GENERALISED HAJLASZ-BESOV SPACES ON RD-SPACES

JOAQUIM MARTIN* AND WALTER A. ORTIZ**

ABSTRACT. An RD space is a doubling measure metric space 2 with the ad-
ditional property that it has a reverse doubling property. In this paper we
introduce a new class of Hajtasz-Besov spaces on 2 and extend several results
from classical theory, such as embeddings and Sobolev-type embeddings.

1. INTRODUCTION

Recently, Besov type spaces defined on metric spaces have been rapidly intro-
duced and developed, and several results from classical theory have been extended
into this new context (see for example [61], [31], [47], [21], [22], [32], [13], [38], [56],
[2], [37] and references therein). In this paper, we continue our research on this
topic initiated in our previous papers [42], [43] and [44].

Among the various equivalent expressions for defining Besov spaces in metric
measure spaces, we use the approach based on a generalisation of the classical L?
modulus of smoothness introduced in [21]. More specifically (precise definitions
and properties used in this introductory section can be found in section 2), we
assume that (€,d, p) is a metric measure space equipped with a metric d and a
Borel regular outer measure pu, for which the measure of each ball is positive and
finite and p ({z}) =0 forall z € Q. Givent > 0,1 <p < oo and f € L (Q), the
LP-modulus of smoothness is defined by

1/p
&, (f.t) = ( /Q (ﬁ (I’t)lf(x)f(y)lpdu(y)> du<x>> ,

where, as usual, f 4 9(x)dp(y f 49 is the integral average of the
function g over a measurable set A Wlth 0< u(A) < 00.

For 0 < 6 < oo, the homogeneous Besov space Bqu(Q) consists of functions
feL? (Q) for which the seminorm

1fllse o ::{ (Jo (t—05 (f.t ))q%)l/q7 | <q<oo

loc

Supt>0t (f, )a q = 007

is finite.
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If 0 < 8 < 1, this definition gives the usual Besov space in the Euclidean setting,
since as was observed in [21], £,(f,t) is equivalent to the standard LP-modulus of

smoothness wy(f,t) = supjp<¢ [|f(z +h) = f(@)]| 1o@n)-

Classical theory generalises Besov spaces in the following way:

(i) Replacing the regularity index ¢=% by ¢t=?b(t), where b is a slowly varying
function (b € SV'). This change allows to modify the smoothness proper-
ties of functions; the resulting spaces are often called generalised smooth
Besov spaces, see e.g. [17], [24], [25], [58], [59], [60], the literature on this
subject is extensive.

(ii) Replacing the basis space L? in the definition of the LP modulus of smooth-
ness by a Lorentz space, an Orlicz space or a rearrangement invariant (r.i)
function space® (see e.g. [18], [54], [10], [11], [16] and the references given
there).

The combination of these two ideas has been a frequently used means of obtain-
ing the complete solution of some natural questions that require a fine control of
the behaviour of the functions involved (for example in variational problems and
PDE’s), and numerous works have been devoted to proving embedding theorems
and fundamental topological properties for Besov spaces obtained in this way, which
are crucial in applications?.

In this paper we will introduce a new type of Besov spaces defined in metric
measure spaces, which incorporates and generalises the ideas described in items (i)
and (ii) above. More specifically,

Definition 1. Let (,d, ) be an RD— space. Let X be an r.i. space on Q, E an
r.i. space on (0,00), b € SV and 0 < § < co. The Generalised Homogeneous
Hajlasz-Besov Space BG X B U defined as the set of functions f € L' 4+ L™ such
that the quasi-norm

(1) Hf”éi(vi = Ht_ab(ﬂEX(ﬂ t)HE
is finite. Here Ex(f,r) is the the X —modulus of continuity defined by

EX(fat) -

)
X

][ (@) — 7] du(y)
B(z,t)

and E is the corresponding r.i. space with respect to homogeneous measure dt/t.3

Similarly, the Generalised Hajlasz-Besov space BH X.p 1S BH . N X with the
norm

1l = b0 Ex (£.0)l| oy + 11 -

Example 2. If0 < 6 < 1 and E = L9(0,00) then E = L4((0,00), %) and Bipl La =

g
ng(Q) (see Remark 15 below), while BG%SVLQ (R™) is the classical Besov space of
generalised smoothness.

Lie. a function space which satisfies the following condition: if f and g have the same distri-

bution function, then ||f||x = ||g]|x (see Section 2.1 below).

2We refer the interested reader, for instance, to [40], [23], [48], [16], [6], [27],126], [1], [3], [5],
[55], [4] and the references quoted therein.

3See Section 2.2.2 below.
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The main point in (1) is the replacement of the r.i. space L9(0,00) by the richer
family of r.i. spaces FE, which we believe is the natural framework for presenting
this theory. For example, any ultrasymmetric space (see [50]) can be derived in this
way, in fact the theory of utrasymmetric spaces developed by E. Pustylnik in [50],
and a variant of the real interpolation method introduced and studied in [19] and
[20] have been both a motivation and a model for the Besov type spaces introduced
above.

The aim of this paper is to extend several results from classical theory, such
as embeddings, Sobolev-type embeddings, embedding in BMO, essential continuity
and Morrey type embeddings, for the generalised Hajtasz-Besov spaces introduced
in the definition above. Notice that Besov spaces defined in this way are also new
in the Euclidean setting; moreover, as we will see in sections 3 and 4 below, this
general context will be of particular interest since, rather than complicating things,
it often makes the results more transparent.

The structure of this paper is as follows. In section 2 we review well-known results
and give some further notation and background information, as well as more details
on metric spaces, function spaces, SV -functions and parameters. In section 3 we
prove some embedding results for generalised Hajtasz-Besov spaces. In section 4
we will see that for 0 < # < 1 generalised Hajlasz-Besov spaces can be realised
as real interpolation spaces, this description will allow us to obtain Sobolev-type
embedding theorems. Criteria for essential continuity, embedding in BMO and
Morrey type results are also obtained and some examples are given.

Throughout the paper we will write f < g instead of f < Cg for some constant
C > 0. The functions f and g are equivalent, f ~ g, if f < g and g < f. We also
say that a function f is almost increasing (almost decreasing) if it is equivalent to
an increasing (decreasing) function.

2. NOTATION AND PRELIMINARIES

A metric measure space (€2,d, ) is a metric space (£2,d) endowed with a Borel
measure 4 such that 0 < p(B) < oo, for every ball B in 2. We will also assume
that (Q,d, p) is atom free, i.e. p({z}) =0 for all z € Q. For any = € Q and r > 0,
set B(z,r) :={y € Q:d(z,y) <r}.

A metric measure space (2,d, u) is called an RD—space if there are positive
constants 0 < C7 <1< (5 and 0 < k < n such that for all x € Q and A > 1, we
have

(2) O\ u(B(z,1)) < p(B(x, Ar)) < CoA"u(B(z, 7).

We will call the pair (k,n) the indices of the RD space (see [34] and [63] for more
information and equivalent characterisations of RD-spaces).

We note that (2) implies the doubling property, there exists a constant Cp > 1
(called the doubling constant) such that
(3) p(B(x,2r)) < Cppu(B(x,r))

and the reverse doubling property: there exists a constant a € (1, 00) such that
for all x € Q, u(B(x,ar)) > 2u(B(x,r)).
It follows from (2) that there exist positive constants cg, Cy such that

comin(r®, r™)u(B(x, 1)) < p(B(x, 7)) < Comax(r*, r™)u(B(x, 1)),
forallz € Qand 0 < r < co.
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We will say that a metric measure space (), d, u) satisfies the non-collapsing
property if
k = inf u(B(z,1)) > 0.
x

Therefore, RD—spaces satisfying the non-collapsing property, verify that

4) cormin(r¥, ™) < pu(B(z,r)).

See [44] for more information on metric measure spaces satisfying the non-collapsing
property.

2.1. Rearrangements of functions and rearrangement invariant spaces. In
this part we will give some basic background from the theory of rearrangements
and r.i. spaces, which will be used in what follows (for an exhaustive treatment of
these topics, we refer the reader to [8] and [35]).

Let (€,d, 1) be metric measure space. For measurable functions f : Q@ — R, the
decreasing rearrangement f; of f is given by

fu(s)=inf{t > 0: p{z € Q:[f(x)] >t} <s}, s>0.

In the following, we will omit the indices g whenever it is clear which measure
we are working with.

