WEIGHTED ESTIMATES FOR FRACTIONAL INTEGRALS WITH
DISTANCES TO BOUNDED MEDIAN POROUS SETS AND
APPLICATIONS TO HARDY-SOBOLEV INEQUALITIES

DIEGO MALDONADO* AND JAVIER SORIA**

ABSTRACT. Weighted estimates for the fractional integral operator I,, governed by dis-
tance functions to bounded median porous sets are established and then applied to obtain
corresponding Hardy-Sobolev inequalities.

1. INTRODUCTION AND MAIN RESULTS

For 1 < p < n the classical Hardy or weighted Hardy-Sobolev inequality establishes the
existence of Cj, ,, > 0 such that

f@Ple| 7o < Gy [ [VF@P s, ¥f € CHRY. (L)
Rn Rn

where C} (R") denotes the class of continuously differentiable functions vanishing at co. More
generally, for 1 <p < ¢ <np/(n—p) < oo, H. Egnell [5, Lemma 7] (see also V. G. Maz’ja’s
[14, Section 1.3.1]) proved the inequality

1/p

1/q
([ el ae) " < Cop ([ 1@ a) L e gm0
Rn Rn

If ¢ = p then (1.2) reduces to the Hardy inequality (1.1). Given a set £ C R™, the distance
function to F is defined for x € R" as d(z, F) := inf{|z — y| : y € E'}. When |z| = d(z, {0})
is replaced with the distance to a (nonempty) closed set £ C R", it has been proved by
J. Lehrbéck and A. Véhikangas in [12, Theorem 1.1] that given 1 < p < ¢ < np/(n—p) < oo,
the Hardy-type inequality

1/q 1/p
( |f<x>|qd<:c,E>?<”—p>—“dx) sc( |Vf(x)!pd:v> LV EOI®Y),  (1L3)

holds true if and only if dim4(E) < ¢(n—p)/p (here dim4(E) denotes the Assouad dimension
of E, see Section 2.4.2).

Back to powers of |z|, extensions of (1.2) include the classical Caffarelli-Kohn-Nirenberg
inequalities proved in [2]: given 1 < p < ¢ < np/(n—p) < co and f > —(n — p) there exists
C =C(p,q,B,n) > 0 such that

1/p

1/
([ w@psperrra) <o [ [wiappa) . vreciE). 1)
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Now, by considering d(z, E') instead of |z| in (1.4) for a closed set E C R", 1 < p,q < o0,
and 5 > 0 with g(n — p+ )/p # n, from [12, Theorem 6.1] the inequality

1/p

1/q
( - |f(z)]?d(z, E)q("*f”ﬂ)/”*” dx) <C ( - \Vf(2)]Pd(z, E)? dx) , (1.5)

for some constant C' > 0 and every f € C}(R"™), implies dima(E) < g(n — p + 3)/p. In
particular, if ¢(n —p+ £)/p < n, then dima(F) < n.

Let us mention that in [4, Theorem 4.1], B. Dyda, L. Ihnatsyeva, J. Lehrback, H. Tuomi-
nen, and A. Védhakangas proved that for 1 < p < ¢ < pn/(n —p) < oo and € R, the
condition

dimy(F) < min{¢(n —p+ B)/p,n—6/(p — 1)} (1.6)

is sufficient for (1.5) to hold. By setting codim,(FE) := n — dim4(FE), the inequality (1.6)
can be recast as

codim ,(E) > min{n — q¢(n —p+3)/p,3/(p — 1)}. (1.7)

A set E C R™ with dimy(F) < n (that is, codim,(E) > 0) is called a porous set (see
Section 2.5.1 for equivalent definitions). The class of porous sets includes that of A-regular
sets for 0 < A < n, where a closed set £ C R" is called A-regular if there exists C' > 1 such
that

C i <HMENB(x,r)) <Cr*, Vo€ E,0<r<diam(E),

where diam(FE) := sup{|r — y| : z,y € E} indicates the diameter of E and H* stands for
the A-dimensional Hausdorff measure. If £ is A-regular, dim4(E) = A (see for instance [11,
Theorem 10.21]) which makes E porous when A < n.

