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Abstract. Given a bilinear (or sub-bilinear) operator B, we prove re-
stricted weighted weak type inequalities of the form

||B(f1, f2)||
Lp,∞(w

p/p1
1 w

p/p2
2 )

. ||f1||Lp1,1(w1)
||f2||Lp2,1(w2)

,

whenever B(f1, f2) = (T1f1)(T2f2) is the product of two singular inte-
gral operators satisfying Dini conditions. Additionally, we also establish,
as an application, the boundedness of a certain class of bounded varia-
tion bilinear Fourier multipliers solving a question posted in [2].

1. Introduction

Multilinear operators likely first appeared in the work of Coifman and
Meyer in the 1970s [8, 9] when they were interested in the study of certain
singular integral operators, such as the Calderón commutators, paraprod-
ucts, and pseudodifferential operators. Additionally, the solution of the
Calderón’s conjecture on the boundedness of the bilinear Hilbert transform
by Lacey and Thiele ([19]) gave a strong motivation to Grafakos and Torres
for the study of multilinear singular integrals (see [16]).

One of the simplest example of a bilinear (or sub-bilinear) operator is
given by the product of two linear (resp. sublinear) operators

B(f1, f2) = (T1f1)(T2f2),

whenever they are well defined. Weighted boundedness of the type

(1) ||B(f1, f2)||
Lp(w

p/p1
1 w

p/p2
2 )

. ||f1||Lp1 (w1)||f2||Lp2 (w2)

under the condition

(2)
1

p
=

1

p1
+

1

p2
, pj ≥ 1,

are trivial by Hölder’s inequality assuming Tj are bounded on Lpj (wj).
These inequalities have been widely studied mainly in the setting of Muck-
enhoupt weights ( see [23, 12, 13, 14, 20, 24]). Condition (2) is assumed all
over the paper and we simply write (p1, p2; p).

2010 Mathematics Subject Classification. Primary: 47B90 Secondary: 42B15.
Key words and phrases. Muckenhoupt weights, Hilbert transform, Fourier multiplier.
The authors were partially supported by grants PID2020-113048GB-I00 funded

by MCIN/AEI/10.13039/501100011033, CEX2019-000904-S funded by MCIN/AEI/
10.13039/501100011033 and Grupo UCM-970966 (Spain).

1
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Things change completely if we are interested in the so-called restricted
weighted weak type inequalities

(3) ||B(f1, f2)||
Lp,∞(w

p/p1
1 w

p/p2
2 )

. ||f1||Lp1,1(w1)||f2||Lp2,1(w2)

under the weaker condition that Tj : Lpj ,1(wj) → Lpj ,∞(wj), j = 1, 2,
whenever w1 6= w2. The main difficulty, to prove (3), is the fact that weak
Lorentz spaces do not satisfy Hölder’s inequality; that is,

||fg||
Lp,∞(w

p/p1
1 w

p/p2
2 )

. ||f ||Lp1,∞(w1)||g||Lp2,∞(w2)

is false in general [5]. Let us just mention that if w1 = w2 = w, then
Hölder’s inequality works perfectly and the restricted weak type inequality
holds trivially.

In particular, if T1 = T2 = M is the Hardy-Littlewood maximal operator
defined for locally integrable functions on Rn by

Mf(x) := sup
Q3x

1

|Q|

∫
Q
|f(y)|dy,

where the supremum is taken over all cubes Q ⊆ Rn containing x ∈ Rn, the
restricted weighted weak type boundedness of B(f1, f2) = (Mf1)(Mf2) was
proved in [20] for the case (1, 1; 1/2) and in [27] for the rest of the cases.
Hence, it is known that, for every (p1, p2; p) with p1, p2 ≥ 1, and every
wj ∈ ARpj (we refer to Section 2 for all the definitions and properties of the

classes of weights that are going to appear in this introduction),

(4) ‖(Mf1)(Mf2)‖
Lp,∞(w

p/p1
1 w

p/p2
2 )

. ‖f1‖Lp,1(w1)‖f2‖Lp,1(w2).

However, if M is substituted, for example, by the Hilbert transform

Hf(x) = p.v. lim
ε→0

∫
|x−t|>ε

f(t)

x− t
dt,

that is, B(f1, f2) = H2(f1, f2) := (Hf1)(Hf2), the question was left open
in [2] and [27]. One of the main results in this paper is to prove (3) not
only for H2 but for a much bigger class of operators including the product
of Calderón-Zygmund operators satisfying a Dini condition assuming that
wj ∈ ARpj j = 1, 2. In fact, the class of operators, we are going to work with,

will be those satisfying the called Condition (C) (see Definition 1.1). Let
us just mention that sub-bilinear operator can be changed, with no extra
effort, by sub-multilinear operator.

