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ABSTRACT. In recent years, the problem of obtaining optimal LP-norm estimates
for Hardy-type operators has been extensively studied. In this work, we continue
this line of research by investigating the norms of polynomials in H and H* acting
on different cones of LP(RT), with 1 < p < oo, where H and H* denote the classical
Hardy averaging operator and its adjoint, respectively. We also determine the
norms of fractional powers of H and H*, and establish several approximation of
the identity results associated with these operators. Finally, as an application
of the main theorems of this study, we derive a combinatorial identity involving
conjugate exponents and compute the norms of e and e
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1. INTRODUCTION

Let MT(R™) be the class of all nonnegative measurable functions on R = (0, 00).

Let f € MT(R"). Set
i@ = [ o

H f(x) = /OO @dt,

provided that the integrals make sense for a function f on R*. These equalities
define the classical Hardy operator H and its adjoint H*.

and

The mappings introduced above play a central role in Analysis. For instance, H
has a deep connection with one of the most important objects in Harmonic Analysis,
namely the classical Hardy—Littlewood maximal operator, defined by

1
M) =sw o [ 17wy
Q3x ’Q| Q
where the supremum is taken over all cubes @) C R™ containing z, and |@| denotes

the Lebesgue measure of (). This connection arises from the fact that

(Mf) ~Hf, (1)

where f* denotes the decreasing rearrangement with respect to the Lebesgue mea-
sure. The relation in (1) implies that the problem of determining the boundedness of
the maximal operator M on rearrangement-invariant spaces is equivalent to study-
ing the boundedness of the much simpler operator H on the cone of nonnegative,
nonincreasing functions in some Lebesgue space (see [5] for standard notations and

results).
1
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The boundedness of H on LP(R™), for 1 < p < oo, follows from what is commonly
referred to as Hardy’s inequality (cf. [9]):

IH fllzo@ey < P f o), (2)
for all f € LP(RT), where p’ = L if 1 <p <oo, and p' = 1if p = co. Moreover, p/
is the best possible constant in (2).

Regarding the boundedness of the adjoint of Hardy’s operator, the authors proved
in [10, p. 244] that
HH fll oy < Pl fllze@s), (3)
for all f € LP(RT), where 1 < p < oo. Furthermore, the constant p is optimal in
(3).
The operator S = H+ H* is also of considerable importance in Harmonic Analysis.

For instance, according to Theorem 4.8 in [5], the boundedness of S on LP(R™)
implies the continuity of the classical Hilbert transform H on LP(R), where
1 [ f(t
Hf(z) =p.v.— SO

T o —1

dt.

To see that S defines a continuous operator on LP(R™), we make use of (2) together
with (3). Indeed, we have

1S fllp < (2 + PO Ny, (4)

for all f € LP(RT) with 1 < p < co. Again, the constant p + p’ is the best possibe
in (4) (see [10]). The operator S is commonly referred to as the Calderdn operator.

One of the main goals of this work is to extend the results of G. H. Hardy,
J. Littlewood, and G. Pélya in (2), (3), and (4) by determining the optimal constant
C(p) > 0 such that

1PCH, H7) fll, < C @) 1flp, ()

for functions f € LP(R™) belonging to one of the following classes: general functions,
nonnegative functions, or nonnegative, nonincreasing functions, where 1 < p < oo
and P € R[X,Y] is a real polynomial with nonnegative coefficients. The sharp
constant C(p) in (5) is established in Theorem 3.2, which constitutes the central
result of this study.

This paper is organized as follows. Section 2 introduces the notations used
throughout this work. Section 3 presents the main result, namely Theorem 3.2,
together with Corollary 3.4, from which we derive a combinatorial identity involv-
ing conjugate exponents in (15). In Section 4, and in particular in Theorem 4.3,
we determine the norms of H® and H** for a > 0. We also establish several ap-
proximation of the identity results for these operators, namely Theorem 4.5 and
Theorem 4.7. Finally, in Section 5 we compute in Theorem 5.1 the norms of e/ and

BH* .
2. NOTATIONS

The analysis in this work is carried out in the Lebesgue spaces LP(R™), 1 < p < oo,
which serve as the main domain of the operators under consideration. Otherwise,
we simply write D(T') for the domain of an operator T

