30l )

n>0 n>1
SJUIEEDY /

The result follows from the fact that

2n1

ds to ds
o llom ) T =l + [0 08

b ds<
f(s)p (logy s) — Sl e -
/2 S
O

Finally, for the K(Ap, A1)-decomposition, we have the following lemmas, inspired
by the ideas in [27].
Lemma 2.3.3. For any function f and {E;}; as in Lemma 2.2.1, we have

K( A)
ZT o1 (Ei) Ssup K(f / f,s (logl )ds

€L t>0

Proof. We assume that the right hand side of the above inequality is finite; other-
wise, there is nothing to prove. Let F'(t) := K(f,t; A) and, therefore, since I, ,0 A\pr
is essentially decreasing, we have

N2 (El) =Y 21, ()\F/ ) ~ /OOO Iy (A (s)) ds.

€L i€Z
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Now, in view of Lemma 2.1.2 b), we get

~ o A() (4
/ I, ()\F/(s)) ds ~ / / %()dtds
0 A
1 . .
= / F/(S)SD (10g1 g) ds +/ F/(3>d8 =5L+ I,
0 1

where, in the second equivalence, we have used Proposition 1.2.5 and the fact that,
since F'is concave, (F')* = F'. For I;, we integrate by parts to obtain

1
1 'F 1
F(s)p (logl —) +/ (s)w' <log1 —) ds
s/, Joo s s
'F 1
< F(o0) +/ £s) ¢’ (log1 —) ds,
o S s
where we have used that, since F' is increasing,
0 <limF 1 L) _ lim F 1 1 1 dt
< lim F(s)y ( log, — | =lim F(s) | 1+ S 0g1 i s

< F(o0) + /01 wg@’ (log1 %) dt < .

t

[1:

Finally, since I, < F(c0), we conclude the desired result. O

Lemma 2.3.4. For any function f such that| f|,, < 1 and {E;}; as in Lemma
2.2.1, we have

K(f, s A
> 2 (log, | Ei) <1+/ f’—s’) ¢ (log; s) ds.

</

Proof. Let F(t) := K(f,t; A). Hence,

1
Z 2'p (log, | Ei|) = Z 2 (log1 A (2 )) < /0 ¢ (logy Ap/(t)) dt.

1€EL™ 1€EZ™
Since F' is an increasing concave function, it follows that, for almost every ¢ > 0,

1/ F
P <7 [ P, <1

Thus, for every t > 1,
¢ (log; Apr(t)) = ¢(1) = 1,
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E(t
and, if H(s) := ¢ (log; s)—1, from Proposition 1.2.5 and the fact that F”(¢) < ¥,
we obtain

1 00
/ ¢ (logy Apr(t)) dt =1 + / ¢ (logy Ap/(t)) — 1 dt
0 0

=1 —|—/ H(A\p(t))dt = 1 —|—/ F'(s)H'(s)ds

0 1
° d *F

=1+ / F'(s)¢' (log; s) ?S <1+ / %(p’ (log, s) ds.

1 1

]

2.3.1 The quasi-Banach setting

Now, we introduce the results required for Step 3 when the target space is quasi-
Banach. To overcome the lack of triangle inequality, we shall use the following
proposition from [19].

Proposition 2.3.5. Given 0 < a < 1 and a weight v € Rt let

Gy (a) == Stl;%) (% /t V(s)lds> V(t).

If f= 2@1 Cn fn, where ¢, are non-negative numbers and { f, }, are functions such
that an”ALOO[V] < 1, then, for every sequence of positive numbers (ay), such that

ZnZl ap < 1;

HfHAlaOO[V] S Z (1 + Gv(an)) Cp-

n>1
Lemma 2.3.6. Let 0 <p < 1. If
ti/p
)
then,
-4

i) forO0<p<1, Gyla)=a »",

1
i) forp=1, Gy(a) = log -
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Proof. We need to compute
t 11
p(log,s) ,  tr
Gy(a) =~ su / ds .
vie) =~ e a SP ¢ (log, t)
i) Since 117 > 1 and ¢ is increasing, it follows
t ek 14
—1
Gy (a) < sup t;_l/ s7UP ds = suptr ! slp _ : Tasy
t>0 at t>0 > +1 = —
at p
Indeed, when ¢ < 1, we can use that ¢(1) = 1, to conclude
"¢ (log, S)d tv! S| ' “1/p gg — a vt -1
Y T ¥ S
at S 4 ( 08y ) at D
and the result follows.
i1) We can use again that ¢ is increasing to obtain
‘d 1
Gvia) Ssup [ L = supflog s]!, = log =,
>0 Jat S t>0 a
and Gy (a) =~ log 2 if t < 1. O

Lemma 2.3.7. Let 0 <p < 1. If

ti/p

O —
2 glt

V(t) =
then,
1
Uﬁwo<p<LGm@5aﬁ“wQ%f),
a

1 1
i) forp=1, Gy(a) < (log 5) © (10g1 E) :

Proof. Let us compute

Gy (a) = sup
>0

1
@\ logr o ] pi-1
at Sl/p 1 '
2 10%1;
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i) We have that, since % > 1,

! 1 1
Gy (a) < sup t;_l/ sTYP ds (log1 —> R~ a_%ﬂgo (log1 —) .
t>0 at a a

i7) In this case, we get

td 1 1 1
Gy(a) < sup </ —S> © (log1 —) = (log —) © (10g1 —) :
t>0 at S a a a

O
Lemma 2.3.8. If
t
V(t) ~ ,
1
1 (logy t) o (109;1 ;)
then
1 1
Gv(o) % (10s1) s (10w ).
a a
Proof. 1t follows from the fact that
Lo (l log, 1 1 1 1
[otmanted, 1) ()
at $ 1 (log; t) w2 (log; 1) a a
O

The following proofs are inspired by the ideas of Carro and Martin [24].

Lemma 2.3.9. Fiz f € L' such that ||f|;, = 1 and let {f.}» be the functions
obtained with the 2-dyadic decomposition. Then,

i) if0<p<1ande >0,

,,1 1+ n
Loy (Il follt) +Z )2 Lot (1fallze) SUFllarce)

n>1

where v(t) = (logl t) (10g2 %) <%_1>(1+5),
ii)
> (logn) ¢ (log;n) 2" oy (Ifallzr) S are -

n>0

where v(t) = @y (log1 %) <log3 %) © (log3 %)
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Proof. i) For every n > 1,
on_1 21 o
Il = 3 5 i | SO0 S S oA,
=2n-1 k=2n—1
Hence, since I, is subadditive (Lemma 2.1.2 ¢)),
21 o on_1
RUIMETA 5 o S¥E) ED sEs ESVeR)]
k=9n—1 —9on—1
Thus, if
o (1—1)(1+6) on
Bl = Zn p 2 [go,l (Hf?’LHLl) )
n>1
we have that
9n_1
——1 1+a n
s Yl 5 f(— )
n>1 k=2n—1
on_1 on
o 7—1 (1+6 k k 2
n=1 k=2n—1
Using that, for every 2"t < k < 27,
22" (2272 . §-1) )
R D A I ) (G (10g22k)( ) . (26)

2k 2k
we get

BT 5 e (M) wenli)e

n>1 g=2n—1

< / sl (AfT(S)) (logy 5) 571+

= /1 h Ap(s)e <log1 ﬁ) (log, )70+ s,

As(8)

where we have used that I, (

for every s > 0,

Ar(s)p <log1 ﬁ) S Af(s)y <log1 m> ~ L1 (Mp(s)),

) is essentially decreasing. Since, sAs(s) <1
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and we obtain

Bis [ Lo (3s(9) oy ) ()0

= /OOO (/OAJC(S) dl,q(t )> (logy s)( >(1+E)d5.

If we use Fubini, we conclude

Bs [ ( / " gy 5) (- V“”ds) Al (1)

< /OOO £2(t) (tog, £e) G ar, (1)
0 (%4)(1%)
<[ rw (logz 1) I, (1)

1 (571)(1%)
/ [t (10g1 ><log2 Z> dt,

and the result follows because, since || f]|;: <1, Ip1 (|| follr1) S 1.

i1) We can follow the same argument, taking into account that, instead of (2.6), we
have

(logy n) p (log;n) < (log 2’“) <10g3 2"3) :

]

Lemma 2.3.10. Let 1 < p; < co. Fiz f € LP* such that| f|;» =1 and let {f.}n
be the functions obtained with the dyadic decomposition over N. Then,

i) if0<p<1ande >0,

I_1)(1+4e n
Lo (ollr) + 32067092 (1 fuller) S
n>1
1 1_1)(1+e
where v(t) = t(pl >g0 (log; 1) (log 1) (3-1)a+e ,
i)
Z (logy n) 2"y, (anHLl) S Hf”Al(v) 5

n>0

where v(t) = t<ﬁ*1)¢ (logl %) (log2 %) _
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Proof. We only prove i) and iz) follows similarly. Since || f, || < 1,

Ul <4 # 03 <[22 <] = A (271).

Therefore, if

By = Zn(%_l)(l—%bn[%m (Hf”HLI) ’

n>1

and we use that, for any 2" ! < s < 27,

(n+ 1)<7_1>(1+a) < (log, 3)( >(1+5)

Y

we get

By S Z(” + 1)( >(1+5)2n]<p p1 (/\f <2n))

n>0

S / (log, 5) 5 1, (4 (27)) ds

n>0

< / (log, )T L (0 (s) ds.

Finally, following the same argument as in Lemma 2.3.9, we conclude

By < / £ (8) (o, £(1) ), (1)

< [T (1on ) S

and, since L, (||follz1) < 1, the result follows. O

®,p1

We have analogous results in the case of J, .

Lemma 2.3.11. Let 1 < p; < oco. Fiz f € LP* such that|| f||;» =1 and let f, be
the functions obtained with the dyadic decomposition over N. Then,

i) if0<p<1ande >0,

Jom (1foll) + 3 0G0 00 0y 20, (1fuller) SIF s (0),

n>1

where v () = 15 )egy (1og, ) (1o, 1) 5749 4 10, 1),
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i)
> (logy n) @ (1og; 1) 2" Jpy py (I fallr) SHFllar (v),

n>0
(1) ! !
where v(t) = t\r1 ")y (log, t) (logy 1) ¢ (logy 1) -
Proof. We only prove i), as ii) follows in a similar manner. Let

Byi= " 0G0 (0g m) 200, (1 fulle)

n>1
Since, for every 2" ! < 5 < 27,
1 1
(n+ DG ptog, m) < (logy )57 (1o, 5),

we have

2" 1
By S Z/ (n+ 1)<5_1)(1+a) p(logy n)Jyp p, ()‘f (2n)> ds.
2

-1
n>0 72"

S /0 (log, s) (-)as ©(logy 8) Sy p, (Ar (5)) ds.

Finally, following the same argument as in Lemma 2.3.9, we conclude

0 1 (%—1)(1%) 1
Ton (5l + B2 5 [ °0) (1011 ¢ (10w 1 ) a0

and the result follows from Lemma 1.2.5 and Lemma 2.1.3. O

Lemma 2.3.12. Fizx f € L*®. If {f.}n are the functions obtained from f with the
f*-decomposition,

3™ og, n) ¢ (logy ) full 1 (mgl Iz ) <l

n>0 anHLoo

where @(t) = ¢1(t)(log, t)¢ (log; t).
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Proof. Tt holds that || f.|| ;1 S fall e 2", Therefore,

Z (logy n) ¢ (logy n)|| full Lo 1 (10g1 1fnll )

n0 Ll e

SUfllpe + > (logy n) ¢ (logy n) £*(2" )y (log; 271

n>1

277,1

ds
SUfle+ 32 [ (o) log, ) logs ) o 1o, )

n>1
. ds
=1/l +// J(s)¢1 (log, 5) (logy 5) ¢ (logy 8) — S| fll e + /1 -
P 1/2 P

and we are done.







CHAPTER 3

Review of linear Yano’s extrapolation

The origins of Yano’s Extrapolation Theory go back to 1928, when Titchmarsh [98]
proved that, if € is the conjugate function on the torus

¢ f(x) =pv. /Tf(x —y) coty dy,

then € f € L'(T) whenever flog(2+ |f|)'™ is integrable for some € > 0. Almost
at the same time, Zygmund announced in [103] that the above result is also true
for e = 0. One year later, Titchmarsh [99] published a second paper where, using
that, for every 1 < p < py,
1
€T — L), ]S

p J—
he obtained Zygmund’s conclusion. That same year, using a different argument,
Zygmund [104] proved his announced result.

In 1951, inspired by the ideas of Titchmarsh, Yano [102] published the result that
gave the theory its name (see Theorem 2.0.1). Capri and Fava [14], in 1987, extended
Yano’s theorem to the case where (X, pu) and (Y,v) are o-finite measure spaces,
concluding

T': L(log L)*(1) — Lige(v)-

The problem of the convergence of the Fourier series pushed forward the develop-
ment of these extrapolation techniques. In 1966, Carleson [15] proved, using the
boundedness of the Carleson operator C (see (3.11)), that, for every function in

43
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L?(T), its Fourier series converges almost everywhere. At that time, it was known
that there exist functions in L!(T) whose Fourier series diverges almost everywhere
(see [69]). In 1967, Hunt [56] extended Carleson’s result to LP(T) functions with
1 < p < oo by proving that, for every measurable set £ C T,

2
p
||CXE||LP°°(']1‘) S (p_ 1)|E|l/p (31)

From (3.1), we get that

1
(p—1)%

and, by Theorem 2.0.1, the almost everywhere convergence of the Fourier series of
functions in the space L(log L)?(T) followed. In 1969, Sjolin [91] also used (3.1) to
improve the space up to L (log L) (log, L) (T). These works inspired Soria [92] in
1989, to state the following extrapolation result for finite measure spaces. If T is a
sublinear operator such that for some fixed a > 0, for every 1 < p < 2 and every
measurable £ C T,

C: LA(T) — LA(T),  [ICll S

p(E)”
T oy S ———,
|| XEHLL (n) ~ (p _ 1)a

then,
T : Bj — L"®(u),

where () = t(log, t)* and By, is a block space such that L (log L) (log, L) (1) C By,

Some years later, Carro [17], in 2000, improved Yano’s original theorem for o-finite
measure spaces showing that, if, for every measurable £ C T,

p(E)' P
TX Py SJ 9
|| EHL (v) (p—l)o‘

then
T : L(log L)*(n) — R(v),
where R(v) is the space of functions such that

ffﬁ)\;ﬁ(s)ds
=sup <
s

that is, assuming a weaker condition on 7', she obtained the boundedness on
L(log L)* and improved the range space.
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Coming back to the problem of the almost everywhere convergence of Fourier series,
we have to mention that in 1996, Antonov [3] proved such convergence in the space
L(log L)(logs L)(T) and Arias de Reyna [4] improved Antonov’s theorem in 2002,
achieving the best result of this type known so far.

