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La misma noche que hace blanquear los mismos drboles.

Nosotros, los de entonces, ya no somos los mismos.

Ya no la quiero, es cierto, pero cudnto la quise.

Mi voz buscaba el viento para tocar su oido.

De otro. Serd de otro. Como antes de mis besos.

Su voz, su cuerpo claro. Sus ojos infinitos.

Ya no la quiero, es cierto, pero tal vez la quiero.

Es tan corto el amor, y es tan largo el olvido.

Porque en noches como ésta la tuve entre mis brazos,

mi alma no se contenta con haberla perdido.

Aunque éste sea el ultimo dolor que ella me causa,

y estos sean los tultimos versos que yo le escribo.

Pablo Neruda, Poema 20,
Veinte poemas de amor y una cancion desesperada
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Resumen

Existen diversos problemas interesantes en el analisis matematico cuya solucién
implica la acotacién de un operador. De hecho, en el contexto de los espacios de
Lebesgue, es comun que un operador 7' sea acotado cuando p € (po, p1), para ciertos
Doy p1, v no sea acotado fuera de este rango. A estos dos nimeros se les denomina
puntos extremos y estas son las hipotesis de la teoria de extrapolacion de Yano,
que sera el tema principal de este trabajo, titulado Teoria de extrapolacion de Yano
bilineal. Mas especificamente, el teorema de Yano aborda el problema de encontrar
estimaciones en el punto extremo py = 1, suponiendo que la norma de 1" en LP para
p > 1 se comporta como (p — 1)~ para algin « > 0.

Desde su formulacion original, diversas versiones del teorema de Yano han apare-
cido en la literatura, lo que ha llevado a una teoria de extrapolacién muy completa
que incluye diferentes tipos de espacios en las hip6tesis (hip6tesis fuertes, débiles,
etc.), distintos tipos de puntos extremos (py > 1, p; < 00 y p1 = 00), y varios
comportamientos de la norma del operador.

La primera contribucion de este trabajo, presentada en el Capitulo 3, es propor-
cionar una coleccion completa de resultados de la teoria lineal de Yano en el contexto
de los espacios de Lorentz, abordando algunos casos no considerados previamente.
Estos resultados incluyen demostraciones lo més directas posibles, evitando las di-
ficultades técnicas de la teoria abstracta. En particular, dedicamos el Capitulo 2 a
estandarizar y generalizar la técnica ODR, a partir de la cual se obtienen facilmente
la mayoria de las demostraciones de este trabajo. También extendemos todos es-
tos resultados al caso en el que la norma del operador explota como una funcién
admisible, una clase mas amplia que las funciones de tipo potencia, que incluye los
distintos comportamientos de la norma que hemos observado en la literatura. Apli-
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camos estos teoremas una gran variedad de operadores para obtener estimaciones en
los puntos extremos, incluyendo multiplicadores de Fourier como los multiplicadores
de Marcinkiewicz y Mihlin-Hérmander, y operadores clésicos del anélisis armoénico
como la transformada de Hilbert, la funcién maximal esférica, el operador maximal
con nucleo no suave, el operador de Carleson y la funciéon cuadratica intrinseca.

El Capitulo 4 estd dedicado a nuestro segundo (y principal) objetivo, que es
extender la teoria de extrapolacion de Yano al contexto bilineal en el marco de los
espacios de Lorentz. Siguiendo la estructura del caso lineal, consideramos difer-
entes tipos de hipotesis, normas que explotan como una funcién admisible, y varios
tipos de puntos extremos. Sin embargo, a diferencia del caso lineal, este contexto
requiere que también tengamos en cuenta la manera en que nos aproximamos al
punto extremo. Para ello, empleamos la técnica ODR correspondiente, combinada
con dos métodos: la linealizacion mediante un resultado fuera de la diagonal y la
extrapolaciéon a lo largo de rayos.

Por 1ltimo, el Capitulo 5 explora la relaciéon entre el teorema bilineal de Rubio
de Francia y la extrapolacién de Yano bilineal. En particular, aplicamos la ex-
trapolacién bilineal de Yano para obtener estimaciones con pesos A, en los puntos
extremos en los que no se obtienen acotaciones con el teorema bilineal de Rubio
de Francia. También proporcionamos varios ejemplos de operadores para los cuales
esta teoria produce nuevas estimaciones, como el operador bilineal de Bochner-Riesz
en el indice critico, operadores singulares con nicleo no suave, y multiplicadores bi-
lineales de Fourier con variacion acotada. Algunos de los resultados obtenidos para
estos ejemplos aparecen en [6] y [31].



Abstract

There are many interesting problems in mathematical analysis whose solution in-
volves the boundedness of an operator. It is also common that, in the setting of
Lebesgue spaces, an operator T' is bounded whenever p € (pg, p1) for some py and
p1, and unbounded outside of this range. These two numbers are called endpoints.
These are the assumptions of Yano’s extrapolation theory, which will be the main
subject of this manuscript, titled Bilinear Yano’s Extrapolation Theory. To be more
precise: Yano’s theorem deals with the problem of finding estimates at the endpoint
po = 1, assuming that the norm of 7" in L for p > 1 behaves as (p — 1)~ for some
a > 0.

Since its original formulation, diverse versions of Yano’s theorem have appeared
in the literature, leading to a very complete extrapolation theory that includes
different types of spaces appearing in the hypotheses (strong hypotheses, weak
hypotheses, etc.), distinct types of endpoints (py > 1, p1 < oo and p; = o0), and
various operator norm behaviors.

The first contribution of this work, presented in Chapter 3, is to provide a
comprehensive collection of results from Yano’s linear theory within the context
of Lorentz spaces, addressing some cases not previously considered. These results
include proofs that are as direct as possible, avoiding technicalities from abstract
theory. In particular, we devote Chapter 2 to standardize and generalize the ODR
technique, allowing most proofs to be easily derived from it. We also extend all these
results to the case where the operator norm blows up as an admissible function,
a broader class than power functions, which includes the operator norm behaviors
that we have observed in the literature. We apply the theorems to obtain endpoint
estimates for a wide range of operators, including Fourier multipliers such as the
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Marcinkiewicz and Mihlin-Hormander multipliers, and classical harmonic analysis
operators like the Hilbert transform, the spherical maximal function, the rough
maximal operator, the Carleson operator, and the intrinsic square function.

Chapter 4 is dedicated to our second (and main) goal, which is to extend Yano’s
extrapolation theory to the bilinear setting in the context of Lorentz spaces. Follow-
ing the structure of the linear case, we consider different types of hypotheses, norms
that blow up as an admissible function, and various types of endpoints. However, in
contrast to the linear case, this setting requires us to also consider the approach to
the endpoint. To address this, we employ the corresponding OD R technique com-
bined with two methods: linearization via an off-diagonal result and extrapolation
along rays.

Finally, Chapter 5 explores the relationship between bilinear Rubio de Francia
and bilinear Yano’s extrapolation. Specifically, we apply bilinear Yano’s extrap-
olation to obtain A,-weighted estimates at endpoints not covered by the bilinear
Rubio de Francia theorem. We also provide several examples of operators for which
this theory yields new estimates, such as the bilinear Bochner-Riesz operator at the
critical index, rough singular operators and bilinear Fourier multipliers of bounded
variation. Some of the results we have obtained regarding these examples appear
in [6] and [31].



Introduction

There are many interesting problems in mathematical analysis whose solution in-
volves the boundedness of an operator. Let us think, for example, in the Lebesgue
differentiation theorem and its connection with the boundedness of the Hardy-
Littlewood maximal operator in LP.

It is also common that in the setting of Lebesgue spaces, an operator T' is
bounded whenever p € (pg, p1) for some py and p;, and unbounded outside of this
range. In this case, the norm of the operator T" in LP, given by

IT)|r = sup || Tf| e,

[fllLp=1

blows up whenever p tends to py or to p;. These two numbers will be called end-
points. These are the assumptions of Yano’s extrapolation theory, which will be
the main subject of this work. To be more precise: Yano’s theorem deals with the
problem of finding estimates at the endpoint pg = 1 when the norm of 7" in L?
for p > 1 behaves like (p — 1)=* for some o > 0. For example, the norm of the
Hardy-Littlewood maximal operator M in LP(R") behaves like (p—1)~!, so it is un-
bounded at the endpoint py = 1. Nevertheless, it is still interesting to determine for
which integrable functions f, the function M f is also integrable or at least locally
integrable.

The origins of Yano’s theory go back to 1928, when Titchmarsh [99] proved that
if ¢ is the conjugate function on the interval (0, 1)

1
¢ f(z) == p.v. /0 f(z —y)coty dy,
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then € f € L'(0,1), whenever flog(2+ |f|)'** is integrable for some ¢ > 0. Almost
at the same time, Zygmund [104] claimed that the above result should remain true
for e = 0. One year later, Titchmarsh [100] published a second paper where, using

that 1
€ 00— 0, ]S,
p JE—
it was obtained Zygmund’s conclusion. The same year, Zygmund [105] also proved
the result using a different argument.

In 1951, inspired by the ideas of Titchmarsh, Yano [103] published the following
theorem.

Theorem 1 (Yano, 1951). Let (X, u) and (Y,v) be finite measure spaces. If T is
a sublinear operator such that, for every 1 < p <2 and for some a > 0,

1

T:LP(p) — LP(v), TS 1)

then,
T : L(log L)*(u) — L'(v),

where L(log L)*(p) C L'(u) 4s the space of functions such that
/ | f(2)) (1 +10g+|f(x)‘>ad/¢(x) < 0.
X

The relevance of Yano’s theorem also relies on the fact that is optimal in the sense
that we cannot expect to obtain a better endpoint estimate with these hypotheses.
Indeed, in the particular case of the maximal operator M, for 1 < p < 2,

1

M : Lp(()’l) — Lp<07 1)7 HMH 5 —17
D —

and M f € L'(0,1) if and only if f € Llog L(0,1).

Since its original formulation and the extension to o-finite measure spaces (see
[14]), different versions of Yano’s theorem have appeared in the literature, leading
to a very complete extrapolation theory, even in the context of compatible couples
of Banach spaces using techniques from interpolation theory (see [59-63], [81]).
However, we shall restrict our work to the setting of weighted Lorentz spaces which
includes, in a more precise way, the Lebesgue theory.

Many of the variants we are going to present have been motivated by questions
related to the convergence of Fourier series. In fact, in 1966, Carleson [15] estab-
lished the almost everywhere convergence of Fourier series for functions in L?(0, 1)
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by proving the boundedness of the Carleson operator C from L*(0,1) to L**(0,1).
At that time, it was already known (see [69]) that there exist functions in L*(0, 1)
whose Fourier series diverges almost everywhere. However, in 1967, Hunt [56] proved
that

1
(p—1)%

for 1 < p < oo and, therefore, the almost everywhere convergence of the Fourier
series of functions in L(log L)?(0,1) followed from a slight modification of Yano’s
theorem. To improve this space, a possible approach is to revisit Hunt’s proof and
observe that LP(0,1) estimates on C stem from the fact that

C:LP(0,1) — L'(0,1), [Ic[|

1
ICxEllLreo01) S F|E|1/p, (1)

for every measurable set E. This type of estimate suggests that one might attempt
to establish an analogue of Yano’s theorem starting from restricted weak-type esti-
mates of the form

_
(p—1)

so that the norm of C grows like (p—1)~1, rather than (p—1)72. In 1996, Antonov [3]
used (1) to establish the almost everywhere convergence of the Fourier series for
functions in Llog Llogloglog L(0, 1). Following Antonov’s ideas, Carro and Martin
[23] proved an analogue of Yano’s theorem with restricted weak-type estimates,
concluding convergence in the same space. Other authors (see [91], [92], [17]) have
also developed several versions of Yano’s result using different types of spaces in
the hypotheses.

TP (p) — L), 7] S

Regarding the endpoint, there also exist variants of Yano’s theorem in which
po # 1. For instance, the norm of the Hilbert transform on LP(R) blows up as p
tends to 0o, and is unbounded on L*°(R). To address this type of problem, in 1959,
Zygmund [106, p. 119] proved a dual version of Yano’s result for cases where the
endpoint is p; = oo.

Another interesting example is the Bochner-Riesz operator of order a, denoted
by B In particular, in R? and for 0 < a < 1/2, Carleson and Sjolin [16] (see
also [93]) showed in 1972 that

B~ : LP(R?*) — LP(R?) if and only if

<p< .
3120 PSS 1294
4
12«

Hence, in this case, pg = ﬁ > 1and p; = < 00.
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Finally, there are also extensions of Yano’s theorem concerning on how the
operator norm behaves. Indeed, there exist examples of operators for which the
best-known norm does not grow like a power function. One interesting case is the
Carleson lacunary operator Cj,. (see (3.13) for a definition), which satisfies that, for
I<p<2,

1
Clac . LP(R) — LP’OO(R), ||ClaCH SJ 10g1 (]:) .

Generalizations of Yano’s results with more general blow up behaviour of the oper-
ator norm can be found in [92], [1], [2].

Most of the proofs of Yano’s extrapolation results in the context of Lorentz
spaces follow a common structure, which we introduce here as the ODR technique.
It consists of three steps.

Step 1. Optimization of Hypotheses. Obtain an endpoint estimate for a
subset O (to be determined) of the space L*°(u). For example, in the classical
Yano’s theorem,

O ={fel(wnL>w: |flleeq <1},

and the endpoint estimate obtained is
< v 1 )
1T ey S N fllerg {1 +1og" m—] . VfED.
[l

Step 2. Decomposition. Decompose a function f € LP°(u) as a linear com-
bination (possibly infinite) of functions in €. In the case of Yano’s theorem, one
considers

F=3"2f where f = M
€L

Step 3. Reconstruction. Combine properly the information from Steps 1 and
2. In our example, since T is sublinear, for any f € L'(u), applying the estimate
from Step 1 to each f; yields

[e%
i i 1
ITf o) S 22 1T fillrw) S 22 1fill Ly <1Og1 W) S Il zgog £y -
i 1z

€7 1€Z

There exist several operators for which this theory yields endpoint estimates.
In particular, the main source of most of these examples is Rubio de Francia’s
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extrapolation theorem (see Theorem 1.5.2), which provides weighted estimates for
1 <p<oo.

For our purposes, we are mainly interested in the A, classes of weights, which
play an important role in harmonic analysis, as Muckenhoupt [82] proved in 1972
that they characterize the boundedness of the Hardy-Littlewood maximal operator
M; ie., for some p > 1, M is weak bounded on LP(w) if and only if w € A,. This
characterization is significant because the Hardy-Littlewood maximal operator has
often served as a model for the study of other operators. Indeed, it was shown
that many other classical operators satisfy the same type of weighted inequalities,
including the Hilbert transform or the Bochner-Riesz operator at the critical index.

If one is interested in studying this type of estimates, Rubio de Francia theorem
(see [88], [89]) provides a useful method for obtaining A, weighted estimates, based
on information from a single point. More precisely, if for some fixed p and every
w € A,, the operator 7" is bounded on LP(w), then for every 1 < p < oo and every
w € Ay, T is bounded on LP(w). We have to mention here that, in general, the
endpoints py = 1 and p; = oo cannot be reached. However, a quantitative version
of Rubio de Francia’s theorem (see [20]) states that if, for some fixed 1 < ¢ < oo
and every w € A,, the operator 7" is bounded on L?(w) with a norm essentially
controlled by [w]}  for some a > 0 (where [w],, is the A, constant of the weight
w as defined in (1.1)), then for every 1 < p < ¢ and every w € A;, the norm of
T in LP(w) can be bounded by (p — 1)~*@=Y. Therefore, by Yano’s theorem, it
follows that for every w € A;, the operator T is bounded from L(log L)Y (w)
into L' + L*(w).

That is, Yano’s theory can be used to obtain A; weighted estimates at the
endpoint py = 1. Using a similar argument involving Zygmund’s extrapolation
result, one can also obtain A, weighted estimates at the endpoint p; = oo, as
shown in [29].

The main goal of this work is to extend Yano’s extrapolation theory to the
bilinear setting. The study of bilinear operators began in the 1970s with the work
of Coifman and Meyer (see [36], [37]), who considered commutators of bilinear
singular integrals, such as the bilinear Hilbert transform, defined as follows

Bu (o)) =lim [ ja-tez+0T,  ceR fges(®)

e—0 |t|>6

Years earlier, Calderén had posed the question of whether By satisfies an estimate
of the form

By : LM (R) x L (R) —s L (R), - 2)

1
p P1 D2
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In particular, he conjectured that the case p; = ps = 2 holds. The first results
concerning this problem were provided by Lacey and Thiele (see [71], [72]), who
proved that (2) is true when 1 < p;,ps < o0 and 2/3 < p < oo. Their work
attracted significant attention to this research area, leading to the development of
many results in the setting of multilinear operators, such as those by Kenig and
Stein (see [66], [67]), Muscalu, Tao, and Thiele [83], Grafakos and Li [50], and
Grafakos and Torres (see [52], [53]).

To obtain estimates for bilinear operators, multiple results regarding linear (or
sublinear) operators have been extended to this new context. In particular, a bi-
linear version of Rubio de Francia extrapolation theory has been widely studied
(see [51], [84], [76], [75]), and some attempts to extend Yano’s theory to the bilinear
context in the abstract setting appear in the work of Jawerth and Milman [63] (see
also [5]). To develop a complete Yano’s extrapolation theory for bilinear operators
in the context of Lorentz spaces is the main goal of this work.

One of the main particularities of the bilinear theory is the fact that, if p < 1, the
space L is quasi-Banach, and it is not true that, for any decomposition f =", f;,

|4, < il

As a consequence, Step 3 of the ODR technique entails some difficulties. Observe,
however, that the condition p < 1 is common in the bilinear setting, as shown in
Figure 1, where the square represents all possible points with 1 < py, ps < 00, and
the shaded area indicates those points for which p < 1.

(1,1;1/2)

Figure 1: (p1, pe; p) such that 1 < pj,ps < oo and p < 1.

As we will see later, another particularity of the bilinear context is that different
results arise depending on how we reach the endpoint. Specifically, we may have
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hypotheses valid for all points near the endpoint, or only for those lying on a ray
or even along a curve (as seen in [87]).

Concerning the operator norm, it may behave as a function of p alone or as
a function of both p; and ps. For example, the analogue of Yano’s result in the
bilinear context could involve hypotheses such as

1

B:L"x L — [P, |B||< ,
(pr — 1)1 (py — 1)°2

for some aq, s > 0 and for every 1 < py, py < 2, or alternatively,
B: L' x LP? — [P, |B|| <

for some a > 0 and for every 1 < p1, ps < 2, generating different endpoints in each
case. Let us also observe that, if the norm of B follows the first form, there is not
just a single endpoint (1,1;1/2), but rather all points with p; =1 and 1 < py < 2,
or pp =1 and 1 < p; < 2, also act as endpoints.

Contributions of this manuscript. The first contribution of this work is to
present a comprehensive collection of results from Yano’s linear theory within the
context of Lorentz spaces, with proofs as direct as possible, avoiding technicalities
from the abstract theory. In particular, we have standardized and generalized the
ODR technique, allowing most proofs to be easily derived from it. We extend
all these results to the case where the operator norm blows up as an admissible
function, a broader class than power functions which includes all operator norm
behaviours observed in the literature.

Some of these cases we consider have not been previously addressed, such as the
case when

T:LP®(p) — LP®(v), po<p<p,

and the endpoint is py > 1 (the original proof was for py = 1) or p; < oo (see
Section 3.5).

We also devote Section 3.6 to the case of having a fixed target space for all the
hypothesis estimates; i.e., we consider estimates of the form

T:LP(pn) — X,

where X is fixed for all p.
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We include applications of our theorems to obtain endpoint estimates for a broad
range of operators, including Fourier multipliers such as the Marcinkiewicz and Mih-
lin-Hormander multipliers, and classical harmonic operators like the Hilbert trans-
form, the spherical maximal function, the rough maximal operator, the Carleson
operator, and the intrinsic square function.

Our second (and main) goal in this work is to extend Yano’s extrapolation theory
to the bilinear setting, in the context of Lorentz spaces. Following the structure of
the linear case, we have considered different types of hypotheses, norms that blow
up like an admissible function, and various types of endpoints.

P2 P2

Figure 2: Techniques to approach an endpoint in the bilinear setting.

In contrast to the linear case, in this setting, we must also take into account
the approach to the endpoint. We have used two techniques: linearization via
an off-diagonal result (Figure 2(a)) and extrapolation by rays (Figure 2(b)). We
present, as examples, two of our theorems that illustrate how we can reach the point
(1,1;1/2) in the context of finite measure spaces.

Theorem 2. Let (X1, 1), (Xa, p2), and (Y,v) be finite measure spaces. If B is a
bisublinear operator such that, for every (p1,pe;p) with 1 < py,pe < 2 and for some
oy, Qg > 07

1
(p1 — 1)21(py — 1)22”

B: Lpl(ul) X Lpz(,UQ) — Lp(l/)a HBH S

then, for every e > 0,

B : L(log L)*""*=(u1) x L(log L)*> "¢ (1y) — L2 (1),
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Theorem 3. Let (X, p1), (Xo, pe), and (Y,v) be finite measure spaces. If B is a
bisublinear operator such that, for every 1/2 < p <1, for some a > 0,

B L*(uy) X LP(pg) — LP(v),  |IB| S —=

then, for every e > 0,

B : L(log L)*™"**(;11) x L(log L)**"*(j1) — L2 (v).

In addition, we apply bilinear Yano’s extrapolation to obtain A, weighted es-
timates at the endpoints not covered by the bilinear Rubio de Francia theorem
(see [51]), which provides estimates of the form

B LPY(wy) x LP*(we) — LP(w), wy € Ay, wy € A,,,
where w = w’f/plwg/m, at each point (pp,ps;p) with 1 < py,ps < o0, based on
information from a single point (ri,79;7) for each w; € A, and wy € A,,. By
employing Yano’s bilinear theory, we obtain weighted estimates at the remaining
pOil’ltSI (17p27p)7 <p17 17p>7 (17 003 1)7 (OO7 17 1)7 (OO,pg;p), (p17 OO,p), and (007 03 OO)

We also provide several examples of operators for which this theory yields new
estimates, such as the bilinear Bochner-Riesz operator at the critical index, rough
singular operators and bilinear Fourier multipliers of bounded variation. Some
results we have obtained regarding these examples appear in [6] and [31].