Moreover, a quantitative version of our results will provide, through Rubio
de Francia’s extrapolation theory, an interesting application to a certain
class of bounded variation bilinear Fourier multipliers. We would like to
emphasize that more important than the specific example we are about
to study is the technique we develop using restricted weighted weak-type
inequalities, which enables us to solve an open problem discussed below.
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Recall that given a bounded functionm(ξ, η) on Rn×Rn, a bilinear Fourier
multiplier is defined, initially on pairs of Schwartz functions f and g, by the
operator

Bm(f, g)(x) :=

∫
R2n

m(ξ, η)f̂(ξ)ĝ(η)eix·(ξ+η)dξdη, x ∈ Rn.

The theory of bilinear Fourier multipliers has been strongly developed in
the last years and there are many results concerning weighted inequalities
of the form (1) (see [15, 16, 12, 13, 14, 20, 24]).

Clearly, if m(ξ, µ) = m1(ξ)m2(µ), then

Bm(f1, f2) = (Tm1f1)(Tm2f2),

with Tmj the standard linear Fourier multiplier; that is,

Tmjfj(x) =

∫
Rn
f̂j(ξ)mj(ξ)e

2πx·ξdξ.

In particular, if m(ξ, µ) = sgn ξ sgnµ, we have that Bm = H2.
Let us now consider the following natural extension of bounded variation

functions on R. Set

(5) m(ξ, η) :=

∫ ξ

−∞

∫ η

−∞
dµ(t, s), ξ, η ∈ R,

where dµ is a finite measure on R2 that we can assume, without loss of
generality, that µ(R2) = 1. This type of bilinear Fourier multiplier were
introduced in [28] and some weighted estimates were also given in [2].

In fact, it is easy to see that, for nice functions f and g,

Bm(f, g)(x) =

∫
R2

Ht,s(f, g)(x) dµ(t, s), x ∈ R,

where
Ht,s(f, g)(x) = Htf(x)Hsg(x),

and

Hrh(x) =
1

2

[
h(x) + ie2πixtH(e−2πir·h)(x)

]
.

One of the original motivations of this paper was to prove an estimate that
remained open in [2]; namely

(6) Bm : L1(u1)× L1(u2) −→ L1/2(u
1/2
1 u

1/2
2 ),

for every u1, u2 ∈ A1. The case u1 = u2 was already solved there. To prove
(6), using a Rubio de Francia extrapolation technique developed in [28, 6],
it will be enough to prove that, for some (p1, p2; p) with p > 1 and every

wj ∈ Âpj ,2, j = 1, 2,

Bm : Lp1,1(w1)× Lp2,1(w2) −→ Lp,∞(w
p/p1
1 w

p/p2
2 ),

with a constant controlled by ϕ([w1]Âp1,2
, [w2]Âp2,2

) for some function ϕ in-

creasing in each variable.
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The strategy, in both [20] and [27] to obtain (4), was to reduce the problem
to a linear Sawyer mixed weak estimate. Actually, the contribution here
will be to show that a variant of that strategy can be applied to several
operators beyond the Hardy-Littlewood maximal function and in particular
to the Hilbert transform. As a consequence we shall obtain the following
theorem.

Theorem 1.1. For every (p1, p2; p) and every wj ∈ ARpj (j = 1, 2),

H2 : Lp1,1(w1)× Lp2,1(w2) −→ Lp,∞(w
p/p1
1 w

p/p2
2 ).

From here, we shall be able to solve the open problem mentioned above.

Corollary 1.2. For every m as in (5), every (p1, p2; p), every q1, q2 ≥ 1 so
that 1

q1
+ 1

q2
< 1, and every wj ∈ ARpj (j = 1, 2),

Bm : L
p1,

p1
q1 (w1)× Lp2,

p2
q2 (w2) −→ Lp,∞(w

p/p1
1 w

p/p2
2 ).

As a consequence, (6) holds:

Corollary 1.3. For every m as in (5), and every wj ∈ A1 (j = 0, 1),

Bm : L1(w1)× L1(w2) −→ L1/2,∞(w
1/2
1 w

1/2
2 ).