We are also interested in the following cones.
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LE(RY) ={f € L’(RT): f >0}, LE (RT) = {f € LE(R") : fis nonincreasing}.
For a bounded operator T': LP(R*) — LP(R"), we set

1T oy == sup [T fllp,
I £ll,=1

[T e gy == sup  [[T'f]lp,
feLf (RY)
llfllp=1
1Tz ey = sup | Tf],
fELL (RT)

dec

I1£llp=1

These satisfy
17|

dec

Let 1 <p < ooandlet T: LP(R*) — LP(R") be a bounded linear operator. For

&+ < Tl @y < Nl o)

Q(z,y) = Z Zcijxiyj € R[X,Y],

=0 7=0

where m,n € N, we define

where T° = 70 = [,

Note that if 7" is normal, i.e., T oT* = T* o T, then a straightforward calculation
shows that
QT,T*)" = P(T,T7),
where P(z,y) = Q(y, x).

Throughout this work, we use the notation I' : RT — R* for the Euler Gamma
function, defined by

F(m):/ t" et dt.
0

We also write p’ = ]%, for 1 < p < 00, to denote the conjugate exponent of p.

3. THE NORM OF A POLYNOMIAL OF H AND H*

Let n > 1 be a natural number. D. W. Boyd proved (see [6, Lemma 2|) the
identity
(@) = (toHow o i) = st [ (D an ©
xXr) = o O-:+-0 r) = ——— y) In — Y,
I(n)z Jo Y

for all f € D(H™).
Using a similar argument, we obtain

Hf(x) = (H o H* o -0 H*) f(x) = F(ln) /oo f(yy) In"! (%) dy, (7
for all f € D(H™).
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The following result provides a formula for the composition H™ o H*™ expressed
as a linear combination of powers of H and H*, where m and n are natural numbers.

Proposition 3.1. Let m,n > 1 be natural numbers and f € M*T(RT)ND(H*™oH™).
Then

m—1 n—1
o) =3 (T @ (M e, ©
k=0 k=0 k
for all z > 0.

Proof. Let x > 0. Then,

(B o H") f(x) = L

man( Y) et <g>dy
o [ 0w (2o (2
m)lr [ e (e (3
/ /Oo f In" 1<?Z>mm 1(%)dydt
o I 2 e (s
WE/O (t)/1 Sl (t )m H(y)dydt
ol Ao A i O
_ m é /0 ) /1 wmmy#m"* (%y)dydt
+F(m)1F(n) /‘” fff) /°° ha";(y)1 - 1(75 )dydt
1 1 . °°11nm ! T
:W;/o f(t)/1 ( (t)+lny> dydt
B oot ARl e P )““y> t
:Wi/jﬂt /OO 1nm i HZ::(" )m”’“ (%) In* (y)dydt
g e mn;@) > (" et (5)
ot (0
D 1> r<m>1r<n> [ o () f e

3

e
Il
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) Clnk) 1
= r(k+1)r<n—k)r(m)r(n)5/ f(#)In ()dt

mlr(k+1r)(r(§nk+k) rn/ o 1mkl<_>d

i
L

B
Il

+
NS DR gy S LR
P ST AP P R

where we used Tonelli’s Theorem in the fourth equality. We also applied (6) and
(7) in the second to last equality. This concludes the proof. U

Note that (2), (3), and (4) says, in other words, that

IH || oy =1, for 1 < p < oo, (9)
I H* || ety = P, for 1 < p < oo, (10)
| H + H*||LP(R+) =p+7p, for 1 < p < o0. (11)

1), we observe that

By closely examining identities (9), (10), and (1
[H Loy = 1P(H, H*) || o) = P(IH | o), [ H | 2o@+)) = P,
[H" || oey = |QUH, H) | o @r) = QUIH | zo @), [ H |o@+)) = p,
I1H + H” || o) = | R(H, H) | Loy = R([H || zo@+), | H | o) =+ 1,
where P(z,y) =z, Q(z,y) =y, and R(z,y) =z +y.

It is important to note that, when working with H and H*, two different polyno-
mials can sometimes define the same associated operator. For instance, in [12] the
following identity related to the Calderén operator is proved

HoH*"=H*oH=H+H"=S.
Therefore,
R(H,H*)=V(H,H"),
where R is as above and V(z,y) = zy. It is worth noting that,
P +p = R([H | o), [H | rw)) = |R(H, H) || oy = |V (H, H)|| 1o (et
= V([ Hl r@+), [H || o)) = PP,
since p and p’ are conjugate exponents.