In fact, Antonov’s proof inspired Carro and Martin [24] to develop an extrapolation
technique (see Theorem 3.3.1) that uses restricted weak type estimates of the form

1

TP p) — LP®(w), (T S 72
(p—1)

Now, there are also operators in the literature for which the best-known operator

norm does not grow up like a power function. For example, if 6, is the Carleson

lacunary operator (see (3.13) for a definition), Di Plinio and Lerner [39] showed

that, for 1 < p < 2,

1
Goc : '(R) — LP(R), |Gl S log, (——).
p R

In this case, an extension of the theorem by Carro and Martin allows to conclude
an endpoint estimate. This example (among many others) motivates the extension
of the extrapolation theory to cases where the blow up is not necessarily a power
function (see [92], [1], [2]).

Going back to 1959, Zygmund [105, p. 119] proved a dual version of Yano’s result for
cases where the operator norm blows up when p — oo. Namely, if T is a sublinear
operator such that, for every 1 < p < oo and for some fixed o > 0,

T:LP(p) — LP(v),  ITI S p%,
then
T: L¥(p) — E*(v),
where E®(v) is the space of Definition 1.4.4.

Other endpoints can also be considered. Let, for example, B* be the Bochner-Riesz
operator of order a (see (3.17) for a definition) with 0 < o < 1/2. It is known
(see [16], [46, Chapter 5]) that

4

B~ : [P(R*) — LP(R?) if and only if T o
— 2«

<p<

3+ 2«

In this case, if py := ﬁ > 1 and p; := 5= < 00, we have 1B Lo g2y Lo (rz) — ©©

when p — pg or p — p;. It is then natural to study other extrapolation results to
cover these cases (see, for example, [27], [1], [2]).
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Summarizing, given any admissible function ¢ and any fixed endpoint 1 < g < oo,
we are going to consider extrapolation results under hypothesis of the form

L U ] e R
where r € {1,p,00} and s € {p, 00}, and similarly for the case where p < ¢q. The
chapter is divided into six sections, according to the different hypotheses: r =p =s
(Section 3.1), r = p and s = oo (Section 3.2), r = 1 and s = oo (Section 3.3),
hypotheses for characteristic functions (Section 3.4), » = oo = s (Section 3.5), and
other types of estimates in Section 3.6. All the extrapolation proofs presented follow
the ODR technique, except for those in Section 3.4.

This chapter will also contain applications of the extrapolation results to concrete
operators, such as the maximal rough operator Mg, the spherical maximal operator
A, the Hilbert transform or the Carleson operator. As we shall see, the main
source of most of these examples is the Rubio de Francia’s extrapolation theorem
(see Theorem 1.5.2).

Finally, we should mention and emphasize that in the 1990s, Jawerth and Milman
extended extrapolation theory to the setting of compatible couples of Banach spaces
using interpolation theory (see [59-62], [81], [5]). Most of the results we will present
are particular cases of this more general theory; however, since we are restricted to
the case of Lorentz spaces, we aim to avoid, whenever possible, technicalities from
the abstract setting.

In what follows, we omit the underlying measure spaces which are o-finite and
non-atomic.

3.1 Strong type theorems

In this section, we shall assume that 7" is strong type (p, p) for some range of p. We
treat three different cases, depending on the value of the endpoint.

3.1.1 Case endpoint pg =1

First, we extend Yano’s result to o-finite spaces (see [27]) but in the context of
admissible functions.

Theorem 3.1.1. If for some fizred 1 < p; < 0o, and for every 1 < p < pq,

1
rr s mse(2), (3:2)
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then
t

T:L ¢(logL) — T-[V], V(t) = Sloe D)’

Remark 3.1.2. We observe that, if (Y, v) is finite and ¢(z) = 2%, TH*°[V] = L!, and
we recover original Yano’s theorem.

Proof. We have that if f € L* N L™ with || f||;, for every t > 0 and 1 < p < py,

*k _1 ]- p ]' L l/p
<o se () e <o (1) (M)

p—1
and, by Lemma 2.1.4 and (2.2) we obtain

1 1
w05 L (L) < E9B 0L 1,0,

from which follows that

1T f ooy S Loa (1£1110) -

Therefore, given any function f € L', we can decompose it with the dyadic decom-
position over Z and use Lemma 2.3.1 to obtain the result. O

Example 3.1.3. Given 2 € L! (S”fl), the rough mazimal operator (see [42, Chap-
ter 4]) is

1 / )_ Y
— sup ———— ) —y)|d ooy =2 (3
Vol @) = swp e [ WSl e B Y= 33)

R>0
It holds that, for 1 < p < oo,
Mg : P — L7, |Mq| <P
However, it is unknown whether M, is weak type (1,1). From Theorem 3.1.1, we

conclude that,

t

Mg : Llog L — T'V*°[V], V(t) = oz 7
1

On the other hand, if 2 € Llog L(S™™'), it is known (see [34]) that M, is weak type
(1,1). Although the proof of this is very technical, a weaker result can be proved
easily using extrapolation. Let

M (9, f)(x) = sup Q)| | £z - y)| dy, xew,yzé

1
r>1|B(0, R)| /B(O,R)‘
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For every p > 1, Q € LP(S" ') and f € L'(R"),

HMl(Qa f

Moy S

< /B L ol =l ay

LP(R™)

=I+1I.
Lp(R")

+

Q /
sup / 2N 5 )] ay
R>1.JB(0,R)/B(0,1) |y

By Minkowski’s inequality we get that I <[|f|| 1 gn)l|2 15 gn-1) and that

n—1

1/p
r 1
11 < ||f||L1(]R")HQ||LP(S"—1) (/1 P d?") 5 HfHLl(R")”QHLP(S”—l) p— 1"

Thus, if we fix f € L'(R"), we get that

s

M f): () — DR, MG DI S ==

and, from Theorem 3.1.1, we conclude that

Ml(',f) : LlOgL(SnA) — Fl’oo[v]a V(t> HM1(7f)H SHle}(R") )

which implies that, for Q € Llog L(S"™!),

ot
~ log t

My(€,-) : LY(R™) — Th[V], V(t)

Example 3.1.4. The function m € L™ (R) is a Marcinkiewicz Fourier multiplier
if is derivable and

sup / /()| dt < 00, where Ay = (—2F1, —2¥ U [2 2¥+),
ke J A,

It is known (see [79], [97]) that, for 1 < p < o0,
Ty LP — [P, || Tl S (max{p,p'})"?. (3.4)

Then, by Theorem 3.1.1, we obtain the following estimate at the endpoint

t

T,,: L(log L)*? — TV=[V], V()= T
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We should mention that 7}, locally map L(log L)'/ into L"* and for every r < 1/2,
there exist multipliers of this type that do not locally map L(logL)" into L%*
(see [97]).

Concerning weighted estimates, it is known (see [70], [74]) that, for 1 < p < 2 and
for every w € A,

To: DP(w) — LP(w), Tl S [w]fr 7).

Thus, if we fix 1 < p; < 2 and use Corollary 1.5.3, we get that, for 1 < p < p; and
every w € Aj,

pll(m;r2>
[w]
T, : Lp(w) — Lp<w)v ||Tm|| 5 : p1+2Y°
(p— 1)< )
By Theorem 3.1.1, we obtain that, for every 1 < p; < 2 and w € Ay,

<p1+2> t
Ty : L(log L)\ 2/ (w) — TV, V() = P2
(log, 1) (")

Taken p; = 1+ ¢ with 0 < e < 1, we have that, for every w € Ay,

T L(og L)) () — TH=[V] V()= —
(log, £)(3+°)

Remark 3.1.5. It V(t) =t/ (log; t), the space T'"*[V] is not comparable to L.
Indeed, LY ¢ T'1*°[V] because the function f(t) = f*(t) =t € LY but

> fol f*(s)ds _

Fllproony =
H ||F1 V] 80(103;1 1)

On the other hand, by [26], T**[V] € L', since

t
sup ~ sup ¢ (log, t) = occ.
>0 tsup,s, s71V(s) >0 @ (log, 1)

Hence, if T satisfies (3.2) and is weak type (1,1),
T:L¢(logL) — IV N LY,

where TV>°[V] N LY C L,




50 CHAPTER 3. REVIEW OF LINEAR YANO’S EXTRAPOLATION

Example 3.1.6. Mihlin-Hormander multipliers are functions such that, for all
multi-indices a with |a| < [n/2] + 1,

oem(e)| < Calel ™ g eRM{0},

It is known ( [80], [55], [45, Theorem 6.2.7]) that these multipliers are weak type
(1,1) and, for 1 < p < o0,

1
T, : LP — LP, | T || < max {p’—1}‘
p—

Hence, in view of Remark 3.1.5,

ot
~ log, t

Ty : Llog L — TY>°[VIN LY V(1)

3.1.2 Case left endpoint py > 1

The ideas of this section are based in the results of [27]. We first introduce the
function spaces we need.

Definition 3.1.7. The spaces Dy (u) and R (v) are defined by the norms

1/p
v [lfa(s)eds 1
15,0 =1l + | it o ) s (1062 ;)

and

(Jetsssypas)

® (IOgl t)

|’f||R;¢(y) = igg

If ¢(s) = s for some a > 0, we simply write D (1) and R} (v).
Theorem 3.1.8. If for any fixed 1 < py < p1 < 00, and for every py < p < p1,
1
T rlse (5.
P —"DPo
then

T:DF — R'

po,¥ Po,p”
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Proof. Given f € LP°, we use the K(LP°, L*°)-decomposition and Lemma 2.2.2 a)
to write f = Y,., 2'f; where, for every py < p < p1, we have that || ;|| ., < | ;[P0
Then, for every ¢ € Z,

1/po

(/ [<Tfi>*<s>}”“ds> < 5T, S 15 w(p )Ille\Lp

1 Ez Po p
< /oy (p_p0> <| t' ) . (3.5)

By Lemma 2.1.4 we get that

1/po

(/0 [(sz)*(s)}po dS) < tl/pOLﬂpO (‘E’t‘ O) 5 (p(logl t)Lp,l (|E7,|> . (36)

Summing over ¢ € Z and taking the supremum over ¢ > 0, we obtain that

(o

>0 ¢ (log, t)

<Y 2, (E)

1€EL

Finally, Lemma 2.3.3 implies that

S

‘ ()17 ds 1/po
. (Ji [Ty (s)]™ ds) — / (I

/Po
pod ) /( 1)
log, — | ds.
>0 ¢ (log; t) 4 &1 S

m
Remark 3.1.9. Theorem 3.1.8 and its proof are also valid for po = 1. However, in
that case, we just recover Theorem 3.1.1.
Example 3.1.10. For 1 < p < oo and f € L? (R"), the spherical maximal operator

is defined as

A f(z) = sup

t>0

@ t)dely) e R

where o is the normalized Lebesgue measure on the unit sphere S"~!. It is known
(see [95], [90], [45, Theorem 6.5.1]) that, for n > 3,

1

_ L1<p<2 (3.7)

n—1

N
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As far as we are concerned, the best result at the endpoint p = -5

“ is the one
obtained in [11], where it is proved that, for n > 3,

M L — [T,
Using Theorem 3.1.8 and (3.7), we conclude that, for n > 3,

% : D—’—lel _> R—’—lel

This estimates are independent because, as shown in [27], L=-1"" is not comparable
with D, .
n—17

To present our next example , we recall (see [45, Example 7.1.7]) that, for every
1 < p < o0, the function |z|* is an A, weight if and only if —n < a < n(p—1), and,
for every py < p < 00,

ﬂﬂ”(m—l)} ~ : p—1 po—l1 ~ ! po—1° (3.8)
Ay (p—po) (p —po) (p—po)PP  (p—po)

Corollary 3.1.11. Let T be such that, for some fired 1 < py < p1 < 00, for every
po < p < p1 and every w € A,

T r®R)— R, TS (),
where v is increasing. If 1 (sP°1) & ©(s) for some admissible function o, then,

T Dt <|$|n(po*1)> — v Rt <|‘,E|n(p071)>'

Ppo,p Po,¥

Proof. By (3.8), we get that, for pg < p < py,

1
T (o) — 2 () Irl s (2.
P — Do

The result follows by Theorem 3.1.8. O]

Example 3.1.12. Let H denote the Hilbert transform defined, for every f € .%(R)
as follows

H(f)(z) = > lim /|_> W 4 ser

T e—0+ r—y
It is known (see [57], [86]) that, for 1 < p < oo,

H: [P(w) — LP(w) if and only if — w € A,,
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and||H|| < [w]a, for 2 < p < co. As a consequence, for py > 1, since|z|"® Y ¢ A,
H is not bounded on L (|x|"(p°_1) ), but Corollary 3.1.11 implies that

H 2 Dy ("™ 70) — By (") (3.9)

On the other hand (see [35]), since |z|" "~ € AR

H : [0 (a7 ) — pros (g0 (3.10)

We have that (3.9) and (3.10) are independent because D (\x!"(po_l)) and

po,po—1
Lp0,1(|x‘"(1’0*1) ) are not comparable.

Example 3.1.13. For 1 < p < oo and f € L” (R), the Carleson operator is defined

as
Cf(s) :=sup|H <62m5(')f(~)> (s)|, s € R. (3.11)

¢eR

It is known (see [58], [39]) that

max ’,%
C:0w) — U)ol Sl g lul,,. G12
Thus, for any fixed 1 < pg < 0o, we have:
(i) If1 <po < 2,
2 1
ICl < [w]k) " logo[wla,,  po<p<2.

Hence, for ¢;(s) := s*log, s, Corollary 3.1.11 implies

Po,¥1 Po,¥1

C:DF (|x|P°*1)—>R+ (|g;|p0*1).

(ii) If 2 < py < o0,

€] < Tw]%, log,[w].a Po < p < 00.

p?

In this case, if py(s) := sP° log, s, Corollary 3.1.11 implies

C: D} (]x\p°_1> — R (|:1:]p°_1> .

Po,p2 Po,$P2
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Example 3.1.14. For f € L” (R) with 1 < p < oo, the Carleson lacunary operator
is defined as

Crac f(s) :=sup s € R, (3.13)

acA

H (0 () (5)

where A C R is lacunary in the sense that there exists a constant C' > 0 such that

In [39], the authors proved that, for 1 < p < oo,

max 1,%1
G 22(0) — 1) el < U7 hog s, (319

Hence, by Corollary 3.1.11, we get that:
(i) If 1 < po < 2, for p3(s) := slog; s,

Clac D;{MD3 <|x|p°71> — R <|m|p°71) .