A basic property of rearrangements states that

sup !/;If(w)ld#/==j£tf*(8ﬁis

n(E)=t

Since f* is decreasing, the maximal function f** of f*, defined by

* % 1 i *
=7 [ res
0
is also decreasing, and
f* < f**
We single out two subadditivity properties, if f and g are two y—measurable func-
tions on 2, then for t > 0

(f+9)"(2t) < [ () + g (t)
and

(f+9) () < () + 9™ ().
The oscillation O(f,-) of f is defined by
O(f,t):==f(t)— f*(t), 0<t<oo.
Notice that
9 ey Ofi1)
and that the function ¢t — tO(f,t) in increasing.

A Banach function space X, () on (2, d, 1) that satisfies the Fatou property is
called a rearrangement invariant (r.i.) space if, for any two measurable functions
f and g the condition g € X, (), f*(t) < ¢g*(t) for almost all ¢ > 0 implies f €
X, () and ”f”XM(Q) < HgHXM(Q). Typical examples of r.i. spaces are L7, (2)-spaces,
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Lorentz spaces, Marcinkiewicz spaces, Lorentz-Zygmund spaces, Orlicz spaces and
Lorentz-Orlicz spaces.

To condense the notation throughout the paper, we will omit the measure and
the set when referring to a function space defined in (€2, d, i), so we write X instead
of X,,(92).

For any r.i. space X we have

L®NL'c X c L'+ L™,
with continuous embedding.

A useful property of r.i. spaces states that

©) | s [ ve >0 151 < ol
for any r.i. space X.
Given an r.i. space X, the set

X':{f: [ @) dute) < o gex}

equipped with the norm
g £l = s [ |f@)g@)] dutz)
gl x<1JQ

is called the associate space of X. It turns out that X’ endowed with the norm
given by (7) is an r.i. space. Furthermore, the Holder inequality

(8) / F@)g(@)] duz) < 1]l lollx

holds for every f € X and g € X'.
A useful tool, in the study of an r.i. space X is the fundamental function of
X defined by

¢x(t) = lIxrlx

where F' is any measurable subset of Q with u(F) = t. The fundamental function
¢x is quasi-concave. Moreover, one has that

(9) dx(t)px () =t.

Let 1 < p < 0o and let X be an r.i. space on §; the p—convexification X () of
X, (see [39]) is the r.i space defined by

1
XO = {f: /P X}, Iflxwm = IFPILY.
For example (L')®) = LP.

2.2. Parameters spaces, extension indices and slowly varying functions.

2.2.1. Parameters Spaces. We consider two different measures on (0, c0), the usual
Lebesgue measure dt and the homogeneous measure dt/t. We use characters with
a tilde for spaces with the measure dt/t. For example,

= [ 101§

while L>(0, 00) = L>°(0,0).
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A parameter space F = FE(0,00) will be an r.i. space on (0,00) with respect
to the Lebesgue measure. Given a parameter F, we may always assume that F is
an exact interpolation space between L' and L> ie. E := F(L',L>) for some
real interpolation functor F. Together with F, we consider the space obtained by
the same functor F from the couple (L', L), i.e. E := F(L',L>). The space
E is an r.i. space respect to the measure dt/t. The spaces E = E(0,00) and
E=F (0,00) can also be connected directly without using interpolation functors,
since f(t) € E(0,1) if and only if f(e™*) € E and f(t) € E(1,00) if and only if
f(e) € B. Moreover, [[fll 5.1y = (€™ 15000y a0 1711 5100y = £ 50,00
(see [50]).

Sometimes it is useful to divide the interval (0, co) into two subintervals (0, t) and
(t,00), considering the spaces F(0,t) and E(t,00) separately, using this notation,
we can write

1z = 1 fls0,6) + Il £t,00).

The same applies to E. R
A useful property of F, (see [51]), is that for any positive numbers a,b > 0 and
any function g € E, the following equivalence holds

(10) l9(at”)|| z < min(1,0) llgll -

Associated with each parameter F is a pair of indices, the upper and lower and
lower Boyd indices (see [8]), defined by

Inhg(s)
d = —_—.
s>1 Ins anc. Qg S;EE’ Ins
where hp(s) is the norm of the dilation operator Dif(t) = f(%),s > 0. For
example a;, = ars = 1/q.
For more information on this topic see [15], [50], [51], [19] and the references
quoted therein.

2.2.2. Slowly varying functions. We say that a positive Lebesgue measurable func-
tion b, is slowly varying on (0,00) (b € SV) if, for any € > 0, the function t°b(t)
is almost increasing on (0, c0) while the function t~¢b(t) is almost decreasing on
(0,00). In fact, we have that for every € > 0, there is a positive constant c. such
that

(11) et min(t7%,t%)b(s) < b(st) < c. max(t~=,t°)b(s), t,s > 0.

The family of SV functions includes powers of logarithms, ¢(¢) = (1 + |[Int|),
t > 0 and a € R, broken logarithmic functions

A1) = (I+|Int])>, 0<t<1,
Tl (L ne)B, t>1,

A = (a,8) € R? and also functions such as b(t) = exp ([Int|*), o € (0,1). The
latter family of functions has the interesting property that each of its members
tends to infinity faster than any positive power of the logarithmic function.

The following result (see [19]) will be useful in what follows.

Lemma 3. Let E be a parameter and b € SV. For all a > 0 we get
(i)
[s“b(s)l| (0,4 = t*b(t) and Hsfab(s)HE(t)oo) ~ t7b(t).



(ii) When « > 0, the Hardy-type inequality

sfo‘b(s)/o f(s)ds|| < Hslfo‘b(s)f(s)dsHE

E
holds for each measurable positive function f on (0,00).

For more information and further examples of slowly varying functions see [12]
or [45].

2.2.3. Eaxtension indices. Let ¢ be a positive finite function on (0, 00), we define its
associated dilation function as
p(st)
M, (t) = sup
A=)
If M, (t) is finite everywhere, then the lower and upper extension indices of ¢
exist and they are defined by

log M,(t) — log M, (t
B =lim log Mo (t) ), B, = lim log Mo (1) )
=¢ t=0 logt ?  tooo  logt

In general, —co < ﬁw < Bw < 00, but if it is increasing, then 0 < éw < Bso < 00,

and if it is quasi-concave, we have 0 < ﬁw < Bw < 1. Also

¢ d 0 ds .. —
(12) o(t) ~ /0 <p(s)?8 if 0 < éw and @(t) ~ /t gp(s); if 8, <0.

Note also that both indices remain the same after replacing ¢ by any equivalent
function.
The following properties of extension indices are easy to prove:
Proposition 4. Let b € SV and f, g positive finite function on (0,00). Then
(1> Bb = éb =0.

(ii) If o(t) = t°b(t)f(t), a €R, then B_=a+ 3, and B, =a+B;.

(iil) If o(t) = f(1/t) or @(t) = 1/f(t), then ﬁgp = —Ef and B¢ = —ﬁf.

(iv) If o(t) = f(B)g() then 3> 3, +B. and B, < B; + B,

It follows from (ii) that ¢(t)/t* is almost increasing for any a < ﬁv and almost

decreasing for any a > Bw‘
Given X an r.i. space on (), the fundamental indices QX and Bx of X are
defined as the lower and upper extension indices of its fundamental function px.

3. EMBEDDINGS OF GENERALISED HAJEASZ-BESOV SPACES

In this section we first analyse the effect of replacing the basis space X and/or
the parameter E by convexifications of them, and we prove several embedding
theorems.

Proposition 5. Let (Q,d,p) be an RD—space, X an r.i. space, E a parameter,
be SV and 0 < 6 < oo, then
0,b o0,b o0.,b
BX,Ll C BX,E C BX,L(X)
and
Bg(’,bLl - B&?E - B?é,bLOC'
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Proof. Tt follows from (3) that there is a positive constant ¢ which depends only on
the doubling constant, such that

(13) ¢ 'Ex(f,s) < Ex(f.R) < cBEx(f.7)

forall 0 < R/2 < s < R <r < 2R, thus

(14) b(r)r*Ex(f,r) 2 rb(t)t_eEX(fJ)%fHb(t)t_eEX(fat)HEHX(T,%)’E/

T

= /500 ().

Therefore
Bx g CBx -
To see the first embedding, we will see that for any ¢ > 0 we have

b1 B (£ g = | b0 Bx (905

In virtue of interpolation properties of any parameter F, it suffices to prove this
inequality for the extreme spaces L' and L>. The above inequality is obvious for
E = L'. Let us check it for F = L.