The following theorem extends (9), (10), and (11), and constitutes one of the
main results of this work.

Theorem 3.2. Let 1 < p < oo and let Q € R[X, Y] be a polynomial with nonnegative
coefficients. Then

HQ(H H*)HLgec R+) HQ(H, H*)HLi(Rﬂ = HQ(H7 H*)HLP(RJr)
= QUIH | zo@+), 1 H || o)) = QWs p)-
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Proof. Let f € LP(R") and let @ € R[X, Y] be the polynomial given by
T,y) = chijwiy‘j € RIX,Y],
i=0 j=0

where ¢;; > 0 and m,n > 1 are natural numbers. By the triangle inequality and the
submultiplicativity of the LP-norm for operators, we get that

ZZCW H'o HY)|f]

=0 75=0

ZZCUH H o HY)|flll,

|QUH, H*) fll, < |Q(H, H7) | flll, =

p

<> Z il I G f o = QUIH oy, 1 H | o)) 1 £ l1p-
=0 j

Thus
1QCH, HY)|lp < QUIH | o@s), [ H || o))
By using (9) with (10) we obtain

1QUH, H*)|lp < QUIH [| o), |1H (| o)) = Q1 p)-

We now show that the above inequality is in fact an equality. Consider the func-
tions f, g : (0,00) = Rgiven by f(x) = a7~ Px(o1)(2) and ge(x) = /7~y 1) (2),
where 0 < € < 1. Then

o1
el = Nlgellyy = =

On the other hand, if 0 < x < 1 and n € N, an easy computation shows that
1

H"f(z) = ge/P=1/p (12)

(e/p+1/p)"
Now, as H and H* are positive operators and ¢;; > 0, it follows that Q(H, H*) is
positive as well. So

/0 QU H) fu(a) - gu(o)der = / " OUH, B f(2) - g.(x)de.

Since g, has support equal to [0, 1], we have that

/0 " QUH, B f.(x) - gu(x)dr = / QU H")f.(x) - g.(x)dx

/(ZZ%H@ H*J)fe() go(x)da

=0 75=0

n

1
cij/ (H' o HY) fe(z) - ge(z)d.

—0 0

Given that H and H* commute, we obtain that

o )10 oyt = [ (0 ) g - o)
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for every 1 <i <m and 1 < j < n. Observe that, as H’ is the adjoint of H*/, we
get that

| o) e atads = [ o) ),

0
for every 1 <i <m and 1 < j < n. Now, using (12), we have that

1 1 ! o
Hif.(2) - Hg.(z)dx / Y Y
/ e = o 1) (e + 1/p)y

1 1 1
“(e/p L) (efp + 1 pY €

Hence,

o0 . 1
/O‘Q(H’H)f*"”) Az =133 e, e/p+1/p><e/p+1/p)

zO]O

Now, by using Hélder’s inequality, we obtain

QUL H*) fellp - Jo~ |QU, H*) fe(x) - ge(w)|dw
Ifelle ||ge||p [ fellp

22 T A T 22 )Y = QW)

as € — 0T. Since the functions f. and g. are nonnegative and nonincreasing, the
proof is concluded. ]

|Q(H, H")[l, >

Remark 3.3. The condition that the coefficients of the polynomial () be nonnega-
tive in Theorem 3.2 is necessary, since without this hypothesis the conclusion of the
theorem may fail. To illustrate this, consider the polynomial

Q(xa y) =Yy—- 17
for which the associated operator is Q(H, H*) = H* — I. The authors in [3, Theo-
rem 4.2] proved that

1QUH, H)|| o) = M, ',
for 1 < p < 2, where M), = maxcjo,1/9) fo(t) and f, : [0,1/2] — R is defined by
fp(t) =ptP=h 4+ (1 — )P — 17,
In particular,
IQUH, H) 1oy = My/” > (f,(0)Y" =1>p—1=Q(,p),
forall 1 <p<2.
The nonnegativity of the coefficients of () is also necessary to ensure that
|Q(H, H) ||z w+) = |QH, H") ||z @+y = |QH, H*)|[o@+),

since this equality may fail otherwise. For instance, consider again the operator
P(H, H*) defined above. It was proved in [4, Theorem 1.2] that

o0 1/p
* * def
JQUH, Bl ey = I — Illss_gae) = ( / |1n<x>+1|pdx) e
0
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for 1 < p < 2. Moreover, it is shown in [4] that the function p — C’;/ P is strictly
increasing on R*. Hence,

(3] 1/2
|P(H, H*)|| 1) = < )t = (/ | In(z) + 11%@:)
0

= 1= (fp(0)"" < M,"" = || P(H, H")|| 3 &)
= ||P(H, H")||Lr&+),

for all 1 < p < 2, where in the last equality we have taken into account [3, Theo-
rem 4.2].