Po,¥3

(i) If 2 < pg < 00, for p4(s) := s”!log; s,

Cuac : Dy (1217°7) — Ry o (12177

P04

Example 3.1.15. Consider the weight

po—1
w(z) = |x|—1,
log, —
|z
where 1 < py < co. Going back to Example 3.1.12, since w ¢ A% (see [25]), H does
not map LPo!(w) to LPo>®(w). However, for every fixed py < p; < 0o, and for every
Po <P =< P,

1
wla, S,
[wla, (p — po)Po—t

which implies, following the same argument as in 3.1.11, that

i D;;apo—l (w> — R;—o,po—l (’LU) .
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3.1.3 Case right endpoint p; < 00

This section follows the ideas appearing in [27]. First, we define the function spaces
that we need for the theorem.

Definition 3.1.16. The spaces D, (¢) and R, () are defined by the following
norms

S (T)]pdr) " ¢’ (log, s) ds

115500 =1 ing0 + [
1

S

and

S8 l:k* pd 1/17
1l = sp U )
so(logl ;)

If o(s) = s for some a > 0, we can simply write D, (1) and R, ,(v).

Theorem 3.1.17. If for any fixred 1 < py < p1 < 0o and for every po < p < ps,

1
T I, ||T||§<p< )
P1r—D
then,
T: D  — R~

P1,p P1,p"

Proof. Given f € LP* with||f],,, < 1/p}, we can use the K (L', LP*)-decomposition
and Lemma 2.2.2 ¢) to write f = Y, , 2" f; where, for every py < p < p1, we have

r(1_ 1
that | £, <B4 G7).
Since F(t) :== K(f,t; L', LP') is an increasing concave function, it follows that, for

almost every t > 0,

P <1 [ P =D <, <l <1 @)
0

Therefore, E; = () whenever ¢ > 0 and, for every ¢ € Z~ and every pg < p < p;, we
have

1_1
11 1 B[P\ " ™
S p|\Tfl-||Lp5so(pl_p)( t ) - (316)
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By Lemma 2.1.4 we get that

S 1/p1 |E¢|p/1 1
([Tisras) <o (10550 ) <o (061 ) o Gonim)

Hence, summing over ¢ € Z, we obtain

T’) 1/p1

“Tf”R’ 90/ (10g1 3) ds,

P1,P S

S D 2 (log |1 ,§1+/1°° ()

i€z~
where we have used Lemma 2.3.4 in the last inequality. The case of a general
function f € LP' follows by homogeneity. m

Example 3.1.18. The Bochner-Riesz operator of order o« > 0 in R? is the multiplier
defined by

B (1) (@)1= [ (1-P)2 fle)msde, a e R (3.17)

It can be deduced from [38] (see also [16]) that, for 0 < & < 1 and 4 < p < =5,
1

5/4°
4
(172a - p)

B*: IP(R*) — LP(R?), [B%| S

Therefore, Theorem 3.1.17 implies that
B*: D,

1-2«a

We should mention that it is also known (see [68]) that

___% ]%474

1-2a?

5
4

N[

4 4
a . T 15a0l T 94>
B : L2 — [[T-2a7%°

but D=, ;¢ L', For example, the function

1-2a’4

1
MO0 I o) o)

(t)

belongs to D™, ; but not to =

1-2a’4

Also, since

1, =B (ogy | BN ZIFI a0 =IE[7

I—2a4

we have that Lt g_ D,

1-2a’

INTS
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3.2 Weak type theorems

In this section, we shall assume that 7" is weak type (p, p) for some range of p. We
treat three different cases, depending on the value of the endpoint.

3.2.1 Case endpoint pg = 1

In this case, the target space at the endpoint is quasi-Banach. The lack of a triangle
inequality implies some difficulties in the reconstruction step. Thus, we need to use
the galb space (see [100], [19]), defined as follows

galb(X) = {<en>n 03 eafa € X, whenever £yl < 1} ,

endowed with the norm

It is known that
e if X is a Banach space, then galb(X) = (1,
e galb (L) = (log ¢ (see [96], [65]) where

llogl = {(en)n : Zenlogln < oo},

n

o if V(t) =t/p(log, t), Llog ¢ C galb (AL®[V]) (see [29]).

The next theorem is an extension of the work in [24] to the setting of admissible
functions (see also [21]).

Theorem 3.2.1. If for any fixed 1 < p; < oo and, for every 1 < p < py,

1
Ti e T < (—) |
p—1
then,
t

T : L p(log L)logs L — AY>°[V], V(t) = ———.

Proof. Let f > 0in L ¢(log L) logs L, then (see [8, p. 244]), we have that

A= / fo (log, ) (logs f) < oo,
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If we use the 2-dyadic decomposition, we obtain that, for every 1 < p < p; and

every t > 0,
* = ]- n 1 1/p
) @<L~ S0 (527) (M)

and, by Lemma 2.1.4 we get

e log,
w05 L (P2l) < 2RBD L 1))

t

-

Thus, for V(t) =t/¢ (log, t),

1T full jroey S Lo (1fall )

and

ITf gy < || 271750l
n>0

Arem] ~ H <22n[“”1 (Hf"HL1)>
<[ (2 o (111

If we denote ¢, = ¢ (2")log, n and a,, = f{dn_1<f<dn} fe(logy f)logs f, we have

n llgalb(AL>°[V])

n Zlogf.

1 a,
Loa (1fall i) = Lo (22n / fe (log, f) (logs f)) = Iy (QT> :
{dn 1<f<dn} Cn

Therefore, if we prove that, for every sequence (a,), such that ||(a,).|ls, = A, it
holds that
on Qp,
(),
we are done.

Now, let (ay,), such that ||(ap)n|le, = A,

n Qp, n
H 22 w(?n )) <1+ 2L, (an >log1n

Llogt n>1

an
<1—i—222 S01(2271 >log1n+22 I¢1<22n )log1

nel nell

S

Y

tlogt

where

Iz{nZl:anSQ_”} and IIz{nZl:an>2_”}.
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First, since I, is essentially increasing and ¢(t) < 7 (see Remark 1.3.2), we get

n n 1
E 2% 1,4 1 <§ 22" 1
(22" )0&” “"1(22%0(2")2”10&71) s

nel n>1

_ Z =eD 2n <log1( ©(2)2" log, n )) < Z 2% ~ 1.

Also,

" an, 22" p(2") log, n
222 .1 <22T) logl n < Z W@ 10g1 < ( a) 1 lOgl n
1 n

n€ll n>1

<3 s (18,2722l ) £ D0 = 1.

n>1 ® n>1

]

Remark 3.2.2. Moreover, if for some £ > 0, Bri1-- - Bran > 0,
k+n B,
o) ~ I (1og;5)

j=k

we can refine the above argument using the (k+2)-dyadic decomposition. Choosing
= ¢(log, d,,) log,; n and a,, = f{dn71§f<dn} fo (log, f)log, .5 f, we obtain that

t

T : L p(log L)logs, , L — AV>[V], V(t) = ——.
( ) 3+k [ ] () QD(IOgl t)

Example 3.2.3. It is known (see [20], [39]) that, if Cj,. is the Carleson lacunary
operator (3.13), for every weight w € A; and every 1 < p < 2,

1
Clac : Lp(w) — Lp,oo(w>, HClaCH S logl (pTl) .

Hence, by the above remark,

Crac = L(logy L) (log, L) (w) — Ay®[V], V(1) =
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3.2.2 Case left endpoint py > 1
Theorem 3.2.4. If for any fixred 1 < py < p1 < 0o and, for every py < p < p1,

1
T — e, |1 590(—>,
P — Do
then
T: DT ey 1% —tl/po
: — I t) = .
poe V) (¥ ¢ (log, t)

Proof. 1t follows the same steps than the proof of Theorem 3.1.8, taking into account
that, for every 1 < py < p, instead of (3.5), we have

£33 — — — ]-
(TEY () < Tl S EVPIT Al o < 67 (p —p0> il

]

Example 3.2.5. Let R} = R" x R* and Iy (z) = {(y,1) € R :jy — 2| < at}.
The intrinsic square function (see [101]) is defined by

dydt :
Gaof(r) = (/F ( )\Aaf(y,t)f tf+1> r € R",

where

Aaf(y.t) = sup (¢ = f) (v)] .

peCe

with ¢y(y) =t "¢(yt™™) and C* the family of functions supported in B(0,1) such
that [ ¢ =0 and

|p(z) — ¢(2')| < |z — 2|7, Vz,z' € R".
It is known [40] that, for 2 < p < 3 and every weight w € A,

[SIES

Co I (w) = I (), [[Gall £ [}, (log [ul, )"

where [w]4,, 1= supg %

Hence, by (3.8) we get that

G 17 (") — 12 ("), 1Gall S —5r

and, by Theorem 3.2.4, we have

Ga - D;% (|z|") — le’;rn)[\/], V(t) =




3.3. RESTRICTED WEAK TYPE THEOREMS 61

3.2.3 Case right endpoint p; < 00
Theorem 3.2.6. If for any fired 1 < py < p1 < o0, and, for every py < p < p1,
T e e (5.
pr—Pp
then
t/p1

@\ 108, —
g1 n

Proof. 1t follows the same steps than the proof of Theorem 3.1.17. Instead of(3.16),
we now have that, for every 1 < pg < p < p1,

T:D, ,—T"V], V()=

p1,p

11 1.1 1
(g ) < tG ) T <G %(pl—_p)nfinm

1

<@( 1 )(|Ei|’>m(p—p1)'
~ U A\p—p/) \tm

The ODR technique finishes the proof. O

3.3 Restricted weak type theorems

By restricted weak type, we mean that

T:[P' — [P,

3.3.1 Case endpoint pg =1
Theorem 3.3.1. If, for any fized 1 < p; < co and, for every 1 < p < py,
1
Tt e (5).
p—1
then,

t

T : Lo(log L)logs L — AM[V], V(t) = ———.
( 3 [ ] ( ) © (log1 t)

Remark 3.3.2. Observe that the above theorem improves Theorem 3.2.1. In this
case, we can follow the same proof because, for f € L' N L™ with || f||,~ < 1, it

also holds that || f|| 1 < ||f||1L/1p
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3.3.2 Case left endpoint py > 1
We adapt the ideas in [27] to the setting of admissible functions.
Theorem 3.3.3. If for any fired 1 < py < p1 < o0 and, for every py < p < p1,
Tt TS (o),
P—Do
then

T : A(vg) — TH>°[1]

1

where vy(t) = 75 (log, 1) and Vi(t) = o
R " p(logy 1)

Proof. Given f € LP! we use the dyadic decomposition over Z to get f =", , 2" f;
where || f;|| ;- < 1. For every t > 0 and every py < p < p1,

. 1 1 fill o 1 1£ill 2\ 77
TF)™ () ST fill oo S ( ) < L :

By Lemma 2.1.4, we have

awwwsum@”b)sw®&%wdwmy

t t1/po
Summing over ¢ € Z and taking the supremum in ¢ > 0, the result follows by
Lemma 2.3.1. O
3.3.3 Case right endpoint p; < oo

The ideas of this case appear in [27] and we extend them to the setting of admissible
functions.

Theorem 3.3.4. If for any fired 1 < py < p1 < o0 and, for every py < p < p1,

1
Ti Ly e, Mﬂ5¢( ),
P1—D
then

T : A'(vy) — T[],

1

tr

where vy(t) = t%J@ (logy t) and Vi(t) = ——— -
v (108;1 ?)
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Proof. Given f € LP!, we use the dyadic decomposition over Z to get that, for
every i € Z, for every t > 0 and every py < p < p1,

“\p|| T L fill o 1 Ifll
TZ**t <t1/p : poo< ( ) Lrl L )
< f) ()N || f||La N(p p]__p tl/p N(IO p]__p t
(3.18)

By Lemma 2.1.4, we obtain

; @ log -
Uiy < 20080 1, g,

(TI)™() < Tom (

Summing over ¢ € Z and taking the supremum in ¢ > 0, the result follows by
Lemma 2.3.1. ]

3.3.4 Case endpoint p; = o0

The case where the endpoint is p; = oo was considered first in [104] in the context
of finite measure spaces, and the extension to o-finite measure spaces was studied
in [30]. Here, we extend it to the context of admissible functions.

Theorem 3.3.5. If for a fired 1 < py < 0o, and, for every py < p < 00,

T: L' — [P, 1T < e(p),
then
T: LY — TheV], V(t) = ;1
v (log; §)

Proof. Given f € L*, we use the f*-decomposition to get that f =3 . f, with
fn € LY N L% and, for every t > 0 and every py < p < o0,

1/p
(TLY*0) £ T alline S @ s SUalle o10) <%> |
(3.19)

By Lemma 2.1.4 we obtain

n 1 1 n !
T <1 s <1ogl t'h@”@) S [T (10g1 I ||||;> |

The result follows from Lemma 2.3.2. OJ
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Remark 3.3.6. Recall that, if p(t) = t* for some o > 0 and V (t) =
have that T1>*°[V] = E“ (see Definition 1.4.4).

1
¢(log; 1)’ we

Example 3.3.7. Let GG, be the intrinsic square function (see Example 3.2.5). It is
known that (see [73]) that, for every w € As,

Gy LP(w) — L*(w), 1Gall S [w]3,-

By Rubio de Francia extrapolation (see Theorem 1.5.2), we obtain that, for every
3 < p < oo andevery w € A,

Gy LP(w) — LP(w) I1Gall S p2[w]} .

P
If we fix w € Ay, we can take 3 < py < oo such that, w € A, and, for every
Po S p <00,

Go: LP(w) — LP(w)  ||Gal S p2lw]f =~ p2.

PO

Consequently, Theorem 3.3.5 implies that,

Go: LY (w) — B3 (w).

Example 3.3.8. Let m be a Marcinkiewicz multiplier (see Example 3.1.4). By
(3.4) and Theorem 3.3.5, we can deduce that

T, : LY — E3.
2

Moreover, for every € > 0, if we take py 1= 1+ %, we have (see [74]) that, for every
wE Ay,

34e
T, LP(w) — LP(w),  |T) < [w)3™".

PO

By Rubio de Francia extrapolation, we get that, for every py < p < oo, and every
w € A,

Tyt LP(w) — LP(w),  |T]| < (p[w]a,)?*e,

and hence, for every w € A,

Tyt LF, (w) — B3 (w).
2
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Example 3.3.9. Let C be the Carleson operator (3.11). If we fix 0 < ¢ < 1 and
po := 1=, (3.12) implies that, for every w € A,,

C: L (w) — L(w) el S [w]l? logsful.

Po”

Using Rubio de Francia extrapolation and Theorem 3.3.5, we get that, if ¢(s) =
s1*elog, s, for every w € A,

1

C: L¥(w) — Ly®V], V(t) = m.