By (14) we get

ds

2r
b(r)r‘eEX(f,r)j/O )t " Bx(f, )
thus ot J
b1 B (£ |y = [ s B (0)
O

The next result is an extension of the well-known embedding B p o C Bz g When
I1<q <qe.

Proposition 6. Let (2,d, 1) be an RD—space, X an r.i. space on Q, E a param-
eter, b€ SV and 0 < 0 < oo. Suppose that 1 < p < q < oo, then

. < o
Wt = W0z,

The same embedding holds fm" the inhomogeneous case.

Proof. By the previous result, B E@) cB% X, Loo, hence
190es = [ o0Ex(s0)" HE = [P swEx(r.0) (b Ex(r0)"|

<sup (1700 Ex(£.0)" " |00 Ex(£.0)"|
= 115t b0 Ex (100
Ht_gb VEx(f:t HEm ’
that implies the desired result. (I

We will now c0n51der the effect of replacing the space X by X (9 and the relation
between the spaces B E and BY X(q) B for which we need the following technical
result obtained by Ranjbar-Motlagh in [53] for the special case X = L. We will
give its proof in the Appendix section at the end of this paper.
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Lemma 7. Let (Q,d, ) be an RD—space that satisfies the non-collapsing condition,
X an r.i. space on 2, ¢ > p > 1. Then, for any f € L' + L™ and any r > 0, there
exists a constant ¢ = c(cg, k, Cp) such that

(i)

¢
< : — Il xw
x@  x (min(rk,rm))r e

Ji Wl

5X(p) (f, S) ds

x (min(sk, s”))%_é 8§

4r
Exw(f,r) < C/
0

where

1/p
Exw (f,t) == H (ﬁ}( ) |f(x) = f(w)” du(y)>

X (P

Theorem 8. Let (Q,d,pu) be an RD—space, X an r.4. space, E a parameter,
beSV,0<f<oo,1<p<ooandl <o <oo. Let Bx < v <1 be such that the

o ex(t) ; 4 _ 1
function % s quasi decreasing” and o = 6 + % (1 — ;) . Then

: =<1 £1l g
A lgee S W lsee

Ifllger 2 fllgar
x(op) B x() . E

(iii) and

A 1—9 1
(15)  fllxom < U050 A0S |1+ ;

X(:D),E
b <(||f||X(p) / ”fHB;)(bp) E>

)

4By proposition 4, this is always satisfied if Bx < v < 1.
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Proof. (i) By the previous Lemma, and since

¢x (t)/t7 is quasi decreasing, we get

Ifllger = [o@t Exen (f,6)|| 5
x("l’),E
<oy [ Lxwlfn s
> 0 @X(min(sk,sn));_ip S| -
~ ||b(4t) (4t) " / ! Exw(fs) ds
0 x (min(sk, s7))»"7r S || ;

t
> e [ —Sxelh B )

0 x (min(sk,sn))r~or S| =
< ||b(t)t=* 5X(p)(f’t)lii (by Lemma 3)

@x (min(th, )77 ||
- b(t)t“"( t )”_”” Exm (fi1) + Loy Exm (fi1)
- px (t") 1 (5-5) 5o o (th)7 75

_oExw (fit _

=< |[b(t)t 9% @ e (£ 5100

1 (3-75) E(0,1)

BN

Finally, since

£ llger (6@ Exor (£ O] 51 ) -
x(P) g a, )

1/p
Exwm (fit) = H (][ |f(x) = fy)I du(y)>
Bla.t) X ()
1/p
< il + (f f(y)l”du(y)>
B(z,t) )
< A fllxe + m Ilfllxw (by Lemma 7)

it follows that

(16)Hb(t)t_0€X(P) (f> t) HE(l,oo)

IN

_ C
Hb(t)t 0 (1 + W) £ 1l x

E(1,00)

L+ ) 1l 18] 51 0
||f\|X(p) (by Lemma 3).

A

(ii)We know from part (i)

=l

||f‘ éi(’?ﬂp),E x() g

E(1,00)
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On the other hand

(17) [l xeon < I lxeon —

][ (@) dp()
B(z,1/4)

][ (@) dy(z)
B(xz,1/4)
=1+11I.

X (op)

_|_

X (op)

From Lemma 7 (i) with » = 1/4 we get

(18) IT 2| fllx o -
By Holder’s inequality, the concavity of ¢x and the fact that ¢x(¢)/t7 is quasi
decreasing, we have

op1/op

(19) I<

|f<x> - ][B S

X

(]1 (@) — £(y)] du(y)>
B(x,1/4)

X
1
= Exen(f,1/4) 2 / M% (by Lemma 7 (ii))

0 (px (s7)7 7

1/op
<

:/1 s7Ob(s)Exwm (f,s) s¥ ds
0

(px (S"))%_# b(s) s

< b2 Exm (f,t) g (5-25)
e QU v | o

t o/ 11E(0,1) b(s) (SOX (8 ))P op B(0.1)
< ||b(t)e=? Exwm (fit) E
= m(5-35) £(0,1) b(s) B (01)
=< ()’ SX((pi(_f,lt; (by Lomama 3).

tn"/ p op E(O,l)

Inserting (18) and (19) into (17), we find that

t—9 €X(P) (f7 t)

(5-35)

1 leom < Hb(t)

A lxwm =111,

E(0,1) PN

Thus

”fHBi’?ap) = £l xom + (|0 Exan (f, t)HE(o,n

<Al .,

x() E

as we wanted to show.
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(iii) Let 0 < R < 1/4, then

1 llxcor < [I1fllxc00r — H][ )| du(z)
X (po)
sl 1r@lduta)
B(z,R) X (po)
=I1+11I.
From Lemma 7, we get
1
X ————— |fllxo

(px (Bm))» 7
and with the same argument that was used to get (19), we have
4R
R e
0 (px(sm))r o 3

On the other hand, using the fact that ¢x (¢)/t” is quasi decreasing and Lemma 3,
we have

/4R5M‘L9:/4R5x<m(f,s) s (5 7%) ds
0 . 0 )

(px(sm)r 5% px(sn)r 70 S

”7/ Exw (f,s) ds
0 5"’)’(171%0) S
(

3"’)’(%71%0

—~

. ( R )H b(s)s~*Exn () o
~ \ex(B7) min(st, s7)7(5~77) B(0,4R) b(s)
57pe o 0
< ( 2 ) " R || bls)s " Exin (f,9)
~ \px(R") b(R) min(sk’sn)v(%fp%) )
In summary
1
R P po 1
f pa<<) <f » + f )
lxom = ( =7 iy Wl + g Wl
So for 0 < R < 1/4, one gets
1
1l x oy = 0<H1§f<1 <}W £l xw + 7757 ( ) I1£] B, ) :
If we choose
1
ae [ W )T
41 f 1l gor
x(ﬁ),E
then the submultiplicative inequality (15) holds. O

Remark 9. For the special case X = L'(Q) and E = L%(0,00), the previous
theorem was proved in [52, Theorem 3.3] and [52, Theorem 3.6]. See [36, Theorem
7.1] in the Euclidean case.

E'(0,4R)
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Example 10. If r > p > 1 and o = 0 + % (1 — 2), then the Theorem 8 gives

p
the following submultiplicative inequality for classical Besov spaces of logarithmic
smoothness Bf,jf (R™):

1

* 171
f BOL )
<1 +1n <|f|fpfm

4. GENERALIZED HAJLASZ-BESOV SPACES AS INTERPOLATION SPACES

/1

0 1—9
P Ty A ) o .

In this section we prove that the spaces Eaiiél()(,p)yE and Bg(’f’E, 0 <6 <1, can be
constructed using the real interpolation method described in [19]; this description
will allow us to obtain Sobolev-type embedding theorems in the subsection 4.1.

Let (€2, d, 1) be an RD—space, let f be a u—measurable function, a non-negative
measurable function g that satisfies

[f(@) = fy)l <d(z,y) (9(z) +9(y)) n—ae zyel
is called a 1—gradient of f. We denote by D(f) the collection of all 1—gradients of
I
The homogeneous Hajlasz-Sobolev space M"¥ consists of measurable func-
tions f € L' + L for which

-1,x = inf
I lgox = inf sl

is finite.
The Hajtasz-Sobolev space M ¥ is M1 N X equipped with the quasi-norm

1 lax = 1l + £l

Remark 11. The definition formulated above is motivated by the Hajltasz approach
to the definition of Sobolev spaces on a metric measure space (see [29] and [30]),
where MYP was defined as the set of measurable functions f for which
-1,p = inf ,

150 = inf gl
is finite®. Based on this definition MLX appears naturally when the Lebesgue norm
is replaced by the norm |||y, for example, if X is an Orlicz space, we get the
Orlicz-Hajlasz-Sobolev space (see [62]), and if X is a Lorentz space, we get the
Lorentz-Haglasz-Sobolev space (see [14]).