Outline. We present a brief summary of the contents of each chapter.

» Chapter 1. In this chapter, we establish the theoretical framework used through-
out the manuscript. We begin in Section 1.1 by setting the conventions and no-
tations that will be assumed. Section 1.2 introduces the concepts of distribution
function, decreasing rearrangement, and maximal function, along with their main
properties. Our notion of admissible function is introduced in Section 1.3. Sec-
tion 1.4 is devoted to defining the function spaces used in the manuscript. Finally,
in Section 1.5, we define the classes of Muckenhoupt weights, and state the extrap-
olation theorems concerning them.

» Chapter 2. This chapter summarizes all the technical results related to the
ODR technique that are needed for linear and bilinear Yano’s extrapolation theory.
In Section 2.1, we present the results concerning Step 1. In Section 2.2, we introduce
the different types of decompositions we shall use, and Section 2.3 is devoted to
reconstruction results.
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» Chapter 3. The third chapter contains a review of Yano’s linear extrapolation
in the context of Lorentz spaces. The chapter is divided into six sections, according
to the different type of spaces involved in the hypotheses: strong LP hypothe-
ses (Section 3.1), weak hypotheses (Section 3.2), restricted weak-type hypotheses
(Section 3.3), hypotheses for characteristic functions (Section 3.4), strong LP* hy-
potheses (Section 3.5), and hypotheses with fixed target space in Section 3.6. All
the extrapolation proofs presented follow the ODR technique, except for those in
Section 3.4 and one in Section 3.5.

» Chapter 4. In this chapter, we develop a bilinear Yano’s extrapolation theory.
As in the linear case, we distinguish different types of hypotheses. The chapter
is structured as follows: in Section 4.1, we shall treat the case when the target
space at the endpoint estimate is Banach and Section 4.2 will be dedicated to the
quasi-Banach case. Our proofs will follow the ODR technique and, in both settings,
we mainly use linearization in each variable (see Theorems 4.1.3, 4.1.6 and 4.2.4).
We also present results where we reach the endpoint through rays (see Theorems
4.1.8, 4.1.9, 4.2.6 and 4.2.7), and we treat the endpoint (1,00;1) separately (see
Theorem 4.1.10 and Theorem 4.2.8).

» Chapter 5. The final chapter explores the relationship between bilinear Ru-
bio de Francia and Yano’s extrapolation. We then use this technique to obtain
new estimates for bilinear rough singular operators (see Theorem 5.1.1), the bilin-
ear Bochner-Riesz operator at the critical index (see Theorem 5.2.1), and bilinear
Fourier multipliers of bounded variation (see Theorem 5.3.1). Finally, in Theo-
rems 5.4.1 and 5.4.2, we derive new estimates for bilinear Hardy operators with
power weights using only bilinear Yano’s theory.
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inf

sup
ess sup
N

Z

7-

positive universal constants

a < Cb for some constant C' > 0

a > Cb for some constant C' > 0

a<band b<a

the distribution function of f in the measure space (X, )
the decreasing rearrangement of f in the measure space (X, p)
the maximal function of f in the measure space (X, )
limy o+ f(2)

the infimum of a set

the supremum of a set

the essential supremum of a set

the set of natural numbers

the set of integers

the set of negative integers (without 0)

the set of real numbers

the set of strictly positive real numbers

the n-dimensional Euclidean space

the (n — 1)-dimensional unit sphere {z € R™ :|z| =1}
the ball with radius R > 0 centered at x

the characteristic function of the set F

the Lebesgue measure of £ C R”
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log s
log™ s
log,, s

Y, $1, P2
Lp,p(3)
Jso,p(s)
C>*(R™)
8Jmf

85]‘

< (R")
LP(p)

L (X)
Lige (1)
Li,. (X)
LPee(p)
LPee(X)
BMO

v, Yo, V1, U2

V(1)

g

the logarithm with base e of s > 0
max {0, log s} for s > 0
1+1log™...log"s

admissible functions
s'/P¢ (log; 1) for s > 0 and 0 < p < 00
5Py (log, ) for s >0 and 0 < p < o0
the space of smooth functions from R"™ to R
the m-th partial derivative of f(z1,...,z,) with respect to z;
o ... oo f
{f € O=(R™) : sup,epe°0° ()] < o0)
the Lebesgue space over the measure space (X, i)
the Lebesgue space over the measure space (X, |- |)
the space of functions in L*(u) over (u, K) for any compact
set K C X
the space of functions in L'(K) for any compact set K C X
the weak Lebesgue space over the measure space (X, )
the weak Lebesgue space over the measure space (X, |- |)
the space of bounded mean oscillation functions
weights defined in R™

fot v(s)ds

a weight defined in R"
[pw(z)dx

the A, constant of the weight w
the AZ,Z constant of the weight w

an operator defined in one variable

the operator associated to the linear multiplier m
the Hardy-Littlewood maximal operator

the rough maximal operator

the spherical maximal operator

the Hilbert transform

the Carleson operator

the Carleson lacunary operator

the intrinsic square function

an operator defined in two variables

the operator associated the bilinear multiplier m
the bilinear Hilbert transform

the weighted bilinear Hardy operator

the bilinear Bochner-Riesz operator of index «



CHAPTER 1

Preliminaries

In this chapter, we establish the theoretical framework used throughout the text.
We begin in Section 1.1 by setting the conventions and notations that will be as-
sumed. Section 1.2 introduces the concepts of distribution function, decreasing
rearrangement, and maximal function, along with their main properties. Our no-
tion of admissible function is introduced in Section 1.3. Section 1.4 is devoted to
defining the function spaces used in the text. Finally, in Section 1.5, we define the
classes of Muckenhoupt weights, and state the extrapolation theorems concerning
them.

1.1 Conventions and notations

We use capital C' to denote positive universal constants that do not depend on any
important parameter. As usual, we write a < b (or a 2 b) if there exists a constant
C' > 0 such that a < Cb (or a > Cb). If both a < b and a 2 b hold, we write a ~ b.
In particular, if f and g are functions, we write f < g if f(s) < g(s) for every s in
the domain.

We denote by log s the logarithm of s > 0 with base e and log" s = max{0, log s}.
For n € N, we write

log, s =1+1logt...log"s.
——

Recall that a function f defined on a subset of R is essentially increasing (respec-
tively, essentially decreasing) if there exists an increasing function (respectively, a
decreasing function) g, defined on the same subset, such that f ~ g.

23
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Given a pair of quasi-normed function spaces X and ), we write T': X — Y if
the operator T' is well-defined from X to ) and

17 f1ly
| T = sup < 00.
T gex Ly

If X and Y are clear from the context, we simply write ||T'||. Here, & is referred to
as the domain space, and ) as the target space. If X}, X,, and Y are quasi-normed
function spaces, we write B : X7 X Xy — ) if the operator B is well-defined from
X x X, to Y and

509l

rex 1 11 9]l 2,
geXS

1Bl x 20,9 =

Definition 1.1.1. An operator T is sublinear if, for every pair of functions f, g and
every a € R, we have

| T(af)] =lallT ],
and
T(f +9)| <ITf|+|Tg].
Similarly, we say that B is bisublinear if it is sublinear in each variable.

For the purpose of this work, we shall always assume that 7T also satisfies that,
for every pair of functions f, g,

ITf =Tyl <|T(f —9)|,

and, if B is bisublinear, this condition must hold in each variable. We observe
that this property is always fulfilled by linear (respectively bilinear) operators or by
positive sublinear (respectively positive bisublinear) operators, which cover all our
examples.

1.2 Distribution function and decreasing rearrangement

Given a non-atomic and o-finite measure space (X, ), we define the distribution
function, the decreasing rearrangement, and the maximal function of a yu-measurable
function f. We refer to [8, Chapter 2.

Definition 1.2.1. The distribution function of a p-measurable function f is defined
by

Ni(s) = p({z e X :|f(x)] >s}), s=>o0.
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Definition 1.2.2. The decreasing rearrangement of a pu-measurable function f is

defined by

fit) :=inf{s > 0: Ni(s) <t}, ¢>0.

m

Definition 1.2.3. The maximal function of a py-measurable function f is defined
by

far(@t) = %/0 fi(s)ds, t>0.

When the measure p is not relevant in the context, we omit it and simply write
A, ¥, and f**, respectively. We now state some elementary properties of these
functions.

Proposition 1.2.4. Let f, g be two p-measurable functions. Then:
(i) /\“,f;, and f;* are nonnegative, decreasing functions.

(i1) )\’Jﬁ and [ are right-continuous functions, and f}* is continuous whenever
f; € Llloc(R+)'
(i1i) If |g| <|f| almost everywhere, then Ny < N, fr < g, and fi* < g7*.
(iv) Foreverya € R, Ay(s) = Ny(s/lal), (af); =lal [, and (af);7 =lal [
(v) We have

Niyg(s1+52) < Ni(s1) + M(s2), 81,82 >0,

and
(f +9)u(ti +t2) < fu(t1) + g,(t2),  ti,t2 > 0.

(i) (f+9) < i +ar
i) £3 < £
(viii) For every 0 < p < oo, (|f[P)* = (f*)P,

1o [ T LN (s) ds = / Sy,

and, for p = o0,

esses)l(,1p|f(x)‘ = inf{s : Ni(s) = 0} = f,(0).

The following formula from [28] will be useful for our purposes.
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Proposition 1.2.5. Let ¢ € L] _(R"). Then, for 0 < p < oo,

| Gioysmas [ ( / " gt dt) ds.

1.3 Admissible functions

We define the following set of functions as extensions of power functions.

Definition 1.3.1. An increasing, absolutely continuous, and derivable function
v :[l,00) — [1,00)
is said to be admissible if:
i) e(1) =1,
i) limy o p(t) = 00,
iii) for every s,t > 1, p(st) < (s)p(t).
Throughout the text, ¢ will always denote an admissible function.

Remark 1.3.2. For every admissible function ¢, there exists § > 0 such that, for
every s > 1,

o(s) S 5.

~Y

To see this, let 3 such that p(2) = 2°. Since, for every s > 1, there exists n > 0
such that 2" < s < 2" we get

p(s) < p(27) < (p(2))" = 20D < 2757,

For our purposes, we can replace iii) with the weaker conditions:
iv) for every s,t > 1, p(st) < @(s)p(t),
v)  for some 3 > 0 and every s > 1, (s) < 57,
and all the theory still holds.
Example 1.3.3. If y > 0 and (,...,8: > 0,

k

pls) = 5" [ [ log,, )%

n=1

is an admissible function.
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1.4 Function spaces

In this section, we define the main function spaces that will appear in the text,
explain their main properties and the relation between them. Let 0 < p < oo,
unless indicated otherwise.

The Lebesque space LP() is defined as the set of measurable functions such that

£l = ([ 1561 1) "

For any weight (a non-negative and locally integrable function) w, if du = w(s)ds,
we write LP(w). When w = 1, we omit it.

For every weight v defined in R™, the classical Lorentz space AL (v) is defined
using Lebesgue spaces as || fl|z(,) = [If;/lzr(). These spaces were first studied by
Lorentz when the underlying measure space is ((0, ¢),|-]) with ¢ < oo (see [77], [78]).
In particular, if for some 0 < p,q < 0o, v(t) = tg_l, we have that A?(v) = L9 (u).

The space AP>°(v) is defined by
||f||Aﬁ’°°('u) = sup f:(t)v(t); < 00,
>0

where, for every ¢t > 0, V(t) := fotv(s) ds.

The logarithmic spaces that we define below are special cases of A,(v). They
are an extension of the Zygmund space Llog L(u).

Definition 1.4.1. Let ay,...,a; > 0 and let ¢ be an admissible function. The
space L [[;_, (logy L)**p(log; L)(p) is the set of y-measurable functions such that

J a
o 1\ 1
Hf”LHi:l(logk Lykp(log; L) () /0 fi(@) H (10gk ;) ' <10gj Z) dt < oco.

k=1

We also introduce the weighted gamma space T'h>°(v) that was first studied
in [28].

Definition 1.4.2. Let v be a weight in R*. The space I'2>**(v) is defined by the
set of u-measurable functions such that

1

1 llrgs ) = sup fiE BV ()7 < oo,

We observe that they are always Banach spaces.
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Remark 1.4.3. From the fact that /7 < f;* and Hardy’s inequality, it follows that,
for every 1 < p < o0,

p
£ llzp oy S WFllrgee < 7 1l

On some occasions, we shall also use the following notation:

=

1 gy = sup OV and | flppeeqy) = sup £ (OV ()7
t>0 >0

Remark 1.4.4. We observe that, if V(t) = t'/? /p(log; t), then we have

AVRIVIC IR and, if p=1, TH®[V] C Ly,..

Let us consider now the following extension of Zygmund exponential spaces.

Definition 1.4.5. Let a > 0 and let w be a weight in R". The space E%(w) is the
set of all g-measurable functions such that, for some A = A\(f),

1/a
S exp <)\’f(x)}) w(z)dx
< 00,
31[1(p max (w(K),1) >
where the supremum extends over all measurable sets K with w(K) 1= [, w < co.
Moreover, if V(t) = (log; 2) ™, f € E*(w) if and only if f € AL®[V] (see [29]).

Definition 1.4.6. Let w be a weight in R”, L (w) is the space of measurable
functions such that

. ds
10 =1l + [ Fils) gy 5) 5 < .
1
If p(s) = s* for some o > 0, we simply write L2 (w) (see [29]).

1.5 Muckenhoupt weights and extrapolation

We conclude this chapter by introducing the A, classes of Muckenhoupt weights,
which characterize the boundedness of the Hardy-Littlewood maximal function,
defined, for f € L (R"), as

loc

1
— sup — d
M f(z) Sup |Q|/Q|f(y>| Y,
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where the supremum is taken over all cubes () C R" containing the point z. We
refer to [45, Chapter 7] and [42, Chapter 7] for a complete statement of the results
presented in this section. A weight w defined on R"™ belongs to A, for some 1 <

p < 0o, if
p—1
= 1 1 1-p’
[w]a, = sgp <|Q| /Qw> <|Q| /Qw ) < 00, (1.1)

where p’ is the conjugate of p. The quantity [w]4, is known as the A, constant of
w. For p =1, a weight w € A, if

[w] 4, := esssup

The class of A, weights is defined by

A= |J 4

1<p<co
In 1972, Muckenhoupt [82] proved the following result.
Theorem 1.5.1. For every 1 < p < oo and every weight w,
M : LP(w) — LP(w)

if and only if w € A,. Moreover,

1

M| 2o () —s Loy S PP [W]R, (1.2)
Also, for 1 < p < oo,
M : LP(w) — LP*(w)
if and only if w € A, and

1
M| oy ey S [0 57

The behaviour of the operator norm in (1.2) was proved in [13]. Additionally,
it holds (see [20]) that, for every 1 < p < oo and every w € Ay,

||M||Lp(w)_>Lp(w) S p'[w]a,. (1.3)

For our purposes, Rubio de Francia extrapolation theorem will be fundamental. We
state a modern version of the original theorem (see [88], [89], [41], [43]).
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Theorem 1.5.2. If for some 1 < py < oo and every w € A,,,
T:L*(w) = LP(w), [T S ¢(lw]a,), (1.4)

where ¥ 1 (0,00) — (0,00) is an increasing function, then, for 1 < p < oo and
every w € A,,

T LP(w) — LP(w),

with
o(cwe i) v i<rem
|7 -
(0 (CQP p-1 [w]Ap> if po <p < oo.

Using (1.3), the following result was obtained in [20].
Corollary 1.5.3. If T satisfies (1.4), then, for 1 < p < py and every w € Ay,

T 1 (w) — D(w) 7] S (O™ ulf).



CHAPTER 2

Optimization, Decomposition, Reconstruction

In 1951, inspired by the ideas of Titchmarsh, Yano [103] established the following
theorem.

Theorem 2.0.1. Let (X, ) and (Y,v) be finite measure spaces. If T is a sublinear
operator such that, for every 1 < p < 2 and for some fized o > 0,

1

T:LP(p) — LP(v),  |IT| S 1)

then

T : L(log L)*(u) — L*(v).

Yano’s theorem is optimal, in the sense that we can not expect to get a better
endpoint estimate with these hypotheses. Indeed, for 1 < p < 2,

1
(p—1)
and Stein [95] proved that M f € L'(0,1) if and only if f € Llog L(0, 1).

M : LP(0,1) — LP(0, 1), IM|'<

Let us present a modern proof of Yano’s theorem (see, for example, [26]) that
illustrates the basic structure of most proofs of the extrapolation theorems in this
text.

Step 1. Optimization of Hypotheses. To obtain an endpoint estimate for a
subset @ (to be determined) of L'(u). For example, in this case,

o= {rerwnr=w: Il <1}

31
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Since & C LP(u) for every 1 < p < 2, we have that, for every f € O,

1
1l 19125

(p—1)2"~ (p—1)

Hence, taking the infimum over 1 < p < 2 on the right hand side, we obtain

1/p’
||Tf||L1(V) < ”TfHLP(y) (V(Y)) U x ||Tf||Lp(V) S

1 «
1T Ay SUF gy (o8 i) V€O (2.1)
1Al 2

Step 2. Decomposition. To find a decomposition of a function f € L*(u) as
a linear combination of functions in €. In this case, we can consider

— Z2ifi where f; = —fX{T_;'f'di}.

i€Z
Observe that f; € ¢ and HfiHLl(u) < )\/Jj(zi—l)_

Step 3. Reconstruction. 7o gather the information obtained in Steps 1 and
2. As T is sublinear, for any f € L'(u), applying (2.1) to each f; yields

||Tf||L1 < ZQlHTfZHLl(V S ZQZHfZ“Ll (w) (10g1 Hf H )
1 Ll

€L €L

oo 1 “
< /0 Ni(s) <log1 %> ds S| pgog Ly -

where Proposition 1.2.5 is used in the last inequality.

The above steps will be called the ODR technique (Optimization, Decomposi-
tion, and Reconstruction). This chapter summarizes all the technical results that
we will need in Chapters 3 and 4. In Section 2.1, we present the results concerning
Step 1. In Section 2.2, we introduce the different types of decompositions we shall
use and Section 2.3 is devoted to reconstruction results. From now on, we omit the
underlying measure spaces (X, ) and (Y, v), which are o-finite and non-atomic.

2.1 Optimization of the hypotheses

In this section, we compute the various infima that will arise. Some of them already
appear in [1], [2] and [26], but we included them all for the sake of completeness.
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Lemma 2.1.1. For each fized 1 < py < 00, the following holds:

o(po) p(log; 1), 0<s<1,

1
- 1
o ep)sr S o

¢(po)s 7o, s> 1,
where the omitted constant does not depend on py.

Proof. When 0 < s < 1, choose p = pg(log, %) Clearly pg < p < oo, and

1 1 log s _ 1 1
p(p)s = (po <10g1 ;)) ero(+less) < g (po (10g1 g)) e S (po)e (10g1 g) :

In the case s > 1, it suffices to select p = py. O

The following functions I,, and J,, will be relevant for our purposes.

Lemma 2.1.2. The function

1
I, () = s%go (log1 g) : s >0, (2.2)

satisfies the following properties:
a) 1,,(07) = 0.

b) 1,, is essentially increasing. In fact,

5T
/ _%p(t) dt = I, ,(s).
0 4 7

¢) 1,1 is subadditive.

Proof. a) By Remark 1.3.2,
s

, 1\’
sv < I,p(s) < sP (log1 ) .

Taking s — 0, we obtain the result.
b) We observe that

S I t ]_ s
0 t 5/ Jo
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and, since p(log; -) is submultiplicative,

s ] ¢ 1 ] 1 1
/ o )dt _ / Mdr < Lp,p(s)/ T%_lcp <10g1 —) dr =~ I, ,(s).
. t 0 r 0 r

¢) For all s,t > 0, since ¢ is increasing, we have that

1
— t) +tp <10g1 S_ﬂ) < Tpa(s) + Lpa(t).

I,1(s+1t)=sp <log1
Lemma 2.1.3. The function
Jop(s) = s%ga(logl s), s >0, (2.3)

satisfies the following properties:
a) Jop(07) = 0.

b) J,p is essentially increasing. In fact,

/ Terl®) g g, ).
0 t

Proof. a) By Remark 1.3.2,
s» < Jop(s) < 3%(10851 s)”.

Letting s — 0, we are done.

b) We have that

S t 8
/ —J‘p’;’;( ) dt < ¢(log, S)/ tr 1 dt ~ Jon(8),
o 0

and, since
1
¢(log, 5) < ¢(log; sT)e ( log; )
we get
/ J(pp( ) dt = / J%p(sr) dr 2 Jgo,p(S)/ 7"5_190 <10g1 _> dr ~ JSOP(S)
o t 0 r 0 "



2.1. OPTIMIZATION OF THE HYPOTHESES 35
Lemma 2.1.4. Let 1 < py < p; < co. For every s > 0,
i 1 1 L (s)
in 5P s
Po<p<p1 s P — Do ~ 1p,po )
i Loy (s)
po£<p1<p P—p SP S Jop\S)s
and
inf » < p(log, s).
b o(p)s S p(log, 5)
Proof. By Lemma 2.1.1, setting é = pio — %, we get
1 1
inf ¢ ( ) 57 A 570 inf gp(q)s_%
po<p<p1 P — Po (i—i)_1<q<oo
po P1 -
1 1 1
S st <1Og1 g) X(0,1)(8) + 871 X[1,00)(5) (2.4)

and, since p(1) = 1, we conclude

1 1 1 1
inf sp < gPo log, — | =1, s).
p0<p§p180 (p —po) S SPow ( g1 5) oo (S)

Similarly, if + =1 — L we have
e p m
1 N 1\ ¢«
inf ¢ ( > 57 A s inf ©(q) (—)
Po<p<p1 p1—0D (i—i)71<q<oo S
PO pP1 -

1 1
S s x(0,1](8) + 571 p(logy $)X(1,00)(8),

and, using that ¢(1) = 1, we obtain

1 1
inf ¢ ( ) s» < s o(log; s) = Jyp(s).