Before stating our next result, we recall that by convention, (g) = 1 for all integers

n; in particular, (Bl) = 1. We also set the sum equal to zero whenever the upper

index is less than the one at the bottom.

Corollary 3.4. Let m,n € NU{0} and 1 < p < co. Then

1™ 0 HP g gy = V™ 0 Bz ey = |H™ © HP g
n—1
n+k—1\ ,,_ m+k—1 -
—Z( Jrr e (" e
k=0

()"

p
Proof. Let P,Q € R[X,Y] b
n—1 m—1
+k—1 + k-1
(m ) n— k_|_ (n ) mflc7
=0 k=0

Qz,y) = ="y"™,
where m,n € NU {0}. Note that in the case m = 0, we have
P(z,y) = 2" = Q(z,y),
for any n € NU{0}. Similarly, in the case n = 0, we have
P(z,y) =y" = Q(,y),
for any m € NU {0}. This implies that
PH,H")=Q(H,H") ifn=0o0rm=0.

e the polynomials defined by

and

In the case m,n > 1, we have seen in (8) that
P(H,H")f = Q(H,H")f,
for all f € MT(RT). Hence,
P(H,H")f = Q(H,H")f, (14)

for all m,n € NU {0}, and any f € MT(RT). Therefore, taking into account
Theorem 3.2 and (14), we obtain (13). O
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Remark 3.5. Let

A={H"" o H":m,n e NU{0} }.
Then (A, o), where o denotes composition, is an abelian semigroup with identity. In
particular, Corollary 3.4 implies that the mapping

p:A—[1,00),
T +— ”T"LP(R+)
is a homomorphism.

Remark 3.6. Let 1 < p < oo and let n,m > 1 be natural numbers. As shown in
(13), the following combinatorial identity involving p and p’ holds:

m—1 n—1
m(, \n n+k—1 m—Fk m+k—1 N n—k
= . 1
e =Y (" e X (M T ) (15)
k=0 k=0
In particular, when m = n, this yields

n—1
n n n+k—1 n—k n—k
=3 (") e o)
k=0
On the other hand, since p and p’ are conjugate exponents, we have
pp)" = )" = (p+1)"

Hence, we obtain an alternative expansion of (p+p’)", which differs from the classical
binomial expansion:

(p+p)" = i (n +: N 1) "+ )" ").

k=0

The coefficients ("+,]:_1), for k=1,---  n, are known as generalized triangular num-

bers (see [2]). For a fixed n, their arrangement within Pascal’s Triangle is illustrated
below:

1 5 1 10 5 1
1 6 15 20 15 6 1
1 7 21 3 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126 125 84 36 9 1
1 1 10 45 120 210 120 45 10 1 1

n+k—1

FIGURE 1. The corresponding coefficients ( ]

and k=1,--- . n.

) form =1,...,6
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For instance, when n = 4, we have

p+p)' =10"+ @) +4" + @) +10(p* + (¥')*) +20 (p+ ).

4. POWERS OF H AND H* FOR REAL EXPONENTS

Let a > 0 be a real number. For a function f on R*, the operators H* and H*®

i b
are given by » IR ()
f(w)—mg/of()n (%)

H*f(z) = /f 1“1<>dt

whenever these integrals are well deﬁned. Note that H** is the adjoint operator of
He.

Observe that for a = 1, the operators H' and H*' reduce to the classical Hardy
operator and its adjoint, respectively. Furthermore, if a is a natural number, H*

coincides with the a-fold composition of H, as shown in (6). A similar statement
holds for H**.

Our next goal is to determine the norm of the operator H* and that of its adjoint.
Before doing so, we introduce some preliminary results.