Now, to obtain our necessary Sawyer type inequality, we need to prove
the following result, which is an extension of the case q = 1 obtained in [10].

Theorem 1.4. Given a family of functions F , suppose that for some 0 <
p0 <∞ and every w ∈ A∞,∫

Rn
f1(x)p0w(x) dx ≤ ϕ([w]A∞)

∫
Rn
f2(x)p0w(x) dx,

for all (f1, f2) ∈ F , such that the left-hand side is finite and ϕ is an increas-
ing function on [0,∞). Then, for every q ≥ 1, u ∈ A∞ and vq ∈ A∞,

‖f1v
−1‖Lq,∞(uvq) ≤ C(u, v)‖f2v

−1‖Lq,∞(uvq), ∀ (f1, f2) ∈ F .

Moreover, if v = (Mh)−α with h ∈ L1
loc(Rn) and α > 0 and u ∈ Âq,2, then

(7) C(u, v) . φ([u]
Âq,2

),

with φ an increasing function.

Given an operator T , set

Sf = ST f := M1/2(Tf)(x) = (M(|Tf |1/2(x))2.

Definition 1.1. We say that T satisfies condition (C) if there is some
0 < p0 <∞, such that, for every w ∈ A∞, we have∫

Rn
Sf(x)p0w(x) dx ≤ ϕ([w]A∞)

∫
Rn
Mf(x)p0w(x) dx,

for every function f such that the left hand side is finite and for some in-
creasing function ϕ.
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It is known that any Calderón-Zygmund with Dini condition meets con-
dition (C). This fact was first observed in page 124 [1], and for a more
detailed proof see Section 3 in [26].

Now, in [21] it was proved that if u ∈ A1 and v ∈ A∞ then the inequality

‖Mfv−1‖L1,∞(uv) ≤ C(u, v)‖f‖L1(u)

holds and, in [27], a variant of that inequality was considered for others
q > 1; namely, for every u ∈ ARq (q ≥ 1) and every v such that uvq ∈ A∞,

(8) ‖Mfv−1‖Lq,∞(uvq) ≤ CM (u, v)‖f‖Lq,1(u),

where, if uvq ∈ ARr ,

(9) CM (u, v) = Ψ([u]ARq , [uv
q]ARr ),

with Ψ an increasing function in each variable, depending only on r and q.
Therefore, that achievement combined with Theorem 1.4 produces the

following result. Let us mention that the case q = 1 was essentially obtained
in [10].

Theorem 1.5. Let q ≥ 1 and let u and v be weights such that v ∈ A∞,
u ∈ ARq and uvq ∈ A∞. Then, if an operator T satisfies condition (C), we
have that

‖Sfv−1‖Lq,∞(uvq) ≤ CS(u, v)‖f‖Lq,1(u).

Moreover, if v = (Mh)−α for some h ∈ L1
loc and some α > 0 and u ∈ Âq,2,

then we can take
CS(u, v) ∼ φ([u]

Âq,2
),

with φ an increasing function.

Observe that since |Tf(x)| ≤ Sf(x) a.e. x, we also have that the same
conclusion for the operator T . Now, using the previous result we can obtain
our main result.

Theorem 1.6. Let wj ∈ ARpj (j = 0, 1), and let Tj be two operators satisfy-

ing condition (C). Then, for every (p1, p2; p),

‖(T1f1)(T2f2)‖
Lp,∞(w

p/p1
1 w

p/p2
2 )

. C(w1, w2)‖f1‖Lp1,1(w1)‖f2‖Lp2,1(w2).

In addition, if wj ∈ Âpj ,2 (j = 0, 1), then

C(w1, w2) . ϕ([w1]
Âp1,2

, [w2]
Âp2,2

)

with ϕ and increasing function in each variable.

In the previous estimates, as well as those that follow, the symbols “.”
and “∼” indicate that the inequality or equivalence holds up to universal
constants or depending on fixed parameters.

From this point, the paper is organized as follows. In the next section,
we provide the necessary definitions and preliminaries. In Section 3, we
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prove the main results. Finally, the applications (Corollaries 1.2 and 1.3)
are provided in the last section.