Po<p<p1 pP1L— P

Finally,

inf p(p)sy S s70x(0,1)(s) + p(logy 5)X(1,00)(5) < p(logy 5).

Po<p<oo
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2.2 Decomposition results

We shall use the following decompositions.

a)  The dyadic decomposition over Z:

; fX{Zi*1<|f|<2i}
f ZEEZ fi  where f 5

b)  The k-dyadic decomposition over N:
2”

f = Zdnfn Where dn = 22" and fn — fX{dn—;jf|<dn}

n>0 k-times 2
with d_; = 0. If £ = 1, we refer to it as the dyadic decomposition over N.
c)  The f*-decomposition:
Xz n=0,

f= an where f, = (2.5)
n>0 Ixgrem<ifi<p@—ny n=1

d)  The K(Ay, Ay)-decomposition, given below.

Recall that Peetre’s K-functional (see [8, Chapter 5] or [9, Chapter 3]) for a pair of
compatible quasi-normed function spaces A = (Ao, A1), is defined, for t > 0, as

K(f,t; A) = inf {HfOHAO +t[filla, o f = fo+ fi, fo € Ao, f1 € Al}-

The K-functional is an increasing concave function and, hence, is differentiable
almost everywhere for ¢t > 0.

Lemma 2.2.1 ([26]). Let
F(t) =K (f,t; 4),
and let, for every i € 7,
E;:={te€ (0,00): F'(t) > 2'}.
Then, there exist functions {f;}; such that f = ZQifi (convergence in Ay + A;)

icZ
and

K (fi,t; A) Smin {t,|E;]|}. (2.6)
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The proof is based on the K-divisibility Theorem (see [12, pp. 315-337]). The
above decomposition of f is what we call K(Ag, A;)-decomposition.

In this work, we shall only use the following K-functionals. For 1 < p < oo,
P 1/1’
o K(f.t:Lr,L%) =~ (J" f(s)rds) "
o K ([, L0, L) m sup,cqp 57 [*(5);
and, for 1 < p < oo,
o K(f:00,L7) mt ([ £ (s)rds)",
o K (f,t; L Lp’oo) A ESUp, s s%f**(s)

Lemma 2.2.2. Fizr 1 < py < 00, 1 < p; <00, a set E C R and a function f.
Suppose that, for every t >0,

K (f,t;fl) < min {t,\E|} :

Then,
a) if A= (LP, L>),

||f||Lp §|E‘p0/p7 Vpo < p < oo.
b) ZfA — (LPO’OO,LOO)}
1 flloee SIEP?, Vpy < p < co.

¢) if A= (L', L),

1

/(1 1
1l SIEFG) . vi<p<p

d) if A= (Ll,Lplﬂoo),

1 1

1fllpe SIEPGT) . Y1<p <.

Proof. a) We have that

20 1/po
</ f*(s)pods> < min {t,|E|} ,
0
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which is equivalent to

t t
/ [ (s)Pds S min {t,|E|"} = / X0, E[po] (8)ds.
0 0

Hence, (fP0)* < (X[Q'E‘po})** and, [8, Corollary 4.7, p. 61] implies that, for every
Do < p < 0,

1 1/
11 = 17075 S xosmpoll] 5 = 1P
b) In this case,

K (f,t; L7, L) & sup s f*(s) < min {¢,|E|}.

s<tPO

E
@) <mind 1, LY
tro

and, therefore, for every py < p < oo,

Hence,

two t<|EP0 t>|BPo

FE 11
N fll oo S supt% min{l,u} = max{ sup t%, sup te P0|E|} :|E|p0/p.
>0
¢) Since

[ s =i ([ smas) l/m [ s

0o S prx p1 1/[71 1
< tl/;o’1 </ (fo / (7“>d7") dS) ~K (f,tl/pll;Ll,Lm) 5 min {tf’/l’|E|}’
t

spP1

we get that || f|| ;. S|E|. Also,

o0 1/p1 00 1/p1 |E|
< f*(s)iﬂlds) < < f**(s)p1d$> < min {1, T} <1,

/ /
1 tP1

< 1. Now, for every 1 < p < py, let 0 < 6 < 1 such that

~J

and, therefore, || f||
%:1-6’—#%. Then,

11 = ([ 1710-0m111)" < | 10-2v =AU 1A

1

P
P

Lop

11

1
P
L[ (1—=0)p
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i_ i), we obtain
p p1

Since (1 —0) = p) (
11 SIEPG)

d) Using that

_1 E
fr St min{l,‘—l‘},
t*
we conclude that, for every 1 < p < py,
1_1 E
£l S suDEH 5 mm{l,'—l'}
t>0 v
= max { sup tii%, sup t%_l\E| :|E]p/1<%7ﬁ>.

t<IEIPL /Bt

Parts a) and ¢) of the above result can be found in [26].

2.3 Reconstruction results

Here, we present the results related to Step 3. Let I,, and J,, be the functions
described in (2.2) and (2.3).

Lemma 2.3.1. Let 1 < p < oo. If {f;}: are the functions obtained from f with the
dyadic decomposition over Z,

i 1 1
520 (161) Sy o0 =657 (1om11 )
1€EZ

and

S 2oy (1£il22) Sl 0(t) = 57" (log, 1).

1€Z

Proof. For the first statement, we use that || f;||,. < Ay(2°"!) and that [,, o Af is
essentially decreasing, to get

Zzij%p (Ifillz) < Z 2L,y ()‘f(zi)> ~ /OOO Loy (Af(s)) ds.

1€EZ €7
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From Lemma 2.1.2 b) and Proposition 1.2.5 it follows that

oo 00 1, 1
|t st as = [T 087 (ton 1 ) ar

The proof of the second statement follows the same steps using Lemma 2.1.3 b). [

Lemma 2.3.2. For any f € L, let {f,}n be the functions obtained from f with
the f*-decomposition (2.5), then

Sl e <1og1 ||||ﬁ||||f;> Sl

n>0

Proof. By definition, it comes clear that || f, ||, S| fall e 27! Therefore,

D Ml ¢ (10& %) Sl + D £ ) (log, 27)

n>0 n>1

W+ [

n>1

2n1

ds
o (logy ) = = | flls + / () (logy )
The result follows from the fact that

! ds
S ()¢ (log, )— Sl e -
1/2

]

For the reconstruction results involving the K (A, A;)-decomposition, we need
to define first the following spaces (see [22]).

Definition 2.3.3. The spaces K} (A) and K (A) are determined by the norms

- VK(f.t: A 1
lsen = sw K (76 A)+ [ EEED (1og1 )dt
0

and

¢ (log, t) dt.

A > K(ft A
e

Proposition 2.3.4. The spaces K} (A) and K (A) are complete.
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Proof. Let (fu)n C K}(A) such that Zn21||fn||K;(A) < o0o. Since we have that
K;f (A) C Ay + Ay, which is a complete space, and

D Mallagrar < D M allxray < oo

n>1 n>1

there exists f € Ay + A; such that,
N
A}l_f)noozlfn = [ inAg+ A

Hence, for every t > 0,
J\PLEOK< gvfn,t; A) = 0. (2.7)

Now, we need to prove that > -, f, = f in K;(/_l). Indeed, by the monotone
convergence theorem and (2.7), we have

_ LK A
lim sup K( Z fust; A) + lim (Z">N Jus b ) (log1 )dt
n>N

N—oo 50 N—oo Jo t

< hm ZsupK fr b A) + hm Z/ Kfn’t 4) (log11>dt 0,

t>0

which concludes that

N
i =30l gy = i | 2

1 A
= lim supK( Z fns s fl) + lim K(Eon s A) ¢’ <log1 %) dt = 0.
n>N

K} (A)

" Nooo >0 N—oo [ t

Using the same argument with the norm of the space K (A), we conclude the
result. O

The above spaces allows us to state the following lemmas, inspired by the ideas
in [26].

Lemma 2.3.5. For any function f and {E;}; as in Lemma 2.2.1, we have

S0 T (B) ~ e

1€EZL
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Proof. Let F(t) := K(f,t; A) and, therefore, since I,,,0\p is essentially decreasing,
we have

Z 21,1 (Ei|) = Z 21,4 <>\F,(2i)> ~ / h Ioq (Are(s)) ds.
i€ i€Z 0

Now, in view of Lemma 2.1.2 b), we get

Ao (s

/le (A (s dsw// ““ Loa®) g,

0
/F'( )<p(log1 )ds—i—/ F'(s)ds = I + Iy,
0 1

where, in the second equivalence, we have used Proposition 1.2.5 and the fact that,
since F is concave, (F')* = F’. For I;, we use Fubini to obtain

L =FQ1)+ /01 F'(s) (gp(logl %) - 1) ds = F(1) + /01 F'(s) /1 Mdtds

s

— F(1) + /01 (/Ot F’(s)ds) Mdt — F(1) + /;F@)Mdt.

t
Finally, since I = F'(c0) — F(1), we conclude the desired result. O

Lemma 2.3.6. For any function f and {E;}; as in Lemma 2.2.1, if we fit N € Z
such that

K(ft;A
oN—1 <supM < 2N

>0
and @ is an admissible function such that

/ ¢(logt) . < p(log, 5)

2 p Vs > 1, (2.8)

we have that

Z 2 (10g1|Ei‘) ~ ||f||K;(A)
i<N
Proof. Let F(t) := K(f,t; A). Hence,

oN

3 2 (logy|Eif) = 3 2 <10g1/\pl ))5/ o (1og, A (s)) ds.

i<N i<N 0
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Since F' is an increasing concave function, it follows that, for almost every ¢ > 0,
I F(t
F'(t) < Z/ F'(s)ds < # < 2N
0

and, for every ¢t > 2%V,
¢ (logy Ap (1)) = p(1) = 1.

Thus, if H(s) := ¢ (log; s) — 1, from Proposition 1.2.5 we obtain

J

2N

¢ (log; Apr(s)) ds = 2V + /OOO ¢ (log; Apr(s)) — 1 ds

F(t F(t o
A2 sup ——= (®) / H(\pr(8))ds = sup ——= (t) —i—/ F'(t)H'(t)dt
>0 1 >0 1 1
F(t) dt F(t < F(t dt
—supL—l—/ F'(t)¢ (log 115)—<sup£—i—/ Lgo’(loglt)—
t>0 1 t t>0 t 1 t t

Now, to get the inverse inequality, we observe that, by (2.6) and (2.8), for every i,

. E; * min{t,|E;
HfiHK’(A) Ssup | minq 1, |—| + #gp/ (log, t)dt
¢ >0 t 1 t

Bl o (log, t > o (log, ¢
=1+/ ¢’ (log, )dt+|Ei| w(c;gl ) gt

(IOgl t)

= ¢ (log, |Ei|) + |E;| 2
| Bl

dt < ¢ (logy |Ei]) .
Consequently,
|24,
i<N

Thus, since K (A) C Ay + Ay, we have that I ez ) S 2iew 2'p (log, |Ej]). O

_ <ZQZ"fZHK A)<221 1Og1‘ED

i<N

Remark 2.3.7. 1f for some v > 0 and (,...,0r > 0,

k

pls) = 57 [ [ log,, 5)™,

n=1

condition (2.8) is satisfied.
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2.3.1 The quasi-Banach setting

Now, we introduce the results required for Step 3 when the target space is quasi-
Banach. To overcome the lack of triangle inequality, we shall use the following
proposition from [19].

Proposition 2.3.8. Given 0 < a < 1 and a weight v € Rt let

Gy(a) = stgg) (% /t V(s)_lds> V(t).

If f = Zn21 Cnfn, where ¢, are non-negative numbers and { f,}, are functions such
that ||fn||A1,oo[v] < 1, then, for every sequence of positive numbers (a,), such that

anl an <1,

||f||ALoo[v] S Z (1 + Gv(an)) Cp,.-

n>1
Lemma 2.3.9. Let 0 <p < 1. If
ti/p
VO gty
then,
i) for0 <p<1, Gy(a) = a_%ﬂ,

1
ii) forp=1, Gy(a) =~ log o

Proof. We need to compute

Gy (a) =~ sup

t>0

t 1 t%_l
[ et

at si/p i 2 (10g1 t)'

i) Since % > 1 and ¢ is increasing, it follows

t
Gy (a) < sup tzlﬂ_l/ sUP ds = supt%_1
t>0 at t>0

Indeed, when ¢ < 1, we can use that ¢(1) = 1, to conclude

1_ _1
/t pllogys), 0 17 i /ts‘l/p g 71
at Sl/p 2 (10g1 t) at ’

SRl
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and the result follows.
i1) We can use again that ¢ is increasing to obtain

" ds ¢ 1
Gy(a) Ssup [ — = sup[logs],, = log —,
t>0 Jat S t>0 a
and Gy (a) = log  if ¢ < 1.

Lemma 2.3.10. Let 0 <p < 1. If

then,

1 1
i) for0 <p<1,Gyla) Sa s (logl 5) ,

1 1
i) forp =1, Grla) S (1oe ) o (10w 7).

Proof. Let us compute

Gv(a) ~ sup

>0 st/p

1
¢ ¢ | logy S t%_l
/ d

at

i) We have that, since % > 1,

t 1
Gv(a) < Suptél/ sTYP ds <log1 ) ~ cf%Hgo (log1 -

>0 t a

i7) In this case, we get

bd 1 1 1
Gy(a) S sup (/ —S> @ <10g1 —) = (log —) @ (10g1 —
t>0 at S a a a

Lemma 2.3.11. [If
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1 1
Gyv(a) S (log a) P2 <108§1 5) :

Proof. Tt follows from the fact that

t 1 log, L 1 1 1
/ o1 (logy s) 2 ( 081 5) ds =~ S <log —) P2 (10g1 _) :
o s 1 (log, t) ¢s (log, 1) “ ¢

The following proofs are inspired by the ideas of Carro and Martin [23].

then

Lemma 2.3.12. Fiz f € L' such that ||f]|;, = 1 and let {f,}n be the functions
obtained with the 2-dyadic decomposition. Then,

i) if 0 <p<1ande>D0,

,_1 1+ n
Loy (Il foll o) +Z )2 g Loa (1fallz) S Nare) -

n>1

where v(t) = (logl t) (log2 %) Gfl)(l%),
ii)
> (logyn) ¢ (log; n) 2" Ty 1 (Ifaller) S ar -

n>0

where v(t) = pq (log1 t) (log3 t) (log3 %)

Proof. i) For every n > 1,

2" —1 2"n—1

2k
|fn”L1 - Z 22n/ f X{2k<|f‘<2k+l}( )dS S Z 22n)\f(2k)
=2n—1 k=9n—1
Hence, since I, ; is subadditive (Lemma 2.1.2 ¢)),
2n—1 2k n 1
k

(TR EV A I S SYED) P Sl (zzn 2 >) |

k=2n—1 k=2n—1

Thus, if

B, — Zn(%_l)(l+£)22n[@,l (I fallzr) s

n>1
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we have that

2n—1
Z (1+€ 22n Z Igol <2? ))

n>1 k=2on—1
) on_1 92"
1+s k k
= 2°Xr(2%) ¢ [ logy =—=~ | -
nz>:1 k= er; 1 ( 2k>‘f(2k)
Using that, for every 27! < k < 2",
2 _ @7y (1+2) (5-1)
TR <2F and n( ) < (log 2’“) , (2.9)

we get

B; < Z 2"21 2)21,, (ﬂ) (log, Qk)(%—l)(ua)

n>1 g=2n—1

< / ol (AfT()) (logy ) (571094

A
where we have used that I, (ﬁ> is essentially decreasing. Since, sA¢(s) < 1
s

for every s > 0,

A(s)e <1og1 W) S Mls)e <1og1 : A]jsw) ~ Ion (M(9)).

and we obtain
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If we use Fubini, we conclude

B < /0 ) ( /0 " ogy ) (3100 ds) A1, (1)

< /OOO £2(t) (logy 780G ar (1)

< [7 5 (on7) B

1 (%4)(1%)
/ fr(t <log1 ><log2 ;) dt,

and the result follows because, since || f]|;: <1, Ip1 (|| follz1) S 1.

i1) We can follow the same argument, taking into account that, instead of (2.9),
we have

(log; n) ¢ (log; n) < (logs 2¢ ) v <10g3 2’“‘) :
O

Lemma 2.3.13. Let 1 < p; < oco. Fiz f € LP* such that| f|;» =1 and let {f,},
be the functions obtained with the dyadic decomposition over N. Then,

i) if0<p<1ande>D0,

1_ e
Ly (1follz) + 3 0G0 D20 () Sl -

n>1

where v(t) = t(pl >¢ (1Og1 t) (logl t)(%—l)(l—i—s) 7
i)
Z (log, n) 2" 1, p, (anHLl) ng”Al(v),

n>0

where v(t) = t(ﬁ_l)go (log, 1) (logy 7) -
Proof. We only prove i) and 4i) follows similarly. Since ||f,[|;- <1,

| foll S‘{fn # 0}‘ S{{Qn_l §|f|}‘ =\; (271—1)'
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Therefore, if

By = Zn<771>(1+5 2" Iy, (Hf”HLl) ’

n>1

and we use that, for any 2" < s < 27,

(n+ 1)) < (1og, 5) 5710+

Y

we get

By S Z n+1) ( 1> ) 2n[<pp1 (/\f <2n))

n>0

< Z/ (log; s) p1) () Loy (A (27)) ds

< /0 (10g1 )( >(1+€) Lop, (>‘f (3)) ds.

Finally, following the same argument as in Lemma 2.3.12, we conclude

By < / ) ogy £ ()G ar, L )

0 1 (%71)(1%)
< /0 f*<t) (logl ;) dl%pl (t)a

and, since I, ,, (||follr1) < 1, the result follows. O

We have analogous results in the case of J,,,.

Lemma 2.3.14. Let 1 < p; < co. Fiz f € L such that| f||;» =1 and let {f.},
be the functions obtained with the dyadic decomposition over N. Then,

i) if0<p<1lande>0,

+5 n
Jowr (I follz1) +Z ¢ (logy 1) 2" gy (1 Falle) SIFlls (v),

n>1
where vy (1) = £ g, (10g, £) (log, 1) 570 5 (10g, 1)
ii)
> (logy ) @ (log; 1) 2" Jpy py (I fallr) SHFllar (v),

n>0

where v(t) = t<ﬁ71) ¢1 (log; t) (10g2 %) ¥ (10g2 %) :
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Proof. We only prove i), as ii) follows in a similar manner. Let

B3 = Zn 771 e o (logy n) 2"y, p, (anHLl)

n>1

Since, for every 2" ! < 5 < 27,

(n+ 1)) o(log, n) < (log, )57 p(log, s),

we have

BEY [ 06N oy ), (4 7)) s

n>0Y 2"
< / (logy ) 5700 Uty §) T (As (5)) ds.

Finally, following the same argument as in Lemma 2.3.12, we conclude

0 (%4)(1%)
Ton () + B2 5 [ °0) (10w, 1) ¢ (10w 1 ) A0

and the result follows from Proposition 1.2.5 and Lemma 2.1.3. n

Lemma 2.3.15. Fix f € L. If {f.}n are the functions obtained from f with the
f*-decomposition,

3™ tog, n) ¢ (logy ) full (mgl oz ) <l

n>0 ”anLOO
where @(t) = ¢1(t)(log, t)¢ (log, t).

Proof. It holds that || fu || ;1 S| fall e 27t Therefore,

Z (logy n) ¢ (logy n)|| full Lo 1 <log1 1fnll )

"0 | fll Lo
SUlle + > (logy n) ¢ (logy n) £*(2" ") (log, 2"7)
n>1
on— 1 ds
SIAllze + Z s)i1 (logy s) (logy s) ¢ (logy s) — B
n>1

. ds
=1 fllys + / 7921 08y 5) (0825) o2 9) S W+l

and we are done. O
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2.3.2 Density

To establish our extrapolation theorems, we shall need the following density results.

Proposition 2.3.16. Given any weight v defined on RY with v ¢ L', the set of
bounded functions such that|f| > « on their support, for some a > 0, is dense in
AY(v). In particular, the set of bounded functions is dense in A'(v).

Proof. Let f € A'(v) and let (g, ), be the sequence of functions with g,, = feacipi<ny-
We have that !

f =90 = fX{|f|§%} + FXQ#12n)

and
(f = 9)"(21) < (fX{IfIS%})* () + (Fxqrzny) (@)
= f" <t + Ay <%)> + 7 (1) X0, () -
Therefore, since v ¢ L', lim; oo f*(t) = 0 and lim;_, o Af(¢) = 0, which implies that

lim (f — gn)"(2t) < nhjgo I <t + Af(%)) + Hm f* () X(0.0,(n)) (2)

n—oo n—o0

= f*(t—i— |Suppf|> +0=0.

Since (f — gn)* < f*, the Dominated Convergence Theorem gives
T £ = gall sy = 0.
O

Proposition 2.3.17. The set of functions with support of finite measure is dense
wmn L.
%)

Proof. Let f € LZ and let (gn)n be the sequence with g, = f{fj>f+n)}. Since

f € L, necessarily lim; o, f*(t) = 0. Hence, by the dominated convergence

theorem we get

i : > " ds
i [1f = gallye = N |f = gall e + / (F = 00" () ollogy )
ds

S

0.

n—oo

= lim f*(n) + /100 f*(s+n) p(log, s)
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Proposition 2.3.18. The set of functions with a finite K (Ao, A1)-decomposition is
dense in K1 (A).