Recall that given (Xp,X1) a compatible couple of (quasi-semi)normed spaces
(i.e. there is a topological vector space X such that Xy and X; are continuously
embedded into X'). For every f € Xo+ X; and ¢ > 0, the Peetre K —functional is

K(f,t; Xo,X1) = inf t .
(f.6:X0. X0 = b {follx, + Al )

The following interpolation method has been introduced in [19] and is an exten-
sion of the well-known real interpolation method with a functional parameter (see
[28] and [46])).

5For p > 1, see [29], [30], M1P(R™) = WLP(R"), while for n/(n+ 1) < p < 1, MLP(R")
coincides with the Hardy-Sobolev space H':?(R™) [33, Theorem 1].
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Definition 12. Let (Xo, X1) be a compatible couple of (quasi-semi)normed spaces,
E a parameter, b € SV and 0 < 0 < 1. The real interpolation space (Xo, X1)op.E
consists of all f in Xo+ X1 for which the norm

Hf”(XOle)e,b.E = Htieb(t)K(f,uXOaXl)HE
is finite.
If £ = L% and b = 1, then the space (Xo,X1)gs,r coincides with the classi-

cal real interpolation space (Xo,X1)s,4- For more information about the spaces
(Xo,X1)o,p,r and their applications, see for example [19], [46] and [49].

Theorem 13. Let (Q,d,u) be an RD space, X be an r.i. space, and p > 1, then
for all f € X® 4 AAX and t > 0, we have that

o1 X(P) 0 . .
(20)  Exw(ft) < Exon (£1) S K(£,XP M7 ) 2> 277 Exo (f,2t)
j=0
<Y 27w (f,21)
7=0
and
o (p)
K(f,t, XO, MYy 2 K(f,6, X M)+ min(1,6) || £l] o -
Where
1/p
Exw (f,t) = " |f(z) = fw)l” du(y)>
B(zx,t
X ()

Proof. In [44, Theorem 11] we proved that
o 1,X(P) s . :
Exw(f.t) X K(f,t, X" M ) 2> 279 Exa (f,278).
=0

By Holder’s inequality we get Ex ) (f,t) < Exm (f,t), so the right hand side in-
equality of (20) follows. To see the left hand side inequality, given f € L' + L,
1 <p< ooandt >0 we define define

1/p
TP f(x) = (ﬁ . If(y)pdu(y)>

we claim that the family of operators {T?},_ is uniformly bounded on X®.
Obviously

(21) ITE fllpee < Ml pee -
On the other hand, by Fubini’s theorem, we get

/ (ﬁ G (y)lpdu(y)> dpu(z)
1
/\f </B(w) WW(%)) du(y).

177 fIZe
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Using the doubling property and the fact that B(x,r) C B(y,2r) whenever y €
B(x,r), we conclude that

1 1
/BW) W(Ba ) e = G /B(,m (B 2r) )
1

du(z)

IN

IN

Cof s
! B(y,r) :U’(B(ya ’I“))
C,.

Thus, for all » >0

(22) 1726150 < Co [ £GP duts) = Cu 1

By combining (21) and (22) with the definition of the K functional, we obtain
K(TPf, 17, L7, L*°) < K(f,t/?,LP, L), (t>0).

Since (see [9, Theorem 5.1])

t 1/p
K@ 0.2 = ([ oy as)
0
we have

A (TP 1) (5))" ds < / (" ()" ds
which by (6) implies that

ITEA N5 =M

which is equivalent to

(23) 1T fllxo = fllxw -
Let f = g+ h, where g € X® h e M“X" and let t > 0. Then

1/p
(][ |g<x>—g<y>|”du(y>> < Jg(a)] + TPg(x),
B(z,t)

consequently, by the previous claim,
Exw (9,t) 2 N9l xw + 1179l xa =19l xw -

On the other hand, since h € MYX™ by the definition of the 1—gradient, if
0 € D(h)N X®) then

1/p
(ﬁ ( t)h(m)—h(ynpdu(y)) s(

1/p
]{B - d(z,y)Plo(x) + Q(y)lpdu(y)>

1/p
][ d(z, y)" (o) + o)) du(y)>
B(z,t)
<t(o(x)+TFo(x)),

IN

hence

Exw (h,t) tlollxwm +tIT o Il x

<
= tllellxe (by (23)).
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In consequence

7 -< 1 = .
gX(p) (hvt) - tgelgfu) HQHX(P) t ||h||M1,X(p) Q)"

and taking the infimum over all representations of f in X® + MbX @ (Q), we
obtain

& =< y ()
X (P) (f7 t) K(f,t,X(p)7M17X g )
O

Having determined the K —functional between X and M5X in terms of the
X —modulus of smoothness, it is a known routine to determine the correspond-
ing interpolation spaces.

Corollary 14. Suppose X is an r.i. space on Q and p > 1. If0 <0 < 1, E is a
parameter and b € SV, then

20.,b 1,x®
(24) BX(p>,E = (X(p) M )06,
and
(p)
(25) By, = XD M g,

with equivalent norms.
Proof. Let us write K(f,1, X(p),l\o/ll’x(p)) = K(f,t). Obviously
7o = [ 80) Exn (£.8)] 5 = [ b K (L) < 117

(X( ») Ml X(P)) 0.5,
Conversely,
_ (-t —¢ x '
||fH(X<P) IV X(P)) 0.b,F - Ht b(t)K(fvt)HE‘ =t b(t)z2 JEX<P)(f’2]t)
Jj=0 E
> (t) 0 '
< 00 00 b 20
= t>0 b It) E

ZW up A0 ) (00 ()] by (10).

To complete the proof, we need to see that the above series is convergent. Consider
e > 0 such that § — 1+ ¢ < 0, then it follows from (11) that

bt)
u = 27¢
720 b(291)

which implies convergence of the series.
To see (25), [t f(¢ )min(l,t)HE1 and Ht“gb( Ymin(1,t) HLOO
are both finite, so by interpolation Ht_gb( min(1,t) HE < 00, hence

1))((:0)

(p) v
(X(p)’MLX Yoo E = (X(p),M oo.2 + Ifllx o -

s
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Therefore
[fllgor = Ht_eb(t)EXm (f, t)HE(o nt £l x
x() g ’

< |t E L) 5+ 1l xw

= Hf”(x(p),MLX(p))e,b,E ’

Conversely, Exo) (f,t) < || fllxw gives

|6 K (f,1)]| 5 = ||t 0(t) Exon (f, 1) 5
~ ||t (t) Exn (f,1)|| 5 o T t=b(t) Ex (f.1) HE(l 00)
= [t Exan (£, D)l 5.1y + 1 lxen [0 | 51 )
2 [ Exor (£,9)]| o1 + Il (by Lemma 3)
= ”fHBf{’é’p)E

O

Remark 15. It is clear, that if in the previous corollary we use the functional
Exw (f,t) instead of Exw (f,t), then the same conclusion holds. In particular,

since for 1 < p < oo, LP = (Ll)(p) , we get
_ ((Ll)(P) 7‘]\'4-1,‘71) — Bs

1,
B, = (LP M P) e =Br

0,q

with equivalent norms. Similarly BY, a=Bpq

A direct application of Theorem 5.1 and Corollary 5.2 of [19] gives us

Theorem 16. Suppose X is an 1.i. space on ), Eg, E1 and E parameters, and
b,by and by SV — functions. Then, for 0 < 0y <60, <1 and 0 <6 < 1, we get
261,01

300,bo 20,b
B g ) - B
( X.Eor PX.B ) gy o X,E

where § = (1 — 0)0y + 001 and b(t) = b5~ (£)bY ()b (t91=0by(t) /b1 (1)) , and

(M1X 9171;1) B;é,i)
XEBi)y X,E

s0y

where 0 = 00, and b(t) = b ()b (t% /b1 (1)) .
A similar result holds in the inhomogeneous case.

4.1. Sobolev embedding theorems for Haj}asz-B?sov spaces. Throughout
what follows we will write K (f,t) instead of K (f,t, X,M"%X).