In the case of the Carleson lacunary Cy,., for every w € A, it follows from (3.14)
that, if ¢(s) = slog; s,

1
Clac : L (w) — F}U’OO[V], V(t)= ——.
? ' (10%1 %)

Example 3.3.10. Since the Hilbert transform H is bounded on LP(w) for every
w € Ay with |[H|| < plw]a, when p > 2 (see [86]), from Theorem 3.3.5 it follows

H : LY (w) — E'(w).
It is also known (see [93]) that
H: L™ —s BMO,

where BMO is the space of bounded mean oscillation functions. However, E! is
not comparable with BMO. Indeed, loglz| € BMO (see [46, Example 3.1.3]),
but log|z| ¢ E' because is an increasing function. On the other hand, h(s) =
X(0,1)(s)log L ¢ BMO (see [46, Example 3.1.4]) but h(s) € E* because, for 0 < t <
L,

1t 1 ! 1
h**(t):¥/0loggds:z{s+slog—] zloglg

and, therefore, for V (t) = (log, %)_1, 17][p1.00p) < 1. Consequently,
H:L® — BMONE",

where BMO N E* C BMO.
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3.4 Hypotheses for characteristic functions

Here, we improve Theorem 3.1.1 by assuming weaker hypotheses. The proof follows
the same argument presented in [2].

Theorem 3.4.1. If for some fized 1 < p; < oo, and, for every 1 < p < p; and
every measurable set E,

1
ITxelle S @ (E) p(E)?,

then
t

T:L ¢(logL) — T-[V], V(t) = Slos D)’

Proof. Fix a measurable set £ C X with pu(F) < co. For every 1 < p < p; and
t >0,

1

00 <ITxele S ¢ (2 ) B

Taking the infimum over 1 < p < p;, we obtain by (2.4) that

(Txe)™ () < (@) g Xz (t) + (@) i (10g1 ﬁ) X (u(8).00) (1)

Now, since, for every ¢t < u(F),

1
E)\ 1 B ds 1t 1B s
(M) ~1l+ = ﬁfﬁ/ (10g1 )d8+— -
13 tr1 Jt s 1 13 0 tr1 S ri

and for every t > u(F),

((E) t 1 /“<E> t
— 1 < - log, - | d
(40) i) 22 o)
we get that, for ¢t > 0,
d
(TXE)**(t) 5 <log1 ) X(0 ds + _/ X(0,u(E 781
(t),

Rl p1, @((XE)

where, for every measurable function f,

(3.20)

R0 =7 [0 (1om 2) roias 1 [T 105

tr1 Jt S P
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To extend this inequality to simple functions, we take f = Zi:l anXr,, where the
sets F; C F, C --- C F} have finite measure. Thus, f* =" | a,X[,u(F,)), and, by
(3.20), we get

(T S D ai(Txr,)™ (1) S Y anRipo((X5,)) (1) = Ripy o (F)(2).

n=1

To extend the above inequality to arbitrary measurable functions we use a density
argument. In fact, we observe that

By o (F) (@) = 11l vy

where

1 t

- (log1—>, 0<s<t,
S

v(s) 1= 4

Therefore, given a sequence of simple functions such that | f,,| 1]f] at almost every
point, we have that, for every n,m € N,

1 1
Faw [ -rall < s [ (TG 0] =TG- 07
w(E)=t w(E)=t
S Rl,pm@((fn - fm)*)(t) = an - meAl(vt) )

where we have used [8, Prop. 3.3, p. 53] in the second one.

Since v; ¢ L', [28, Theorem 2.3.4] implies that A'(v;) has absolutely continuous
norm and, in view of Proposition 2.3.3. of the same work,

n,yfiloo”fn — fmllry = 0-

Consequently, for every set E with finite measure, T'f,, is a Cauchy sequence in
LY(E), and therefore converges to a function Tgf. Since our measure space is o-
finite, let us take a sequence (E,), of sets with finite measure such that U,>, F,, = X.
Define T'f(z) := T, f(x) for every x € E,. Let us see that Tf is well defined.
Indeed, for any pair of sets F, F' such that u(E£ N F) > 0, if we fix € > 0, there
exists n > 0 such that

| Tef = Trfllpmary SITef = Thallpg H1T = Tefllpe < e
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and, therefore, Tg f = Tr f almost everywhere in £ N F. Moreover, this also implies
that the definition of T'f does not depend on the sequence of sets (E,), chosen.

Hence,

T = s SILE s lim / T/l < lim - (Tfn)*

t’l’b—)OO

S nh_glo Rl,pl#’(fn)( ) Rl \D1, W(f

Finally, since we have (3.20) for all measurable functions and every ¢ > 0, using the
properties of ¢ it follows that

t

(T 5 R o0 £ ZED [ (10, 7) o),

and taking the supremum over ¢ > 0 we are done. [
For our next result, we need an extra condition on the operator 7T; namely that T
is (g, 0)-atomic approximable (see [18]).

Theorem 3.4.2. If for some fized 1 < p; < oo, and, for every 1 < p < p; and
every measurable set E,

1

ITxel e < 0 (p—

- 1) u(B)'?,

and T is (,8)-atomic approximable, then

t
¢ (log, t) '

Proof. From [18] follows that, for every f € L' N L* such that || f]|,~ <1,

(TF) (1) < o (pi 1) (||fL|L1>1/p

Thus, we can use the proof of Theorem 3.3.1 to conclude the result. O

T: L ¢(log L)logy L — AY®[V], V(t) =

Example 3.4.3. The Carleson operator C is (g, 0)-atomic approximable (see [18]).
From (3.1), we obtain

t
(log, t) ’

C: Llog Llogy L — AM*°[V], V(t) =

recovering Antonov’s result.
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3.5 Extrapolation on LP>
Let us introduce now some results where the hypotheses are of the form

T : [P —s [P,

3.5.1 Case endpoint py > 1

The particular case pyp = 1 can be found in [31]. We extend the result to py > 1
and to the setting of admissible functions. We first define the function spaces that
will be used.

Definition 3.5.1. The spaces [L(log L)logs L] and D are defined by the

P,00,p
norms

1
1 sty 1) =W+ [ supt (00 () < o

where ¢(s) = —go(logl ) logs £, and

Lsu St% *(t 1
P P 10, (mgl;) ds.
0

S
We observe that, if ¢'(x) ~ @,
Usupe, tF(1)
191 sty ) =W s+ [ 22200 (1o, ) o s < o
0 S

Theorem 3.5.2. If for some fixred 1 < py < p1 < o0 and, for every py < p < p1,

1
T e TS w( ) ,
pP—D
then:
i) If po =1,
t
T:[L ¢(log L)logs L] — AV>[V], V(t) = (o, 1)
1
i) If po > 1,
s
. 1,00 _ o
T.D;)OO¢—>F V1], Vi(t) =
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Proof. Fix gy € LP>* and define the function H(s) = sup,.,t(g;(t))*. Clearly,
(g5(s))P> < H(s)/s, which implies that there exists hg € L with ||h¢||; -~ < 1 such

that g;(s) = ho(s)(@)l/m.

Since go € LP>*®, lim;,o g4(t) = 0 and, by [8, Corollary 7.6, p.83], there exists a
measure preserving transformation oy such that go(x) = g§(oo(x)) and hence,

H(oo(z))
oo(x)

We have that (H,,)*(s) = (H(s)/s)'/? where H is quasi-concave (because H(s) is
increasing and H(s)/s decreasing) and, thus, there exists a decreasing function g

such that y
Po

f g podt
(Ha)*(5) ( - .

Indeed, since||Hy, || 100,00 =190 fp0.00, We have that H,, € LPO* and lim; . g(t) = 0.
Thus, there exists fy such that fj = g. Moreover, there also exists h; such that
hi,hi' € L*® and a measure preserving transformation ¢, such that

1/po
go(x) = ho(oo(z)) ( ) = hooo())Hyy (). (3.21)

rOsoma)
Hoy(x) = ha(o1(2)) o1 ()
For every f € L}, we can define the operator
s cO "
(@) = h(on(@)) | 15
We observe that
Sfo= Hy, (3.22)
and (Sf)” ( fo pods) % Therefore, for p > po,

1

11 t . PO
[Sfllppee 7 suptr vo </ (f (8))pod8) <[ fllgs-
t>0 0

On the other hand, the operator T"¢ := T ((ho oag) - g) , satisfies the hypothesis of
the theorem and hence,

T oS : [P — [P, HT’OS”ggo( ! >
D — Do
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By (3.21) and (3.22), we have
Tgo(z) =T ((ho © 00) - Hay) () = T" (Hy, ) () = T'(S fo) ().

If po > 1, we can apply Theorem 3.2.4 to 7" o S and get

HTQOHFLW[V} - H(T/ © S)(fo)”rl’oo[V]
L ([ (s))Pods) 70
S foll 2o +/0 Uo U (St)) ) ¢’ (log1 1) dt

1 . Ly 1
“NSfallron + [ (S0 @R (1og1 —) dt
0

1 . 1 1
ol + [ (o) O (108, )
0

1
! supe 7 g5(s) (11
Mgl + [ TRt (10, L
0

If po =1 and ¢(s) = —gp(logl %) logs £, by Theorem 3.3.1 and Fubini, we get

ITg0llnseervs =17 © S|ty SISz sog 2108, 2. = / F () (—o(t)dt
1 1 1

| folls + / S 0)(=6() dt < foll o + / £ (0) / & (s)ds dt
1 1 s 1

Ml + [ (5 [ Fi0d)s 6 6)is 1Sl + [ (S (s)s (51,

1 1 1
N Halle + [ (o (956 (5)ds =~ gnlloe + [ sup s g3 (5)ds.
0 0

s<t

3.5.2 Case left endpoint p; < oo

We observe that, Theorem 3.5.2 can also be proved with the ODR technique using
the K (LPo>°; L*°)-decomposition.

Let us present the case where the endpoint is p; < 0o, using this method.

Definition 3.5.3. The space D __  is defined by the norm

p,00,¢

° su tr f(t
Ml + [ 2 D (1ogy 5)ds.
1

1f1l,,

Pp,00,¢
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Theorem 3.5.4. If for some fized 1 < pg < p1 < 00 and, for every pg < p < ps,

1
T: P> — [P 1T < ¢ (—) )
pr—Pp
then
1
T:D; — TV V(t) = t
o | o (o8 1)’

Proof. Let f € LP»* with || f|| p,..c < 1/p). Hence, we can decompose f using the
K (L', LPv*)-decomposition. The rest of the proof follows the same steps than the
proof of Theorem 3.2.6, using part d) of Lemma 2.2.2 and Lemma 2.3.4. O]

3.6 Fixed target space

Theorem 3.6.1. If for any fired 1 < p; < o0, any fixed quasi-Banach space X,
and for every 1 < p < pq,

1
i x, |7 m(—),
p—1
then

(en.ﬂ@g (||fn||L1)>

I

nen n=— n

T < inf
sl s i |

galb(X)

where the infimum is taken over all possible decompositions of f with || full e < 1.

Proof. It f € L' such that f =3 e,f, and || full «~ < 1, since f, € L' N L™, we
have by Lemma 2.1.4 that

. 1 !
sl i, (2 1Al S T 001,

and, therefore,

> eTfn

1T/l <

Tf,
n T n Nrer 1
';6 H f HXHTfn”X

<l ril),
X

¥ ‘ galb(X)
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Example 3.6.2. Let M be the rough maximal operator on R? (see (3.3)). It is
known (see [34]) that, if Q € Llog L(S'), then Mj, is weak type (1,1). However, a
weaker result can be easily deduced from [33] using extrapolation. Indeed, in that
work, it is proved that, for every ¢ > 1 and Q € L4(S'),

1

Mo DR — DR, [Mall S ———— 90 e
(g—1)"a
Thus, for every € > 0 and every 1 < ¢ < 1—J_r§,
1

[Mal < WHQHM(SU'

If we fix f € L'(R?) and we denote M;(Q2) := Mq(f), then

/1 21 g2y

My LYSY) — LY(R?),  ||My < T

Using Theorem 3.6.1 and following the computations in the proof of Theorem 3.2.1,
we obtain

My : L (log L) "¢ logs L(S') — LY°(R?),

which implies that, for every Q € L (log L)' ™ logs L(S'), Mq is weak type (1,1).







CHAPTER 4

Bilinear Yano’s extrapolation

The study of multilinear operators began in the 1970s with the work of Coifman
and Meyer (see [36], [37]), who studied commutators of bilinear singular integrals,
such as the bilinear Hilbert transform, defined as follows

By (f.9) (@) =lim [ flz—tyglx+ 0%

M)
e—0 |t|>€ t

reR, f,ge S R).

Years earlier Calderén had posed the question of whether By satisfies an estimate
of the form

Bu:I"(R)x [ ([R) — IP@®), ~=L41 (@1)

P p1 P2
In particular, he conjectured that the case p; = py = 2 holds. The first results
concerning this problem were provided by Lacey and Thiele (see [71], [72]), who
proved that (4.1) is true when 1 < p;,ps < 0o and 2/3 < p < oo. Their work
attracted significant attention to this research area, leading to the development of
many results in the setting of multilinear operators, such as those by Kenig and
Stein (see [66]), Muscalu, Tao, and Thiele [83], Grafakos and Li [50], and Grafakos
and Torres (see [52], [53]).

In this chapter, we develop a multilinear version of Yano’s extrapolation theory.
We present the results only in the bilinear context to simplify the notation. The
extension to the multilinear case is straight forward.

For 1 < p;,p2 < 00 and 0 < p < oo, we denote by (p1, pe; p) the triple that satisfies
Holder’s condition

1 1 1

bp P11 P2

75
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Thus, if we fix an endpoint (g1, g2; ¢), we consider operators
B : Lplﬂ"l X LP2,7”2 — var

such that || B|| — oo as p; — ¢; for j = 1,2, and we want to study the behaviour of
B at the endpoint spaces. As done in the previous chapter, we distinguish different
cases (strong, weak, etc.) depending on the values of r1, 79 and r where

T € {17p1}7 ro € {17]72} and 7 S {p,OO}

In the following, let (p1, po; p) denote the points where we already have an estimate,
and let 1 < pf,py,p;,p; < oo be fixed numbers. If we aim to reach the point
(¢1,42; q), we could have, for example, the hypotheses for all (py, ps;p) such that
¢ <p < pi and py; < po < g (see Figure 4.1).

Figure 4.1: (py, p2; p) such that ¢, < p1 < pf and p; < py < @o.

The chapter is structured as follows: in Section 4.1, we shall treat the case when L%"
is Banach and Section 4.2 will be dedicated to the quasi-Banach context. Our proofs
will follow the ODR technique and, in both settings, we mainly use linearization in
each variable. For example, if

1
B[PV o L2272 — [PT||B|| S ( ) ,
b1—4q

and we fix g € L% we shall consider the linear operator T} := B (-, g). Clearly,
we have that

1
Ty : Lo — P || Ty S ( )HQHL%W :
P1—q1

Consequently, except in the case ¢o = oo, we need to developed an off-diagonal
extrapolation result.