The porosity of E being then a necessary condition for (1.3) and (1.5) leads to the question:
Are there corresponding inequalities to (1.3) or (1.5) in the case of nonporous sets? In order
to address this question, let us recall the notions of weak and median porosity introduced in
[1] and [15] (see Section 2.5 for details). Following T. Anderson, J. Lehrbéck, C. Mudarra,
and A. Vahdkangas in [1] a nonempty set £ C R™ is weakly porous if there exists a > 0 such
that d(-, E)~ belongs to the Muckenhoupt class A;(R™) (the A,(R") classes are reviewed
in Section 2.1), while after M. Pasquariello and I. Uriarte-Tuero in [15], the set E is median
porous if there exists a > 0 such that d(-, )~ belongs to A (R™). As it turns out,

porosity = weak porosity =- median porosity

with the converses to the above implications being false in general.

As further described in Section 2.5, the properties of weak and median porosity for £ are
quantified by a family of nonnegative indices {Mu,(E) }1<p<oo (With Mu after Muckenhoupt)
which come to refine the notion of the codimension codim, in the sense that E is weakly
porous if and only if Mu;(F) > 0 (with Mu;(E) = codim,(F) whenever E is porous);
whereas £ is median porous if and only if Muy(£) > 0 (with Mu,(E) = codim ,(E) for
every 1 < p < oo whenever F is weakly porous). For example, in [1, Section 7] it is proved
that for n € N and v > 0, the bounded set

E:=|]JoB(0,;7) | J{0} cr"

jEN



is weakly porous, but not porous, and it satisfies

n
1+~

dims(F) =n, dimy(F) = max {n -1, } ,  Mu; =n —dimy(E).
Here dimy(E) stands for the upper Minkowski dimension of E C R" (see Section 2.4.1). In
addition, in [15, Section 9], the authors showed that for 0 < v < 1, the subset of the real
line E, := {£m” : m € N} is a median porous set which is not weakly porous.

In the context of the weighted Hardy inequality (1.5), the first result to “break the porosity
barrier” comes from [15, Theorem 10.8(a)] where for n > 2, 1 < p < n, and ¢ = p*
np/(n — p) (the critical index), the conditions

Mu(E) >n—q(n—p+8)/p and —Mu,(E)<p<0

are shown to imply (1.5); thus, providing a sufficient condition, counterpart to the sufficient
condition (1.7), within the median porous case.

We are now in position to state our main results on weighted estimates for fractional
integrals which, in turn, will produce a number of Hardy-Sobolev inequalities, including
counterparts to (1.3) and (1.5), for bounded, median porous sets. Given one such set E let
I(E) denote the collection of all the 3's with d(-, E)™® € A (R") and for 1 < p < ¢ < 0
and 0 < a < n let us define

1 1
a)=a+n|———]. 1.
Sle) " ((] p) (18)
Theorem 1.1. Fiz 1 < p < g < o0 and 0 < a < n with O(a) > 0. Let E C R" with
0 < diam(E) < oo be a median porous set. Then, for any exponents 7i,72,01,02 € R

verifying

= € Io(E)  forj=1,2, (1.9)
59/ /p € Lo(E) forj = 1,2, (1.10)
- n 71 51>
dimy(F) < — —— ) +n<n, 1.11
) <57 (53 (1Y
and
02 ’72)
22 Z9(a), 1.12
(2-2) -6 (112)
there exists C' > 0, depending only on 1,79, 01,02, p, q, a, n, and E, such that

1/p

([ @) <o ([ iorma@as)", 0

for every measurable f, where u., ~, and vs, 5, are defined for v € R" \ E as

— {(dlam >’Y1 (dlarmnE) ) } Zf Y1 <72
e (x) B min { (dlam(E))W1 <d1am E‘)) } Zf Al > V2 (114)
and ) )
d(z,E) \* d(z 2 .
Vs, 5, (I) - fax { (dlam )61 (dlam (E) )52 } Zf 51 < 52 (115)
min { (d? m( ) <d1am(E)> } Zf 51 = 52'
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Remark 1.2. By Lemma 2.7 below we have Muy,(E) < n — dim,(E) for every nonempty
bounded set £ C R"™. If, in addition, F' is median porous (i.e., Mu(£) > 0) it follows that
dimy/(F) < n.