Theorem 17. Let (Q,d, ) be an RD—space with indices (k,n) that satisfy the
non-collapsing condition. Let R(t) = max(t'/™ t/%) and f e M“L'+L™ . Then for
all t > 0, we have

(26) O(f,t) 2 ——<~
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Proof. Fix t > 0 and a decomposition f = g + h with ¢ € X and h € M ¥ since

@) < g*(t/2) + h*(t/2) and f*(t) > h*(2t) — g*(t) we have that

27) 7O -1 <g™ () + R () + g7 () — hT(2)
< (g™ () + 97 () + (W™ (£) — h™ (2t)) + (™" (2t) — h™(21))
< 2¢™ (t) +2 (R (2t) — h*(2t)).

On the other hand, by Hélder’s inequality

I ox(t) _ llgllx

28 () = - *(s s)ds < =

@) g7 [0 6 s < gl 2 - K

By [43, Theorem 1], it follows that for all p € D(h) and for all ¢ > 0, we have

R** (2t) — h*(2t) = R(t)g™™ (¢).

So, using the same argument as in (28)

(29) h** (2t) — h*(2t) <X R(2t)p™*(2t)
= R(t)p™"(t)
el x
< R(t
[[2]] gy x
= R(#)—M
Putting (29) and (28) back into (27), we find that
k% * 1
@) =171 2 ———= (gl x + B(@) [Allyp.x) -
ox(t)
Taking the infimum over all decompositions of f = g + h as shown above gives the
required estimate (26). O

The Theorem 17 is the key to prove the following Sobolev-type embedding results
for generalised Hajlasz-Besov spaces.

Theorem 18. Let (Q,d, 1) be an RD—space with indices (k,n) which satisfies the
non-collapsing condition. Let E be a parameter, b € SV, 0 < 0 <1 and X be an
r.4. space on Q. Then for all f € L' 4+ L™ such that® f*(co) =0, we have

b 1/n b 1/k
‘WO“’“ : +HWOW> L
t E(0,1) t B(1,00) X,E
Moreover:
(i) If By > 9 then
bt ™) px (t (/%) « (1
o || ||, S,
¢ E(0,1) t E(1,00) X,E
(i) If £ < B, < ¢, then
bt/ ™) g x (t bRV o (¢
H(e)(fX()f 0] I '(e)fx()o(f,t) T P .
t / E(O,l) t / E(l,oo) X, E

(iii) If B, = £, then

6Condition f*(o0) = 0 is equivalent to u{|f| > t} < oo for all £ > 0.
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[0/

) If H b(tH/™)px (1)

5 < 00, then
E'(0,1)

Il =17 g + 17

(b) If the function b(t'/™)¢x (t)/t%™ is quasi-increasing and Boyd’s in-
dices ap,ap € (0,1), then

b(t'/™)px (t)
I\ AT ek t = . ) .
ta/ng(t) f ( ) E(O,l) — Hf”BXE + Hf”L +L
(c) If
tG/n
Sup 5 < 00,
te(o,1) b(t/™)px (1)
then”

oo = W oo+ IF Moy poe -
(iv) If Bx < &, then
1z = 07l g + 101 poe-
Proof. Tt follows from (26) that
O(f, )ox (t) = K(f, R(t))

thus
b(R(t))ox (t) K(f, R(t))
WO(‘/:’ t) < b(R(t))W.
Whence
tl/" x b(t %) x (t b(R(t)dx(t
H te/(i) (1) E(0,1)+H(t2/(z()0(f7t) E(1,00) - WOUJ) B
<oy =2 o oy
= ||f||]§g;fE-

and we have the inequality (30).
(i) Let o(t) = 28D 1o (31) we know that

R(t)?
le@®O Dl = [ fllger -

Taking into account (5) and f* (co) = 0, from the fundamental theorem of calculus

we deduce that - J
s
= / O(fa 8)77
f s

"The local spaces of functions of bounded mean oscillation, bmo, consists of all locally integrable
functions satisfying the condition

bmo(Q?) = {f : ,u(S};l)Pél]g ‘f(y) —]g f(s)dpu(s)

where B is a ball in Q. This definition coincides with [57, 2.2.2 (viii), p. 37].

pn(B)>1

duly) + sup ][f(s u( s)}
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thus we need to see that

B ol = o0 [ ot

To do this, we look at the operator

2 Hle@®Of: )l z-

E

W) =0 [ 965, (>0

and we will prove that it is bounded for any parameter E. Due to the interpolation
properties of the space E, it suffices to prove that U is bounded in L! and in L.
Since b(R(t)) € SV, it follows from the proposition 4 that éw =-24 By >0

and Bl/@ = 7§¢ < 0, hence by (12)

¢ dz * 1 dz 1
/0<p(2);5<p(t) and/t <p(z)7jm'

wals, < [~ (w0 [ a5 E) %
= [T llew ([ %) % <l
/0 (/0 ©(z) Z>

1 dz

i dz
U o = SU / — < ||U ocsu / — =< 0o -
1Ugll, sup | l9(2)l () — < [Ugll, up 203 2 gl

If we take g(t) = O(f,t)p(t), we have the desired inequality (32).
(i) Using an argument analogous to the previous case, it follows that the oper-
ator

Consequently

and

b tl/n ¢ 1 z@/n dz
o) = Mg [ s

is bounded in E(0, 1)
Taking g(t) = % (f** (t) — f* (t)), we have that

b 1/n 1 d
(33) R L CRACI L
= =) - 1)
b 1/n
= WX (o (1)l )
thus
b 1/n
R T ) I TP
E(0,1)
l/n
S ) R TIe
£(0,1)

=< . )
= fllgge, + 1 sz
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(iii) case (a) From the fundamental theorem of calculus and the Hoélder in-
equality, we obtain

. b Mex(t)  tm dt
AMOR VI / O™ s

tl/n)¢x( ) SO/n
H f7 t@/n ’b(sl/”)¢x(s) X[t,l](s) 5

E(0,1)
thus

w = Su () < c0b 4 -~

£l = S0 £ < Ufllgen, + MLy

as we want to show.
(iii) case (b) Consider the operator

1/n 1 g
o) (0= g [ %

If 1 < p < oo, then by [7, Theorem 6.5] we have

oo =([ (i w3244
(L <>> ’”

_ H“’(“ b Mox (@

$0/n

Lr(0,1)

and

||U9HL°°[O,1]

( /\ 1/;/?( dz)
g(t)b(tl/;/n ’(6(1]5/:(1;»

1/n
e

IN

sup | sup
0<t<l \t<s<l

L=[0,1] .

Choose 1 < p < oo such @g < 1/p, since also ag > 0, E is an interpolation space
between LP[0, 1] and L*°[0, 1] (see [39, Theorem 2.b.11]), therefore

b 1/n
sl = | " Dato

E(0,1) .
Taking g(t) = O(f,t), we get

H b(tY ™) px (¢

(t) tl/n ¢X (t)
t0/n

O(f,1)
B(0,1) H to/m

< . .
= fllgge, + 1 sz

e
E(0,1)
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(iii) case (c) Given B = B(x,r) a ball centered at x with radius r, we have
that

I@%ﬁéf@—lj@M$)W@
;é(f;ﬂw—ﬂ@mma)ww>
< 2 ally (o (8)
_ EX (fv T)
ox (u(B))
M eorem
= oxiuy Y Theoren 1)

We claim that given ¢ > 0 and x € Q, there exists a ball B(z) centered at z such
that

(34) t/Cp < u(B(x)) <t

furthermore, for any ball B(x, r) satisfying (34), there exists a constant ¢ = ¢(cg, k,n, k),
such that

(35) r < cR(t).