2. preliminaries

Let us start by defining the classes of weights that have appeared in the
introduction. For every q > 1, the Muckenhoupt weights Aq [25] are defined
by the condition

[w]Aq := sup
Q

(
1

|Q|

∫
Q
w(x)dx

)(
1

|Q|

∫
Q
w(x)1−q′dx

)q−1

<∞,

where the supremum extends over all cubes Q ⊆ Rn and with q′ satisfying
1/q′ + 1/q = 1. This class of weights characterizes the Lq(w)-boundedness
of the Hardy-Littlewood maximal operator M .

Moreover, if u is a weight such that Mu(x) ≤ Cu(x) a.e x ∈ Rn, C > 0,
we say that u ∈ A1, and denote by [u]A1 the least constant C satisfying such
inequality. In fact, for every q ≥ 1,

M : Lq(w) −→ Lq,∞(w) ⇐⇒ w ∈ Aq.

For every q ≥ 1, the restricted Aq class, ARq , is defined as the weights w
such that

[w]ARq = sup
E⊆Q

|E|
|Q|

(
w(Q)

w(E)

)1/q

<∞,

where the supremum is taken over all cubes Q ⊆ Rn and all measurable sets
E ⊆ Q. It holds (see [18, 7]) that

M : Lq,1(w) −→ Lq,∞(w) ⇐⇒ w ∈ ARq .

It is easy to see that, Aq ( ARq ⊂ Aq+ε, for every ε > 0 and, when q = 1,

AR1 = A1. Also we will consider the class of weights A∞ given by

A∞ = ∪q>1Aq,

and, it is easy to see that

A∞ = ∪q>1A
R
q .

Moreover, there are, in the literature, many equivalent ways of defining
[w]A∞ , but the most typical one is the following Fujii-Wilson constant

[w]A∞ = sup
Q

1

w(Q)

∫
Q
M(wχQ)dx.

It is also well known that an A∞ weight w could be factorized as the product
w = uv with u ∈ A1 and v ∈ RH∞, where RH∞ is the class of weights
satisfying

[v]RH∞ =
(supQ v(x))|Q|

v(Q)
<∞.
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See for instance Theorem 5.1 in [11]. It will be useful for us to consider the
following constant associated with a weight w ∈ A∞, which we define as
follows

[w]RH1
∞

= inf{[u]A1 [v]RH∞ : w = uv}.

Also, the class Âq is defined by

Âq = {w : ∃u ∈ A1 and h ∈ L1
loc : w = u(Mh)1−q},

with

[w]
Âq

= inf
u

[u]
1/q
A1
.

In [4], it was proved that

Âq ⊂ ARq , [w]ARq . [w]
Âq
.

For our purposes, we also need to introduce the class Âq,2 as the following
set of weights:

{w : ∃ 0 ≤ α ≤ 1, u ∈ A1, hj ∈ L1
loc : w = u(Mh1)α(1−q)(Mh2)(1−α)(1−q)},

with

[w]
Âq,2

= inf
u

[u]
1/q
A1
,

and can be easily proved by interpolation [28] that

Âq ⊂ Âq,2 ⊂ ARq , [w]ARq . [w]
Âq,2
≤ [w]

Âq
.

In fact, since v = (Mh1)α(1−q)(Mh2)(1−α)(1−q) ∈ RH∞ with [v]RH∞ ≤ Cα,q,
we have that

Âq,2 ⊂ A∞, [w]RH1
∞
. [w]q

Âq,2
.

In general, w = u
∏N
j=1(Mhj)

−αj , with u ∈ A1, hj ∈ L1
loc and αj ≥ 0, for

every j will be in A∞, and [w]RH1
∞
. [u]A1 .

All the above classes of weights are strongly linked with the extrapolation
theory of Rubio de Francia. In particular, we shall use the following result
(see Theorem 4.2.6 in [28]).

Theorem 2.1. Let B be a bilinear operator. Set (p1, p2; p) with pj > 1 and

assume that, for every vj ∈ Âpj ,2,

B : Lp1,1(w1)× Lp2,1(w2) −→ Lp,∞(w
p/p1
1 w

p/p2
2 )

with constant less than or equal to ϕ
(
[w1]

Âp1,2
, [w2]

Âp2,2

)
, where ϕ is an

increasing function in each coordinate. Then, for all indices q1, q2 ≥ 1 such

that q1/p1 = q2/p2 ≤ 1, and for every weight vj ∈ Âqj ,

(10) B : L
q1,

q1
p1 (v1)× Lq2,

q2
p2 (v2) −→ Lq,∞(v

q/q1
1 v

q/q2
2 ),

with constant less than or equal to φ
(
[v1]Âq1

, [v2]Âq2

)
where φ is an increasing

function in each coordinate.
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Remark 2.2. 1) We observe that, for every q > 0 condition (10) implies
that, for every measurable sets E and F ,

(11) ||B(χE , χF )||
Lq,∞(v

q/q1
1 v

q/q2
2 )

. v1(E)1/q1v2(F )1/q2 .