Let 1 < p < co. We define the operator
T, : LP(RY,dt) — LP(R,ds)

and

by
T,f(s) = F(e")erlr. (16)
We first note that for 1 < p < o0,

o0

Tt pean = [ Tt ds = [ 15ePerds = [0 @t = 17 ogee
In the case p = oo,

| Tl oo roasy = [1f(€°)|| oo (r,as) = esssup |f(e®)| = ess sup [f@O)] = [1f ||z @+ae)-
>

seR

Consequently,
1T f |2 ®.as) = I1f | o s ae)- (17)
Thus, 7}, defines a linear isometric isomorphism between LP(RT, dt) and LP(R, ds).

Let a > 0. Let k, 4,k , : R — R be the functions defined by

p,ar “Up,a *
1
k;p,a(x) = P_a’)xa_le_(l_l/p)a;X(O,oo) (l’), (18)
and
kpa(@) = kpa(—2). (19)

The following lemma establishes several properties of these kernels.

Lemma 4.1. Let 1 < p < oo and a > 0. Let k,, be defined as in (18). Then the
following properties hold:
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() Ipall st = / bpa(e) dz = ()"
(i1) For any § > 0,

/ |kpa(z)|de —0 asa— 0"
|z|=6

(iii) For any § > 0,

sup kpa(r) >0 asa— 0%,
>0

In particular, for all x > 0
alir(r)l+ kpa(z) = 0.
() If 0 < a <1, then
| a0l = 0y
0

Proof. The proof of (i) is immediate, since

1 © D a
k all Tt = k @ dxr = a—-1,-(1 1/p)93d — = (p.
pellzr @ /]R pal) dr F(a)/o e T\ )

We now turn to (ii). Let 6 > 0. Then

1 & 1
0< / kyo(s)|ds = —/ % tem(173)% gg
|x\25| pa(s)| ['(a) Js

< ﬁ/& max{l,x_l}ef(k%)x dx
Cs
T(a)
for all 0 < a < 1. Since I'(a) — oo as a — 07, it follows that
Cs
['(a)

Therefore, by the squeeze theorem,

—0 as a—0".

/ kpa(s)|ds —0 as a— 0.
|z|>6

We proceed to prove (iii). Without loss of generality, suppose that a € (0, 1).

d 1
(p’)“F(a)%kpﬂ(v) _ (CL . 1)Ua7267(171/p)v . <1 . ]_D)Uale(ll/p)v

11

1
— pa2—(1=1/p)v (a 1 (1 - —> v> <0, (20)
p

for all v > 0. In particular, we have that k,, is nonnegative, and nonincreasing.

Therefore

1 1
k u =Lk “ N = —— 5(1—1 —(1-1/p)é 0
S Kpa(0) = Rpa0) = Ca Ty 0

as a — 07, since I'(a) — oo as a — 0.
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Finally, to prove (iv), observe that when 0 < a < 1, and using (20), it follows that

thy, o (t)]dt = —/ ta_le_(l_l/p)t< a—1)— t(l - —) ‘dt
| ol - | (a—1) .
(1—a) /OO -1 _—(1-1/ ( 1) 1 /OO o
. S v 1e Ptgr 4 [1— = oo~ (1=1/P)t gy
Pa) Jo p) I(a) Jo

— -+ (13 )l = 0

This completes the proof. 0

The following result shows that both H* and H**, up to a change of variables,
are integral operators of convolution type.

Lemma 4.2. Let 1 <p < oo and let a > 0. Let f be a measurable function. Then

(Tp 0 H)f(s) = Tpf * kpa(s), (21)
and

(T, 0 H**) f(s) =T, f * kyy o(5),
for all s > 0, where T, is defined in (16), kyq in (18), and k7 , in (19).
Proof. Let s > 0. On the one hand, we have

S

(1,0 H1(5) = To(H1(6) = P f(e) = s [ e e (5 )ae

[(a)
— ﬁ/ eS/pf(eu)(s . u)a—leu_sdu
- ﬁ / e f(e")(s — u) e T X (0,00 (5 — w)lu
= %@) /°° e“/pf(e“)(s _ u)a—le—(l—l/p)(s—u)X(Oyoo)(S — w)du

— [ rwhats - wiu

Therefore
(Tp 0 H) f(5) = Ty f * kpals),

is a standard convolution on R.