Proof. For any f € K (A), we can consider the functions f; obtained with the
K (Ao, A1)-decomposition of f and set the sequence (gn), such that g, = >, ., 2 f;.
By (2.6), we have that, for every 1,

t,|E;
£l < sup(min{t,| 5]}) / mllE s (1og, ) .
>

If | By < 1,

|2l 1 Lo (log, 1
iz SIEL+ [ ¢ (tom g )arvi) [ 28 081 5) gy 153+ 1+
0

| E;

First, we have

Bl (1 Bl pIEL (1
11:/ gp(og”) /dsdt / / d Og”dtd
0
2
-/ (1og1 ) ds = Loal1ED 5 LB (2.10)
0

where the last inequality follows by Lemma 2.1.2 b). We also have

" ¢ (log, §)

= |Ej
e t

dt = I, (|Ei|) — |Ei| < Lo (|Ei). (2.11)

From (2.10) and (2.11) it follows that || fil| g+ 1) < Lo ([Eil). If [Ei] > 1, by (2.10),
it follows that

1
il S1E+ [ (logl )dt<fm<rEr>+1<f (ED.
0

Now, if we use this fact and Lemma 2.3.5, we get that

> 2fillxray S D 2o (IE) = 1f i) < oo

€L i€EZ

Since K} (A) is complete and K} (A) C Ag 4+ Ay, necessarily Y., 2'f;i = f in
K1 (A), that is,

Tim |1 = gall it (z) = Jim | Z /i

K+

and we are done. O
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Proposition 2.3.19. If the function ¢ satisfies (2.8), the set of functions with a
finite K (Ao, Ay)-decomposition is dense in K (A).

Proof. We can follow the same argument as in the proof of Proposition 2.3.18, using
Lemma 2.3.6 and the fact that in the proof of such lemma, we have concluded that
||fi||K;(A) < ¢ (logy | Ejl) for every i € Z. O






CHAPTER 3

Review of linear Yano’s extrapolation

The origins of Yano’s Extrapolation Theory go back to 1928, when Titchmarsh [99]
proved that, if ¢ is the conjugate function on (0, 1)

1
¢ f(x) =p.v. /0 f(x —y)coty dy,

then ¢ f € L'(0,1) whenever flog(2+ |f|)'** is integrable for some ¢ > 0. Almost
at the same time, Zygmund announced in [104] that the above result is also true
for e = 0. One year later, Titchmarsh [100] published a second paper where, using

that,
1
e : Lp(oa 1) — Lp(07 1)7 HCgH 5 —17
p JR—
he obtained Zygmund’s conclusion. That same year, using a different argument,
Zygmund [105] proved his announced result.

In 1951, inspired by the ideas of Titchmarsh, Yano [103] published the result
that gave the theory its name (see Theorem 2.0.1). Capri and Fava [14], in 1987,
extended Yano’s theorem to the case where (X, u) and (Y, ) are o-finite measure
spaces, concluding

T: L(lOg L)a(:u) — Llloc(y>‘
The problem of the convergence of the Fourier series pushed forward the de-
velopment of these extrapolation techniques. In 1966, Carleson [15] proved, using

the boundedness of the Carleson operator C (see (3.11)), that, for every function
in L?(0,1), its Fourier series converges almost everywhere. At that time, it was

95
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known that there exist functions in L'(0,1) whose Fourier series diverges almost
everywhere (see [69]). In 1967, Hunt [56] extended Carleson’s result to LP(0,1)
functions with 1 < p < oo by proving that, for every measurable set £ C (0, 1),

2
p 1
ICXEl poe(o1) S =1 BV (3.1)

)

From (3.1), we get that

1
(p—1)%

and, by a slight modification of Theorem 2.0.1, the almost everywhere convergence
of the Fourier series of functions in the space L(logL)?(0,1) follows. In 1969,
Sjolin [91] also used (3.1) to improve the space up to L (log L) (log, L) (0,1). These
works inspired Soria [92] in 1989 to state the following extrapolation result for finite
measure spaces. If (X, pu) is a finite measure space and 7' is a sublinear operator
such that for some fixed a > 0, for every 1 < p < 2 and every measurable £ C X,

C:LP(0,1) — L'(0,1), c| <

p(E)M P
T () S ————,
|| XEHLL (1) ~ (p _ 1)a

then,
T: Bj — L"(u),

where the function ¢ is defined by ¥(t) = t(log, $)* and B}, is a block space such
that L (log L)* (logy L) (1) C By,

Some years later, Carro [17], in 2000, improved Yano’s original theorem for
o-finite measure spaces (X, u) and (Y,v) showing that, if, for every measurable
ECX,

(B
1TXEl ) S 0
P~ (p—1)a

then
T L(log L)* (1) — R(v),
where R(v) is the space of functions such that
flo/i Ni(s)ds
(log )°

that is, assuming a weaker condition on 7', she obtained the boundedness on
L(log L)*(p) and improved the range space.

1/l 2y = sup < 00;
>0
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Coming back to the problem of the almost everywhere convergence of Fourier
series, we have to mention that in 1996, Antonov [3] proved such convergence in the
space L(log L)(logs L)(0,1) and Arias de Reyna [4] improved Antonov’s theorem in
2002, achieving the best result of this type known so far.

In fact, Antonov’s proof inspired Carro and Martin [23] to develop an extrap-
olation technique (see Theorem 3.3.1) that uses restricted weak type estimates of
the form

1

T: LPY(p) — LP>®(v), T S —.

() @), Tl TEID

Now, there are also operators in the literature for which the best-known operator

norm does not grow up like a power function. For example, if Cy,. is the Carleson

lacunary operator (see (3.13) for a definition), Di Plinio and Lerner [39] showed
that, for 1 < p < 2,

1
Clac * LP(R) — LP>=(R), [Crac| < log, <p _ 1)'

In this case, an extension of the theorem by Carro and Martin allows to conclude
an endpoint estimate. This example (among many others) motivates the extension
of the extrapolation theory to cases where the blow up is not necessarily a power
function (see [92], [1], [2]).

Going back to 1959, Zygmund [106, p. 119] proved a dual version of Yano’s
result for cases where the operator norm blows up when p — oo. Namely, if T’
is a sublinear operator acting between finite measure spaces such that, for every
1 < p < 0o and for some fixed o > 0,

T:LP(p) — LP(v), 17| < p*
then
T L(n) — E°(),

where E(v) is the space of Definition 1.4.5.

Other endpoints can also be considered. Let, for example, B* be the Bochner-
Riesz operator of order o in R? (see (3.17) for a definition) with 0 < o < 1/2. Tt is
known (see [16], [46, Chapter 5]) that

B~ : LP(R?*) — LP(R?) if and only if

<p<

3+ 2« 1—2a’
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In this case, if py := 375= > 1 and p; := =5 < 00, we have 1B o (2) s 12y —* 0©

when p — pg or p — py. It is then natural to study other extrapolation results to
cover these cases (see, for example, [26], [1], [2]).

Summarizing, given an admissible function ¢ and any fixed endpoint 1 < ¢ < o0,
we are going to consider extrapolation results under hypothesis of the form

1
L S E P B

where r € {1,p,00} and s € {p, 0}, and similarly for the case where p < ¢q. The
chapter is divided into six sections, according to the different hypotheses: r =p =s
(Section 3.1), r = p and s = oo (Section 3.2), = 1 and s = oo (Section 3.3),
hypotheses for characteristic functions (Section 3.4), r = co = s (Section 3.5), and
other types of estimates in Section 3.6. All the extrapolation proofs presented follow
the ODR technique, except for those in Section 3.4 and one in Section 3.5.

This chapter will also contain applications of the extrapolation results to con-
crete operators, such as the maximal rough operator, the spherical maximal oper-
ator, the Hilbert transform or the Carleson operator. As we shall see, the main
source of most of these examples is the Rubio de Francia’s extrapolation theorem
(see Theorem 1.5.2).

Finally, we should mention and emphasize that in the 1990s, Jawerth and Mil-
man extended extrapolation theory to the setting of compatible couples of Banach
spaces using interpolation theory (see [59-62], [81], [5]). Most of the results we
will present are particular cases of this more general theory; however, since we
are restricted to the case of Lorentz spaces, we aim to avoid, whenever possible,
technicalities from the abstract setting.

In what follows, we omit the underlying measure spaces which are o-finite and
non-atomic.

3.1 Strong type theorems

In this section, we shall assume that 7" is strong type (p, p) for some range of p. We
treat three different cases, depending on the value of the endpoint.

3.1.1 Case endpoint pg =1

First, we extend Yano’s result to o-finite spaces (see [26]) but in the context of
admissible functions.
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Theorem 3.1.1. If for some fired 1 < p; < oo, and for every 1 < p < py,
1
T rlse (5. (32)
p —

then
t

T:L ¢(logL) — T->=[V], V(t) = S loe D)

Remark 3.1.2. We observe that, if the target measure space is finite and ¢(x) = z,

't [V] = L', and we recover original Yano’s theorem.

Proof. We have that if f € L'NL> with||f]|; < 1, forevery ¢t > 0and 1 < p < py,

Hk _1 1 P 1 ! v
(TFH™ ()<t p||Tf||Lp,§g0(]Tl)H{1|—|/§§s0( )(Hf!L) )

p—1

and, by Lemma 2.1.4 and (2.2) we obtain

w05 L (L) < EEB 0L 1,0

from which follows that

1T f e ooy S Loa (1£1120) -

Therefore, given any function f € L! with a finite dyadic decomposition over Z,
we can use Lemma 2.3.1 to obtain the result. Finally, we extend the result to any
f € Ly(log L) using a density argument (see Proposition 2.3.16). O

Example 3.1.3. Given Q € L! (S”_l), the rough mazimal operator (see [42, Chap-
ter 4]) is

_ 1 / B w0 _ Y
Mﬂ@~%yﬁﬁa[%meW@ ldy. wer y=Lto@y

It holds that, for 1 < p < oo,
Mq : P — LP, |Mal|l <9

However, it is unknown whether Mq is weak type (1,1). From Theorem 3.1.1, we
conclude that,

ot
~ log, t’

Mg : Llog L — V[V, V(t)



60 CHAPTER 3. REVIEW OF LINEAR YANO’S EXTRAPOLATION

On the other hand, if 2 € Llog L(S™™'), it is known (see [34]) that M, is weak type
(1,1). Although the proof of this is very technical, a weaker result can be proved
easily using extrapolation. Let

/ n /_E
My (€, f)(x ;g§|BOR|/ Q)| f(x—y)|dy, xeR", it

For every p > 1, Q € LP(S" ') and f € L'(R"),

/ )] £ — 9)| dy
B(0,1) L&)

2)] ]
sup [f(=y)|dy
R>1.JB(0,R)/B(0,1) |y|

By Minkowski’s integral inequality we get that I <[ f|| 1 gn

HMl(Q’f>HLP(R") S

~Y

=1+1I.
LP(R™)

_|_

Q| 5 gn-1y and that

1/p
oorn—l 1
I <1 ey 19 oeny ( = dr) ST L ———

Thus, if we fix f € L'(R"), we get that

A1l 2t ey

Ml('?f) : Lp(Snil) — Lp(Rn)7 HMl(vf)H S p—1 )

and, from Theorem 3.1.1, we conclude that

Mi(-, f) : Llog L") — TH(V], V() = —— [[Mi(, N SIFllpan -

which implies that, for Q € Llog L(S"™1),

t
log, t

My(,-) : LMR™) — TV, V(t) =

Example 3.1.4. The function m € L* (R) is a Marcinkiewicz Fourier multiplier
if is derivable and

sup [ |m/(t)] dt < oo, where A = (=2 —2F U [2F 28,
keZ Ay

It is known (see [79], [98]) that, for 1 < p < oo,

To: P — L7, [Tl < (max{p,p'})*”. (3.4)
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Then, by Theorem 3.1.1, we obtain the following estimate at the endpoint

t

T L(log L)** — TVV], V() = gy
1

We should mention that 7}, locally map L(log L)"/? into LY* and, for every r < 1/2,
there exist multipliers of this type for which 7T}, does not locally map L(log L)" into
L1 (see [98]).

Concerning weighted estimates, it is known (see [70], [74]) that, for 1 < p < 2
and for every w € A,

T D) — D), Tl S ], )

p

Thus, if we fix 1 < p; < 2 and use Corollary 1.5.3, we get that, for 1 < p < p; and
every w € Ay,

[ ]pll(plTH)

T, - LP(w) — LP(w), Pt TR
(p -1
By Theorem 3.1.1, we obtain that, for every 1 < p; < 2 and w € Ay,
<p1+2) 1,00 t
T L(log L)\ 2/ (w) — Ty>V], V()= ——F—~-
(10g, 1) “%")
Taking p; = 1 + 2e with 0 < e < 1/2, we have that, for every w € Ay,
3 t
T L(log L)G4) (w) — TL=®[V], V() = ——.
(log; t)(EJrE)

Remark 3.1.5. It V(t) =t/ (log; t), the space T'V*[V] is not comparable to L.
Indeed, L ¢ T°°[V] because the function f(t) = f*(t) =t *x(0,00) € L™ but

Jy f*(s)ds
HerLoo[V] 2 01— -
¢(log; 1)
On the other hand, by [25], T*[V] € L', since
sup ! = sup ¢ (log, t) = 0.

t>0 tSUpszt 571‘/(3) t>0
Hence, if T satisfies (3.2) and is weak type (1,1),
T:L ¢(logL) — Y[V N LY,
where TH°[V] N LY C Lo,
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Example 3.1.6. Mihlin-Hormander multipliers are functions such that, for all
multi-indices a with |a| < [n/2] + 1,

em(9) < Calel ™, e R0},

It is known ( [80], [55], [45, Theorem 6.2.7]) that the operator T,, associated with
these multipliers is of weak type (1,1) and, for 1 < p < o0,

1
T L — LP, HTmHSmaX{p,—}.
p—1
Hence, in view of Remark 3.1.5,
t
Ty : LlogL — TY>°[VIN LY, V(1) = :
log, t

3.1.2 Case left endpoint py > 1

The ideas of this section are based in the results of [26]. We first introduce the
function spaces we need.

Definition 3.1.7. The spaces D, (1) and R (v) are defined by the norms

t 1/p
L{ folfi(s)]Pds 1
g0 =Ml + | t = ), (106, )

and

(Jsstopas)”

=su
||f||R;C¢(V) t>§ ¢ (log, t)

If o(s) = s* for some a > 0, we simply write D (1) and R}, (v).

Remark 3.1.8. We observe that D, | corresponds precisely to the space K} (A) (see
Definition 2.3.3) in the specific case where A = (LP, L*™).

Theorem 3.1.9. If for any fired 1 < py < p1 < o0, and for every py < p < p1,
1
T mse (52,
P—DPo
then

T:DF — R'

po,¥ Po,p*
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Proof. 1t is enough to get the estimate for functions with a finite K (LP0, L*>)-
decomposition, since these functions are dense in D  (see Proposition 2.3.18).
Thus, let f € D , be a function with a finite K (L, LOO) decomposition. We can
use Lemma 2.2. 2 a) to write f = Z‘ <n 2’ ' f; where, for every py < p < p1, we have

that || fill » < |E;|P”P. Then, for every i,

1/po

( / [<Tfi>*<s>}”°ds> < w5 T, S 10" w(%)nﬁnm
0 P — Do

1 E; po\ 1/p
gtl/pogo( ><| | ) . (3.5)
P — Do t
1/po

(/0 [(Tfi)*(s)}po ds) < 7fl/poj'(p’p0 (|E;|p0) S p(logy )11 (]EJ) ) (3.6)

Summing over ¢ and taking the supremum over ¢ > 0, we obtain that

sup (fcf [(Tf)(s)]™ ds) 1/po

>0 2 (108;1 t)

By Lemma 2.1.4 we get that

S 2L (E).

i€z
Finally, Lemma 2.3.5 implies that

' ()17 ds 1/po
. (fo [(Tf)(s)]" d ) <1l +/0 NG

£>0 2 (10g1 t)

1/po
po(i 1
) o' <log1 —> ds.
s

O

S

Remark 3.1.10. Theorem 3.1.9 and its proof are also valid for py = 1. However, in
that case, we just recover Theorem 3.1.1.

Example 3.1.11. For 1 < p < oo and f € L? (R™), the spherical mazimal operator

is defined as

M f(x) = sup

t>0

f(l’ - ty)d0<y) ) T c Rna
Snfl

where o is the normalized Lebesgue measure on the unit sphere S*~!. It is known
(see [96], [90], [45, Theorem 6.5.1]) that, for n > 3,

1
_ L1<p<2 (3.7)

n—1

N
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As far as we are concerned, the best result at the endpoint py := —*5 is the one
obtained in [11], where it is proved that, for n > 3,

M LT — [T
Using Theorem 3.1.9 and (3.7), we conclude that, for n > 3,

n—17 n—1"

These estimates are independent because, as shown in [26], L7 is not comparable
with D,

n .
'n,—l’1

To present our next example, we recall that, for every 1 < p < 0o, the function
|z|* is an A, weight if and only if —n < a < n(p — 1), and, for every py < p < o0,

ﬂx|”(p°_1)} ~ 1 =1~ po*ll ~ 1 po—1° (3.8)
A (p— o) (p — po) (p—po)P~  (p—po)

Corollary 3.1.12. Let T' be such that, for some fired 1 < pg < p1 < 00, for every
po < p < p1 and every w € A,

T:r(w) — L (w), TS e ()
where 1 is increasing. If ¥(sP°~1) = ¢(s) for some admissible function o, then,

T Dt <|$|n(po*1)> — v Rt <|$|n(p071)>'

po,p po,¥

Proof. By (3.8), we get that, for pg < p < py,

1
T2 (o) s 2 (o 0) S e (1)
P — Do

The result follows by Theorem 3.1.9. m

Example 3.1.13. Let H denote the Hilbert transform defined, for every f € #(R)
as follows

H(f) (2) = ~ lim /|_> W 4y ser

T e—0+ r—y
It is known (see [57], [86]) that, for 1 < p < oo,

H: [P(w) — LP(w) if and only if — w € A,,
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and||H|| < [w]a, for 2 < p < co. As a consequence, for py > 1, since|z|"®° Y ¢ A,
H is not bounded on L (|x|"(p°_1) ), but Corollary 3.1.12 implies that

H 2 Dy (") — By (7). (3.9)

On the other hand (see [35]), since |z|" "~ € AR

e (TR B (3.10)

We have that (3.9) and (3.10) are independent because D (\x!"(po_l)) and

po,po—1
Lpo,1(|x|"(7’0’1) ) are not comparable.

Example 3.1.14. For 1 < p < oo and f € L” (R), the Carleson operator is defined

as
Cf(s) :=sup|H <62m5(')f(~)> (s)|, s € R. (3.11)

¢eR

It is known (see [58], [39]) that

max ’,%
C:0w) — U)ol Sl g lul,. G12
Thus, for any fixed 1 < pg < 0o, we have:
(i) If 1 <po <2,
2 1
ICl < [w]k) " logo[wla,, — po<p<2.

Hence, for ¢;(s) := s*log, s, Corollary 3.1.12 implies

Po,¥1 Po,¥1

C:DF (|x|P°*1)—>R+ (|g;|p0*1).

(ii) If 2 < py < o0,

€] S Tw]%, log,[w].a Po < p < 00.

p?

In this case, if po(s) := sP° log, s, Corollary 3.1.12 implies

C: D} (]x\p°_1> — R (|:1:]p°_1> :

Ppo,p2 Po,$P2
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Example 3.1.15. For f € L” (R) with 1 < p < oo, the Carleson lacunary operator
is defined as

Crac f(s) :=sup s € R, (3.13)

acA

H (0 () (s)

where A C R is lacunary in the sense that there exists a constant C' > 0 such that

In [39], the authors proved that, for 1 < p < oo,

max 1,%1
G 22(0) — () el < U7 hog s, (319

Hence, by Corollary 3.1.12, we get that:
(i) If 1 < po < 2, for p3(s) := slog; s,

Clac : D;{MD3 <|x|p°71> — R <|m|p°71) .

Po,¥3

(i) If 2 < pg < 00, for p4(s) := s”!log; s,

Cuac : Dy (12177) — Ry o (12177

P04

Example 3.1.16. Consider the weight

po—1
w(z) = |x|—1,
log. —
08 |ZL‘|
where 1 < py < co. Going back to Example 3.1.13, since w ¢ A% (see [24]), H does
not map LPo!(w) to LP*>(w). However, for every fixed py < p; < oo, and for every
Po <p < P,

1
wla, S,
[wla, (p — po)Po—t

which implies, following the same argument as in Corollary 3.1.12, that

i D;;apo—l (w> — R;—o,po—l (’LU) .
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3.1.3 Case right endpoint p; < 00

This section follows the ideas appearing in [26]. First, we define the function spaces
that we need for the theorem.

Definition 3.1.17. The spaces D, (1) and R, (v) are defined by the following
norms

1/p
(S o)
/
1 lps o =1l + / o (logy ) ds

S

and
1/p
(L (s)]ds)
||f||R2;<p(u) = igg 1 :
¢ | log, n

If (s) = s for some o > 0, we can simply write D, (u) and R, (v).

Remark 3.1.18. We observe that D, , corresponds precisely to the space K (A)
(see Definition 2.3.3) in the specific case where A = (L, LP).

Theorem 3.1.19. If for any fixed 1 < pg < p1 < 00 and for every py < p < p1,
1
T Irlse (5.
pP1—Dp
where ¢ satisfies (2.8), then,

T:Dy o — By
Proof. It is enough to obtain the estimate just for functions which have a finite
K (L', LP')-decomposition, since these functions are dense in D, , (see Proposition
2.3.19). Let f € D,  be a function with a finite K (L', L”l) decomposmon and
such that || f||;, < 1/p1 We can use Lemma 2.2.2 ¢) to write f = 37, y2' 'fi

(1 1
where, for every py < p < p1, we have that || fi[|;, < \Ei\pl(i m).