Finally, we should mention that some partial results concerning the bilinear setting
have been stated in the context of abstract extrapolation theory (see [63], [5]).
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4.1 Banach setting

In this section we consider the case when L%" = L9 with ¢ > 1 or L?" = L%* with
q> 1
4.1.1 Off-Diagonal extrapolation

Proposition 4.1.1. Suppose that 1 < q1,q < co. If, for every ¢ < p1 < p; and p
such that

= 4.2
P N q ¢ ( )
1
T: P — IPT T <o < > :
P1—q1
then
T:D" — RT,

where DT and R* are determined by the values described in Table 4.1 (see Definition
3.1.7).

r R*
1 DT i
1 _q 1 p R‘L‘P
L | A(vr), vi(t) =t “p(log; 1)
\ o ], v —
P Dy (g #1) U Slog, 1)

Table 4.1: Proposition 4.1.1.

Proof. If r = p, given f € L%, we use the K (L%, L>°)-decomposition and
Lemma 2.2.2 a) to get f =", , 2" f; with || fi|| o, < | ;|7 for every ¢ < p1 < pi.

Since p > q,

1/q

! * q 1_1 1_1 1
( [ty ds) < TR S w( )nfz-nm

P1—q1

a\ 1/p
SJtl/ql(p( 1 > (|Ei| 1) 17
P1— q1 t
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where we have used (4.2) in the second inequality. Therefore, Lemma 2.1.4 implies

1/q

( / [<Tfi>*<s>}"ds> e/t () o lom0) 1 (1),

The rest of the proof follows the same argument as Theorem 3.1.8 with py = ¢ in

(3.6).

If r = 0o, we can follow the same steps than the ones in Theorem 3.2.4 because

1 - 1_1 1_1 1
IR O ST e S50 (Il (03)

If » = p, we decompose f € L' with the dyadic decomposition over Z.
Thus, for every 1 € Z, p; < p1 < q,

t /e 1 1£ill o\ 7
\* q %7% ) Va nL
(/0 [(Tf)" ()] ds) <t e ||Tfill, St/ (m _ql) ( t ) '

By Lemma 2.1.4 we get

1/q

(/ [<Tfi>*<s>]qu) et (112} S 6 08,6 o 0151)-

Finally, by summing over ¢ € Z, using Lemma 2.3.1 and taking the supremum over
t > 0, we obtain

(e

>0 ¢ (log; 1)

S 32 e (150) Sl

i€z
If r = oo, we can follow the same argument since, for every f; obtained using the
dyadic decomposition over Z, ¢; < p; < pj and t > 0, we have (4.3). O

Using a similar argument, we can also obtain the following proposition.

Proposition 4.1.2. Suppose that 1 < q1,q < co. If for every ¢ < py < p{ and p
such that (4.2) is satisfied we have that

ti/p 1
T:I[P" — TV ), V() = ——, T| < ( )
[ p] p( ) go(logl t) H ” 1 P—q
then
T DTV, V()=
: — V], t) = ,
(p190) (log, t)

where D% is determined by the values described in Table 4.2 (see Definition 3.1.7).




4.1. BANACH SETTING 79

T D+
1| A(vy), vi(t) =tu "p(log, 1)
b1 Dqt,w

Table 4.2: Proposition 4.1.2.
Proposition 4.1.1 and Proposition 4.1.2 yield the following theorem for the case
where the operator blows up in both variables.

4
P2

p1

Figure 4.2: Banach setting. Theorem 4.1.3.

Theorem 4.1.3 (Figure 4.2). Suppose that 1 < q1, q2,q < 00 are fized. If, for every
g <p1 <pf and g2 <p; < p3,

1 1
B LPrT o P2 — P ||B| S ¢ ( ) ¥2 ( ) ’
P1— ¢ P2 — 42

then
B:Df x Df — R*,
where DY, Dy and RT are determined by the values described in Table 4.5 in which

© = @1p9 (see Definition 3.1.7).

Proof. We prove first the case when r = p. Let us fix py such that ¢ < py < p3g,
and g € LP>™. Thus, the operator T} := B(+, g) satisfies that, for every (p1, p2;p)
with g1 < p1 < py,

1 1
L 1, T < ( ) o ( ) 190l s
P1—q1 D2 — Q2
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1 Df Ty Dy
1| Awy), wn(t) =t i (log Dl 1] Alw), valt) = to: " a(log, )
b D(;rl,gol D2 D;z,wz
r R*
P Ry
1/q
o | P VO = S

Table 4.3: Theorem 4.1.3.

Therefore, we can apply Proposition 4.1.1 to 77 and obtain that, for every (qi, pa; p),

1
R e e LS

Since we can do this reasoning for every g, < p; < py, we have that,

1
B:Df x L™ — R}, |IB|| < ¢2 (m e ) :

In particular, if we fix f € D, and we consider any measurable set £ C R" with
|E| < oo, we have that, for every go < py < py where

the operator T := B(f,-)xg satisfies

p 1/p
imgel,, (o [BUo) @) ds) " (féE' (B(,9))" )] ds)

<
1 (log, |E|) 1 (log,|E]) - 1 (log, |E|)

1
<Dl s, S5l 02 (o ol

Thus, for every ¢z < py < p;3,

R 5

1
< log,|E .
< o1 (om|E) Il 2 (52 )
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Proposition 4.1.1 implies that

T : Dy — RY,., HTQEH S 1 (logi | EN) 1 f 1l py -

Finally, since this argument is valid for every measurable set E, if we fix g € D3 and
t > 0, and we consider all the sets E such that|E| = t, it follows from [8, Proposition
3.3, p.53] that

<f0 [( ) (S)]qu) " ~ SPE= (fE [(B(f,g)) (s)]qu) v

1 (log; t) s (log t) w1 (log, t) ps (log, t)
q 1/q . i} q 1/q
SUD )t (fE [(TQEQ) (s)] ds) SUD (fo [(ng) (S)} ds)
- 1 (log, t) @2 (log, 1) = ¢1 (log, t) @2 (log; 1)
sup i [| 7579 s

=2 S oy gl g -
1 (log, ) b P

Taking the supremum over ¢ > (0 we conclude the desired result.

For the case where r = oo, we also fix the second variable and apply Proposition
4.1.1 to obtain that, for every (g1, po;p) With ¢ < pa < p,

ti/p

r o0 1
B Db s BN 0= S 1S ().

Hence, if we fix f € DI and consider the operator Ty := B(f,-), we have that, for
every ga < p2 < pj

1
Ty : [P — Fl’oo[‘/p]v 1T g”fHDfr 2 ( ) 7
P2 — G2

and the result follows by Proposition 4.1.2. O

We can also consider the case where, the operator B satisfies that, for every (p1, ¢2; p)
with p; < p1 < qi,

1
B: LM x [ — [P ||B| <o < ) .
q1 — P1

In this case we need to develop the following off-diagonal extrapolation result.
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Proposition 4.1.4. Suppose that 1 < ¢ < o0 and 1 < g < oo. If for every
p1 < p1 < q and p such that (4.2) is satisfied we have that

gp( L ), 1 <q < o0,
T — [P T S I
¢ (p1) ¢ = 0,
then
T: D — R,

where D~ and R~ are determined by the values described in Table 4.4 (see Definition
3.1.16).

(A1 D_7 QI%OO D_7 gi =
1| Al(v), v (t) =t (log, 1)
Ly
D1 Dq_w
r R
p ~
R
(g # o0) e
00 t1/a
rbeVv], V(t) = ——
(q#1) V1, Vo) o(log, 1)

Table 4.4: Proposition 4.1.4.

Proof. ’ql # 00, T :pl‘ If r =p, fix f € L™ with ||f||;., < 1/¢| and use the

K(L', L9)-decomposition and Lemma 2.2.2 ¢) to obtain f = Y., 2'f; with f; with
(11

Il S 1B G5

The rest of the proof follows the same steps than Theorem 3.1.17 with p; = ¢,
using that, instead (3.16), since p < ¢, we have

</t°° (Tf)™ (5)]qd8) " N (/too [(Tf)™ (3)}1’85—16;5) v <t Tl
(4.4)
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which yields

o0 1/q 11
([Tl ors) i he ()i,
t g1 — D1

11
AN
@1 —p1 t

If r = 00, as seen in Theorem 3.2.6, we follow the same argument using that

1

1 11 1 |Em\ ™ ™
ta(Tf;)"(t) Sta » | Tfill oo S
(Tfi)™() 1Tl (p(% p1) ( ; )

instead of (4.4).

’ G F oo, 1 =1 ‘ We proceed as in Theorem 3.3.4, taking into account that, in-
stead of (3.18), we have by (4.4) that

(/OO [(Tf)™ (s)]qu) v < té*%”Tfi”Lp < t—i@ ( 1 > <||fi||L1)1/p1
t - ~ a1 — D1 t

when r = p, and

1 1 i 1/p1
t%Tfl**(t> S t%_%HTfiHproo S t 411 %) < > (Hf ||L1)
g1 — D1 t

when r = 0.

We proceed as in Theorem 3.3.5, taking into account that, instead of
(3.19), we get by (4.4) that

) g Wl }”
(/t [(Tf")** (S)]qu> St_a@(pl)nanLm,l SanHLoo 80(]?1) (t”fn_HLLloo)

when r = p, and

1/101
lT o < 1_1 T < *pi < ||fn||L1
ta T () St v T full e S P00 fall pora SNl ©(p1) Ll
n || 00

when r = oo. O

From a similar argument, we can also obtain the following proposition.
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Proposition 4.1.5. Suppose that 1 < ¢ < o0 and 1 < q < oo. If for every
p1 < p1 < q and p such that (4.2) is satisfied we have that

90( )7 1<Q1<OO>
Ti S Rp) TS NP

@ (p1), q = 00,

ti/p

where R~ (p) = B>, or R~ (p) = I'Y>°[V ] with V,(t) = ———~
) () = <) it Vi) = s

o , then

T:D — R,

where D~ and R~ are determined by the values described in Table 4.5 (see Definition
3.1.16).

™ D_7 ql#OO D_7 g1 = 0
1| AMvr), vi(t) = to "o (logy ¢)
L
P1 qu,so
R~ (p) R~
R _
(4 7') foore
! [V] V( ) t1/r ti/a
,00 ’ = —— -
Lo ¢1(logy 1) vy, Vi(t) = (o o)(loz. 1)
(¢ 1) (1p)(log, 7)

Table 4.5: Proposition 4.1.5.

From Proposition 4.1.4 and Proposition 4.1.5 we obtain the following theorem.

Theorem 4.1.6 (Figure 4.3). Suppose that 1 < q1,q2,q < oco. If, for every p; <
P < q1 and p; < pa < g,

B : LPIJ’I X LP277’2 N LP,OO
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1
p1

Figure 4.3: Banach setting. Theorem 4.1.6.

with
4
1 1
©1 ©2 ) 1 <qi,q2 < 0,
g1 — P g2 — P2
( ! ) (p2) l<q <
®1 Y2 P2), q1 0, (o = 00,
1Bl S Q=D
1
o1 (p1) @2 ) g1 =00, 1 <o <00,
q2 — P2
\ 901(]91)902(]92), q1 = @2 = 09,
then

B:D;y x Dy — R,
where Dy, Dy and R~ are determined by the values described in Table 4.6 in which
© = @1p2 (see Definition 3.1.16).
Proof. We only prove the case 1 < q1,¢q> < oo. The remaining cases follows using

the same argument.

Fix po such that p; < ps < @2, and g € LP>™2. Therefore, the operator 77 := B(-, g)
satisfies that, for every (p1, po; p) such that p; < p; < ¢,

1 1
LI —s I mws%( >%< )mmm.
q1 — P1 go — P2

Therefore, we can apply Proposition 4.1.4 to T} and get that, for (q¢1, p2;p),

_ _ 1
T,: Dy — R-(p), mwsw< )wmm,
go — P2
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™ D1_7 Q17éoo Dl_’ g1 = O
1| Al(w), oi(t) =t o, (log, t)
Lz
b1 Dq—l,cpl
T2 D2_7QZ7éOO DQ_,QQZOO
1| Al (ws), va(t) =tz 'y (log, t) N
L=
p2 D‘;?#PQ
r R
p _
R
(q # o0) @¢
LL[V], V() = —
00 2], V(t) = ——~
@(10& %)

Table 4.6: Theorem 4.1.6.

ti/p

where R™(p) = R, when r = p and R~ (p) = I''*®[V,] with V,(t) = ———~,
( ) ) [ p] p @1<1Og1 %)

b1

when r = 0.

Since this argument is valid for every ¢, < py < py, we have that, for every (g1, pa; p),

1
B:Dy x L™ — R™(p), Bl 5%02( )
q2 — P2

If we now fix f € Dy, the operator Ty := B(f, ), satisfies that

3 1
T I B(). T < e (—) T
qa — P2 1

At this point, it is enough to use Proposition 4.1.5 to conclude the result. ]

From Proposition 4.1.1 and Proposition 4.1.4, we can conclude the following theo-
rem.

Theorem 4.1.7. Suppose that 1 < q1,q < oco. If, for every ¢ < py < p{ and
Dy < P2 < @,

B : LPIJ’I X LP277’2 N LP,OO
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with
1 1
©1 » P P2 pr— ;1 <o < o0,
1—q 2 — D2
1Bl S
1
¥1 )902(172)7 G2 = 00O,
P1—q1
then
t1/a

B: Df x Dy — TV*°[V], V(t) =

¢1 (logy t) @2 (logy 1)’

where DI, Dy are determined by the values described in Table 4.7 (see Definitions
3.1.7 and 3.1.16).

™ DT? q1 7é 1
1| Al(vy), vi(t) = ti_lwl (log;1 %)
pl D‘;:‘Pl
] D2_7q27£00 D2_7QQ:OO
1| Al(wn), va(t) =t "o (log, t)
- Le,
D2 DqM,Q

Table 4.7: Theorem 4.1.7.

4.1.2 Rays extrapolation

Let us consider now the case where the operator norm blows up in both variables
simultaneously along a ray, that is, every (pi, pe;p) satisfies

p_pP_ P (4.5)
q

q1 q2

Theorem 4.1.8 (Figure 4.4 (a)). Suppose that 1 < q1,q2,q < oo. If for every
@ < p1 <pf and g < py < py such that (4.5) is satisfied we have that

1
Bt o Bl (1)),
P—q
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Figure 4.4: Banach setting: rays. Theorems 4.1.8 and 4.1.9.

then
B: D} x Df — RT,

where DY, DY and R are determined by the values described in Table 4.8 (see
Definition 3.1.7).

r1 Df o D
1| A(y), w(t) = tn “p(logy 1) | | 1| Awn), w(t) =t "p(log, 1)
D1 D} . D2 Df
r RT
p Ry,
1/q
o | WL VO = S

Table 4.8: Theorem 4.1.8.