Assuming for the moment the validity of (34) and (35), and considering that that
K(f,-) is increasing, we get

K(f,r) K(f,r)
36 sup I(B) =X sup ———— < sup sup
(36) w(B)<1 (B) wB)<1 Ox (1(B)) = o<i<it/cn<p(B)<t<1 ¢x(u(B))
K tl/n K tl/n
o ey KRGt
o<t<1t/Cp<p(B)<t<1 ¢x((B)) ~ o<i<1 ¢x(t/Cb)
1/n
o EUE)
o<t<1  ¢x(1)
fru:#ﬁwbu””>< i1 )
< su sup ————
- O<t21 to/n 0<t21 Ox (E)b(tH/™)
< fllge -

where in the third line of the above inequality we have used the concavity of the
functions K (f,-) and ¢x(-).
It remains to prove (34) and (35). Consider ro = sup {r: u (B(z,7)) <t/Cp},
then
H (B(aj’ TO)) < t/OD <p (B(SC, 2740)) < Cpp (B(.%‘, 7"0)) <t

If B(z,r) satisfies (34), then obviously there exists a constant ¢ = ¢(co, k,n, k) such
that R(t/cok) < cR(t), so it will be enough to see that

r < R(t/cok).
If L <1, then R(t/cor) = (t/cofe)l/n, therefore, if r > (t/cof-@)l/", then from (4)

¢

co
we will get pu(B(z,7)) > t, in contradiction to (34). In the case of t/cork > 1, we
proceed in a similar way.
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Finally

o = st 1(B)+ sup ][ (@) dule

w(B)<1

= Wfllgee .+ s;glf |£(@)|du(a) (by (36)
1 w(B)
< Wlgg, + s~ / F(s)ds

= flgor_ + ()
= Wl . +lnsse

(iv) Let o(t) = MM ox(®) - Gince b(t'/™) € SV, from the Proposition 4 t
e , position 4 we ge
ﬁ¢ =2 —|— By <0 and ﬁ = _ﬁw > 0, therefore by (12)

Hl /t 1 ds 1
— < —.
PIllE10,t) 0 ¢(s) s o(t)

With the choice of él/w > a > 0 we have the function
therefore
|

Pllimon  ocnct p()s7 ~ p(B)
Using interpolation, for any parameter £ we have
E B
ellaoy — ¢

ﬁ is almost increasing,

S(l

IA

and, by Holder inequality
** dt

1l = / O 4 Sl

1

S O f7t ® t R ‘

0G0l | 515

= fllggs, + 1l e

il [V PRRP

E'(0,1)

as we wanted to see. O

Now we consider the essential continuity problem and obtain Morrey type results
for functions in generalised Hajtasz-Besov spaces.

Theorem 19. Let (Q,d, 1) be an RD—space with indices (k,n) which satisfies the
non-collapsing condition and X an r.i. space on Q and f € X N L*°. Then

8d(z,y) s S
If(z)—f(y)lj/o = Ex(fs) _ds

(min(sk, sm)) s

In particular, if

1
EX(f7S)§<OO,
0 Px(s") s

then, f is essentially continuous.
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Proof. Given r >0 and f € X N L, let
Vofa) = 1f@) = Sl
B(z,r)
Since V,.f € X N L*°, it follows that
. BRT qnl/q o
Jm Exw(fir) = lim [[(Vef)Tllx" = sup ¥ f(z).
On the other hand, from Lemma 7 (ii) we get (notice that Ex o (f, s) = Ex(f,s))

. 4r EX (f’ 3) ds
(37) L e v ey

Let B(x,r) be a ball centered at « with radius r, since if y € B(x,r), then B(z,r) C
B(y, 2r) we have

[f(z) = fly)| < ]{3( )|f($)f(z)du(z)+]{3( )|f(Z)*f(y)|d#(Z)
= ][ |f(z) — f(2)|du(z) +][ |f(2) — f(y)| du(z) (since p is doubling)
B(z,2r)

B(y,2r)

< swp ]i o @) = TG )+ sup ]é INECRNOET

e yeN

8r Ex(f, s) @
= /0 ox (min(sk, s7)) s (by (37)).

So, if z,y € Q are such that r/8 = d(z,y) < 1, then

d(z,y) s) ds
- sl = [ 2

and the essential continuity of f follows. (]
Corollary 20. Let (Q,d, ) be an RD—space with indices (k,n) which satisfies the

non-collapsing condition. Let E be a parameter, b € SV, 0 < 0 <1 and X be an
r.i. space on Q). Let f € Bg(’bE, then

. _ Q te/n . . .
(i) If B, =1 and Hib(tl/"ﬁﬁx(t) B < 0o, then f is essentially continuous.

(ii) Ifg, < %, then for any Bx < v <1 such that the function @t‘—f” s quasi

decreasing, the following Morrey type embedding result holds:

d(z,y)'— "

1£6) = SO 2 W g, G
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Proof. (i) Since 8, = % by Theorem 18 (iii) we have that f € L>° N X. Further-

n’

more, by Holder’s inequality, we get

VEx(fs)ds [T 8P ds
[ = et
) s’
< |s70()Ex(f. )] pony b ex 5 || o)
» t@/n
2 57 Ex Nz | pamgr .
= Il s,

and the essential continuity of f follows from the Theorem 19.
(ii) Since B, < 9 by Theorem 18 (iv) f € X N L* so by Theorem 19.

llx(f,s) gﬁ
ox (min(sk, sm)) s

8r
@) — F)] < /

Considering that yn — 60 < 0 and that the function ¢’t‘—7(t) is quasi decreasing, we get
the following

8r E d
) )~ ) <) [P
n—0 8r l;x(f,s) dS
< s tven [ o)
n—~0 le(far)
= 21;18 (M b(r)sOX (min(r’“,r”))) (by Lemma 3)
0—~n o llx(f,r) . 60— nlax(f7r)
< g 000 () Pt ot 20
< sup b(r)t_gEX(f t) + sup b(r)rG_W" Ex(f.7)
T o<r<1 ’ r>1 ox (rF)
< sup b(r)tfeEX(f,t)+supb(r)r0*7"EX(f,r)
o<r<1 r>1
< Ufllger  + 17l Gy (16))

oo
= lfllsee .

< o .
= ”f”Bg(’fE (by Proposition 5).

Finally, if ,y € Q are such that » = d(x,y), then

d(x,y)? "

£) = S = WLy, Gty

O

Remark 21. For finite measure metric spaces with convex isoperimetric profile, a
related result was obtained in [41, Chapter 4].

We conclude this section with an example and some comments.



26 JOAQUIM MARTIN* AND WALTER A. ORTIZ**

Example 22. Let (,d, 1) be an RD—space with indices (k,n) that satisfies the
non-collapsing condition. Let X be an r.i. space on Q, E = L7 (1 < ¢ < 0),
be SV and 0 < 6 < 1. Assume that px(t) = t'/Py(t) with 1 < p < oo and
1 € SV. Then

(i) If% > %, then
([ (s wi=2)"4) " ([ (ermwior e
= Fllgne,, -

q

(i) If £ <

=

z)th)l/q
t

1 0
P < T then

( / (e o) df)/ + ( / " (ol ne )’ it)/ ‘

= S 1 oo
Sl g, + Uz e,
(i) If & = 1, then:
. 1
(a) If buptE(OJ) W < o, then
||f||Loo = ||fH§§fL1 + ||fHL1+L°°.

and f is and essentially continuous.
(b) If b (31/") P (s) is quasi-increasing and 1 < q < oo, then

L p(#l/n qd 1/q
(/ (Mf “’) ) <l g, + 1y

(¢) If0 < % <1, then

=

1 lomo < 1Ml gre o+ 1 llpr s e,
(iv) If% < %, then
1z =M g, , + 1F g e -
Moreover pn
d(z,y)""»
_ =< b =
|f(z) — f(y)] = ||f||B§(bE b(d(z, 7))
in case that 1(s) is quasi-increasing, otherwise, for any % <v<1

x, )07
[f(@) = F@) = £l g, %'

Remark 23. The above example includes the case where X is a Lebesgue space, a

Lorentz space, a Lorentz-Zygmund space or a generalized Lorentz-Zygmund spaces.

Remark 24. In the particular case Q@ = R* E =19 (1 < g < o00), b=1 and
X =LP (1 <p<o0) we obtain the following well-known result:

(i) If% > & then

([ (et Cff)/ <1y,
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(i) If & = 7, then

n
Al =Nl
and f is and essentially continuous.

1 sk qd 1/q
([ (L52) 2) " <Wlag, Wl (71<a<00)

1—|—1n% S

and
1 oo = LA,
(iii) If L < &, then
1l = 1S llss,

and

£) = F@)] 2 1flpg oy dl,0)° 5

5. APPENDIX

In this section we give the proof of the lemma 7, which follows from a persual
of the proofs of Lemma 2.3 and Proposition 2.5 of [52] combined with Holder’s
inequality (8).