Therefore, if q > 1, (10) implies that

B : Lq1,1(v1)× Lq2,1(v2) −→ Lq,∞(v
q/q1
1 v

q/q2
2 ).

2) In general, if q1 = q2 = 1, (11) is not equivalent to

B : L1(v1)× L1(v2) −→ L1/2,∞(v
1/2
1 v

1/2
2 ).

However, it was proved in [2] that under certain hypotheses on B, namely
to be (ε, δ)-atomic approximable in each variable, these two conditions are
equivalent. This is going to be the case in our application.

Lemma 2.3. If w ∈ A∞, then

[w]A∞ . [w]2RH1
∞
.

Proof. Let w = uv with u ∈ A1 and v ∈ RH∞. Then

[w]A∞ . sup
Q

supx∈Q v

w(Q)

∫
Q
Mu(x)dx ≤ [u]A1 sup

Q

supx∈Q v

w(Q)
u(Q)

≤ [u]A1 [v]RH∞ sup
Q

v(Q)

w(Q)

u(Q)

|Q|
≤ [u]2A1

[v]RH∞ ≤ [u]2A1
[v]2RH∞ ,

and the result follows taking the infimum over all possible decomposition of
w = uv. �

Now, given a weight u0 ∈ A1, let us consider the operator

Lu0(x) =
M(u0f)(x)

u0(x)
, a.e.x.

We will need the following proposition obtained in [10].

Proposition 2.4. [10] Let s ≥ 1. Given u0 ∈ A1 and ν such that νs ∈ A∞,
there exists p0 > 1 and K0 > 0 such that, for every p ≥ p0

(12) Lu0 : Lp,1(u0ν
s) −→ Lp,1(u0ν

s), ||Lu0 || ≤ K0.

Moreover, if

Ru0h =
∞∑
k=0

Lku0h

2kKk
0

,

the following conditions holds:

(1) h ≤ Ru0h.
(2) u0(Ru0h) ∈ A1 with [u0(Ru0h)]A1 ≤ 2K0.
(3)

Ru0 : Lp,1(u0ν
s) −→ Lp,1(u0ν

s), [Ru0 ] ≤ 2.
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For later purposes, we need to clarify a quantitative estimate of the above
statement for particular choices of ν, in order to apply Rubio de Francia’s
theorem in our application.

Proposition 2.5. In Proposition 2.4, if we assume that ν =
∏N
j=1(Mhj)

−αj

for some αj > 0, then we can choose p0 ∼ [u0]A1 and K0 ∼ [u0]2A1
.

Proof. In the proof of Theorem 1.7 in [10] (or with some more details in the
appendix of [22]) an explicit expression for K0 was obtained as follows

K0 = 4p0(C0 + C1),

where C1 = [u0]A1 and C0 can be controlled by the norm ‖M‖
Lp0 (u

1−p0
0 νs)

.

However, by Buckey’s Theorem ([3]), the previous norm is controlled by

[u1−p0
0 νs]

1/(p0−1)
Ap0

.

Now, in order to estimate this quantity, we write

u1−p0
0 νs =

u0

N∏
j=1

(Mhj)
αjs

p0−1

1−p0

.

Let us see now that we can choose p0 such that u1 := u0
∏N
j=1(Mhj)

αjs

p0−1 ∈
A1 with [u1]A1 . [u0]A1 . Let ε = 1

2n+1[u0]A1
. Then, it is known (see for

instance Lemma 3.1 in [17]) that u2 := u1+ε
0 ∈ A1 with [u2]A1 . [u0]A1 .

Let us choose p0 so that if βj = 1+ε
ε

αjs
p0−1 then

∑N
j=1 βj = 1

2 . Then

u1 = u
1

1+ε

2

(∏
j

(Mhj)
βj
) ε

1+ε
,

and, consequently,
[u1]A1 . [u2]A1 . [u0]A1 ,

as we wanted to see. From here, it follows that

[u1−p0
0 νs]

1/(p0−1)
Ap0

. [u1]A1 . [u0]A1 .