The case a = 1 in Theorem 1.1 yields the following two-weight Hardy-Sobolev inequality:.
Theorem 1.3. Fixn >1 and 1 < p < q < oo with
O(1):=1+4+n(l/qg—1/p) >0,

that is, the subcritical case ¢ < np/(n—p). Let E C R™ with 0 < diam(F) < oo be a median
porous set. Then, given exponents ~y1,%s, 01,02 € R satisfying

_ﬁ}/jaéjp//p € IOO(E> fO’f'j = 1727
. n (mn 51)
dimy(F)—n< —|———] <0,
) -n < g (-
02 72)
—— =) =06(1),
(5-%)-ew
there exists C' > 0, depending only on p, q, n, y1, 72, 01,02, and E such that

1/p

1/q
([ roru @) " <o [ Wropua@a) ., vre e,

with U, ~, and vs, 5, as in (1.14) and (1.15).

The case 0; = d; = 0 in Theorem 1.3 provides a counterpart to (1.3) when E is bounded
and median porous. More precisely,

Theorem 1.4. Fiz1l <p<nandp <qg<np/(n—p). Let E CR" be a median porous set
with 0 < diam(E) < co. Then, for any exponents vy, satisfying

0>y > <%(n —p) —n) (1 - @> (1.16)

n

0> :g(n—p) —n > —Muy(F), (1.17)
p

there exists C' > 0 depending only on v1,%2 , p, q, n, and E such that

[L(f) (@) min {d(z, E)™, d(z, E)*} dv 1/q§0 |f ()P da 1/p7 (1.18)
(/. ) =e (L)

for every f € LP(R™). Consequently, the weighted Hardy-Sobolev inequality

( . | ()" min {d(z, E)", d(z, E)"} dx) v <C ( 5 IV ()P dw) o (1.19)

holds true for every f € C}(R™).

Remark 1.5. The Hardy-type inequality (1.19), with its mixed (71, y2)-homogeneity, comes
then as a substitute for (1.3) in the absence of porosity. Indeed, for 71,7 as in (1.16) and
(1.17) we have 72 < 71 < 0 and the inequality d(z, F) < 1 is equivalent to d(x, )" <
d(z, ). Hence if supp(f) C {z € R : d(z, ) > 1}, then (1.19) reduces to (1.3) (since
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72 in (1.17) equals the corresponding exponent in (1.3)), whereas if supp(f) C {z € R" :
d(z, E) < 1}, then (1.19) means

1/q 1/p
( |ﬂmwameum> fuf( |Vﬂ@ﬁ¢9 |
R7 Rn
with vy = (1 — @) Ya.

From the case p = ¢ and o = 1 (hence, ©(1) = 1) in Theorem 1.1 we obtain

Theorem 1.6. Fixn > 1 and 1 < p < oco. Let E C R"™ be a median porous set with
0 < diam(FE) < oco. Then, for any exponents 1, Yz, 01, 02 satisfying

5,00’ /P € I(E)  for j=1,2
dimy(E) =n < 2(y1—=8) <0 (1.20)
Yo — 02 = —p,
there exists C' > 0, depending only on 71,72, 01,02, p, n, and E, such that

. (L () (@)[Puy g (2) de < C . | (@) [Pvs, 6, () do, (1.21)

for every measurable function f, with u,, , and vs, 5, as in (1.14) and (1.15). Consequently,

@l @ dr < [ Vi@Pu s s Ve GRY. (12

The next theorem establishes two-weight inequalities for I, in the critical case ©(«) = 0,
that is, ¢ = np/(n — ap).

Theorem 1.7. Fiz 0 < o < n, 1 < p < n/a, and set ¢ := np/(n — ap). Let E C R"
be a median porous set with 0 < diam(E) < oo. Then, for any exponents v1,7s,01,02 € R
verifying (1.9), (1.10), and

Y1 = =01, (1.23)
Yo < 0y, (1.24)

there exists C' > 0, depending only on ~1,7s,01,02, p, q, a, n, and E, such that

1/p

( . e () ()]t () dx) Ha <C ( 5 \f (2)[Pvs, 5, (x) dx) | (1.25)

for every measurable f and with u., », and vs, 5, as in (1.14) and (1.15).