Proof. | T1=D1, T2 =Dz | When r = p, given f € L9 and g € L%, we decompose
f with the K (L%, L*)-decomposition and g with the K (L%, L*°)-decomposition
to obtain f = 3. ,2'f; and g = >, ., 2%gp where [|fi]l 0y S |E;|"/P" and also
19wl oo S 1Fe|™72.
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Thus,

¢ * q 1_1 1
[ 1BGeay @) as) s o ()1l lodn

0 b—q
14q g\ 1/p
Sw( 1 >(|EZ| |Fk|> |

P—q t
1/q

</ot [(B(fiagk))* (8)]qu) til,, (‘M)

S (logy t) Iy (Eil) Ipa (Fil)

By Lemma 2.1.4, we get

AN

and, by Lemma 2.3.3, the result follows.

If r = oo, we can follow the same argument using now that

. 11 1 . 1\ (IEYE)"\ 7
B fiag 13 (Stq P (—) f% p1 119 P Stq ( ) ( .
(B(figr))™ (1) =3 [ fill o [ 9kl 12 \ oy ;

’ ro=ry=1 ‘ If r =p, given f € L9 and g € L' we decompose them with
the dyadic decomposition over Z and we get

1/q

</0 [(B<fzagk))*(3)]qd3> 515%7% ® (Z%Q)Hfl”i/lpl“gkni/lpz

1/p
. < 1 ) 151929 | g |22
:tQSO .
P—q t

By Lemma 2.1.4 and Lemma 2.3.3 the result follows.

If r = 0o, we have that

1 - 1_1 1
ti (B(fi,o0))™ (1) Sta v ¢ (H>|rfiuzé’“ugk|rzé“.

’ r=p, ra=1 ‘ If r = p, given f € L% and g € L®', we decompose f using
the K (L%, L*°)-decomposition and g with the dyadic decomposition over Z and we
have that,

1/q

t ’ ! iy 1 1/p1
(/ (8790”0 dS) Stih o () B o
0 p—q
1/p
:tég)( 1 ) | E:|)| ge |20 |
p—q /
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By Lemma 2.1.4, Lemma 2.3.3 and Lemma 2.3.1, the result follows.

If » = oo, we shall use that

1

1 Hk 1_1
ti (B(fiyq) (1) St v g (qu) | P | il 1P

If we have the hypotheses for p < ¢, we have the following theorem.

Theorem 4.1.9 (Figure 4.4 (b)). Suppose that 1 < q1,q2 < 00 and 1 < g < oo. If
for every py < p1 < q1 and py < ps < g2 such that (4.5) is satisfied we have that

%) <—> , 1< qg<oo,
B:IPmox [Pz [P ||B|| S =P
¢ (p) q = oo,
then
B: Dy x Dy — R™,

where Dy, Dy and R~ are determined by the values described in Table 4.9 (see
Definition 3.1.16).

Proof. ’ql # 00, Qo # 00, T =P1, T :pg‘ If r = p, given f € L% such that
Ifll;e < 1/¢) and g € L% such that ||g||;e < 1/¢5, we decompose f with the
K (Ll; L(ﬂ)—decomposition and ¢ using the K (Ll; L‘I?)—decomposition. Hence, we
have that f =3",.,2'f; and g = >, ., 2", where,

1

1 (1 _1
HfiHLm 5|Ez’|ql<p1 q1> and ||gk||LP2 §|Fk|q2(p2 qz)_

From (3.15) follows that E; = F;, = () whenever ¢,k > 0. Since L ==L we have

1
,(1 1) ,q(l 1) q (1 1>
Gl———|=q—(-—-) = - — -
PL Q1 @ \pP q an—1\p ¢

and the same happens with ¢}, g2, p2. Therefore,

([ i o]'a) " o (;15) (15

Q

1_1
P q
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(1 D1_7 Q17éoo D1_7 g1 = O
L Alw), w(®) =47 o logit) |
©
D1 Dq_l,@
T2 D2_7QZ7éOO D2_>Q2:OO
LA, va(t) =t o (logyt) |
©
D2 Dq;,so
r R
p _
(g # ) Hay
o0 ti/a
V], V(t) = ———
(¢#1) V], vi) ¢(log, t)

Table 4.9: Theorem 4.1.9.

and by Lemma 2.1.4, we get

" 1/q
(/O [(B(fi,gk))** (s)}qu) S <log1 %) ¢ (log,| Ei]) ¢ (logy | Fyl) -

Finally, by Lemma 2.3.4, the result follows.

If r = 0o, we use

1 - 11 1
1 (B(fig0)” (1) S 147 (H)Hﬁumugkum

’ g1 # 00, g # 00, 1 =r9=1 ‘ If r = p, given f € L9! and g € L%, we can
decompose f, g using the dyadic decomposition over Z and we have that

' q Ve 11
(/ (809" ) d8> St o (VI Il
° q—p

1/p
:w< 1 ) LA ol \ ™
q—p t

By Lemma 2.1.4 and Lemma 2.3.1 the result follows.
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If r = oo, we can follow the same argument using now that,
1 Kk 1_1 1 1
ts (B(firg)” (1) St577 ¢ (q >Hfz|! P llgell

’ql#oo, G2 # 00, T1 = pr1, 7”2:1‘ If » = p, given f € L9 and g € L%!
decompose f using the K (L%, L*)-decomposition and g with the dyadic decom-

position over Z and we have that

1/q q
' ST 1 1 B gl 2"
B(f; d < ta| By % : L

By Lemma 2.1.4, we get

(/ot (B(fig0)" (s)]qu>

1/q
SHNES ™ Jpg (17 gull i)

1
<o (10m 1) ¢ (081 E) o Qo)

The result follows from Lemma 2.3.4 and Lemma 2.3.1

If r = 0o, we shall use that
1/p

. - v (1N (B g
t (Ba)” 0 s elEP e () |

00 ‘ Given f, g € L*>, we decompose them using the f*-decomposition

| ==
and g*-decomposition, and, we have that
p_ p_ |2
- . [ fnllzs gmllz: ™
(frsgm)) (&) S fall e llgmll e inf (p)
(B, gm) pollomlle, WL 1ilie ) \lgnlsx
By Lemma 2.1.4, we get
- P
- L fallp [gmllLe |72
(frsgm)) (&) S fall oo l|gmll oo 0 | Togy | 7
(B, gm) pllonl e oo\ E 7T ) gl

gml[ 11

sgo(logl )anuw log,
alls

The result follows summing over n,m € N using Lemma 2.3.2

| foll 11
| gm | o @ | log
L I gl oo

) |

O
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4.1.3 The endpoint (1, 00; 1)

Now, we introduce the case where we reach the endpoint (1,00;1) by only using
hypotheses where the target space is in the Banach setting.

Y

1
pP1

Figure 4.5: Banach setting. Theorem 4.1.10.

Theorem 4.1.10 (Figure 4.5). If, for every 1 < p; < pf and (pf) < ps < 00,

1
B:LP' x P> — P ||B| < ¢ <zﬁ) ©2(p2),
=

then

t
(@1%02)(10& t)902 (10g1 %) 7

B:A'(vy) x L — TH®V], V(t) =

where v1(t) = (1p2) (log; 1).

Proof. First, given f € L' and g € L*, we decompose f with the dyadic decompo-
sition over Z and ¢ using the g*-decomposition. Hence, if we fix ¢+ € Z and p,, we
get

1 1 il 7p1.1 m||[p2,1
B0 5 Bl 5 0 () (Ve ) e ()

1/P2
1 1 fill 1>1/’“ lgmll 11
< LIl L L
~ ¢ P2(P2)|9m || [, .
' (p1 - 1) ( t (P2 gl | Grmll oo t
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Thus, we can take the infimum over p| < py < 0o using Lemma 2.1.1 to obtain

1/p2
Kk 1 |fl 1 L/p . G|l 71
B(fiagm) (t) S ©®1 ( ) (’ tHL ) Hgm”Loo ,<11I712f<oo 902(172) H HL

pi—1 pi< 1gml[ < t

1 HszLl Vo 1 ”grnHLl
~ | 7 s log, — 1 .
((101902) <p1 _ 1) < t Hg HL P2 0g, n P2 0g, HgmHLoo

Now, we can take the infimum over 1 < p; < p{ using Lemma 2.1.4 to get

B(fi, gm) (t)51w1w2,1< tLl gl oo 02 10%1; © | log, L,

gl oo
which implies

tB(fi, gm) ™ (1) | gml 11
S Loyt (1fill 1) 1gmll oo 02 | log L.
(p12) (logy t) @2 (logy 1) ~ 771 (10 )llgml. I goml| oo

Summing over ¢, m, using Lemma 2.3.1 and Lemma 2.3.2, the result follows. O

4.2 Quasi-Banach setting

In this section, we treat the cases where L?" is a quasi-Banach space. We only
consider restricted-weak type hypotheses.

4.2.1 Off-Diagonal extrapolation

As we did in the Banach setting, we shall use a linearization argument. Hence, we
develop the corresponding off-diagonal extrapolation result.

Proposition 4.2.1. Suppose that 1 < ¢ < o0 and 0 < q < 1. If, for every
G <pr < pf and p such that

L (4.6)

1
Tt e rse ().
b1 —q

then
ti/a
B ¢ (log, t)

where DT is determined by the values described in Table 4.10 in which ¢ > 0 is
arbitrary.

T: Dt — AM>®[V], V(t)
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D+
¢ =1 Al(wy), (1) = ¢ (log 2) (logg 1) i)+
0< q < 1 1 <L_1) 1 1 (l—1>(1+6)
1 <q<oo| Al(vy), vi(t) =t\n" o (log, 1) (log; 1)\
=1 A'(v), vi(t) = ¢ (log 1) (logs 1)
= ()
t<gi<oo| M), n®) = (08, ) (lox, )

Table 4.10: Proposition 4.2.1

Remark 4.2.2. Whenever it is needed we will denote D (¢q) = D and we observe
that, if » > ¢, we have that D% (q) C D (r).

Proof. ’ =1 0<qg<1 ‘ Given f € L' such that|| f||;, = 1, we use the 2-dyadic
decomposition. Then,

1 . 1/p1
P 0 S T e S e () (M2l
P1—q

t

By Lemma 2.1.4, we obtain

Py 0S¢ L (L) £ o080 L (1oll).

t1/a

Thus, if V(t) = ———,
Q ¢ (log, t)

we get that

IT fallagcopy S Lo (1 fall 1) -
Since

|Tf| < 222 ||Tfn||AqyoO[V} HT

n>0 f”HAq""’[V]

Proposition 2.3.5 and Lemma 2.3.6 1) imply that, for every sequence (a,,),, of positive
numbers such that ) a, <1,

1T f |y S Za 22nHTanAq0°[V] Nzan 9 o (1 Fall ) -

n>0 n>0

If we fix £ > 0 and choose a,, ~ n~ 179, the result follows by Lemma 2.3.9 i).
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We follow the same steps using but Lemma 2.3.6 ii) to obtain
1 n 1 n
Iy S 32 (1082 ) 2T ol $ X (I ) 2t ().

n>0 n>0 n

If we fix € > 0 and we now choose a,, & n™2, the result follows by Lemma 2.3.9 ii).

’ l<g <0, 0<g<1 ‘ We can use the dyadic decomposition over N to obtain

I full ooy < Loan (1fall 1) -

The result follows using Lemma 2.3.6 i), choosing a,, ~ n~(1*%) and applying Lemma,
2.3.10 1).

’ 1 <qp <o0, ¢g=1 ‘ In this case, we apply Lemma 2.3.6 ii) with a, ~ n~2, and

then Lemma 2.3.10 ii). O

Remark 4.2.3. We observe that, if ¢; = ¢ = 1, we recover Theorem 3.3.1.
Similarly, we have the following proposition.

Proposition 4.2.4. Suppose that 1 < ¢ < oo and 0 < q < 1. If for every
q1 < p1 < pi and p such that (4.6) is satisfied we have that

/P 1
T:LPvt — ANV V() = ———, T| < ( )
[P] p() 801(10g1t> ” || 90 p1—Q1
then
ti/a
T:D" — AM[V], V(t) =

(¢1) (logy t)’

where DT is determined by the values described in Table 4.10 in which ¢ > 0 is
arbitrary.

1
p1

Figure 4.6: Quasi-Banach setting. Theorem 4.2.5.
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Theorem 4.2.5 (Figure 4.6). Suppose that 1 < q1,q2 < 00 and 0 < ¢ < 1. If, for
every qi < p1 < pf and g2 < ps < 3,

1 1
L R e P
P1—q1 P2 — @2

then

B:DFx Df —s NV], V()= —
: X — AV, t) = ,

' ’ (¢1102) (log; 7)

where DY, Df are determined by the values described in Table 4.11 in which € > 0
1s arbitrary.

Dy
¢ =1 Al(v1), vi(t) = ¢ (logl %) (10g2 %) G_l)(l%)
0<g<1 1 )
L <q <oo| Al(v), n(t) = t(a‘1>¢l (log, 1) (log, %)(rl)me)
q=1 I <q <o0 A(vy), v(t) = t(ﬁ*1)¢1 (log, 1) (logy 1)
D3
=1 A (12), va(t) = 2 (log, 1) (log, 1) 570+
0<g<l1 1 1
1< gy < 00 | Al(s), va(t) = (@i, (10g, 1) (1og, 1) (57)0+)
a=1 |l<@<oo|  Al(w), w(t)=tE g (log, 2) (log, 2)

Table 4.11: Theorem 4.2.5

Proof. Let us fix p, and g € LP>!. Thus, the operator T} := B(-, g) satisfies that

1 1
TD s 1% T < o ( ) o ( ) 190l s
P1—q1 P2 — Q@2

Therefore, if we can apply Proposition 4.2.1 to 7} to obtain (see Remark 4.2.2)

tl/T

Ty: D*(r) — AYS[V,], V= ——,
12 D) ] 1 (log; )

1
TS o2 (Il
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where 1 = q% + p%. Since r > ¢, D{ € D*(r), and we get that

T

1
Tl : Dii_ — Alpo[M"]? HTl” 5 P2 ( )”g”Lpz,l .
P2 — Q2

Thus, for every (qi,po;p) such that go < ps < p3,

1
B:Df x I — AY[V], ||BIl < s ( ) |
D2 — Q2

Hence, if we now fix f € D, the operator Ty := B(f,-) satisfies that

1
T, s (V) uTzusanDw( - )
P2 — G2

and, by Proposition 4.2.4, the result follows. O

We also study the corresponding extrapolation result where we have the hypotheses
for p < q.

p1

Figure 4.7: Quasi-Banach setting. Theorem 4.2.6.

Theorem 4.2.6 (Figure 4.7). Suppose that 1 < q1,q2 < 00 and 0 < ¢ < 1. If, for

every p; < p1 < q1 and py; < py < g,
) (o)
902 )
— D1 g2 — P2

ti/a
(901902) (log1 %)

where D, Dy are determined by the values described in Table 4.12 in which € > 0
s arbitrary.