Since F(t) := K(f,t; L', [P') is an increasing concave function, it follows that,
for almost every ¢t > 0,

P <y [ Feas= 000 < <l <1 G
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Therefore, F; = () whenever ¢ > 0 and, for every —N < ¢ < 0 and every pg < p < p1,
we have

([T rera) " s ([ nrersa)

11 1 B \" ™
SHHTAL ¢ (1) (‘ t' ) 310

By Lemma 2.1.4 we get that

o) 1/p1 |lz%|pi 1
(/t [(Tfi)**(s)]plds) < ¢ | logy " <o (log1 ?) © (logllEi]) )

Hence, summing over 4, we obtain

o] /p1
; < (J, L (r))Prdr !
1T flgy, , S > 2 (logy|Eil) S1 +/1 UL wdr) ¢’ (logy s) ds,

: S
<Y/

where we have used Lemma 2.3.6 in the last inequality. Finally, we can extend the
estimate by homogeneity to any function f € LP* with finite decomposition. m

Example 3.1.20. The Bochner-Riesz operator of order o > 0 in R? is the multiplier
defined by

B () (a) = [ (1=l FOemea, e R (317
R2
It can be deduced from [38] (see also [16]) that, for 0 < o < 3 and 4 < p < %,
[e}% « 1
B : [P(R?*) — LP(R?), |B*|| < VAN
(1—2a —p)

Therefore, Theorem 3.1.19 implies that
BY: D™,

1—2a”

— R,

1-2«

5.
' 4

ot

We should mention that it is also known (see [68]) that
Be: [Tl o [T
but D=, ;¢ L. For example, the function

1-2a’4

1
ft) = = (log]) X[Oﬁ—ﬁ)(t)
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belongs to D, but not to Lﬁ’l.

1-2a’

5
4

Also, since for every measurable set F

—|E| 7" (log, |E|)*/* >
Ixelp-, Bl (log|E))™ ZIxell, 140 =

T—2a 2a Z

we have that L%l ¢ D,

1-2a”’

ot

3.2 Weak type theorems

In this section, we shall assume that T is weak type (p, p) for some range of p. We
treat three different cases, depending on the value of the endpoint.

3.2.1 Case endpoint pg = 1

In this case, the target space at the endpoint is quasi-Banach. The lack of a triangle
inequality implies some difficulties in the reconstruction step. Thus, we need to use
the Galb space (see [101], [19]), defined as follows

Galb(X) = {<en>n -3 enfu € X, whenever £l < 1} ,

endowed with the norm

sup
[ fnll <1

Z enfu ,

enallany

It is known that
e if X is a Banach space, then Galb(X) = ¢!,
e Galb (L) = (log( (see [97], [65]) where

llogl = {(en)n : Zenlogln < oo}7

n

o if V(t) =t/p(log, t), Llog ¢ C Galb (A¥>*[V]) (see [28]).

The next theorem is an extension of the work in [23] to the setting of admissible
functions (see also [21]).
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Theorem 3.2.1. If for any fixed 1 < p; < oo and, for every 1 < p < py,
1
rir—re nlse (o),
p—1

then,

t

T : L p(log L)logs L — AM>°[V], V(it) = ————.
90( g ) g3 [ ] () gO(lOglt)

Proof. Since bounded functions are dense in L ¢(log L)logs L (see Proposition
2.3.16), we only need to prove the result for such functions, and we can extend
it by density. Let f > 0 be a bounded function in L ¢(log L)log, L, then we have
that

A= [ Fiotiog, 1) oz, 1) < . (3.18)

If we use the 2-dyadic decomposition, we obtain that, for every 1 < p < p; and
every t > 0,

t

<k o (1N (Ml
(T1) (O ST fall e S 0 =7 , (3.19)

and, by Lemma 2.1.4 we get

(Tfn)* (t) 5 [%1 (”fntHLl) 5 90(log1 t) Icp,l (”fn”Ll) ‘

t
Thus, for V(t) = t/¢ (log, t),

1T full ooy S Lo (1fall 1)

and, consequently,

1Ty < | X2 271740l

0<n<N

<[ (7 ra )

If we denote ¢, = ¢ (2")log, n and a,, = f{d i<fedn TP (log, f)log, f, we have

<[ (2 ea (1500))

ALe[V] Galb(AL=°[V])

Clogt

1 a,
Loa (I fnllr) = T 2—/ fo (log, f) (logs f) | = Lon (2—>
2% cn Jidn 1 <f<dn) 22"¢,,
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Therefore, in view of (3.18), if we prove that

on an
(2 fw»l(%))n

S A,
Llog

we are done.

Now, we get
< 1+222n . (2T> log, n

n Qy,
(22 LM(QT))
“n "lelog e n>1
Ay
S1+) 2% ““(22” >log1”+222 “’1<22" )logl

nel nell

where
Iz{nZl:anSZ_"} and IIz{nZl:an>2_"}.

First, since I, is essentially increasing and ¢(t) < t7 (see Remark 1.3.2), we get

1
2” 2"
22 (p]. (22n > logln S 22 SD]. (22n90<2n)2n lOgln) logln

el n>1
1 2m n\on 1
= E Wg@ <log1(2 p(2")2" log, ”)) N Z on L
n>1 =t

Also, since |[(an)nlle = [ fo (log, f) (logs f) = A,

n 22" p(2") log, n
222 ‘P1<22n )IOglnNZWSO 108;1( (a) ! > log; n

nell n>1
n n n\on
S Sa® (10g1(22 p(2")2" log, n)) <D an=A
nx1 #(2") n>1
]

Remark 3.2.2. Moreover, if for some 5, > 0, Bri1- - Brin = 0,

k+n

o(s)~ ] (10gj S)ﬂj ,

j=k

we can refine the above argument using the (k+2)-dyadic decomposition. Choosing
= ¢(log, d,,) log; n and a,, = f{dn,1§f<dn} fo (log, f)log, .5 f, we obtain that

t

T : L o(log L)logs,, L — AV>°[V], V(t) = ————.
(log L) ogi 1 Vo V0= Shrs



72 CHAPTER 3. REVIEW OF LINEAR YANO’S EXTRAPOLATION

Example 3.2.3. It is known (see [39], [20]) that, if Cj, is the Carleson lacunary
operator (3.13), for every weight w € A; and every 1 < p < 2,

1
Clac : LP(w) — Lp’oo(w), ||Clac|l S logl (E) .
Hence, by the above remark,
t
Cuc  Lllog, L)log, L)(w) — A=[V], Vi) = s
2

3.2.2 Case left endpoint py > 1
Theorem 3.2.4. If for any fixred 1 < py < p1 < 0o and, for every py < p < p1,

TiD s D, mm%l),
P — Do
then
T:Df — T[], V()= e
’ ¢ (log, t)

Proof. Tt follows the same steps than the proof of Theorem 3.1.9, taking into account
that, for every 1 < py < p, instead of (3.5), we have

- - , _ 1
(Tf)* () St PIT fillppoe S VPN fill e S 790 (p_—pO)HfiHLP

1
< pm ( ! )(!Eil”°>/”
N ® .

D — Do t

Example 3.2.5. Let R} = R" x R* and [y (z) = {(y,t) € R} : |y — z| < at}.
The intrinsic square function (see [102]) is defined by

dyd :
Gof(x) = (/F ( )}Aaf(y,t)|2 tif) x € R",

O

where

Aof(y,t) = sélcg\(@ « f) ()],
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with ¢;(y) =t "¢(yt™™) and C* the family of functions supported in B(0,1) such

that [ ¢ =0 and
|o(z) — ¢()| <|z —2'|",  Va,2’ €R™

It is known [40] that, for 2 < p < 3 and every weight w € A,

N|=

Go : LP (w) — L™ (w), ||Ga||§[wli (10& [w}AQ )

where [w]4,, 1= supg %

Hence, by (3.8) we get that

n oo n 1
Go : L7 (|a|") —> L7 (J2]") 1Gall S ——
(p—2)2
and, by Theorem 3.2.4, we have
tl/Q
Go: DF, (|z]") — Fa’irn)[\/], V(t) = -
N (log, t)*

3.2.3 Case right endpoint p; < 00

Theorem 3.2.6. If for any fixed 1 < py < p1 < 00, and, for every py < p < p1,

T TS (#) |
P1r—Dp

where ¢ satisfies (2.8), then,
1/

@\ 108 —
g1 n

T:D, ,—T"V], V()=

p1,¥

Proof. It follows the same steps than the proof of Theorem 3.1.19. Instead of (3.16),

we now have that, for every 1 < pg < p < p1,

1

o a1 11 1
o) (0 S BT~ 56D (Y,

1

_ 1 12 \7 G7)
~ ¥ pPL—0p tl/Pi '

The ODR technique finishes the proof.
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3.3 Restricted weak type theorems

By restricted weak type, we mean that

T: [P —s [P

3.3.1 Case endpoint py = 1
Theorem 3.3.1. If, for any fized 1 < p; < co and, for every 1 < p < py,

T s e, TS (L) |
p—1

then,
t

T : Ly(log L)logs L — AV>®[V], V(t) = ——.

Remark 3.3.2. Observe that the above theorem improves Theorem 3.2.1. In this
case, we can follow the same proof because, for f € L' N L™ with || f]|;« < 1, it

also holds that [| ]| .. <||fII/7.

3.3.2 Case left endpoint py > 1
We adapt the ideas in [26] to the setting of admissible functions.
Theorem 3.3.3. If for any fired 1 < py < p1 < o0 and, for every py < p < p1,
Tt s (o),
P—Do
then

T: Al(vo) — Fl’o"[Vl]

1
14 tro

h t)=tr " (log, 7) and Vit) = —7——.
where vo(t) 0 gp(oglt) and Vi (t) o (log, 1)

Proof. 1t is enough to get the estimate for functions with a finite dyadic decom-
position over Z, since these functions are dense in A'(vy) (see Proposition 2.3.16).
Given f € LPo! we use the dyadic decomposition over Z to get f = Z\i\ <N 2t f;
where || f;||; < 1. For every ¢t > 0 and every py < p < p1,

. , 1/p
T80 S Tl 0 () et g () (L)

P — Do P — Do
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By Lemma 2.1.4, we have

ill 11 1
T 05 Lo (2 ) 5 28580 1 ().

Summing over ¢ and taking the supremum in ¢ > 0, the result follows by Lemma
2.3.1. O

3.3.3 Case right endpoint p; < 00

The ideas of this case appear in [26] and we extend them to the setting of admissible
functions.

Theorem 3.3.4. If for any fixred 1 < py < p1 < 0o and, for every py < p < p1,

1
T:LP' — [P, IT|| < ( ) 7
P1—0P

then

T : A'(vy) — T[],
1 t%
where vo(t) = tm ¢ (log, t) and Vi(t) = —
@ (log, {)

Proof. By Proposition 2.3.16, it suffices to prove the result functions with a finite
dyadic decomposition over Z and extend the estimate with a density argument.
Given f € LPt! with a finite dyadic decomposition over Z, we have that, for every
1, for every t > 0 and every py < p < p1,

Ner(p) < 4o1/p LY il g ( 1 )(Hfin )/
(T ) SO~ S (5 ) et < () (e
(3.20)

By Lemma 2.1.4, we obtain

i ) log 1
%) < %J@m (HszLl) :

TR0 S o

Summing over ¢ and taking the supremum in ¢ > 0, the result follows by Lemma
2.3.1. O
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3.3.4 Case endpoint p; = o0

The case where the endpoint is p; = co was considered first in [105] in the context
of finite measure spaces, and the extension to o-finite measure spaces was studied
in [29]. Here, we extend it to the context of admissible functions.

Theorem 3.3.5. If for a firted 1 < py < 0o, and, for every py < p < 00,

T : Lp71 — Lp,oo7 ”TH rg 90 (p) )
then
ToLE STV, V()= —
' (10?31 ?)

Proof. We only prove the estimate for functions with finite support (and thus a finite
f*-decomposition) and the result follows by density (see Proposition 2.3.17). Given
[ € Lg with finite support, we use the f*-decomposition to get that f = Y o<nen Jn
with f, € L' N L*™ and, for every t > 0 and every py < p < 00, -

1/p
(T£(0) ST full e SEF 0O Fallgos Sl 00) <%> |
(3.21)

By Lemma 2.1.4 we obtain

(1) 0) Sl o <1og1 M) S ¢ (1on 7 ) 1Allm v (bgl AR ) |

tl full poo fol Lo
The result follows from Lemma 2.3.2. ]
Remark 3.3.6. Recall that, if ¢(t) = t* for some o > 0 and V() = m, we

have that T1>°[V] = E“ (see Definition 1.4.5).

Example 3.3.7. Let GG, be the intrinsic square function (see Example 3.2.5). It is
known that (see [73]) that, for every w € As,

Go: I(w) — IPw),  [Gall S [wli.

By Rubio de Francia extrapolation (see Theorem 1.5.2), we obtain that, for every
3 <p < ooandevery w € A,

Go: IP(w) — LP(w)  ||Gall < p2[w]? .

P
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7
If we fix w € Ay, we can take 3 < py < oo such that, w € A, and, for every
Po S p <00,

Go: LP(w) — LP(w)  ||Gal S p2lw]d =~ p2.

PO

Consequently, Theorem 3.3.5 implies that,
G LT (w) — Ez(w).
2
Example 3.3.8. Let m be a Marcinkiewicz multiplier (see Example 3.1.4). By
(3.4) and Theorem 3.3.5, we can deduce that

T LY — B2,
2

Moreover, for every € > 0, if we take py := 1+ QL, we have (see [74]) that, for every
wE Ay,

3

Tt IP(w) — IP(w), [Tl S [w]3)

By Rubio de Francia extrapolation, we get that, for every py < p < oo, and every
w € Ap,

T LP(w) — LP(w), | Tull S (pwla,)**,
and hence, for every w € A,

Tt LY (w) — B2t (w).
2

Example 3.3.9. Let C be the Carleson operator (3.11). If we fix 0 < ¢ < 1 and
po = £, (3.12) implies that, for every w € A,

C:L(w) — LP(w)  [|C]] S [w]4: logo[w]a,,-
Using Rubio de Francia extrapolation and also Theorem 3.3.5, we obtain that, if
©(s) = st log, s, for every w € Ay,

C:LX(w) — T[], V(t) = ——

¢ (logi 1)
In the case of the Carleson lacunary Cy,, for every w € A, it follows from (3.14)
that, if p(s) = slog; s,

Cue t I(w) — TY¥[V], V() = —

v (logy §)
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Example 3.3.10. Since the Hilbert transform H is bounded on LP(w) for every
w € A, with |[H|| < plw]a, when p > 2 (see [86]), from Theorem 3.3.5 it follows

H: L (w) — EY(w).
It is also known (see [94]) that
H:L® —s BMO,

where BMO is the space of bounded mean oscillation functions. However, E! is
not comparable with BMO. Indeed, log|z| € BMO (see [46, Example 3.1.3]), but
log|z| ¢ E' because is an increasing function. On the other hand, we have that
h(s) = x(01)(s)log ¢ BMO (see [46, Example 3.1.4]) but h(s) € E' because, for
0<t<l1,

IR 1 17’ 1
h**(t) = ;/ log Eds =7 [s + slog g] = log, n
0 0

and, therefore, for V (t) = (log, %)_1, [Allp1eep < 1. Consequently,
H:L® — BMONE",

where BMO N E* C BMO.

3.4 Hypotheses for characteristic functions

Here, we improve Theorem 3.1.1 by assuming weaker hypotheses. The proof follows
the same argument presented in [2].

Theorem 3.4.1. If for some fized 1 < p; < oo, and, for every 1 < p < p; and
every measurable set I,

1
ITxsll,, < ¢ (—) W(E)V,

p—1
then
t

T:L ¢(log L) — T[V], V(t) = o llog )

Proof. Fix a measurable set £ C X with u(E) < oco. For every 1 < p < p; and
t >0,

1
2 (Txe)™(t) <|ITxell, S ¢ <]:> u(E)?.
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Taking the infimum over 1 < p < py, we obtain by (2.4) that

(Txe)™(t) < (@) g X (o) (t) + (@) ¥ (10g1 ﬁ) X (u(5),00) (1)

Now, since, for every t < u(FE),

1
w(E)\ 1 B g 1 [ t 1 B g
(Q) ~1+ 1/ 1_L’S_ ) lOgl— ds + T i
t tr1 Jt s p1 tJo $ trr Jt s 1

and for every t > u(F),

(42 o) <3 o)

we get that, for ¢ > 0,

. 1 [~ ds
(Txe)™ () S <1Og1 ) X(0 s)ds + — X(o,u(E)](S)T
t),

= Rl D1, <p((XE)

tm S P
(3.22)
where, for every measurable function f,

Rup ol £)0 = 1 [0 (108 1) £ras + 2 [7 o2

try s

To extend this inequality to simple functions, we take f = 22;1 anXr,, where the
sets Fy C I, C --- C F} have finite measure. Thus, f* =" _| a,Xxp,u(F,)), and, by
(3.22), we get

(Tr)( Zaa Txr)" () S Zaanpm((XFn) )(t) = Rapy o (f7)(1).

n=1

To extend the above inequality to arbitrary measurable functions we use a density
argument. In fact, we observe that

By o (F)(E) =111 0y

1 t
—pllog, -, 0<s<t,
t S

1/¢\ o
ol , t <s.
\t S

where

;

vi(s) =
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Therefore, given a sequence of simple functions such that | f,,| 1]f] at almost every
point, we have that, for every n,m € N,

fam [ 0h =Tl < s 170 gl dv = (TG~ £20)0

v(E)=t

~ Rl,m,s@((fn - fm) )(t) = ||fn - meAl(vt) )

where we have used [8, Prop. 3.3, p. 53| in the first equality.

Since vy ¢ L', [27, Theorem 2.3.4] implies that A!(v;) has absolutely continuous
norm and, in view of Proposition 2.3.3. of the same work,

nﬂl}lr_r}lm”fn - fm”Al(vt) =0.

Consequently, for every set E with finite measure, T'f,, is a Cauchy sequence in
L'(E), and therefore converges to a function T f. Since our measure space is o-
finite, let us take a sequence (E,,),, of sets with finite measure such that U,>1 £, = X.
Define T'f(z) := Tg, f(x) for every x € E,. Let us see that T'f is well defined.
Indeed, for any pair of sets F, I’ such that v(E N F) > 0, if we fix € > 0, there
exists n > 0 such that

1Tef = Trfllp ey SINTef = Thallpe HIT 0 = Tefllpe < &

and, therefore, Tg f = Tr f almost everywhere in £ N F. Moreover, this also implies
that the definition of T'f does not depend on the sequence of sets (E,,), chosen.

Hence,

1 1 [
(Tf)™*(t) = sup — |Tf|dy— sup lim — |Tfn]d1/§ lim —/ (Tf,)"dt
v(E)=t b v(E)=t"—e t n—oo t J

hm Rlpl f )()<R1P190(f )(t>7

which implies that for all measurable functions and every ¢ > 0,

T 5 R0 5 ZEED [7 (105, 1) (s)as,

and taking the supremum over ¢ > 0 we are done. [

For our next result, we need an extra condition on the operator T'; namely that
T is (e, 0)-atomic approximable (see [18]).
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Theorem 3.4.2. If for some fized 1 < p; < oo, and, for every 1 < p < p; and
every measurable set E,

1
1TxEll e S ¢ (2:) u(E)'?,
and T is (e,d)-atomic approzimable, then
t
T : L ¢(log L)logs L — AV>[V], V(t) =

Proof. We have that, for every measurable set E,

Hence, since T' is (g, d)-atomic approximable, it follows from [18] that, for every
fe LN L™ with || f]l ;- <1,

oo se () (W)™

Thus, we can use the proof of Theorem 3.2.1 to conclude the statement, because
the above inequality can be use to get (3.19). O

Example 3.4.3. Since the Carleson operator C is (g, )-atomic approximable (see
[18]). From (3.1), we obtain

t
(10g1 t) ’

C: Llog Llogy L — A">°[V], V(t) =

recovering Antonov’s result.

3.5 Extrapolation on [P
Let us introduce now some results where the hypotheses are of the form

T: [P — [P,

3.5.1 Case endpoint py > 1

The particular case py = 1 can be found in [30]. We extend the result to py > 1
and to the setting of admissible functions. We first define the function spaces that
will be used.
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Definition 3.5.1. The spaces [L o(log L) log, L} and DF are defined by the

P00,
norms

1
1 oy ] =1+ [ supt ()0 (5)ds < o

t<s

where ¢(s) = —go(logl ) logs £, and

Lsu St% *(t 1
L P 0., (mgl;) ds.
0

S

We observe that, if ¢'(z) = @a
Lsup,, t f*(1) 1 1
HfH[L(p(logL Ylogs L] & ~ | fll e + /0 f@ <log1 g) log; gds < 00.

Theorem 3.5.2. If for some fired 1 < pg < p1 < 00 and, for every py < p < p1,

1
T: P> — [P 1T < ¢ (—) ,
P — Do
then:
i) If po =1,
t
T : [L ¢(log L)log; L| — AY*°[V], V(t) =
[L ¢(log L) log; L] V] (t) (log, )
it) If po > 1,
T.Df TRV V() =
Poee® ’ ¢ (log, t)

Proof. Fix go € LP>*>° and define the function H(s) = sup,.,t(g5(t))?. Clearly,
(g5(s))> < H(s)/s, which implies that there exists hg € L™ with [|hgl| ;- < 1 such

that g(s) = ho(s) (212) /",

Since go € LPo™, lim; o g5(t) = 0 and, by [8, Corollary 7.6, p.83], there exists
a measure preserving transformation oy such that go(z) = g5(o¢(z)) and hence,

H(ool(#)) > 1/po

oo() = ho(00()) Hoy (). (3.23)

an(a) = hofona) (
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We have that (Hy,)*(s) = (H(s)/s)"/? where H is quasi-concave (because H(s)
is increasing and H(s)/s decreasing) and, thus, there exists a decreasing right-
continuous function g such that

po 1/po
(Hyp)'(s) = <f° ' dt) .