On the other hand, we have that

(T, 0 £)1(5) = Ty (6) = P ) = s [ ey (£)

= F(la) /SOO eu/pf(eu)(u . S)a—le—%(u—s)du

_ L 0 u/p u a— *%(ufs) B

~ T(a) /oo6 fle)(u—s)""e X(0,00) (1 — 5)du
- / Tpf(u)kpﬁa(u - S)du

= /OO T, f(u)ky (s — u)du.

—00



OPTIMAL CONSTANTS FOR CERTAIN HARDY-TYPE INTEGRAL OPERATORS 13

Therefore
(Tpyo H)f(s) =T,f * k:;/’a(s).
This completes the proof. 0]

The following result determines the norm of H® and its adjoint, and in particular
generalizes the results in (9) and (10).

Theorem 4.3. Let 1 < p < oco. Then
IH |z @ty = 1H" ||z @y = [[H [ oy = (0)", 1 <p < oo, (22)
and

g ey = I1H | @y = 1H | oy = 9%, 1 <p<oo. (23)

Proof. Let a > 0 and f € LP(RT) with 1 < p < co. We start with the case p = oc.
We have trivially that

by — | L[ a1 (T 11 (T
1 1 /7
< m ;/0 11| oo et ) et (%) dt = || f|| oo v+ at)

for all z > 0. Then
| H f| oot aty < || f oo et a)-

We now turn to the case 1 < p < oco. By applying (17), (21), and Young’s
convolution inequality (see [7, Theorem 1.2.12]), we have

[H fll Lot .ary = 1Ty 0 H fllzo®as) = [ Tpf * kpall Lo(r,as)
< Ty fllLe®.as) 1kp.all L1 (®,as)
= [|f o+, (P)°,
where the final equality follows from (17) together with Lemma 4.1 (i). Thus,

I fllo < ()1 f 1l

for all 1 < p < co. We now show that the constant (p’)* is optimal in the above
inequality. To this end, consider the functions

£ _
/

e 1 1
fe@) =2rr xon(z) and  ge(z) =z ¥ X1 (2),
where 1 <p<oocand 0 <e< 1. If 0 <z <1, then

€ 1 1 e € 1 € 1 1
Hf(z) = xpp—/ e Gy dy = v
D= ) ), CIESVIE
for all 1 < p < co. Now, by using Hélder’s inequality, we obtain
prog, > WLy o o @) g@llde 1
POl T [1Gell [ fell (e/p+1/p)" ’

as € — 01, for all 1 < p < oo. In the case when p = oo, we consider the function
f = X(0,1)- A straightforward computation shows that

[H felloo = [ felloo = 1.
This ends the proof of (22).
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Now we turn to (23). By a duality argument, we obtain
[ ™| o ey = ||Ha||LP’(R+) =p
for all 1 < p < oco. Now, consider the same functions f. and g. defined above. Then

1= felly o Sy [ fe(@) - ge(w)|dw

1H* ] =

el — gellr[[fell
_ Jo Mel@) - Hego(a)lde 1 .
- 1gellor [ Fellp Tt T

as € = 0%, for all 1 < p < co. In the case p =1, we consider the function f = x(o1
again. By Tonelli’s theorem, we get

1 1 1 1 1 1 1 t ¢
HH*“lez—/ / Tt (L dtda::—/ —/ (= ) dadt
F(CL) 0 T t T F(a,) 0 t 0 T

- ﬁ/ol /01 In®* (i)dmdt = ﬁr(a) =1=|fl-

This proves (23) and the proof is completed. O

Remark 4.4. The theorem above implies in particular that
[H | 2+ ) = K20l Lt ®as) = 2%
Now, using (21) and applying the Fourier transform, we obtain
(Ty 0 H)f(x) = Tof (2) - koua(2). (24)
Therefore, by applying Plancherel’s theorem together with (24), we conclude that
| Fll ey = I1(T> 0 H) Fllzaqasy = (T2 © H) | 2 s
<N ll2was 1ol e ras) = [ Tof [l 202 s | Foall oo s
= 12t an Rzl o .o
This means that
1 a2y < Rzl 2o (25)

Now, for x € R, we have that

— o 1 oo B _x(l—Qﬂif) 1
k2.a(8) = / kaa(z)e AT = —/ x¢le7®\2 dr = —————,
R P(a) J (% — 2m§)
where, in the last equality, we used formula 6.1.1 in [1]. Therefore