B: LM x [P — [P ||B|| < ¢ (
then

B: Dy x Dy — AV, V(t) =
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Dy

0<q<1| M), n(t) =t (log, ) (log, 1) ()1 (1) (10, 2)

g=1 A(vy), vi(t) = t(i_l) ¢1 (log, t) (log, 1) (p1¢02) (logy 1)

Dy

1

0<g<1| Aw), valt) = (B (logy 1) (1o, 1) 7)) (5100) (108, )

g=1 AN (), va(t) = £0 Y gy (log, £) (logy 1) (102) (logy 1)

Table 4.12: Theorem 4.2.6

Proof. We prove the case where 0 < ¢ < 1. Given f € L%! and g € L%! such that
| fll st =gl faor = 1, we decompose them with the dyadic decomposition over N.
Thus,

" 1 ufnuy)”“ ( 1 ) (HgmuLl)””
(B<fmgm)) (t) 5 ®1 (Ch —p1) ( t ©2 & — P2 ; .

Taking the infimum over p; < p; < ¢; and over p; < py < @2 independently with
Lemma 2.1.4, we get

(B(fnagm>)* (t) < Joran (antnm) Tove (”gthL1>

< (901802) (log1 %)
1
ta

~

Jor.n (an”Ll) Jipsa0 (HgmHLl) :

1

: B ta :
Hence, if V(t) = (o172) (log, 1)’ we obtain that
HB(f7 g)”Aq,oo[w 5 ‘]4.011(11 (”f”Ll) J¢27Q2 (HgHLl) : (4'7)

On the other hand, since

) B(f2.9)|
B f'7 S 2" B fn; q,00 .
B0 = 2 2B ) o [ 7 T
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Proposition 2.3.5 and Lemma 2.3.7 i) imply that, for every sequence (a,,), of positive
numbers such that ) a, <1,

_1
1B 0oy S D™ 27| B 9)| gy -

n>0

We can repeat this argument with the other variable to get

1B ) oy S D oy a;aﬂgchB(fmgk)HAW[V] .

n>0 k>0

By applying (4.7) to each term we get that

||B(f7g)||Aq,00[V} Szan 2” 901 q1 HfTLHLl Za’k 2k <P2Q2 (HngLl)

n>0 k>0

Thus, we fix ¢ > 0 and we choose a, ~ n~0%9) and a;, ~ k=% and, by Lemma
2.3.11 i), the proof is complete. O

4.2.2 Rays extrapolation

We consider now the case where the operator blows up in both variables simulta-
neously along a ray. We recall that this means that every (py, po; p) satisfies

p_n_ P2 (4.8)
9 @ 42

p2 P2

Figure 4.8: Quasi-Banach setting: rays. Theorems 4.2.7 and 4.2.8.
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Theorem 4.2.7 (Figure 4.8 (a)). Suppose that 1 < q1,q2 < 00 and 0 < ¢ < 1. If
for every g1 < p1 < pi and qu < pa < pg such that (4.8) is satisfied we have that

1
B : Lp171 X LP2:1 — LP7007 ||BH 5 SO (_) ,
p —_—
then
B:DFx Df —s N[V], V()= —
: D} x Df — AV, )= ———
o ¢ (log, t)

where D and D3 are determined by the values described in Table 4.13 in which
e > 0 is arbitrary.

Dt
0 =1 AL(un), vi(t) = o (log, 1) (log, 1) (1))
0<g<l1 1 (L_l) 1 1 (l—1)(1+a)
1<q <oo | Al(v), wi(t) =t\7"Jyp(log, ;) (log, )\*
g=1 1<a<oo| M), u() =t (log ) (log, )
Df
©=1 (1), 02(t) = o (log, 1) (log, L) (i)
0<g<1
1< <0 | Aea), wat) =t ) (log, 1) (log, 1) (5709
=1 |1<a<oo| M) w) =5 (log, ) (o6, )

Table 4.13: Theorem 4.2.7

Proof. Given f € L' and g € L®' such that || f|| ;e11 =9l a20 = 1, we use the
dyadic decomposition over N. Thus,

1/p

4 a4
1 ) [ fnll 2 [[grm | 23

(B9 @ S 1B S 0 (51 t

By Lemma 2.1.4, we obtain

4

x Lfull Al gm I3 ¢ (log, t)
(B<fnagm)) (t) 5 Lp,q % 5 t—llj%th (an”Ll) ISO#D (HgmHLl) .
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ti/4
, we conclude

Now, if V() = ———
( ) ¢ (log, t)

”B(fn?gWL)HAq,oo[V} S I%Cﬂ (anHLl) [%'12 (”gmHLl) :

The rest of the proof follows the same ideas than Theorem 4.2.6 but using Lemma
2.3.6 and Lemma 2.3.9 when ¢; = 1 and Lemma 2.3.10 when 1 < ¢; < oc. O

Theorem 4.2.8 (Figure 4.8 (b)). Suppose that 1 < q1,q2 < 00 and 0 < ¢ < 1. If
for every py < p1 < q1 and py < ps < g2 such that (4.8) is satisfied we have that

R L L C
q_

then

ti/a
B:Dy x Dy — AM°[V],  V(t)= ——,
¥ (10g1 ;)

where Dy and D, are determined by the values described in Table 4.14 in which
e > 0 is arbitrary.

Dy
0<g<1| A, u(t) =t (log, ) (log, 1) 7)o (10g, 1)
qg=1 A(wvy), vi(t) = t<i_1)90 (log; 1) (10g2 %) ¥ (10g2 %)

Dy

0<g<1|Ales), vaft) = tlm g (log, ) (log, 1) 7)) 5 (10, 1)

g=1 A(vr), va(t) = t<éil>¢ (log, 1) (log, ) ¢ (logs 7)

Table 4.14: Theorem 4.2.8

Proof. We follow the ideas of Theorem 4.2.7 but using Lemma 2.3.7 and Lemma
2.3.11. O
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b,

1
p1

Figure 4.9: Quasi-Banach setting. Theorem 4.2.9.

4.2.3 The endpoint (1,00;1)

Theorem 4.2.9 (Figure 4.9). If, for every 1 < py < pf and p; < ps < 00

1
B : LPvt x [Pt [P IB|| < o1 (F) ©2(p2),

then

t
B:A'(v) x L — AM>®[V], V(t) = :
: ’ p1(log; t)@ (log; §)

where vy (t) = ¢1(log 1) (logs 1)p2(logs §) and Pa(t) := @a(t) (log, t) @2 (log, t).

Proof. First, given f € L' and g € L™, we decompose f using the dyadic decom-
position over N and g using the g*-decomposition. Hence,

1/p1 1/p2

Taking the infimum in each variable, by Lemma 2.1.4, we obtain

tB fnagm * t gk 1

sup — 1 BUn IO < p 100 Vgl 2  1og, 1260 ) |

i lomllon
801(10& t)802 10g1 ;

and now, we can proceed as in Theorem 4.2.6, using Lemmas 2.3.8, 2.3.9 and
2.3.12. m







CHAPTER 5

Endpoint estimates for particular operators

In this chapter, we apply bilinear Yano’s theory to obtain endpoint estimates for cer-
tain classes of operators, such as rough singular operators and the bilinear Bochner-
Riesz multiplier at the critical index.

As in the linear case, Rubio de Francia extrapolation theory will be a fundamental
tool to find interesting examples. In particular, we shall use the following result
(see [51], [43]).

Theorem 5.0.1. If, for some (r1,7r9;7) with 1 < 1,19 < 00 and, for every wy € A,,
and wy € A,,,

B i L (w) x L™ (ws) — L' (w), Bl S0 ([wila, fusla, ), (5.1)

where 1 is an increasing function in each variable and w = wq/”w;/m, then, for

1 < p1,ps2 < 00 and, for every wy € Ay, wy € Ay, and w = wh/P wh/P?

B LP*(wy) X LP?*(wy) — LP(w),

with

max 1,;1:1 max 1,;2:1
1Bl < v (Clpl[wﬂAm{ ' }702p2[w2]Ap2 ’ }> : (5.2)

We shall denote by (ry,re;r) the first point where we have a weighted estimate,
and by (p1,p2;p) with 1 < p1,p2 < oo all the points obtained by Rubio de Francia
extrapolation theorem. Thus, we will study the boundedness of the operator at the

105
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1
pP1

Figure 5.1: Bilinear Rubio de Francia Theorem 5.0.1.

endpoints (g1, ¢2; ¢) which lie in the boundary of the shaded square (see Figure 5.1).
Following carefully the behaviour of the constants in the proof of Theorem 5.0.1
(see [43]), one can easily obtain the following result.

Corollary 5.0.2. If B satisfies (5.1), then, for 1 < p1,ps < oo and, for every

p/pP1_ D/D2
1 Wy,

wy € Ay, and wy € A,,, and w = w
B LP*(wy) X LP?*(wy) — LP(w),

with the following operator norm:

i) If 1 <py <r, 1 <py<ry and wy,wy € Ay,

1 r1—p1 o 1 r2—p2 o
315w (0 ()" "l e ()l ).

i) If 1 <pp <ry, 1 <py<ooandw; € Ay, wy € Ap,,

—1
maxq 1,22

1 nen r1—p1 'p2—1
||Busw(cl(pl_1) [n 5577, Copalua] }>-

We observe that, in order to apply our Yano’s extrapolation results after using
Rubio de Francia theory, we need w = w’f/ P 1w§/ P2 to remain fixed for all (p1, pa;p).
This can be achieved by either setting w; = wy = w (which will provide one-weight
estimates at the endpoints) or by assuming that 2 = 22 = £ (which will provide

T2
two-weight estimates at the endpoints).

Let us start first with the one-weight case (see Figure 5.2).
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®(r1,72;7)
(1,q92;9)

---o—---

(00, 00; 00) (1,0051)

(q1,00;q1) €L

p1

Figure 5.2: Corollary 5.0.3.

Theorem 5.0.3. If, for some (ri,ro;7) with 1 < 11,79 < 00 and, for w; € A,,,

wy € Ay, and w = w} " wh/™

)

B L wy) x L7(ws) — L'(w), 1Bl S @1 ([wila,, ) @2 ([wala, )
then, B satisfies the estimates described in Table 5.1 in which € > 0 is arbitrary.

Proof. (1, 1; %) If we set w € Ay, by Corollary 5.0.2 follows that, for 1 < p; < 7y

and 1 < py < 1o,

B: LPY(w) x LP*(w) — LP(w),

with

iz () Yo () ™) e o) e o)

Hence, we can use Theorem 4.2.5 to obtain the estimate.

(1,92;q)| Fix1 < go < oo and w € A;. Then, for every 1 < p; <1y,

B: LPY(w) x L®(w) — LP(w),

with

B1S 0 ((15)" ) (i) oo ([wﬁ:{lyzﬂ |

Thus, we can fix g € L% (w) and use Proposition 4.2.1 to get the result.
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Endpoint | Weights One-weight estimate 1B]| <

B AL(v1) x AL (vg) = AL=[V],

v; (t) =, ((logl %)Tj—l) (10g2 %)H»s
t2

@1 ((log, t)171) o ((log, t)r="1)

)

(LLY) |wed e1([wly )2 ([w]'3))

V(t) =

B AL(vy) x L%2(w) — AL=[V],

1te 5—1
w e Al Ul(t) =¥ ((IOgl %)Tlil) (10g2 %) @, ST )902 < ma‘x{l’rml})

(17 q2; q) 1
V(t) = L
o1 ((log, t)1-1)

B Ay (v1) x L (w) — T2V,

vi(t) = 1 ((10g1 %)Trl) P2 (108"1 %) )

t
V(t) = o ((log1 t)rl—l) 2 (logy t) o (10g1 %)

(1,00;1) we A 1([w]’}) )p2([w]a,,)

B L0(w) x L5 (w) » TRV st
(qh oo,q1) w e A(Il tl/ql ¥1 <|:w}Aq1 o > 902([U)]Aq1)
Vit =
v2 (log; 7)

B: L (w) x L (w) = Type[V],
(00,00;00) | w € As 1

V(t) =
Q ¢1 (logy 1) @2 (log; 1)

Table 5.1: Corollary 5.0.3

(1,00;1)| Let w € A;. By Corollary 5.0.2, we get that, for every 1 < p; < r; and
ro < b2 < o0,

B : LMY (w) x LP?*(w) — LP(w),

with

1Bl < v ((ﬁ)nl) ©2 (P2) 1 ([w];ll) P2 ([w]Am) .

The endpoint estimate follows by Theorem 4.1.10.

(q1,00;q1)] Fix w € A,,. For every max{rs, ¢1} < ps < 00, by (5.2), we get

B : L% (w) x LP*(w) — LP(w),
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with

I ([wﬁjj‘ {1’9”}) o2 (02) 2 ([l ) -

Thus, we can fix f € L% (w) and use Proposition 4.1.4 to get the result.

(00, 00;00)| If w € Ay, there exists max{ry,r2} < py < oo such that w € A,,.
Thus, it follows from Corollary 5.0.2 that, for every py < p1,p2 < 00,

B LM (w) x LP*(w) — LP(w),
with
1BIl S @1 () 2 () 1 ([l ) 02 ([, )
and by Theorem 4.1.6 the result follows. [

Remark 5.0.4. At the endpoint (1, 00; 1), we can also use Theorem 4.2.9 to conclude
that, for every w € Ay,

t
1 ((logy t)7171) g (log, )

- ) ) o)

and ©a(t) = pa(t) (log; t) o2 (log; ).

In the points (g1, g2; ¢) on the boundary of the shaded square that can be reached
through a ray, we obtain two-weights estimates.

B:AL(v) x LE(w) —» AL®[V], V() =

where

Theorem 5.0.5. If, for some (r1,79;7) with 1 < ry,ry < 00, for every wy € A,,,

/T T/T
wy € Ay, and w = w)/ 1w2/ 2

B: L w) x L7(ws) — L'(w), Bl S 1 ([wila,, ) @2 ([wala, )
then, B satisfies the estimates described in Table 5.2, in which € > 0 is arbitrary.