Indeed, since|| Hy, || ;0.0 =|g0l| 1r0.00» We get that g € LPo and hence limy_,o g(t) = 0.
Thus, there exists fp such that f; = g. Moreover, there also exists h; such that
hi,hi' € L*® and a measure preserving transformation ¢, such that

rO o)
Hoo(2) = ha(01(2)) o1 ()
Now, for every f € LI® , we can define the operator
SUIRDARE
Sf(x) = h(o1(2)) | = o1 ()
We observe that
Sfo = Ho,, (3.24)
and (Sf)” < fo pods) % Therefore, for p > po,

1

11 t PO
8715 = sup > ( / (f*(S))pOds> <l
t>0 0

On the other hand, the operator T"¢ := T ((ho 0 0y) - g) , satisfies the hypothesis of
the theorem and hence,

T'oS: 1P — LP™,  |T'oS| <S¢ (L>
D —Po

By (3.23) and (3.24), we have

Tgo(x) =T ((ho 0 00) - Hy,) () = T" (Hoy) (x) = T'(Sfo) ().
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If po > 1, we can apply Theorem 3.2.4 to 7" o S and get

HTgOHFLOO[V} :H(T/ © S)(fo)”]_“l,oo[v]
1 t f* s pOdS % 1
Sl [ LI 1,

0

1 1
NS hll + [ () 157 (1og1 1) i

1
% 1_ 1
ol [ (o) O (108, )
0

1
' sup,<, 570 gy(s) 1
Ml + [ I (g,
0

If po =1 and ¢(s) = —go(logl ) logs £, by Theorem 3.3.1 and Fubini, we get

||TgO||Alv°°[V} = H(T/ © S)(fO)HAl,oo[V} 5 ||f0||Lgp(logL)log3L = /0 fg(t)<—¢(t))dt

~ ol + / S (0)(=6() dt < foll 1 + / £ (0) / &' (s)ds di

1 s 1
Ml + [ (5 [ f0a)soGas ~IS Al + [ (SR ()6 (s)as
1

1 1
) / (o) (5)s & (5)ds ~ ol e + / sup % gz ()¢ (s)ds.

0 t<s

3.5.2 Case left endpoint p; < oo

We observe that, Theorem 3.5.2 can also be proved with the ODR technique using
the K (LPo>°; L*°)-decomposition.

Let us present the case where the endpoint is p; < 0o, using this method.

Definition 3.5.3. The space D_ __ _ is defined by the norm

P00,

1
* supp, £ (1)
M flle + [ TP l0g, ) s
1

[nalrs

P,00,p

Remark 3.5.4. We observe that D, . , corresponds precisely to the space K (A)
(see Definition 2.3.3) in the spec1ﬁc case where A = (L, LP*).
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Theorem 3.5.5. If for some fized 1 < pg < p1 < 00 and, for every po < p < ps,

T el T <y (#) |
P1—Pp

where ¢ satisfies (2.8), then,
1
tr1

TiD L TYV] V() =
¢ (log; 1)

P1,00,¢

Proof. It f € LPv>° with || f]| o0 < 1/p} and a finite K (L', LP*°)-decomposition,
we can follow the same steps than the proof of Theorem 3.2.6, using part d) of
Lemma 2.2.2, Lemma 2.3.6 and Proposition 2.3.19. O]

3.6 Fixed target space

Theorem 3.6.1. If for any fired 1 < p; < o0, any fixed quasi-Banach space X,
and for every 1 < p < py,

1
T X, \IT!\Sso(—),
p—1

then

(en[w (||fn||L1)>

Y
n

T < inf
ol s i |

n EnJn=

Galb(X)

where the infimum is taken over all possible decompositions of f with || full e < 1.

Proof. If f € L' such that f > 0 and f = > e,f, with |[fa]l; < 1, since
f, € L' N L™, we have by Lemma 2.1.4 that

. 1 !
Il i, (2 1Al S T 050,

1<p<p1 p—l

and, therefore,

Tl <||D_enTfa

Galb(X)

Tf,
= n T n T
. HZ I 5lle o,

< ||l sal),
X
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Example 3.6.2. Let My be the rough maximal operator on R? (see (3.3)). It
follows from [33] that, for every ¢ > 1 and 2 € L4(S'),

- 1
Mg : L'(R*) — LY®(R?), Mol < q_—1HQHLq(Sl)-

Hence, if we fix f € L'(R?) and we denote M(Q) := Mq(f), then

11 £t ey
(¢—1)

Therefore, using Theorem 3.6.1, the 2-dyadic decomposition and the fact that
Galb(L"*°) = (log (¢ , we obtain

M;: LY(S') — LY°(R?), }|MfH <

M; : L(log L) logs L(S") — L">*(R?),

which implies that, for every Q € L (log L) logs L(S'), Mg is weak type (1,1). We
have to emphasize that it is known (see [34]) that, if Q € Llog L(S'), then Mg is
weak type (1,1), but the proof is much more technical.



CHAPTER 4

Bilinear Yano’s extrapolation

The study of multilinear operators began in the 1970s with the work of Coifman
and Meyer (see [36], [37]), who studied commutators of bilinear singular integrals,
such as the bilinear Hilbert transform, defined as follows

By (f.9) (@) =lim [ flz—t)glx+ 0%

M)
e—0 |t|>€ t

reR, f,ge S (R).

Years earlier Calderon had posed the question of whether By satisfies an estimate
of the form

Bu:I" (R)x [ ([R) — IP[®), ~=L41 (@1)
P p1 P2

In particular, he conjectured that the case p; = py = 2 holds. The first results
concerning this problem were provided by Lacey and Thiele (see [71], [72]), who
proved that (4.1) is true when 1 < py,ps < 00 and 2/3 < p < oo. Their work
attracted significant attention to this research area, leading to the development of
many results in the setting of multilinear operators, such as those by Kenig and
Stein (see [66], [67]), Muscalu, Tao, and Thiele [83], Grafakos and Li [50], and
Grafakos and Torres (see [52], [53]).

In this chapter, we develop a multilinear version of Yano’s extrapolation theory.
We present the results only in the bilinear context to simplify the notation. The
extension to the multilinear case is straight forward.

For 1 < p1,p2 < 00 and 0 < p < oo, we denote by (p1,pe;p) the triple that
satisfies Holder’s condition

1 1 1

bp P11 P2

87
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Thus, if we fix an endpoint (g1, g2; ¢), we consider operators
B : Lplﬂ’l X Lpzﬂ"z - LP,T

such that || B|| — oo as p; — ¢; for j = 1,2, and we want to study the behaviour of
B at the endpoint spaces. As done in the previous chapter, we distinguish different
cases (strong, weak, etc.) depending on the values of r1, 79 and r where

T € {Lpl}a T € {17172} and 7 S {p,OO}

In the following, let (p1, ps;p) denote the points where we already have an es-
timate, and let 1 < p{,ps,p;,p; < oo be fixed numbers. If we aim to reach the
point (q1, q2; q), we could have, for example, the hypotheses for all (p;, ps;p) such
that ¢; < p; < pf and p; < ps < ¢ (see Figure 4.1).

1
p2

/N
I8
5 -
~—

Figure 4.1: (py, p2; p) such that ¢, < p1 < pf and p; < py < qo.

The chapter is structured as follows: in Section 4.1, we shall treat the case
when L?" is Banach and Section 4.2 will be dedicated to the quasi-Banach context.
Our proofs will follow the ODR technique and, in both settings, we mainly use
linearization in each variable. For example, if

1
B[P L2272 — [PT||B|| S ( ) :
b1—4q

and we fix g € L% we shall consider the linear operator T} := B (-, g). Clearly,
we have that

1
I s e T < ( )ngnm.
P1—q1

Consequently, except in the case ¢o = oo, we need to developed an off-diagonal
extrapolation result.
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Finally, we should mention that some partial results concerning the bilinear
setting have been stated in the context of abstract extrapolation theory (see [63],

[5])-
4.1 Banach setting

In this section we consider the case when L?" = L with ¢ > 1 or L9" = L%* with
qg > 1.

4.1.1 Off-diagonal extrapolation

Proposition 4.1.1. Suppose that 1 < q1,q < oo. If, for every ¢ < p1 < p{ and p
such that

ottt (4.2)

1
T: LM — IP T S < > ,
P1—q1

then
T:Df — RY,

where DY and R™ are determined by the values described in Table 4.1 (see Definition
3.1.7).

r Rt
T Di’—
; p Ry
L | A(vr), n(t) =ta p(log, 1)
© ey, Vi) = L
D+ >V, V() =
p1 a1, (¢#1) V1 Vi) ¢(log, 1)

Table 4.1: Proposition 4.1.1.

Proof. If r = p, given f € L% with a finite K (L%, L*°)-decomposition,
by Lemma 2.2.2 a) we obtain that f =37,y 2'fi with || fill ;», < | E;| ™/ for every
G <p1 < P;r-
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Since p > gq,

t 1/q 1 1
(/ [<sz->*<s>}"ds) sw—pHTfiuLpsmw( ! )Hfium

P1—q1

ai\ 1/p
St”%< 1 ><|Ei|l) 1’
P1— @ 13

where we have used (4.2) in the second inequality. Therefore, Lemma 2.1.4 implies

1/q

(/0 [(Tf)" (s)}qu> <ag,, <|E;|ql> S g (log, t) Iy (Ei) -

The rest of the proof follows the same argument as Theorem 3.1.9 with py = ¢ in

(3.6).

If r = 0o, we can follow the same steps than the ones in Theorem 3.2.4 because

1 . 1_1 11 1
B(TLY () S ATl e < 7 w(pl_ql)||fi||m. (4.3)

If r = p, by Proposition 2.3.16 it is enough to get the estimate for
functions with a finite dyadic decomposition over Z. Let f € L%! which has a

finite dyadic decomposition over Z. Thus, for every ¢, p; < p; < ¢1,

t /e 1 1fill ) 7
\* q TR . /q A
(/0 [(Tf)" ()] ds) <ta #||Tfill, St ¢(p1_q1)( t > '

By Lemma 2.1.4 we get

" 1/q ‘
(/ [(Tﬁ)*(s)]qu) e/t (112} < 6 08,6 o 0151).

Finally, by summing over ¢, using Lemma 2.3.1 and taking the supremum over ¢ > 0,
we obtain

o LT L)

t>0 2 (10g1 t)

<3 20 (1) S

li|<N

If r = oo, we can follow the same argument since, for every f; obtained using the
dyadic decomposition over Z, ¢, < p1 < pj and t > 0, we have (4.3). O]
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Using a similar argument, we can also obtain the following proposition.

Proposition 4.1.2. Suppose that 1 < q1,q < co. If for every ¢ < py < p{ and p
such that (4.2) is satisfied we have that

T ST V) = —e TS o(-2-).
¢1(log, t) P—q
then
T:Df —TY[V], V()= L,
(p190) (log, t)

where DY is determined by the values described in Table 4.1 (see Definition 3.1.7).

Proposition 4.1.1 and Proposition 4.1.2 yield the following theorem for the case
where the operator blows up in both variables.

1
P2

1
pP1

Figure 4.2: Banach setting. Theorem 4.1.3.

Theorem 4.1.3 (Figure 4.2). Suppose that 1 < q1, q2,q < 0o are fized. If, for every
¢ <p1 <pl and gy <ps < p;,

1 1
B LPr" o [P272 — P70 ||B| S g1 ( ) ©2 ( ) ,
P1—q D2 — @

then
B: D} x Df — RT,

where DI and RT are determined by the values described in Table 4.1, in which

© = 1 and © = p1ps, Tespectively, and Dy is determined by the values described
in Table 4.2 (see Definition 3.1.7).
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T2 D;_

1
1| Avs), va(t) =t py(log, 1)
D2 Dt;;cpz

Table 4.2: Theorem 4.1.3.

Proof. We prove first the case when r = p. Let us fix py such that ¢ < po < pd,
and g € LP2". Thus, the operator T} := B(-, g) satisfies that, for every (pi, ps;p)
with ¢; < p; < p,

1 1
L s, T < ( ) o ( ) 190l s
P1— a1 P2 — Q2

Therefore, we can apply Proposition 4.1.1 to T} and obtain that, for every (g1, po; p),

1
R e e L

Since we can do this reasoning for every ¢, < p; < py, we have that,

1
B:Dy x L™ — Ri, . ||Bll S ¢2 (P2 - qQ) .

In particular, if we fix f € D, and we consider any measurable set £ C R" with
|E| < oo, we have that, for every go < py < py where

the operator T := B(f,-)xg satisfies

1/p E . p 1/p
T AL 2 e A (CEENC

<
1 (log, |E|) 1 (log,|E]) - 1 (log, |E|)

1
S e e L

Thus, for every ¢z < ps < p3q,

Y 5

1
< log,|E .
< o1 (om ) Iflo; 2 (52 )
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Proposition 4.1.1 implies that

TF D} — iy, ||TF] S @1 (ogl EDIS oy
Finally, since this argument is valid for every measurable set E, if we fix g € D3 and

t > 0, and we consider all the sets E such that|FE| = ¢, it follows from [8, Proposition
3.3, p.53] that

1/q

(fot [(B(f, 9)" (s)]qu) Ha ) SUP s (fE [(B(f, 9) (S)]qu)

1 (log, t) s (log ) p1 (log, t) ps (log, t)
q 1/q . i q 1/q
SUD gt (fE [(ng) (s)] ds) SUD gt (fo [(ng) (8)} ds)
- 1 (log, t) @2 (log, 1) = ¢1 (log, t) @2 (log, 1)
sup i/ 7279 | o

=2 Sl p gl o -
01 (1Og1t) || ||D1 || ||D2

Taking the supremum over ¢ > (0 we conclude the desired result.

For the case where r = 0o, we also fix the second variable and apply Proposition
4.1.1 to obtain that, for every (g1, p2;p) with ¢ < pa < py,

ti/p

T o0 :
B:Df x LP*" — TY[V,] V,(t) = o1 (log, 1)’ IBIIS ¢2 (pz - fh) '

Hence, if we fix f € D and consider the operator Ty := B(f,-), we have that, for
every ga < p2 < pj

1
Ty: L — TV Tl SIS lpy e ( ) ’
P2 — 4@

and the result follows by Proposition 4.1.2. O]

We can also consider the case where, the operator B satisfies that, for every
(p1, g2 p) with p; <p1 < qi,

1
B: LM x [ — [P ||B| S o < > .
q1 — P1

In this case we need to develop the following off-diagonal extrapolation result.
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Proposition 4.1.4. Suppose that 1 < ¢ < o0 and 1 < g < oo. If for every
p1 < p1 < q and p such that (4.2) is satisfied we have that

4,0( ! ), 1< ¢ < oo,
T: [P —s [P7 1T < @1 — D1
v (p1) ¢ = oo,
then
T:Df — R,

where Dy and R~ are determined by the values described in Table 4.3 (see Definition
3.1.17) and we assume that ¢ satisfies (2.8) when r; = p;.

(A D1_7 C]17é00 D1_7 gi = 0
LA ), wilt) =0 o (logt) |
@
P qu,so
r R
p _
R
(g # 00) e
00 t1/a
[heefy ,V(it) = ————
@z |TTV VO =T

Table 4.3: Proposition 4.1.4.

Proof. ’ql # 00, T :pl‘ If r =p, fix f € L? with||f]|;s, < 1/¢} and a finite
K (L', L%)-decomposition. By Lemma 2.2.2 ¢) we get that f = >,y 2'fi with f;

with || o < EJ% G

The rest of the proof follows the same steps than Theorem 3.1.19 with p; = ¢y,
using that, instead (3.16), since p < ¢, we have

</t°° (Tf)™ (5)]qd8) " N (/too [(Tf)™ (3)}1’85—16;5) v <t Tl
(4.4)
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which yields

o0 1/q 11
([Tl ors) i he ()i,
t g1 — D1

Ll
AN
¢ —p1 t

If r = 00, as seen in Theorem 3.2.6, we follow the same argument using that

1

1 11 1 B m\ ™ ™
ta(Tf;)"(t) Sta » (| Tfill oo S
(Tfi)™() 1Tl (p(% p1) ( ; )

instead of (4.4).

’ G F oo, r =1 ‘ We proceed as in Theorem 3.3.4, taking into account that,
instead of (3.20), we have by (4.4) that

( / ey (s)]qu)l/q SEE|Tfl S t—;w( ! ) <||fi||L1)1/p1
t N - @ — P t

when r = p, and

1 1 i 1/p1
t%Tfl**(t> S t%_%HTfiHproo S t 411 %) < > (Hf ||L1)
g1 — D1 t

when r = oo.

We proceed as in Theorem 3.3.5, taking into account that, instead of
(3.21), we get by (4.4) that

) g Wl }”
(/t [(Tf")** (S)]qu> St_a@(pl)nanLm,l SanHLoo 80(]?1) (t”fn_HLLloo)

when r = p, and

1/101
lT o < 1_1 T < *pi < ||fn||L1
ta T () St 2T full g S PNl pora SNl ©(p1) Ll
n || 00

when r = oo. O

From a similar argument, we can also obtain the following proposition.
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Proposition 4.1.5. Suppose that 1 < ¢ < o0 and 1 < q < oo. If for every
p1 < p1 < q and p such that (4.2) is satisfied we have that

90( )7 1<Q1<OO>
T Rp), TS NP

@ (p1), q = 00,

ti/p

where R~ (p) = R, or R™(p) = I'2*°[V,] with V,(t) = ——
' 7 p(log 7)

o1 , then

T:Df — R,

where Dy s determined by the values described in Table 4.3 and R~ by those in
Table 4.4 (see Definition 3.1.17), and we assume that ¢ satisfies (2.8) if 11 = p;.

R~(p) al
R;#n g
(q # o0) T
LheelVl, Vilt) = o~ o
ply Vp = (1he 1Y) 1,00 V], V = T N 1y
(q # 1)%(logl ) | v (p190)(log; 1)

Table 4.4: Proposition 4.1.5.

From Proposition 4.1.4 and Proposition 4.1.5 we obtain the following theorem.

1
D2

1
pP1

Figure 4.3: Banach setting. Theorem 4.1.6.



4.1. BANACH SETTING 97

Theorem 4.1.6 (Figure 4.3). Suppose that 1 < q1,q2,q9 < 00. If, for py < p1 <@
and py < p2 < q2,

B : LPIJ’I X LP277“2 s Lp700

with
.
1 1
©1 P2 ) 1 <qi,q < o0,
qg1— PN g2 — P2
( ! ) (p2) 1 <q <
®1 w2 (P2), q1 < 00, g2 = OO,
18Il < @ —n
1
o1 (p1) @2 ) g =00, 1 <go < o0,
q2 — P2
\ 901(]91)@2(292)7 g1 = g2 = 00,
then

B:Dy xD; — R,

where D and R™ are determined by the values described in Table 4.3, in which
© = 1 and © = p1ps, Tespectively, and DY is determined by the values described
in Table 4.5 (see Definition 3.1.17) and we assume that p; satisfies (2.8) when
r1 = p1, and py when ry = ps.

) D2_7Q27éoo D2_7QQZOO
1
1| AY(vy), vo(t) =te 1(p2 (logy t) o0
(%25
D2 Dq;wz

Table 4.5: Theorem 4.1.6.

Proof. We only prove the case 1 < q1,¢2 < oo. The remaining cases follows using
the same argument.

Fix py such that p; < ps < ¢9, and g € LP2"2. Thus, the operator 71 := B(, g)
satisfies that, for every (p1, p2; p) such that p; < p; < ¢,

1 1
T L s [ mws%( )w( )wmm.
g1 — D1 go — P2
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Therefore, we can apply Proposition 4.1.4 to 77 and get that, for (g1, p2; p),

_ _ 1
T,: Dy — R (p). Hmmw( )mmm,
g2 — P2

ti/p

where R™(p) = R, when r = p and R™(p) = I'V*®[V,] with V,(t) = ——— =,
¢1(log, Z)

p,P1

when r = oo.

Since this argument is valid for every ¢o < py < p3, we have that, for every
(91, p2; p),

_ r _ 1
Rmxmm—wumumsw( )
g — P2

If we now fix f € Dy, the operator Ty := B(f,-), satisfies that

i ) 1
Eﬂ“%R@JW&%(_)WW
g — P2

At this point, it is enough to use Proposition 4.1.5 to conclude the result. O]

From Proposition 4.1.1 and Proposition 4.1.4, we can conclude the following
theorem.

Theorem 4.1.7. Suppose that 1 < q1,q < oco. If, for every ¢ < p1 < p{ and
Py < P2 <G,

B : Lplﬂ“l X LPZ,TZ 3 LP,OO

with
1 1
P1 —q P2 P , 1< g < oo,
1—q1 2 — P2
1Bl <
1
©1 )@2(292), G2 = 00,
P1—q1
then
ti/a
B: Df x Dy — Th®[V], V(t) =

1 (logy t) o (logy 1)’

where DY is determined by the values described in Table 4.1 in which ¢ = @1 and
Dy by those in Table 4.5 (see Definitions 3.1.7 and 3.1.17) and we assume that @o
satisfies (2.8) when ro = p,.
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4.1.2 Rays extrapolation

Let us consider now the case where the operator norm blows up in both variables
simultaneously along a ray, that is, every (p1, p2;p) satisfies

p_p_ P (4.5)
q a1 gz

(a) (b)
Figure 4.4: Banach setting: rays. Theorems 4.1.8 and 4.1.9.

Theorem 4.1.8 (Figure 4.4 (a)). Suppose that 1 < q1,q2,q < oo. If for every
@ < p1 < pl and g < py < pg such that (4.5) is satisfied we have that

1
B:iLPt x [ s o B < g (—) :
pP—q

then
B: D} x Df — RT,

where DY and R are determined by the values described in Table 4.1 and D3 by
those in Table 4.6 (see Definition 3.1.7).

Proof. We prove all the cases for functions with finite decomposition, and the ex-
tension to the remaining functions follows from density.