1
N, P,
5 i€

||k‘2,a||L°o(R,ds) = sup |k2,a(f)| = sup
EER £eR

1 —a/2 -
= sup <— + 47r2§2> = |k2.4(0)] = 2°.
cer \4

Hence

| H || L2t ar) = ||k2,allLrmds) = [[K2,allLoo(roas) = 27
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The following result shows that the operators H* and its adjoint form an ap-
proximation of the identity in LP(R™); that is, H*f — f and H**f — f in the
LP(R*)-norm as a — 0%,

Theorem 4.5. Let 1 < p < oo and let f € LP(R*). Then

lim [ HOf — ], = 0 (26)
a—0t
and
lim [|H*f — f||, = 0. (27)
a—0t

Proof. Let 1 < p < oco. We begin with the limit in (26). Let a > 0, and let

kpa : R — R be the function given by
/;p,a = (p) " "kp.a,

where k, , is defined as in (18). Then l;:p,a meets the conditions for an approximation
of the identity (see, for instance, [7, Definition 1.2.15]). Therefore, an application of
[7, Theorem 1.2.19] yields

lim |lg — g * kpalloas) = 0, (28)
a—0t
for all g € LP(RR, ds).

Now, by taking into account (17), Lemma 4.2, and Young’s convolution inequality,
we get

0 < [[(H* = I) flles,ay = [|Tp o (H* = I) fl| e (m.as)
=Ty 0 Hf — T, f| Lo .as)
= ITpf * kpa = Tpf || Lo (m.as)
= || ((p/)a - 1) T, f * Zcp,a + (T f * ifp,a - Tpf)HLp(R,dS)
< ()" = V) ITpf * kpallir@as) + 1T f — Tof * Epall zoas)
< (@) —1) HTPfHLP(R,ds)||];7p,a||L1(R,ds)
+ T f =T f * l;'p,aHLP(RdS)
— ()" = 1) [l + I Tpf = Tof % Fall o
Thus
0 < (H® = Dy < ()" — 1) [ Flogas an + 1 Tof = Tof iyl oy
letting @ — 07 and using (28) together with the squeeze theorem, we conclude that
|(H* = 1) f||Lor+a — 0, asa— 07
This establishes (26). The proof of the limit in (27) is analogous. O

Let f € L (R). Define

OC Lf::{xERzlim ! /yz|f(t)—f(x)|dt:0}. (29)

y—e T — Y

By the Lebesgue Differentiation Theorem, we have
R\ Ly| = 0.

The following lemma will be needed.



16 A. BEN SAID

Lemma 4.6. Let f € L'(R) and let 1 < p < co. Then
lim o ky () = f(2),

a—07t

for almost all x € R.

Proof. Let © € Ly, where Ly is defined as in (29). Let 1 < p < oo and let 6 > 0.
Then

Fbpale) = 110 = [yl = 5)(f(5) — f(@)ds
_jié r—9
= /_ kpo(x —s)f(s)ds — f(x) /_ kpo(z — s)ds

+ /i; kpa(x —s)(f(s) = f(x))ds
x40
+ / kpo(z —s)(f(s) — f(x))ds

o

b [ hale = )65 = ) [ yali = s)ds

+6 z+0
=L+ L+ I3+ 1+ I;+ I

Now, by the change of variable t = x — s, we obtain that

r—03 [e%e)
I < / iyl — )| £(5)|ds = / pa(8)| (2 — 0)]dt

—0oQ0

< (s tnat®)) [ 1160 = 01t < (s a8} 509 0,

>0
as a — 07, by Lemma 4.1 (iii).

Regarding I, we have

Ll = |f(z r/ b o(z— 5)d \/ (0t >0,

as a — 07, by Lemma 4.1 (ii).