Since, clearly, p0 ∼ [u0]A1 , the result follows.
�

3. Proofs of Theorems

Proof of Theorem 1.4. Using Kolmogorov inequalities, we know that, for ev-
ery r < q,

(13)

∣∣∣∣∣∣∣∣f1

v

∣∣∣∣∣∣∣∣
Lq,∞(uvq)

≈

(
sup
E

1

uvq(E)
1− r

q

∫
E
f r1uv

q−r

)1/r

.

Since u ∈ A∞, there exists u0 ∈ A1 and v0 ∈ RH∞ so that u = u0v0.
Now, in the following estimate we will apply Proposition 2.4 with u0, s = q

and ν = v
1/q
0 v. And therefore u0ν

q = uvq. In fact, we have
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∫
E
f r1uv

q−r =

∫
f r1u0v0v

q−rχE ≤
∫
f r1u0Ru0(χE)v0v

q−r

≤ ϕ([u0Ru0(χE)v0v
q−r]A∞)

∫
f r2u0Ru0(χE)v0v

q−r,

Observe that u0Ru0(χE) ∈ A1. So, taking into account that vq ∈ A∞,
we can choose r very close to q such that u0Ru0(χE)vq−r ∈ A∞. And since
v0 ∈ RH∞ (which is invariant in A∞, see for instance Lemma 2.1 in [22]),
we have that u0Ru0(χE)v0v

q−r ∈ A∞. Now, let

(14) C(u, v) = ϕ([u0Ru0(χE)v0v
q−r]A∞).

Using Proposition 2.4, we have that, if (q/r)′ ≥ p0,∫
E
f r1uv

q−r . C(u, v)

∫ (
f2

v

)r
Ru0(χE)uvq

≤ C(u, v)

∣∣∣∣∣∣∣∣(f2

v

)r∣∣∣∣∣∣∣∣
L
q
r ,∞(uvq)

||Ru0(χE)||
L(

q
r )
′,1(uvq)

. C(u, v)

∣∣∣∣∣∣∣∣f2

v

∣∣∣∣∣∣∣∣r
Lq,∞(uvq)

uvq(E)1/( q
r

)′ ,

and the first part of the theorem follows using (13).
Now, we will check the second part of the theorem. In fact, since v =

(Mg)−α and u = u0(Mh1)β(1−q)(Mh2)(1−β)(1−q), using Lemma 2.3 and
Propositions 2.4 and 2.5, we have that

[u0Ru0(χE)(Mh1)β(1−q)(Mh2)(1−β)(1−q)vq−r]A∞

. [u0Ru0(χE)]2A1
. K2

0 ∼ [u0]4A1
.

Therefore, we can choose C(u, v) ∼ φ([u]
Âq,2

) ∼ ϕ([u]4q
Âq,2

).

�

Proof of Theorem 1.5. By Theorem 1.4 and (8), we have that

||Sfv−1||Lq,∞(uvq) ≤ C(u, v)||Mfv−1||Lq,∞(uvq)

. C(u, v)CM (u, v)||f ||Lq,1(u) := CS(u, v)||f ||Lq,1(u).

Now, if v = (Mh)−α, we have by (14) and (9) that there exist two increasing
functions φ and Ψ so that

CS(u, v) . φ([u]
Âq,2

)Ψ([u]ARq , [uv
q]ARr ),

where r is such that uvq ∈ ARr . Now, [u]ARq . [u]
Âq,2

and since uvq =

u0
∏3
j=1(Mhj)

−αj for some hj ∈ L1
loc, u0 ∈ A1 and αj ≥ 0, we also have

that

(15) [uvq]ARr . [u0]βA1
,
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for some β depending on (αj)j . Finally, since u0 can be taken so that
[u0]A1 ≤ 2[u]q

Âq,2
, we can conclude that

CS(u, v) . ϕ([u]
Âq,2

),

with ϕ increasing and the result follows. �

Proof of Theorem 1.6. Let Si = STi . We will argue directly for (S1f1)(S2f2)
since is a bigger operator than |(T1f1)(T2f2)|. Observe that if fi are non
null bounded and compact support functions it is easy to check that 0 <
S(fi)(x) <∞ a.e. x. Moreover, it is well know that

vi := (Si(fi))
−1 ∈ A∞ and vαi ∈ A∞, ∀α > 0,

(i = 1, 2) with universal constants, in the second case only depending on α.
Then, following the strategy in [20, 22, 27], it is enough to prove that

A := sup
λ>0

λp(w
p/p1
1 w

p/p2
2 ) ({λ < (S1f1(x))(S2f2(x)) ≤ 2λ})

.
(
‖f1‖Lp1,1(w1)‖f2‖Lp2,1(w2)

)p
.