’ rHL=p1, To = Pa ‘ When r = p, given f € L9 and g € L%, we decompose
f with the K (L%, L*)-decomposition and g with the K (L%, L*°)-decomposition
to obtain f = >, y2'fiand g = 37, 2% g, where || fl| oy < Ei| ™/ and also
gl o S 1Fe|®/2.
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T9 D;_
1| Alvr), vi(t) =t p(log; 1)
b2 Dqt#j

Table 4.6: Theorem 4.1.8.

( [ [0y @)}gds) S8 o (2 )il

|2 a\ 1/p
ot o (1) (EIBEY”
p—q t
By Lemma 2.1.4, we get

( [ [0y <s>}qu)l stin, (ZHE0)

S 90(10g1 t) Ieo,l (|E2|) Iso,l (’Fk‘) )

and, by Lemma 2.3.5, the result follows.

If r = oo, we can follow the same argument using now that

. 11 1 . 1\ (IEYE)"\ 7
B(fig)™ () S 137 (—)fipg St ( )( .
(B(fisgr) " (1) =5 1 fill £ox 15| 2 \ oy ;

’ ro=ry=1 ‘ If r = p, given f € L9 and g € L%, we decompose them with
the dyadic decomposition over Z and we get

¢ , 1/q o
</0 [(B(fugk))* (S)] dS) 5 ta p © (p%q) ||fZ||1L/1p1 ||gk||1L/lp2

1/p
i < 1 ) 151929 | g |22
:tQQD .
pP—q t

By Lemma 2.1.4 and Lemma 2.3.5 the result follows.

If r = oo, we have that

Qe

1 Kk _1 1
ti (B(fi,o0))™ (1) Sta s ¢ (H)|rfiu;<’“||gk|rzﬁm.
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’ ro=mp, 1o =1 ‘ If r =p, given f € L and g € L' we decompose f using
the K (L9, L*°)-decomposition and g with the dyadic decomposition over Z and we
have that,

1/q

(/0 [(B(fzvgk))* (S):|qd3> S t%_% ® (p%q) ‘Ei‘lh/plngkuz/lpg

1
L1 (1B gl e\
:tq 90 .
pP—q t

By Lemma 2.1.4, Lemma 2.3.5 and Lemma 2.3.1, the result follows.

If r = oo, we shall use that
1
pP—q

1

(B g)” () St o ( )|Ei|q1/“||gk||;ép2 |

If we have the hypotheses for p < ¢, we have the following theorem.

Theorem 4.1.9 (Figure 4.4 (b)). Suppose that 1 < q1,q2 < 00 and 1 < g < oo. If
for every py < p1 < q1 and py < ps < g2 such that (4.5) is satisfied we have that

1
) <—) , 1 <qg< oo,
B : [PV x [P oy [P ||B|| 5 q—2>p

¢ (p), q = o0,
then
B:Dy x Dy — R™,

where Dy and R~ are determined by the values described in Table 4.5 and Dy
by those in 4.7 (see Definition 3.1.17) and we assume that ¢ satisfies (2.8) when

KT =Pp1 0T Ty = Pa.

Proof. The proof is done for functions with finite decomposition, and the extension
to the rest follows by density.

’ql # 00, (g # 00, T1 = Py, T2 :pg‘ If r = p, given any f € L% such that
| fll e <1/¢; and g € L% with| g||;., < 1/¢5, we decompose f with the K (L'; L%)-
decomposition and ¢ using the K (Ll; L‘”)—decomposition. Hence, we have that

f= ZMSN 2ifi and g = Z\k\gM 2kgk where,

1illon SIEEGER) and gl SIBI%ES).
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9 D;;QQ#OO DQ_a(h:OO
1| Al(a), va(t) = t3 " (log, t) .

Lso
D2 Dq_mo

Table 4.7: Theorem 4.1.9.

From (3.15) follows that F; = F}, = () whenever i, k > 0. Since § = %, we have

,(1 1) ,q(l 1) q (1 1>
Gl——|=q—|-———|= - ==
PTG G \p q an—1\p ¢

and the same happens with ¢}, g2, p2. Therefore,

([ o ol's) s (i25) (B8

and by Lemma 2.1.4, we get

" 1/q
(/0 [(B(fi,gk))** (s)}qu) Se <log1 %) ¢ (log,|Eil) ¢ (logy | Fy]) -

Finally, by Lemma 2.3.6, the result follows.

1
- (ﬂ) TR

Q=

1
P

If r = 0o, we use

B =

ti (B(fi, )™ (1) St

’ G1# 00, @gF 00, 11 =r9=1 ‘ If r = p, given f € L9 and g € L%, we can
decompose f, g using the dyadic decomposition over Z and we have that

1/q

(/(; [(B(f“gk))** (3)]qu> 5 t%fi ©» (ﬁ) ||fz||lL/1pl Hgk||lL/lp2

1/p
:tw( ! ) LA™ ol £\
q—p t

By Lemma 2.1.4 and Lemma 2.3.1 the result follows.

If r = 0o, we can follow the same argument using now that,

1
. (H) VAP el 27

B =

ti (B(fi, )™ (1) St
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’%7&00, g2 # 00, T1 = p1, 7“2:1‘ If r =p, given f € L% and g € L= we

4.1.
decompose f using the K (L%, L*)-decomposition and g with the dyadic decom-

position over Z and we have that

1/q _q
1 ) | B3 | gio ]| 90

5ti|Ei|fqlso<
q—0p 13

(/ot (B(ig)” (s)}qu>

By Lemma 2.1.4, we get
Bl g7

1/q
t *% q 1 1
(/ (B(F90)" (5)] ds> < BB g, |
1
<o (100, 7) ¢ (omIE) Jo Olnl).

The result follows from Lemma 2.3.6 and Lemma 2.3.1.
1/p

ge ]|
t

If » = oo, we shall use that

1 *k 1 1 1 |Ei’41qfl
6 (Blhea)” (0 S 6B o ()

Given f,g € L*>, we decompose them using the f*-decomposition

] 1= g2 = X0 \
and ¢g*-decomposition, and, we have that
1
P p_ | P
- . L fallge N7 [ gmllpe | ™2
B nyYym t) S n|l oo [|Ym || [0 f " L Lt
(BUnegn)) " O Sl lomll e _inf o) t<||fn”m lnl
By Lemma 2.1.4, we get
p_ p_
. Ul N7 (Nl \ 2
(B(fargm))™ () SN fall o lgmll e @ | Togs | 5 | IR
[ fll o 19| o
[ fnll 1 ol 1
gl oo 0 | log :
- gl o

1
< log; — * :
S (og1 t) anHL ' (Ogl anHL‘X’
O]

The result follows summing over n, m € N using Lemma 2.3.2.
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4.1.3 The endpoint (1, 00; 1)

Now, we introduce the case where we reach the endpoint (1,00;1) by only using
hypotheses where the target space is in the Banach setting.

Y

1
pP1

Figure 4.5: Banach setting. Theorem 4.1.10.

Theorem 4.1.10 (Figure 4.5). If, for every 1 < p; < pi and (p]) < ps < o0,

1
Btk et D Bl S e (5 ) el

then

t
(901902)(108?1 t)SO2 (10g1 %) 7

B:A(vy) x L — TH®[V], V(t) =

where v1(t) = (Y192) (log1 %)

Proof. We prove it for functions with finite decomposition and the result follows
from density. First, given f € L' and g € L*°, we decompose f with the dyadic
decomposition over Z and g using the g*-decomposition. Hence, if we fix 7 € Z and
p1, we get

1 1 il 7p1.1 ml||[p2,1
B0 5 Bl 5 0 () (Ve ) e ()

1/P2
1 I fill 1>1/’“ gl 1
< 2T, mll],
~ P1 Yo P2)|9mllfoe | T — .
(pl — 1) ( t (P2 gl [gml o t
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Thus, we can take the infimum over p| < py < 0o using Lemma 2.1.1 to obtain

1/p2
" 1 1 fill o\ 7 . [
B0 S o1 (507 ) () hoalle int_patpe) {10500

p1—1 (< | gmll oo t

1 il \ P 1 gl 11
%(@1902)( >( | gmll oo 2 | logy = | @2 | log :
p—1 t L bt Y gm | oo

Now, we can take the infimum over 1 < p; < p; using Lemma 2.1.4 to get

*% fz 1 1 Gml| 1
B(fis 9m)™ (1) S Lorgaa (H JJL gl 2 ( logy - | 2 | log 9mlps ).

Hlgmll oo

which implies

tB(fis gm) ™ (1) gl 11
S Loroot (1fill 1) |gmll oo 02 | log L.
(p12) (logy t) @2 (logy 1) ~ 771 (1:0)llgmll. I gl oo

Summing over ¢, m, using Lemma 2.3.1 and Lemma 2.3.2, the result follows. O

4.2 Quasi-Banach setting

In this section, we treat the cases where L?" is a quasi-Banach space. We only
consider restricted-weak type hypotheses.

4.2.1 Off-diagonal extrapolation

As we did in the Banach setting, we shall use a linearization argument. Hence, we
develop the corresponding off-diagonal extrapolation result.

Proposition 4.2.1. Suppose that 1 < ¢ < o0 and 0 < ¢ < 1. If, for every
q < p1 < pf and p such that

1 1 1 1
o 1 (4.6)

p DN q Ch’

1
ot rse ().
P1—q

then
t1/a
B ¢ (log; t)

where D is determined by the values described in Table 4.8 in which ¢ > 0 is
arbitrary.

T : D — ANV, V(t)
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Dy
n=1 Al(v), vi(t) = ¢ (log; 7) (logs 7) (=)o
0<gxl1 ) (i_l) ) . (1_1)(1+a)
1 <q<oo| Al(vy), vi(t) =t\n" o (log, 1) (log; 1)\
¢ =1 A'(v), vi(t) = ¢ (log; 1) (logs 1)
q=1 .
t<a<oo| ), n) =1l Ve (log, 1) (lon, ]

Table 4.8: Proposition 4.2.1

Remark 4.2.2. Whenever it is needed we will denote D (q) = D and we observe
that, if r > ¢, we have that D (q) C Dy (r).

Proof. We assume that the functions have a finite decomposition, and the result
straightforwardly follows by density.

’ =1 0<q<1 ‘ Given f € L' such that || f|;. = 1, we use the 2-dyadic
decomposition. Then,

nmm>”1

" 1_1 1
(T f)" (8) ST full oo 5w( ) (
pP1— Q1 t

By Lemma 2.1.4, we obtain

||fn||L1
t

f”@hY@StQJ( )5ww&mewND»

ti/a

Thus, if V() = , we get that
¥

(log, t)
IT fallsroepy) S Lo (1 fall ) -

Since

T fn]
1,00 9
AEVIIT full oy

T < > 2T

0<n<N

Proposition 2.3.8 and Lemma 2.3.9 i) imply that, for every sequence (a,,), of positive
numbers such that > a, <1,

=141 _on —14+1_on
ITfllanmpy S D an' 20T fullyoepy S D o™ 22 Lo (I full) -

0<n<N 0<n<N
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If we fix £ > 0 and choose a,, ~ n~1+9), the result follows by Lemma 2.3.12 i).

We follow the same steps but using Lemma 2.3.9 ii) to obtain
1 n 1 n
Tl S (08 ) 2l § 5 (low ) 2L (51

0<n<N 0<n<N n

If we fix e > 0 and we now choose a,, =~ n~2, the result follows by Lemma 2.3.12 ii).

’ l<qg<oo, 0<g<1 ‘ We can use the dyadic decomposition over N to
obtain

||Tfn||Alyo<>[v] S I%ql (”anLl) :

The result follows using Lemma 2.3.9 i), choosing a,, ~ n~(1*%) and applying Lemma,
2.3.13 1).

’ l<qgpr<o0, g=1 ‘ In this case, we apply Lemma 2.3.9 ii) with a, ~ n™2,

and then Lemma 2.3.13 ii). (]

Similarly, we have the following proposition.

Proposition 4.2.3. Suppose that 1 < ¢ < oo and 0 < g < 1. If for every
q1 < py < pf and p such that (4.6) is satisfied we have that
ti/p

1
TP — AV V() = ——m— Tf,cp( )
[ o) 1 (logy t) Iz P —q

then
ti/a
(p100) (logy )’

where Dy is determined by the values described in Table 4.8 in which ¢ > 0 is
arbitrary.

T:Df — AM®[V], V(t) =

1
p1

Figure 4.6: Quasi-Banach setting. Theorem 4.2.4.
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Theorem 4.2.4 (Figure 4.6). Suppose that 1 < q1,q2 < 00 and 0 < ¢ < 1. If, for
every qi <p1 < pf and g2 < ps < 3,

1 1
R e P
P1—q1 P2 — @2

then
B:DFx Df —s NV], V()= —
: X — AV, t) = ,
' ’ (1(02) (log; 7)

where DY is determined by the values described in Table 4.8 in which ¢ = @1 and
e > 0 is arbitrary, and D3 by those in Table 4.9 in which € > 0 is also arbitrary.

Dy
=1 AL (ug), va(t) = s (logy 1) (log, 1) (71049
T ca<o Al(ug), va(t) = (& g, (logy 1) (log, 1) 3710+
IR 1 - g < oo A(ug), va(t) = £(@ Y gy (logy 1) (logy 1)

Table 4.9: Theorem 4.2.4

Proof. Let us fix po and g € LP»!. Thus, the operator Ty := B(-, g) satisfies that

1 1
Ty : LPvl — [P 1T < ¢1 ( ) P2 ( )HQHLW .
P1—q1 P2 — QG2

Therefore, if we can apply Proposition 4.2.1 to T} to obtain (see Remark 4.2.2)

tl/r

T, : Df (r) — AM[V,], V.= ——,
1 1() [ ] o1 (1Og1t)

1
70 S o2 (Il

where 1 = q% + pig. Since r > ¢, D{ C Dy (r), and we get that

r

1
T Df = A IBS e (gl

2 7 42

Thus, for every (g1, po;p) such that gu < p < p3,

1
B:Df x [P — AY[V, ], ||B]] 5902( )
P2 — G2
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Hence, if we now fix f € Df, the operator Ty := B(f,-) satisfies that

1
Jyyw—%NmMLHEWﬂ”W%< - »
P2 — G2

and, by Proposition 4.2.3, the result follows. O

We also study the corresponding extrapolation result where we have the hy-
potheses for p < gq.

b1

Figure 4.7: Quasi-Banach setting. Theorem 4.2.5.

Theorem 4.2.5 (Figure 4.7). Suppose that 1 < q1,q2 < 00 and 0 < g < 1. If, for
every p; < p1 < q1 and p; < pa < qa,

1 1
B: [Pl x p2l LP>, HBH g 01 ( ) Vo ( ) ,
qa— N 2 — P2

then
ti/a

(p102) (log, 1)

B: Dy x Dy — AY>°[V], V(t) =

where Dy, D5 are determined by the values described in Table 4.10 in which € > 0
s arbitrary.

Proof. The estimate is proved only for functions with a finite decomposition and
the result follows by density. We prove the case where 0 < ¢ < 1. Given f € L%!
and g € L% such that || f|| ;o0 =||g]l ess = 1, we decompose them with the dyadic
decomposition over N. Thus,

. 1 wmmym ( 1 )@%M0W2
(Blnan)) 0 % o () (el ) 7, () (Lol ) ™2
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Dy

0<q<1| M), n(t) =t (log, ) (log, 1) ()1 (1) (10, 2)

g=1 A(vy), vi(t) = t(i_l) ¢1 (log, t) (logy 1) (p1¢02) (logy 1)

Dy

1

0<g<1| Aw), valt) = (B (logy 1) (10, 1) 7)) (5100) (108, )

g=1 AN (), va(t) = £0 ) gy (log, £) (logy 1) (102) (logy 1)

Table 4.10: Theorem 4.2.5

Taking the infimum over p; < p; < ¢; and over p; < py < @2 independently with
Lemma 2.1.4, we get

(B(fnagm))* (t) S J‘Plﬂh (”fnt”L1) J@Q,qQ (”gﬁ;”Ll>

< ( : 2>tg : t) Jsol,(h (an”Ll) J<P2,q2 (HgmHLl) .

~Y

1
ta

, we obtain that
(p1902) (log; 1)

Hence, if V(t) =

1B )| ey S v (1F122) T (lgl1) (47)

On the other hand, since

B(f..9)]
B(f.9)] < 22| B(fu: )] . |
|B(f.9)] %; |59 YINB(far )| pro gy

Proposition 2.3.8 and Lemma 2.3.10 i) imply that, for every sequence (a,), of
positive numbers such that ) a, <1,

_1 1
B0y S " (o) (o1 1) 2Bl gy

n>0
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We can repeat this argument with the other variable to get

|B(f.9 HAmm
1 -1 1
S0 o) (1om ) 2 e (1081 5 ) B 90y
n>0 n k>0

By applying (4.7) to each term we get that

1
||B(f7 g)HAl,oo[V Zan 901¢2 (logl a) 2n‘]301,q1 (anHLl)

n>0

1 1
X Zak (¢1602) (10g1 a—k> 2% Joaa (l9kll 1) -

Thus, we fix ¢ > 0 and we choose a, ~ n~ %) and a;, ~ k=% and, by Lemma
2.3.14 1), the proof is complete. O

4.2.2 Rays extrapolation

We consider now the case where the operator blows up in both variables simulta-
neously along a ray. We recall that this means that every (py, po; p) satisfies

p_p1_ P2 (4.8)
q

q1 q2 .

Figure 4.8: Quasi-Banach setting: rays. Theorems 4.2.6 and 4.2.7.
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Theorem 4.2.6 (Figure 4.8 (a)). Suppose that 1 < q1,q2 < 00 and 0 < ¢ < 1. If
for every g < p1 < pi and qu < pa < pi such that (4.8) is satisfied we have that

1
B: LMt x [Pt — [P B S (—> 7
p _—
then
B:DFx Df —s N[V], V()= —
: X — AV, t) = ,
e v (log, t)

where DY is determined by the values described in Table 4.8 in which € > 0 is
arbitrary and DS by those in Table 4.11 in which & > 0 is also arbitrary.

Dy
¢ =1 Al(va), va(t) = ¢ (logl %) (10g2 %) (é_l)(lﬂ)
O < q < ]. <L_1> (l—1>(1+6)
1< gy <oo | Al(vy), va(t) =t\2 "o (log; 1) (log, 1)\

1

a=1 |1<q<oo|  Aw), va(t) = 1l o (log, 2) (log, 1)

Table 4.11: Theorem 4.2.6

Proof. We assume that our decompositions are finite and we can use later a density
argument. Given f € L%! and g € L% such that || f|| o0 =19l e = 1, we use
the dyadic decomposition over N. Thus,

q a\ 1/p
1 ) | foll il gmll 73
P—q 13

(B g))” (1) S 6B ga)|], S0 (

By Lemma 2.1.4, we obtain

* fn ‘111 dm ?21 log, t
(BFu.00))" () 5 Ly  Folitlomli ) < 08D, ) 1, ().

q

ti/a
, we conclude

Now, if V(t) = ————
() ¢ (log; 1)

HB(fnugm)HAl,OO[V} S Lp,ql (anHLl) me (HQMHLl) .

The rest of the proof follows the same ideas than Theorem 4.2.5 but using the 2-
dyadic decomposition, Lemma 2.3.9 and Lemma 2.3.12 when ¢; = 1 and Lemma
2.3.13 when 1 < ¢; < 0. O]



4.2. QUASI-BANACH SETTING 113

Theorem 4.2.7 (Figure 4.8 (b)). Suppose that 1 < q1,q2 < 00 and 0 < ¢ < 1. If
for every p; < p1 < q1 and p; < py < qo such that (4.8) is satisfied we have that

1
B B S0 (),

then

ti/a
B: Dy x Dy — AM>®[V], V(t) = —F—,
¢ (log, 7)

where Dy and D, are determined by the values described in Table 4.12 in which
e > 0 is arbitrary.

Dy

1

0<g<1 | Aw). na(t) = oo tog, ) 05 )0 (10g, 1)

a=1 A ), on(t) = £ (log, 1) (log, 1) @ (logy 1)

Dy

0<g<1|Aes), vaft) = tlm g (log, ) (log, 1) 7)) 5 (1o, 1)

g=1 At (or), va(t) = 1050 (l0g, 1) (l0g, 1) ¢ (108, 1)

Table 4.12: Theorem 4.2.7

Proof. We follow the ideas of Theorem 4.2.6 but using Lemma 2.3.10 and Lemma
2.3.14. O

4.2.3  The endpoint (1, 00;1)

Theorem 4.2.8 (Figure 4.9). If, for every 1 < p1 < p; and p; < py < 00

1
B: Lt x Lt — P ||B| S ¢ (—1) ©2(p2),
p1 —
then
t

¢1(logy t)g2 (logy 1)’

B A'(vy) x L — AV=[V], V(t) =

where v1(t) = ¢1(log 1)(logs 1)pa(logs 1) and @3(t) == pa(t) (logy t) 2 (log, t).
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b,

1
p1

Figure 4.9: Quasi-Banach setting. Theorem 4.2.8.

Proof. We prove the result for functions with finite decomposition and the remain-
ing cases follows by density. First, given f € L' and g € L*°, we decompose f using
the 2-dyadic decomposition and g using the g*-decomposition. Hence,

. 1 anH L 1/p1 Hgm” ) 1/p2
Blgn)" () S o1 (- ) () a2t )

Taking the infimum in each variable, by Lemma 2.1.4, we obtain

thnagm*t gk 1

sup — BUn 9l o e 1) Ngmll e 2 (1og, 120 ) |

>0 1 ||gm||L°°
901(10& t)802 10g1 ;

and now, we can proceed as in Theorem 4.2.5, using Lemmas 2.3.11, 2.3.12 and
2.3.15. O]



CHAPTER 5

Endpoint estimates for particular operators

In this chapter, we apply bilinear Yano’s theory to obtain endpoint estimates for cer-
tain classes of operators, such as rough singular operators and the bilinear Bochner-
Riesz multiplier at the critical index.