Proof. Part 1) By Holder’s inequality, we have

(Tht(@)" = (

][ If(y)ldu(y)>
B(z,R)

q/p
< (ﬁ(m)lf(y)l du(y))
_ T q/p

Bz, R)) /B "

—1+4q/p
F@)P duly) ( /B . f(y)l”du(y)>

< u(BG R [

B(x,R)

£l 7 »
= inf,eo ¢x(B(z, R))1/P—1 <][B(w,R) )l dﬂ(y)) (by (9)-

Taking |||

)P duty) (1771 ox: (n(Bla, RY)THH7)

-1+
IF 1Pl 7

X infa:EQ (,Dx(B(!E7 R))q/p_l

|(Ths@)”

][ F@)P duly)
B(z,R)

X
—1+
IF 1Pl 7

~ infreq px(B(z, R))/P!
_ ILFPI?
inf,cqox(B(z, R))1/rP-1

1115 @)
~ x(min(RF, Rm))a/p—1 (by (4)).

I/l (by Lemma 7 (i))
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Part 2) Let us write

In(f.2)7 = (ﬁ o ]{? =5 du(Z)du(y)>

1/p
Vipf(z) = <]{B( R)If(y)—f(x)lpdu(y)> :

From Hélder’s inequality we can deduce that (see [52, Page 7))

—1+q/p
q 1 P p 2
Ir(f,z)? = W </B($73R)]{B($’3R) |f(y) = f(2)] du(z)du(y)) (Vopf())".
On the other hand by (8),

—14q/p
( / ][ ) — f(Z)Ipdu(Z)du(y))
B(z,3R)J B(x,3R)

—1+q/p
][ F@) — £ dulz)
B(z,3R) X

¢xr (u(B(z,3R)))”T/P
= (V@) 5P oxo (u(B(a, 3R)) /7.

So, using the concavity of ¢ x and the fact that u is a doubling, we get

, 2 q/p—1 o/p ,
R e I T O R )

1 1+q/p P
< p P
= ihocn ox (B, Ay |Vl @V T (T @)

and, taking the X norm in the above expression we get

1 /
T a| . < P alp.
ITr(f, )] x = infyco ox (B(z, R))1/P1 [(VERS(2)|'5
or equivalently

(38) IHr(f, o)l x @ =

and

<

1
infreq ox (B(z, R))!/r=1/4

On the other hand, for every integer m, we have

(39) S OB SO

: 'Z]{B(%R/Qi)]i(wﬂ/?“)) F(y) = F(2)] dp(2)dply).

=0

Exw (f,3R).

Consequently,

o4 F@) — F)] du(=)dp(y)
B(z,R)J B(z,R/2m11)

2

X (@)

Fo o 0 = eIt
B(z,R/2%)J B(z,R/2"t1))

X (a)



29

On the other hand, for every non-negative integer m we have

][ fy) - ][ F(2)dulz)
B(z,R) B(z,R/2m+1) X (@)

][ ][ @) — F()| du2)du(y)
B(z,R)J B(z,R/2m+1)

From Lebesgue’s differentiation theorem (for the doubling measures), Fatou’s lemma
and letting m — oo, it follows that

(40) du(y)

<

X (a9)

Exon(f.R) = ]{3 o [F) = S dC)anty)

X ()
- ][ lim f(y)—][ f(2)du(z)| du(y)
B(z,R) B(z,R/2m+1) X (a)
< | 1im ][ ][ F) — F()du(z)duy)||  (by (40))
M= JB(z,R)J B(z,R/2m+1) X (@)
< — d d by (39
o ;][B(w,R/zi)]{?(w,R/le))|f(y) f(Z)| M(Z) M(y) X () (Y( ))

< - » 2’L+1 b
=Y o (B, Rz 17X 3R/27) by (39)

1 .
- / € 3R/21
= ; infzeg ‘PX(B(m,R/ZZ—Q))l/p—l/q X(p)(f, / )
oo R/Qi—2 g ’ d
S WOy Y 09)
“— Jrjai-1 infyeq ox (B(z,r) /et r

i Exw (f,r) dr
</ — STy 0% @),

min(rk, r»

CONFLICT OF INTEREST

The authors declare that they have no conflict of interest.

DATA AVAILABILITY STATEMENT

Data sharing not applicable to this article as no datasets were generated or
analyzed during the current study.

REFERENCES

[1] Akgiin, R.: A modulus of smoothness for some Banach function spaces, Ukrainian Math. J.
75 (2023), 1159-1177.

[2] Alvarado, R., Yang, D., Yuan, W.: Optimal embeddings for Triebel-Lizorkin and Besov
spaces on quasi-metric measure spaces, Math. Z. 307 (2024), Paper No. 50, 59 pp.
https://doi.org/10.1007/s00209-024-03510-y



30

(3]

(4]

(11]
(12]
(13]
(14]
15]
[16]
(17)
(18]
(19]
20]
(21]
(22]
23]
24]
[25]

[26]

27]
(28]

29]
(30]

JOAQUIM MARTIN* AND WALTER A. ORTIZ**

de Albuquerque, J.C., de Assis, L.R.S., Carvalho, M.L.M. and Salort, A.: On fractional
Musielak-Sobolev spaces and applications to nonlocal problems, J. Geom. Anal. 33 (2023),
130. https://doi.org/10 .1007/s12220-023-01211-2

Bahrouni, A., Missaoui, H., Ounaies, H.: On the fractional Musielak-Sobolev spaces in R¢:
embedding results and applications, J. Math. Anal. Appl. 537 (2024), Paper No. 128284.
Bahrouni, S., Ounaies, H., Tavares,L..S.: Basic results of fractional Orlicz-Sobolev space and
applications to non-local problems, Topol. Methods Nonlinear Anal. 55 (2020), 681-695.
Bashir, Z., Karadzhov, G.E.: Optimal embeddings of generalized Besov spaces, Eurasian
Math. J. 2 (2011), 5-31.

Bennett, C., Rudnick, K.: On Lorentz-Zygmund spaces. Dissertationes Math. 175, (1980).
Bennett, C., Sharpley, R.: Interpolation of Operators, Academic Press, Boston (1988).
Bergh, J., Lofstrom, J.: Interpolation spaces. An introduction. Grundlehren der Mathema-
tischen Wissenschaften, No. 223. SpringerVerlag, Berlin New York, 1976.

Besoy, B. F., Cobos, F.: Function spaces of Lorentz-Sobolev type: atomic decompositions,
characterizations in terms of wavelets, interpolation and multiplications, J. Funct. Anal. 282
(2022) Paper No. 109452.

Besoy, B. F., Cobos, F. and Triebel, H.: On function spaces of Lorentz-Sobolev type, Math.
Ann. 381 (2021) 807839. https://doi.org/10.1007/s00208-021-02168-9

Bingham, N.H., Goldie, C.M., Teugels, J.L.: Regular Variation, Cambridge Univ. Press,
Cambridge, 1987.

Cao, C. Grigory’an, A.: Heat Kernels and Besov Spaces on Metric Measure Spaces, J. Anal.
Math. 148 (2022), 637-680.

Costea, S., Miranda Jr, M.: Newtonian Lorentz metric spaces, Illinois J. Math. 56 (2012),
no. 2, 579-616.

Cwikel, M., Pustylnik, E.: Weak type interpolation near “endpoint” spaces, J. Funct. Anal.
171 (2000), 235-277.

Ditzian, Z.: Rearrangement invariance and relations among measures of smoothness, Acta
Math. Hungar., 135 (2012), 270-285.

Dominguez, O., Tikhonov, S.: Function Spaces of Logarithmic Smoothness: Embeddings and
Characterizations, Mem. Amer. Math. Soc. 282 (2023), no.1393, vii+166 pp.

Fernandez Bonder, J., Salort, A. M.: Fractional order Orlicz-Sobolev spaces, J. Funct. Anal.
277 (2019), 333-367.

Fernandez-Martinez, P., Signes, T.: Real interpolation with symmetric spaces and slowly
varying functions, Q. J. Math. 63 (2012), 133-164.

Fernandez-Martinez, P., Signes, T.: Reiteration theorems with extreme values of parameters,
Ark. Mat. 52(2014), no.2, 227-256.

Gogatishvili, A., Koskela, P., Shanmugalingam, N.: Interpolation properties of Besov spaces
defined on metric spaces, Math. Nachr. 283 (2010), 215-231.

Gogatishvili, A., Koskela, P., Zhou,Y.: Characterizations of Besov and Triebel-Lizorkin
Spaces on Metric Measure Spaces, Forum Math. 25 (2013), 787-819.