Now, fixed λ > 0, we observe that

w
p/p1
1 w

p/p2
2 ({x ∈ Rn : λ < S1f1(x)S2f2(x) ≤ 2λ})

. λp
∫
{x∈Rn:λ<S1f1(x)S2f2(x)≤2λ}

(
w1

(S2f2)p1

) p
p1

(
w2

(S1f1)p2

) p
p2

≤ λp

(∫
{
x∈Rn:λ<

S1f1(x)
v2(x)

}w1v
p1
2

)p/p1 (∫
{
x∈Rn:λ<

S2f2(x)
v1(x)

}w2v
p2
1

)p/p2
.

From here, it follows that

A .

∣∣∣∣∣∣∣∣S1f1

v2

∣∣∣∣∣∣∣∣p
Lp1,∞(w1v

p1
2 )

∣∣∣∣∣∣∣∣S2f2

v1

∣∣∣∣∣∣∣∣p
Lp2,∞(w2v

p2
1 )

.

Since T1 and T2 satisfy condition (C), we have by Theorem 1.4 that∣∣∣∣∣∣∣∣Sifivj

∣∣∣∣∣∣∣∣
Lpi,∞(wiv

pi
j )

. φi([wi]Âpi,2
)

∣∣∣∣∣∣∣∣Mfi
vj

∣∣∣∣∣∣∣∣
Lpi,∞(wiv

pi
j )

, i, j ∈ {1, 2}, i 6= j,

for some increasing functions φi. Then, using (8), (9) and (15), we have that

A .
2∏
i=1

φi([wi]Âpi,2
)

2∏
i=1

Ψi([wi]Âpi,2
, [wiv

pi ]ARr )
(
‖f1‖Lp1,1(w1)‖f2‖Lp2,1(w2)

)p
. ϕ([w1]

Âp1,2
, [w2]

Âp2,2
)
(
‖f1‖Lp1,1(w1)‖f2‖Lp2,1(w2)

)p
,

with ϕ an increasing function in each variable. �

The proof of Theorem 1.1 follows immediately from Theorem 1.6 since H
satisfies condition (C).
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4. application to bounded variation fourier multipliers

Proof of Corollary 1.2. Let (q1, q2; q) with q > 1 and let vj ∈ Âqj ,2 (j = 0, 1).

Since Lq,∞(v
q/q1
1 v

q/q2
2 ) is a Banach space, we have that

||Bm(f1, f2)(x)||
Lq,∞(v

q/q1
1 v

q/q2
2 )

≤
∫
R2

||Ht,s(f1, f2)||
Lq,∞(v

q/q1
1 v

q/q2
2 )

dµ(t, s).

Now, as mentioned in the introduction

Ht,s(f1, f2)(x) = Htf1(x)Hsf2(x)

≈
[
f1(x) + ie2πixtH(e−2πir·f1)(x)

] [
f2(x) + ie2πixsH(e−2πir·f2)(x)

]
,

and thus, since the identity operator and H satisfying condition (C), we can
apply Theorem 1.6 to obtain that, for some increasing function φ,

||Ht,s(f1, f2)||
Lq,∞(v

q/q1
1 v

q/q2
2 )

. φ([v1]
Âp1,2

, [v1]
Âp2,2

)||f1||Lp1,1(v1)||f2||Lp2,1(v2),

and hence, same inequality holds for Bm; that is,

||Bm(f1, f2)||
Lq,∞(v

q/q1
1 v

q/q2
2 )

. φ([v1]
Âp1,2

, [v2]
Âp2,2

)||f1||Lp1,1(v1)||f2||Lp2,1(v2).

Using Theorem 2.1, we obtain the result.
�

Proof of Corollary 1.3. By Corollary 1.2 and Remark 2.2, we have that, for
every measurable sets E and F ,

|Bm(χE , χF )||
L1/2,∞(v

q/q1
1 v

q/q2
2 )

. v1(E)v2(F ).

From here, using the same argument than in the proof of Corollary 1.4, in
[2] (see also [4]) we obtain the result.

�
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