Proof. (1, 1; %) If we set wy,wy € A, it follows from Corollary 5.0.2 that, for

every 1 < p; <ryand 1 < py < 1o,

B : [P (wy) x LP*(wy) —> Lp(wf/plwg/m),
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Endpoint Weights Two-weight estimate I1B] <
B: A11u] (UO) X Aqlw (UO) - Al(icl)/Zwl/z)[VL
1 2
5 _ 1\r;— A 1y\ro— 1\ 1+e
(L 1; %) wy, wy € Ay w(t) = ¢ ((lOgl o 1) P2 ((IOgl 1) 1) (1052 t) ) o1 (fwi ] o2 ([wa] 7))

2
v(t) = o1 ((log, 1‘,)”’1) P2 ((10g1 t)rrl)

B: AL (v1) x AL, (v2) — Ay V1,

14,4/ 92
(s1o3'")

e 1te
vi(t) = ¢1 ((logl e 1) (logs 7) z

e | "0 () ([ 1"""“{1’55”)
L0239 - ot Lt erllwila, ez | o]y,
wr € Ay, va(t) = 1@ )<p] ((log1 1) ) (log, 1) = N '
vig-—1
Y1 ((10?;1 )" )
B L¥(wy) x LE(wsy) — Ty (V]
wy, Wwe € Aso (wl w‘2>
1
(00, 00; 00) a,B>0 V(t) = —F—
()¢+/3:1 () L'O(IOglf)
o(s) = ¢1(s)pa(s)
Table 5.2: Corollary 5.0.5
with

5o () Yo (o)) o () o ().

In particular, for every 1 < p; < min{ry,rs}
B : P (wy) x LP' (wy) — LP(wi*wi/?),

with

2 2

IB] S o1 (pil)h 2 <pf;>r2 or (tonl2,) 2 (113 -

Hence, from Theorem 4.2.7 the result follows.

(1,¢2;q9)| Letusfix 1 <gy <oo,w; € Ay and wy € Ag,. It follows from Corollary
5.0.2 that, for every 1 < p; < r; and 1 < ps < oo such that p; = % = g > 1,

Bt L7 (wy) x LP2(wy) — LP(wiwd/®),
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with

18151 ( (22" ) o (1l,) oo ([w]jj;‘{%ii}) |

Thus, we can use Theorem 4.2.7 to obtain the endpoint estimate.

(00, 00;00)| We observe that this point can be reached through different rays (see
Figure 5.3). Let us fix «, 8 > 0 such that o + 8 = 1 and let us move along the ray

[
i 1

p1

Figure 5.3: Banach setting: rays. Theorems 4.1.8 and 4.1.9.

where p% = o and p% = (. If we set wy, wy € Aw, there exists max{r,m} < py < 00
such that wy,ws € A,,. Thus, by (5.2) we get that, for py < p1,p2 < 0o such that
apr = PBp2 =p,

B : LP (wy) x LP?(wy) — LP(wiwh),
with
1BII S (pr2) @) 1 ([wn)ay, ) 2 ([l )

and the endpoint estimate follows by Theorem 4.1.9. [

5.1 Bilinear rough singular operators

Given a function Q defined on §**~' such that [y, , Q = 0, the bilinear rough
singular operator associated to 2 (see [36]) is defined by

To(f, 9)(x) :p-v-/n /n %’)Tﬁ?ﬂx—y)g(w—z)dydz, x € R",




112 CHAPTER 5. EXAMPLES AND APPLICATIONS

where (y, z)/ := %2 In [47] and [48] (see also [49]), the boundedness of the bilinear

ly,2]
Hilbert transform has been used to obtain estimates for Tq. In fact, in [48] it is

proved that, for every (py, po; p) such that 1 < py,ps < o0,

Ty : LP(R") x LP(R™) — LP(R™)

as long as Q € L>*(S?*"~!). On the other hand, in [7] sparse domination is used to
conclude that, if Q2 € L°°(§2n—1)’

HTQHL3(w1)><L3(w2)—>L3/2(w) S ClQ] poo ) [wr] a5 [w2] ag Vwy, wy € As. (5.3)

Also, from [32] it can be deduced that,

3/2 3/2
1Tl sy 2200 s 2t () S oo [w) 5 (w05, wiws € A (5.4)

Some results are known at the endpoints. Indeed, by [75] and (5.3), it follows
the weighted boundedness of T for every (q1,00;¢q;) with 1 < ¢; < oo. In the
unweighted case, it is also known (see [54]) that

Tq : Ll(R”) x L*(R") — Ll’OO(R”),
and
To : L(R") x L*(R") — BMO.

As far as we know, the cases (1,1;1/2) and (1, ¢q;q) with 1 < go < oo are open.
We shall use estimates (5.3) and (5.4) to obtain new weighted estimates at these
endpoints.

Theorem 5.1.1. If Q € L®(S**') and [, , Q = 0, the operator T satisfies the
endpoint estimates described in Table 5.3 and Table 5.4, in which € > 0 s arbitrary.

Proof. We apply Theorem 5.0.3 and Theorem 5.0.5, using estimate (5.4) in the

cases where the endpoint is (1, 1; %) or (1,¢2;q), and (5.3) in when the endpoint is

(1,00;1) or (o0, 00; 00). O

5.2 Bilinear Bochner-Riesz operators

The bilinear Bochner-Riesz operator of index o« > 0 is defined, for f, g € S (R™), by

B (f9) (@)= [ [ (=lel =Py F©atmem € dedn, w e R
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Endpoint | Weights One-weight estimate | Tall <
T : A%U(Ul) X Ai)(’ljg) — A}D’OO[V],
) _ 1 3/2 1 14+
T B B e N
t
V(t) = 3
(log, t)

(17qQ7Q) w e Al

To : AL (vy) x L2 (w) — AL>®[V],

v(t) = (log; 1)*” (log, 1) ® |
ti/a

(log; t)g/Q

(1l,00;1) | we A

To 2 A, (vr) x Li*(w) = Ty [V],
U1 (t) - (10g1 %)3 )

t
V(t) - (IOgl t)g (IOgl %)

(00,00;00) | w € Ay

To : L (w) x LY (w) — E*(w)

Table 5.3: Corollary 5.1.1

As in the linear case, it is useful to work with the kernel associated to this operator.

Indeed,

B (F) @) = [ [ Kalnow)f(e—mlgle = mdndi, <R

where, for every y;,y, € R”,

Ka(?/a z) =

T(a + 1) Jatn (2ﬂ\<yh 92)0

™ | (Y1, y2

)‘a—i-n

and J,., denotes the standard Bessel function of order a+n. It is known (see [10])
that for a« > n — % and 1 < py,ps < 00,

B°: LM (R") x L (R") —» LP (R"),
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Endpoint Weights Two-weight estimate ITall <
TQ : Azlpl (UO) X A111]2 (UO) — Al(i?/zwé/z)[v]v
_ 1\3 1\ 1+e
(17 1, %) wi, Wy € A1 Uo(t) - (logl ?) (10g2 ;) ’ [wl]i’h [wg]i’h
t2
V(t) = 3
(log, t)

To: AL (vi) x AL (vg) — AL v,

w2 (wgwg/%)
_ 1)3/2 1\ 4=
w, € A, vi(t) = (108;1 2) (log2 ?) ? maX{L 171} 3/2
(1-,Q2§Q) A (Lfl) 3 1te [wlﬁh([wﬂqu a2 )
Wo € Ag, vo(t) = t\® (10g1 %) 27 gy
V /4
t) = 373
(log; t)3/2
w1, Wy € Aoo
(00,00;00) | @, >0 To : L (wy) x LE (wy) — E2(wlwh)

a+p=1

Table 5.4: Corollary 5.1.1

and a =n — % is the so-called critical index.

In the weighted context, it has been proved in [64] that
B L*(wy) x L*(wy) — L' (w) YVwy, we € As. (5.5)

Hence, we need to find @1, ps such that, for every wy,wy € Ay, (5.5) is satisfied
with

1

< @1 ([wi]a,) @2 ([wo]a,) -

We observe (see [13], [85]) that there exists a constant C,, := 1/2"%° such that, for
every wy,wy € Ag, if 61 = [wl]Z; and 0y = [wg]:bl, then,

[ 1+C§1] < 1+Cé;1
2

wy Ay S [wily, and | 1+052]A2 < 14+Cé2

Wy ~ [w2] As

Using this fact, a detailed study of the proof in [64] shows that, for every n > 2
and w, ws € Ay, we have

B2 L2(w;) x L*(ws) — LY (w), [|B" 2| < max {[wi]%,, [wa]4, } [wi]a, [wo]a,.
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In particular,

Bz LP(wy) x L2 (ws) — L' (w),

_1
1B" 2] S Tun], [wal,

Thus, by Theorem 5.0.3 and Theorem 5.0.5, we obtain the following new estimates.

Theorem 5.2.1. The operator Bz satisfies the endpoint estimates described in
Table 5.5 and Table 5.6, in which ¢ > 0 is arbitrary.

Endpoint

Weights

One-weight estimate

1B™2| S

(1,1:3)

we A

B2 Al (v1) x Al (vs) = AL®[V],
3 1+
Uj(t) = (108;1 %) (10g2 %) i )
t2

= (log; t)ﬁ

(17 q2; Q)

’U)EAl

Bz : AL (v1) x L%(w) — AL®[V],
14e

oi(t) = (log; )" (logy §) =
t1/a

(log, t)g

V(t) =

(1,00;1)

w e A

B2 AL (vy) x LS°(w) — [L®[V],
ui(t) = (log, 1)°,

t
Vit) =
" (log, t)ﬁ (10g1 %)3

(00, 00; 00)

w € Ax

1

B2 : L§°(w) x L(w) — E%(w)

Table 5.5: Corollary 5.2.1

The results obtained in this section have been published in [23].
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Endpoint Weights Two-weight estimate ||B”_%|| <
B3 - AL (vo) x AL, (vo) — Al(i?“w;“)[v}’
(1,1;1) wy,wy € A, vp(t) = (log, %)6 (210g2 %)HE’ [w1]%, [wa],
t
"~ (log, )°

B3 i AL (v1) x AL (vg) — AL ) v,

q
(U’l w.

_ 1)3 1Y
w1 € Al Ul(t) o (logl t) <10g2 t) 6 max{l,q;,l}
(1,425 9) A (i—l) g4 1te [wl}Al[wQ]qu
w2 € La vo(t) =\ (log; )" ®
t1/4
V(t) = 3
(log, )
wy, Wy € Ao
(00, 00; 00) a,8>0 B3 L (wy) x LE(wy) — Eﬁ(w‘fwg)

a+p=1

Table 5.6: Corollary 5.2.1

5.3 Bilinear Fourier multipliers of bounded variation

Let us consider now the following extension of the bounded variation functions on
R. Set

£ n
mie,n) = / / du(t,s),  EmeR (5.6)

where dy is a finite measure on R? and without loss of generality we may assume
that u(R?*) = 1. We observe this is the case if m(&,n) = my(§)ma(n) with m;,
J = 1,2, two normalized (dm;(R) =1, mj(—o0) = 0) bounded variation functions.
For functions f and ¢ in C¢°, the following operator associated to the multiplier m
was introduced in [87],

Bulf)a) = [ mi&nlf(©atnemdsan,  ae R

In particular, it is easy to see that

Bulf)a) = | HS@) ) dults), Yoy R
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where

miw) = [ Hoe s aek

Some endpoint estimates for this operator are known. Indeed, using techniques
different from those presented in this work, we established in [6] the following one-

weight estimate at the endpoint (1, 1; %)

By, : L'(w) x LY(w) — LY**®(w),  Yw € Ay,

and, by [87], a two-weight estimate at the endpoint (1, gs;¢) with 1 < g3 < 0o can
also be deduced, namely

B, o L*(w1) x L%2(wy) — L9 (w), Vw, € Ay, we € Ag,.

For the remaining endpoints, we can use Theorem 5.0.3 and Theorem 5.0.5 to obtain
new estimates.

Theorem 5.3.1. The operator B,,, associated to the multiplier m defined in (5.6),
satisfies the endpoint estimates described in Table 5.7 and Table 5.8, in which € > 0
1s arbitrary.

Endpoint | Weights One-weight estimate | Bl <

Byt Ay (v1) x L (w) — TV,

(1,00;1) | we A, 0i(t) = (log, 3)°, [w], [w)] a,

t
o= (log; t)Q (IOgl %)

B, : L9 (w) x L§°(w) — F,lﬂ’oo V],
(qlv 003 ql) w e Alh tl/ql [w]A

(00,00;00) | wE Ay | Byt L (w) X L (w) — E*(w)

Table 5.7: Theorem 5.3.1

Proof. 1t is immediate to see that, for every w € A,,

IHell 22 () r2gwy < C1 (1 +HH||L2(w)—>L2(w)> < Colwla,,
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Endpoint Weights Two-weight estimate |1 Bl <
By, o AL (v9) x AL (vo) — A?E/Qw;/ﬁ V],
(L1 | wiwe € 4y to(t) = (logy 1)’ <210g2 0 [wn]%, [wa],
t
= log 1y

Wi, Wy € Ay
(00, 00; 00) a, >0 Byt L (wy) x L (wq) — E? (w?wég) :
a+pf=1

Table 5.8: Theorem 5.3.1

with C5 independent of t. Therefore, for every wy,wy € Ay and w = wi/ 2w§/ 2

)

||Bm<f7 g>HL1(w) < /R2HHtfHSgHL1(w)‘d/’L’ (tv 8)
< /R2||HtfHL2(w1)||HS.9”L2(w2)’dp“| (t,5) < C3lwn]ag[wa] a1 1| 2oy 190 22 g -

Finally, we can apply Theorem 5.0.3 and Theorem 5.0.5 to this estimate. O]

5.4 The weighted bilinear Hardy operator

In [44], it has been considered the following weighted bilinear Hardy operator. For
any weight

v:[0,1] x [0,1] — [0, 00),

H, (f,9) (x) = / f(t12)g(tax)v(ty, ta)dt dts, r e R".

0<ty,tao<1

When p > 1, it has been proved (see [44]) that, if 1 < py, ps, p < 0o, then
H, : [P(R") x LP*(R") —s LP(R"),

with

Hv = tipi tin’U tl, t2 dtldtQ
1 2
0<t1,ta<1
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Hence, it follows that, if for some ay,an > —1, we set v(ty,t2) = t1't5?, then, for

every 17— < p1 <00 and 7~ < ps < 0o such that p > 1, we have

P1p2
(pl - 1fa1> <p2 - 1+7La2>

Thus, from Proposition 4.1.1 and Theorem 4.1.3, the following endpoint estimates
can be deduced.

Hv DL X L — Lp7 ”HUH ~

Theorem 5.4.1. If, for some ay,ay > —1, we set v(ty, ty) = t77t52, then, for every
(T’;l,ng) such that '~ < ga < 00 and ¢ > 1, we have that

M, : DT, | x L2(R") — R,

1+aq?

In particular, if n < qu < 00, the unweighted bilinear Hardy operator satisfies that
H: D;l x L2(R") — R;ﬁl.
Theorem 5.4.2. If for some ay,as > —1 such that s 1, we set
2+ a1 + oo
v(ty, ty) = t11t5?, then

1+aq? 1+ag? 24+aq+ag ’2

In particular, if n > 2, the unweighted bilinear Hardy operator satisfies

. - -
H:Dpy X Dyy — Ra .
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