Gogatishvili, A., Pick, L., Schneider, J.: Characterization of a rearrangement-invariant hull
of a Besov space via interpolation, Rev. Mat. Complut. 25 (2012), 267-283.

Goldman, M.L.: On imbedding generalized Nikolskii—Besov spaces in Lorentz spaces, Proc.
Steklov Inst. Math. 172 (1987), 143-154.

Goldman, M.L.: Rearrangement invariant envelopes of generalized Besov, Sobolev, and
Calderon spaces, Cont. Math. 424 (2007), 53-81.

Gol’dman, M.L.: Rearrangement invariant envelopes of generalized Besov, Sobolev, and
Calderon spaces Contemp. Math., 424 American Mathematical Society, Providence, RI,
(2007), 53-81.

Gol’dman, M.L., Kerman, R.A.: On the optimal embedding of Calderén spaces and of gen-
eralized Besov spaces Tr. Mat. Inst. Steklova 243 (2003), 161-193.

Gustavsson, J.: A function parameter in connection with interpolation of Banach spaces,
Math. Scand. 42 (1978), 289-305.

Hajtasz, P.: Sobolev spaces on an arbitrary metric spaces, Potential Anal. 5 (1996), 403-415.
Hajlasz, P.: Sobolev spaces on metric-measure spaces. In Heat kernels and analysis on mani-
folds, graphs, and metric spaces (Paris, 2002), Contemp. Math, Amer. Math. Soc. Providence,
RI. 338 (2003), 173-218.



(31]

32]
(33]
(34]
(35]
(36]

(37)

(38]

(39]
[40]
[41]

(42]

[43]

[44]
[45]

[46]

[47)
(48]
[49]
[50]
[51]
[52]
(53]
[54]

[55]

[56]

31

Han,Y., Muller, D., Yang, D.: A theory of Besov and Triebel-Lizorkin spaces on metric
measure spaces modeled on Carnot-Carathéodory spaces, Abstr. Appl. Anal. 2008, Art. ID
893409, 250 pp.

Heikkinen,T., Thnatsyeva,L.., Tuominen, H.: Measure density and extension of Besov and
Triebel-Lizorkin functions, J. Fourier Anal. Appl. 22 (2016), no. 2, 334-382.

Koskela, P., Saksman, E: Pointwise characterizations of Hardy-Sobolev functions, Math. Res.
Lett. 15 (2008), no. 4, 727-744.

Koskela, P., Yang, D., Zhou, Y.: A characterization of Hajlasz-Sobolev and Triebel-Lizorkin
spaces via grand Littlewood-Paley functions, J. Funct. Anal. 258 (2010), 2637-2661.

Krein, S.G., Petunin, Yu.l., Semenov, E.M.: Interpolation of Linear Operators, Transl.
Math. Monogr. Amer. Math. Soc. 54 (1982).

Kudryavtsev, L.D., Nikolski, S.M.: Spaces of Differentiable Functions of Several Variables
and Embedding Theorems, Encyclopedia Math. Sci., vol. 26, Springer, Berlin, 1991.
Lehrbéack, J.; Shanmugalingam, N.:Potential theory and quasisymmetric maps between com-
pact Ahlfors regular metric measure spaces via Besov functions: preliminary, In Function
Spaces (Poznan, 1998) Pure Appl. Funct. Anal. 9 (2024), 231-249.

Li, Z., Yang, D., Yuan, W.: Pointwise characterization of Besov and TriebelLizorkin spaces
with generalized smoothness and their applications, Acta. Math. Sin.-English Ser. 38 (2022),
623661. https://doi.org/10.1007/s10114-022-1086-6

Lindenstrauss, J. Tzafriri, L.: Classical Banach spaces. II, Springer-Verlag, Berlin-New York,
1979.

Martin, J., Milman, M.: Symmetrization inequalities and Sobolev embeddings, Proc. Amer.
Math. Soc. 134 (2006), no. 8, 2335-2347.

Martin, J., Milman, M.: Fractional Sobolev inequalities: symmetrization, isoperimetry and
interpolation, Astérisque. 366 (2014), x+127 pp.

Martin J., Ortiz, W.A.: A Sobolev type embedding theorem for Besov spaces de-
fined on doubling metric spaces. J. Math. Anal. Appl. 479 (2019), no. 2, 2302-2337.
https://doi.org/10.1016/j.jmaa.2019.07.032

Martin J., Ortiz, W.A.: Sobolev embeddings for fractional Hajlasz-Sobolev spaces in
the setting of rearrangement invariant spaces, Potential Anal. 59 (2023). 1191-1204.
https://doi.org/10.1007/s11118-022-10006-z

Martin J., Ortiz, W.A.: Non-collapsing condition and Sobolev embeddings for Hajlasz-Besov
spaces, Positivity. 29, 23 (2025). https://doi.org/10.1007/s11117-025-01115-1

Matuszewska, W.: Regular increasing functions in connection with the theory of L*¥ —space,
Studia Math. 21 (1961/1962), 317-344.

Merucci, C.: Applications of interpolation with a function parameter to Lorentz, Sobolev and
Besov spaces, In Interpolation Spaces and Allied Topics in Analysis (Lund, 1983); Lecture
Notes in Math., 1070; Springer: Berlin, Germany, 1984; pp. 183-201.

Muller, D., Yang, D.: A difference characterization of Besov and Triebel-Lizorkin spaces on
RD-spaces, Forum Math. 21 (2009), 259-298.

Musielak, H.: On the 7-modulus of smoothness in generalized Orlicz spaces, Comment. Math.
Prace Mat. 25 (1983), 447-453.

Persson, L. E.: Interpolation with a parameter function, Math. Scand. 59 (1986), 199-222.
Pustylnik, E.: Ultrasymmetric spaces, J. London Math. Soc. (2) 68 (2003), no. 1, 165-182.
Pustylnik, E.: Optimal interpolation in spaces of Lorentz-Zygmund type, J. Anal. Math. 79
(1999), 113-157.

Ranjbar-Motlagh, A.: Besov type function spaces defined on metric-measure spaces, J. Math.
Anal. Appl. 505 (2022), no 2, 125508.

Ranjbar-Motlagh, A.: Nash-type inequalities on metric-measure spaces, Funct. Anal. Appl.
57 (2023), no.1, 65-70.

Seeger, A., Trebels, W.: Embeddings for spaces of Lorentz-Sobolev type, Math. Ann. 373
(2019), no.3-4, 10171056.

Silva, E.D. , Carvalho, M.L., de Albuquerque, J.C., Bahrouni, S.: Compact embedding
theorems and a Lions’ type lemma for fractional Orlicz-Sobolev spaces, J. Differ. Equ. 300
(2021), 487-512.

Sun, J., Yang, D., Yuan, W.: A framework of Besov-Triebel-Lizorkin type spaces via ball
quasi-Banach function sequence spaces I: real-variable characterizations, Math. Ann. 390
(2024), 4283-4360. https://doi.org/10.1007/s00208-024-02856-2



32 JOAQUIM MARTIN* AND WALTER A. ORTIZ**

[57] Triebel, H.: Theory of Function Spaces, Birkhauser, Basel, 1983.

[58] Triebel, H.: The Structure of Functions, Birkhauser, Basel, 2001.

[69] Triebel, H.: Theory of Function Spaces III, Birkhauser Verlag, Basel, 2006.

[60] Triebel, H.: Theory of Function Spaces IV, Birkhduser/Springer, Cham, 2020, x+160 pp.

[61] Triebel, H.: A new approach to function spaces on quasi-metric spaces, Rev. Mat. Complut.
18 (2005), no. 1, 7-48.

[62] Tuominen, H: Orlicz-Sobolev spaces on metric measure spaces, Ann. Acad. Sci. Fenn. Math.
Dissertationes 135.

[63] Yang D. and Zhou, Y. New properties of Besov and Triebel-Lizorkin spaces on RD-spaces,
Manuscripta Math. 134 (2011), 59-90.

DEPARTMENT OF MATHEMATICS, UNIVERSITAT AUTONOMA DE BARCELONA, BELLATERRA, BARCELONA.
SPAIN
E-mail address: Joaquin.Martin@uab.cat, ORCID: 0000-0002-7467-787X

SCHOOL OF ENGINEERING, SCIENCE AND TECHNOLOGY, UNIVERSIDAD INTERNACIONAL DE VA-
LENCIA, VALENCIA. SPAIN,
E-mail address: walterandres.ortiz@professor.universidadviu.com, ORCID: 0000-0002-8617-3919