As in the linear case, Rubio de Francia extrapolation theory will be a funda-
mental tool to find interesting examples. In particular, we shall use the following
result (see [51], [43]).

Theorem 5.0.1. If, for some (r1,7r9;7) with 1 < 1,19 < 00 and, for every wy € A,,
and wy € A,,,

B i L (w) x L™ (ws) — L'(w), Bl S0 ([wila, fusla, ), (5.1)

where 1 is an increasing function in each variable and w = wq/”w;/m, then, for

1 < p1,ps < 00 and, for every wy € Ay, wy € Ay, and w = wh/Prwh/P?

B LP*(wy) X LP?*(wy) — LP(w),

with

max 1,;1:1 max 1,;2:1
1Bl < v (Clpl[wﬂAm{ ' }702p2[w2]Ap2 ’ }> : (5.2)

We shall denote by (r1,72;7) the first point where we have a weighted estimate,
and by (p1, p2;p) with 1 < py,p2 < oo all the points obtained by Rubio de Francia
extrapolation theorem. Thus, we will study the boundedness of the operator at the

115
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1
pP1

Figure 5.1: Bilinear Rubio de Francia Theorem 5.0.1.

endpoints (g1, ¢2; ¢) which lie in the boundary of the shaded square (see Figure 5.1).
Following carefully the behaviour of the constants in the proof of Theorem 5.0.1
(see [43]), one can easily obtain the following result.

Corollary 5.0.2. If B satisfies (5.1), then, for 1 < p1,ps < oo and, for every

p/P1_ D/D2
1 Wy,

wy € Ay, and wy € A,,, and w = w
B LP*(wy) X LP?*(wy) — LP(w),

with the following operator norm:

i) If 1 <py <mr, 1 <py<ry and wy,wy € Ay,

1 r1—p1 o 1 r2—p2 o
315w (0 ()" "l e () ).

i) If 1 <py <ry, 1 <py<ooandw, € Ay, wy € A,,,

1 T1—P1 - max 1,;2:1
||Busw(cl(pl_1) w7 Capafual o U }>-

We observe that, in order to apply our Yano’s extrapolation results after using
Rubio de Francia theory, we need w = w’f/ b 1w§/ P2 to remain fixed for all (p1, pa;p).
This can be achieved by either setting w; = wy = w (which will provide one-weight
estimates at the endpoints) or by assuming that £ = 2 = £ (which will provide

T2
two-weight estimates at the endpoints).

Let us start first with the one-weight case (see Figure 5.2).
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®(r1,72;7)
(1,q92;9)

---o—---

(00, 00; 00) (1,0051)

(q1,00;q1) €L

p1

Figure 5.2: Theorem 5.0.3.

Theorem 5.0.3. If, for some (ri,ro;7) with 1 < 11,79 < 00 and, for w; € A,,,

wy € Ay, and w = w} " wh/™

W

B L w) x L7(ws) — L'(w), Bl S @1 ([wnla,, ) @2 ([wala, )
then, B satisfies the estimates described in Table 5.1 in which € > 0 is arbitrary.

Proof. (1, 1; %) If we set w € Ay, by Corollary 5.0.2 follows that, for 1 < p; < 7y

and 1 < py < 1o,

B : LPY(w) x LP?*(w) — LP(w),

with

iz () Yo () ™) e o) e o)

Hence, we can use Theorem 4.2.4 to obtain the estimate.

(1,92;q)| Fix1 < go < oo and w € A;. Then, for every 1 < p; <1,

B: LPY(w) x L®(w) — LP(w),

with

BIS 0 ((15)" ) o (i) oo ([wﬁ: 1:233) |

Thus, we can fix g € L% (w) and use Proposition 4.2.1 to get the result.
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Endpoint | Weights

One-weight estimate

1Bl <

(1,1;%) w e Ay

B AL(v1) x AL (vg) = AL=[V],

v; (t) =, ((logl %)Tj—l) (10g2 %)H»s
t2

@1 ((log, t)171) o ((log, t)r=71)

)

V(t) =

er(fwls, e ((wl3)

(Lgiq) | we

B AL(vy) x L%2(w) — AL=[V],
14e

vi(t) = ¢ ((IOgl %)Tlil) (1052 %) 2,
t1/a

V(t) = o1 ((logl t)”’l)

(L,00;1) | we A

B Ay (vr) x L (w) — Ty [V],

vi(t) = o1 ((10g1 %)Trl) P2 (108"1 %) )
V(t) = !

@1 ((log, t)1=1) 5 (log, t) o (log, 1)

pr([w]i))ea([w]a,,)

(qhoo;ql) w e Aql

w

B: L% (w) x L (w) — Ty=[V],
/@

V(t) N ®2 (lOgl %)

q1

o <[wﬁax{1v;i_i }> 902([U)]Aq1 )

(00,00;0) | w € As

B: L (w) x L (w) = Tye[V],
1

V(t) =
Q ¢1 (logy 1) @2 (log; 1)

(1,00;1)
and 7o < py < 00,

with

Table 5.1: Theorem 5.0.3

B : LPY(w) x LP?*(w) — LP(w),

Let w € A;. By Corollary 5.0.2, we get that, for every 1 < p; < 1m

|B|l < ¢1 ((ﬁ)ml) 2 (p2) p1 ([w]f411> o ([w]Ap2> )

The endpoint estimate follows by Theorem 4.1.10.

(q1,00;q1)

B : L% (w) x LP*(w) — LP(w),

Fix w € A,,. For every max{ry, 1} < pa < 00, by (5.2), we get
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with

I ([wﬁjj‘ {1’9”}) o2 (02) 2 ([l ) -

Thus, we can fix f € L% (w) and use Proposition 4.1.4 to get the result.

(00, 00;00)| If w e Ay, there exists max{ry,rs} < py < oo such that w € A,,.
Thus, it follows from Corollary 5.0.2 that, for every py < p1,p2 < 00,

B LM (w) x LP*(w) — LP(w),
with
1BIl S e1 ()2 () 1 ([l ) 02 ([0, )
and by Theorem 4.1.6 the result follows. [

Remark 5.0.4. At the endpoint (1, 00; 1), we can also use Theorem 4.2.8 to conclude
that, for every w € Ay,

t
1 ((logy t)7171) g (log, )

- ) ) o)

and ©a(t) = pa(t) (log; t) 2 (log, ).

In the points (g1, g2; ¢) on the boundary of the shaded square that can be reached
through a ray, we obtain two-weights estimates.

B:AL(v) x LE(w) —» AL®[V], V() =

where

Theorem 5.0.5. If, for some (r1,79;7) with 1 < ry,ry < 00, for every wy € A,,,

T/T T/T
wy € Ay, and w = w!/ 1w2/ 2

B: L () x L7(ws) — L'(w), Bl S @1 ([wila,, ) @2 ([wala, )
then, B satisfies the estimates described in Table 5.2, in which € > 0 is arbitrary.

Proof. (1, 1; %) If we set wy,wy € A, it follows from Corollary 5.0.2 that, for

every 1 < p; <7y and 1 < py < 1o,

B : [P (wy) x LP*(wy) —> Lp(7“0117/19110120/122)7
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Endpoint Weights Two-weight estimate I1B] <
B: A11u] (UO) X Aqlw (UO) - Al(icl)/Zwl/z)[VL
1 2
5 _ 1\r;— A 1\ro— 1\ 1+e
(L) | wuwped, | ()= ((og 1)) w2 ((logy 1)) (loga ) er([wild ) pa(fwal?)

2
v(t) = o1 ((log, 1‘,)”’1) P2 ((10g1 t)rrl)

B : AL (v1) x AL, (vs) — A](jw/) V1,

o 1te
vi(t) = ¢1 ((logl e 1) (logs 7) z

(Lasg) | 0 (k) ([ 1"""“{1’55*})
s N 1 14e w 1 § W2 A,
4254 wy € qu 1)2(15) _ t(571)<p] ((logl %)7‘1—1> (log1 %)W P1{[W1]4,)¥P2 2] Aq,
ti/a
Vt) = —F————
P1 ((10?;1 t)mi )
B : L¥(wy) x L¥(ws) — Fl(ijw_j> V],
w1, Wy € Aoc 1
(00, 00; 00) a,f>0 V(t) = ﬁ
a+pf=1 P08y
©(s) = p1(s)pa(s)
Table 5.2: Theorem 5.0.5
with

50 () Yo (o)) o () o ().

In particular, for every 1 < p; < min{ry,rs}
B : LP(wy) x L (wy) — LP(wy*wy?),

with

2 2

IB] S o1 (pil)h 2 <pf;>r2 or (tnlf) 2 (1w

Hence, from Theorem 4.2.6 the result follows.

(1,q2;q)| Let us fix 1 < g < 00, wy € Ay and wy € A,,. It follows from
Corollary 5.0.2 that, for any 1 < p; < r; and 1 < ps < oo such that p; = Z—z = § > 1,

Bt LP (wy) x LP2(wy) — LP(wiwd®),
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with

18151 (22" ) o (1l,) oo (mﬁ:ﬁiﬁ) |

Thus, we can use Theorem 4.2.6 to obtain the endpoint estimate.

(00, 00;00)| We observe that this point can be reached through different rays
(see Figure 5.3). Let us fix v, > 0 such that o+ = 1 and let us move along the ray

[
— 1

p1

Figure 5.3: Endpoint (0o, 00;00). Theorem 5.0.5.

where p% = o and p% = (. If we set wy, wy € Au, there exists max{r,m} < py < 00
such that wy,ws € A,,. Thus, by (5.2) we get that, for py < p1,ps < 0o such that
apr = PBp2 =p,

B : LP (wy) x LP?(wy) — LP(wiwh),
with
1BII S (pr2) @) 1 ([wnlay, ) 2 ([l )

and the endpoint estimate follows by Theorem 4.1.9. [

5.1 Bilinear rough singular operators

Given a function Q defined on §**~' such that [y, , Q = 0, the bilinear rough
singular operator associated to 2 (see [36]) is defined by

To(fg)@) =pv. [ %ﬂ (o - 2)dydz, @ e R,
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where (y,z) == ©2 In [47] and [48] (see also [49]), the boundedness of the bilinear

vzl
Hilbert transform has been used to obtain estimates for Tq. In fact, in [48] it is
proved that, for every (p;, po; p) such that 1 < py,py < o0,

Ty : LP(R") x LP(R") — LP(R™)

as long as Q € L>*(S?*"~!). On the other hand, in [7] sparse domination is used to
conclude that, if 2 € L°°(§2n—1)’

1Tl 23wy x 2 ) s 132 (w) S CUR oo ) [wr] ag[wa] 4y Vwr,wp € Az (5.3)
Also, from [32] it can be deduced that,

3/2 3/2
1Tl 2y 2200 s 2t () S oo [w0] 5 (w0l wiws € A (5.4)

Some results are known at the endpoints. Indeed, by [75] and (5.3), it follows
the weighted boundedness of T for every (q1,00;¢q;) with 1 < ¢; < oo. In the
unweighted case, it is also known (see [54]) that

Tq : Ll(R”) x L*(R") — Ll’OO(R”),
and
To : L(R") x L*(R") — BMO.

As far as we know, the cases (1,1;1/2) and (1, ¢o;q) with 1 < g2 < oo are open.
We shall use estimates (5.3) and (5.4) to obtain new weighted estimates at these
endpoints.

Theorem 5.1.1. If Q € L>®(S**") and [, , Q = 0, the operator T satisfies the
endpoint estimates described in Table 5.3 and Table 5.4, in which € > 0 s arbitrary.

Proof. We apply Theorem 5.0.3 and Theorem 5.0.5, using estimate (5.4) in the

cases where the endpoint is (1, 1; %) or (1,q2;q), and (5.3) in when the endpoint is

(1,00;1) or (00, 00; 00). O

5.2 Bilinear Bochner-Riesz operators

The bilinear Bochner-Riesz operator of index o« > 0 is defined, for f, g € S (R™), by

B (f9) (@)= [ [ (=lel =Py F©atmen € dedn, w e R
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Endpoint | Weights One-weight estimate | Tall <
T : A%U(Ul) X Ai)(’ljg) — A}D’OO[V],
) _ 1 3/2 1 14+
1) |wea, | W0 = (&) gog? ) [w]®,
V(t) = 3
(log, t)

(17qQ7Q) w e Al

To : AL (vy) x L2(w) — AL>®[V],

v (t) = (log; 1)*” (log, 1) ® |
ti/a

(log; t)g/Q

(1l,00;1) | we A,

To 2 A, (vr) x Li*(w) = Ty [V],
U1 (t) - (10g1 %)3 )

t
V(t) - (IOgl t)g (IOgl %)

(00,00;00) | w € Ay

To : L (w) x LY (w) — E*(w)

Table 5.3: Theorem 5.1.1

As in the linear case, it is useful to work with the kernel associated to this operator.

Indeed,

B (f) @) = [ [ Kalnow)f(e—mlgle = m)dndi, € R

where, for every y;,y, € R”,

Ko(yr,12) =

T(a + 1) Jatn (QW\(%MD

e | (y1, 2

)}a—l-n

and J,,, denotes the standard Bessel function of order a+n. It is known (see [10])
that for « > n — % and 1 < py,ps < 00,

B°: LM (R") x L (R") —» LP (R"),
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Endpoint Weights Two-weight estimate ITall <
TQ : Azlpl (UO) X A111]2 (UO) — Al(i?/zwé/z)[v]v
(17 1; %) Wy, Wa € Al Yo B Ogl t Og2 t ’ [wl]?‘h [wz]?"h
t2
V(t) = 3
(log, t)

Ta: A}m (v1) X A}UQ (v2) — AL V],

(wfwg/”)
_ 1)3/2 1\ 4=
wy € Al Ul(t) o (10g1 ?) (log2 ?) ’ max{l7 171} 3/2
(1-,q2§Q) A (Lfl) 3 1te [wlﬁh([wﬂ/yqz a2 )
Wo € Ag, Ug(t) — t\a2 (10g1 %) 27 gy
V /4
t) = 373
(log, t)3/2
w1, Wy € Aoo
(00,00;00) | @, >0 To : L (wy) x LE(wy) — E2(wlwh)

a+p=1

Table 5.4: Theorem 5.1.1

and a =n — % is the so-called critical index.

In the weighted context, it has been proved in [64] that
B L*(wy) x L*(wy) — L' (w) YVwy, we € As. (5.5)

Hence, we need to find @1, ps such that, for every wy,wy € Ay, (5.5) is satisfied
with

1

< @1 ([wi]ay) @2 ([wo]a,) -

We observe (see [13], [85]) that there exists a constant C,, := 1/2"%° such that, for
every wy,wy € Ag, if 61 = [wl]Z; and 0y = [wg];‘;, then,

[ 1+C§1] < 1+Cé;1
2

wy Ay S [wily, and | 1+052]A2 < 14+Cé2

Wy ~ [w2] As

Using this fact, a detailed study of the proof in [64] shows that, for every n > 2
and w, ws € Ay, we have

B2 L2(w;) x L*(ws) — LY (w), [|B"2|| < max {[wi]%,, [wa]4, } [wi]a, [wo]a,.
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In particular,
B3 x L (un) x LA(wa) — L(w). (8" 2| < [wa]3, [wal?,.
Thus, by Theorem 5.0.3 and Theorem 5.0.5, we obtain the following new estimates.

Theorem 5.2.1. The operator Bz satisfies the endpoint estimates described in
Table 5.5 and Table 5.6, in which € > 0 1s arbitrary.

Endpoint | Weights One-weight estimate 1Bz || <

B3 - Aqu(vl) X A}U(Uz) — Ail,joo[v]a

Uj(t) = (108;1 %)3 (10g2 %)HE )

(1LY | wea p [wld,
V<t) = 6
(log1 t)
B3t AL (v1) x Le(w) — AL®[V],
v1(t) = (log, 1)? (1o ll’;;g, maxq 1, —+
L) |wea | VO EBDln)™ ), et
t1/a
V<t) = 3
(10g1 t)
B2 AL (vy) x LS°(w) — [L®[V],
_ 1\6
(1,00:1) | we A, vi(t) = (log 7)" [wl,

t

Vit) = , 3
" (log, t>6 (10g1 %)

1

(00,00;00) | wE Ay | B2 1 LP(w) X L (w) — E%(w)

Table 5.5: Theorem 5.2.1

5.3 Bilinear Fourier multipliers of bounded variation

Let us consider now the following extension of bounded variation functions on R.
Set

9 n
m(e,n) = / / du(t,s),  EneR (5.6)
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Endpoint Weights Two-weight estimate ||B”_%|| <
B3 - AL (vo) x AL, (vo) — Al(i?“w;“)[v}’
(1,1;1) wy,wy € A, vp(t) = (log, %)6 (21032 %)HE’ [w1]%, [wa],
t
"~ (log, )f

B3t AL (v1) x AL (vg) — AL ) v,

q
(’LUl w.

_ 1)3 1Y
w1 € Al Ul(t) o (logl t) <10g2 t) 6 max{l,q;,l}
(1,425 9) A (i—l) g4 1te [wl}Al[wQ]qu
w2 € La vot) =\ (log; )"
t1/4
V(t) = 3
(log, )
wy, Wy € Ao
(00, 00; 00) a,8>0 B3 L (wy) x LE(wy) — Eﬁ(w‘fwg)

a+p=1

Table 5.6: Theorem 5.2.1

where dy is a finite measure on R? and without loss of generality we may assume
that u(R?) = 1. We observe this is the case if m(&,n) = my(§)ma(n) with my,
Jj = 1,2, two normalized (dm;(R) = 1, mj(—o0) = 0) bounded variation functions.
For functions f and ¢ in C2°, the following operator associated to the multiplier m
was introduced in [87],

Bu(f.9)@):= [ m(&mI(©dme™Wdgdn,  w € R.

In particular, it is easy to see that

Bn(f,9)(x) = | Hif(x)Hsg(x)dp(t,s), Vo eR,

]R2
where

HJ@%zj fe)emecds,  zeR.

Some endpoint estimates for this operator are known. Indeed, using techniques
different from those presented in this work, we established in [6] the following one-



5.3. BILINEAR FOURIER MULTIPLIERS OF BOUNDED VARIATION 127

weight estimate at the endpoint (1,1;1):

By, i LY(w) x LY(w) — LY**®(w),  Yw € Ay,

and, by [87], a two-weight estimate at the endpoint (1, ¢s;¢) with 1 < g2 < 0o can
also be deduced, namely

By, o L*(wy) x L%2(wy) — L9 (w), Vw, € Ay, wy € Ag,.

For the remaining endpoints, we can use Theorem 5.0.3 and Theorem 5.0.5 to obtain
new estimates.

Theorem 5.3.1. The operator B,,, associated to the multiplier m defined in (5.6),
satisfies the endpoint estimates described in Table 5.7 and Table 5.8, in which e > 0
s arbitrary.

Endpoint | Weights One-weight estimate | Bl <

Byt Ay (v1) x L (w) — TV,

(1,00;1) | we A, 0(t) = (log, 3)°, [w]?, [w] a,

t
o= (log; t)Q (IOgl %)

Byt L% (w) x L(w) — TLe[V], )
(q1,00;q1) | w € A, #1/a [w] 4 a

(00,00;00) | wE Ay | Byt L (w) X L (w) — E*(w)

Table 5.7: Theorem 5.3.1

Proof. 1t is immediate to see that, for every w € As,

‘|HtHL2(w)~>L2(w) < (1 +HHHL2(w)~>L2(w)) < 02[w]A27

with C5 independent of t. Therefore, for every wy,wy € Ay and w = wi/ 2w§/ 2

15590 sy < [ NS Hgl ] 0.9

)

< /RZ||Htf||L2(w1)||Hs9||L2(w2)|d#| (t,5) < C3lwn]ay [wa] a1 1| 2 o) 1911 2 ) -

Finally, we can apply Theorem 5.0.3 and Theorem 5.0.5 to this estimate. O]
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Endpoint Weights Two-weight estimate | Bl <
B A 1) X A (00) = AT V]
1 2
t) = (log,; 1)? (log, 1)"**
(1, 1, %) w1, Wo € Al UO( ) - ( 081 ?) ( 082 ?) ) [wl]il [11)2}1241
t2
Vi(t) =
= Togy 17

Wi, Wy € Ay
(00, 00; 00) a, >0 Byt L (wy) x L (wq) — E? (w?wég) :
a+pf=1

Table 5.8: Theorem 5.3.1

5.4 The weighted bilinear Hardy operator

In [44], it has been considered the following weighted bilinear Hardy operator. For
any weight

v:[0,1] x [0,1] — [0, 00),

My (frg) () = / F(ha)g(bor)o(ty, t)dtdts, € R,

0<t1,t2<1

When p > 1, it has been proved (see [44]) that, if 1 < py, ps, p < oo, then
H, o LPY(R™) x LP*(R") — LP(R"),

with

n n

[ Holl = / b, Pty 2oty ty)dtydty.
0<ty,to<1

Hence, it follows that, if for some ay, a9 > —1, we set v(ty,t2) = t7't5?, then, for

every 17— < p1 <00 and 7~ < p2 < 0o such that p > 1, we have

P1p2
(pl - 147}0{1) <p2 - 1fa2>

Thus, from Proposition 4.1.1 and Theorem 4.1.3, the following endpoint estimates
can be deduced.

Hv LM X L — Lp7 ”HUH ~
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Theorem 5.4.1. If, for some a1, ay > —1, we set v(ty,ts) = t7*t5?, then, for every
(T”al,qz;q) such that '~ < g < o0 and q > 1, we have that

H,: Dt | x L2(R") — R,

1+aq?

In particular, if n < qu < 00, the unweighted bilinear Hardy operator satisfies that

H:D;, x L2?(R") — R7,.

n

Theorem 5.4.2. If for some ay,as > —1 such that ——— > 1, we set
2+ a1 + o

v(ty, ta) = 1152, then

1+aq?’ 1+ag? 24aq+ag ’2

In particular, if n > 2, the unweighted bilinear Hardy operator satisfies

. Dt + +
H:Dpy X Dyy — R%Q.
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