We now turn to I3. By applying integration by parts, we get
B [ e =) = F@)ds = Eyala =) [ (70 = fla))du
[ bale =) [ (0 = p(@)duds
= —la(0) [ (7000 = fa))du

e ate— o [0 - sy

T

s=x—0
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Then, using Lemma 4.1 (iv), we have [ [tk], ,(t)|dt = (p')* < p' for 0 < a < 1, and
therefore

Bl < @) [ 1£(0) = f(@)ldu

e [ [ = s [ 1 bt - s
= k’p,a(é) /: |f(u) — f(:L‘)|du
z 4
b e [ [ - snad [0

<hul0) [ F(w) = f(2)|du

+ max 1 i 5 /;(f(u) — f(x))du /OOO |tk!, ,(t)|dt
= al0) [ 1700 = S+ max | [0 - s

Let € > 0. By Lebesgue Differentiation Theorem, there is 6 > 0 such that

! / “(Fw) — f))du

r—s
For that same 6 > 0, by Lemma 4.1 (iii), there is 0 < ap < 1 such that

ba(0) | ") - fl@)ldu < e,

-5
for all 0 < a < ag. Therefore, if 0 < a < ag, then |[3] < 2e.

p' max < €.

r—0<s<z

On the other hand, making the substitution ¢t = x — s, we obtain that
0

x40
L= [ hpale = 9)(5) = f@)ds = [ a7l = 0) = fla))dt =0,

-5
since supp(ky) = [0, 00). Similarly, we have that

00 —0
Is = / kpo(x —8)f(s)ds = / kpo(t)f(z —t)dt =0,

) oo
and
oo )
o= 1) [ byale = s = @) [ ya(tide=0.
z+6 —00
This concludes the proof. [l

The following result shows that H*f — f and H**f — f pointwise as a — 07.
Theorem 4.7. Let f € L'(R"). Then

T H°f(@) = f(2) (30
and
Jim HEf(x) = [(2) 1)

for almost every x > 0.
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Proof. We only prove (30), as the proof of (31) is analogous. Let x € Ly, where Ly
is defined in (29). Note that > 0. Let 1 < p < co. Then
2PHOf(2) = ' HOf(e®) = (T, 0 H*) f(lnz) = (T, f * kpa)(Inz),

where T}, is defined in (16), and where Lemma 4.2 has been used. Applying Lemma 4.6,
we obtain

lim (T, f * kpo)(Inz) =T, f(Inz).

a—0t
Hence
lim VP Hf(x) = 2P f(x).
a—07t
Equivalently
lim Hf(x) = f(x).
a—0t
This completes the proof. ([l

5. APPLICATION

In this section, we investigate the norm of the exponential maps of H and H*.
Let el e : [P(RT) — LP(R") be the operators defined by

o0 o0

efl = Z%H”, e = Z%H*”

n=0 n=0
The operators el and ef” are well defined and bounded on LP(R*) (see [13]).
Theorem 5.1. Let 1 < p < oco. Then

HGHHLP(R"') — €||H||LP(R+) — ep/' (32>
e lr@+) = el lp@ty — o, (33)

Proof. We will prove only (32), since (33) can be established by an analogous argu-
ment. So,

N N

1 1
HeHHLp r+t) = || lim —H" = lim ~ g
RT) I :
N—o0 n! N—oco n!
n=0 LP(RY) n=0 LP(R+)
N oy o
= 1i J— n — _ n — HH“LNR+):: p’
]&%;n!”m'”m” ano SN gy = ¢ e,

In the second equality, we have used the continuity of the operator LP-norm, while
in the third equality we apply Theorem 3.2. U

Remark 5.2. Note that, in general, the identity

HeTHLP(]R'*') _ eHTHLp(JRJr)

does not hold for every bounded operator T': LP(R™) — LP(R™). To illustrate this,
consider the Volterra operator V : L?[0,1] — L?[0, 1] defined by

viw = [ s
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Halmos [8, Problem 188] computed the exact value of the operator norm of V. It is
given by
IV Nitons = =
12[01] = -

The norm of the square of the Volterra operator was determined by Horgan (see [11,
Table 1]), who showed that

1
V2 201y = 2
where p is the smallest positive solution of

(cos p)(coshp) +1 = 0.

Numerically,
V?[| £20,1] & 0.28441289...

In particular,
9\ 2
||V2||L2[O,1] <0285 <04 < (;) = ||V||%2[071}

Consequently, we obtain the estimate

N 1 1,
le¥ (|20 < EHV 20,00 < 14 [V | 2200, + §HVQHL2[0,1] +) EHVHLQ[OJ]

n=0 n=3
Lo N 1, ..
<L+ [V lzzoa + 51V + 22 IV = Do — VI
n=3 n=0

— MVl

This shows that, in general,

1Tl 1p e+
|‘€THLP(R+) <e LP(RT)

may occur.
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