As a particular case of Theorem 1.7 we recover [15, Theorem 10.4] in the case of bounded
sets. Namely,

Corollary 1.8. Fiz0 < a <n, 1 <p<n/a, and set ¢ =: np/(n — ap). Let E C R™ be a
median porous set with 0 < diam(FE) < oo. Consider exponents (1, B2 € R satisfying

By = —%51 € I.o(E) (1.26)
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and
b
p—1
Then, there exists C' > 0 depending only on (1, B2, «, p, n, and E, such that

1/p

() (@)"d(w, E)* du " <C [f@)[Pd(w, BY™ da )
(/. ) =ell )

€ I.(E). (1.27)

for every measurable function f.

As another consequence of Theorem 1.7 we obtain the following two-weight Hardy-Sobolev
inequality in the critical case ¢ = np/(n — p) (that is, ©(1) = 0).

Theorem 1.9. Fiz 1 < p <n and set ¢ :=np/(n —p). Let E C R™ be a median porous set
with 0 < diam(FE) < co. Then, for any exponents 1,72, 01,09 € R verifying

—7;,0;0'/p € Io(E)  forj=1,2,
n

(n—p)

(n—p)
then there exists C' > 0 depending only on p, n, v1,7%s,01,02, and E, such that

1/p

([ @) <o ([ wropua@aa) . vecie

with ., ~, and vs, s, as in (1.14) and (1.15).

Y2

Yo < 92,

1.1. A blow-up rate for the constant C in (1.5) under weak porosity. Regarding the
blow-up rate of the constant C' > 0 from (1.5), in the case of a bounded, weakly porous set
and as the left integral in (1.5) is performed increasingly closer to E we have

Theorem 1.10. Letn > 1 and 1 < p < g < n/O(1) with O(1) := 1+ n(1/q—1/p) > 0.
Fiz a weakly porous set E C R™ with 0 < diam(FE) < oo and > 0 with fp'/p < Mu(E).
Then, there exists C' > 0 such that

1/p

1/q
(/ |f(z)|%d g (x)en—PtR) /P da;) < koM < |V f(x)|Pdp(z)? dx)
D(k) R

for every f € CH(R™) and 0 < k < 1, with D(k) := {z € R" : d(z, ) > rkdiam(FE)}.

The rest of the article is organized as follows: Section 2 contains preliminary material on
Muckenhoupt weights as well as on various notions of dimension and porosity of sets in R".
Section 3 introduces a function gz associated to a bounded set £ C R™ and characterizes the
condition gp € L¥*°(R") in terms of measure-theoretic properties of E. Section 4 contains
the proofs of Theorems 1.1, 1.3, 1.4, 1.6, 1.7, 1.9 and that of Corollary 1.8. These proofs
heavily rely on the aforementioned function gg to identify pairs (w., ~,, Vs, 5,) satisfying either
the condition (2.2) from Theorem 2.2 or the condition (2.3) from Theorem 2.3, when £ C R
is a bounded, median porous set. Finally, Section 5 is devoted to the proof of Theorem 1.10.



2. PRELIMINARIES

2.1. Muckenhoupt weights. Recall that for 1 < p < 0o a weight w in R™ (that is, w €
Li, . (R™) with w > 0 a.e. in R™) is said to belong to the Muckenhoupt class A,(R") if

= sp (f wie)ae) (f wia) d:c) <o (4,)

where () C R” is a cube and fQu denotes the average IT-12| fQ u. The endpoint classes for
p =1 and p = oo are defined by

i = (f o) (st ) <o "

). 1= sp (]éw(a:) d:c) exp (—]élnw(x) dx) < . (A)

As it turns out, A (R") = 5, 4,(R™) (see for instance [8, Section 9.3]). Typical examples
of A,-weights are the locally integrable powers of |z|. More precisely, for 1 < p < oo, the
weight |z|* € A,(R™) if and only if —n < a < n(p — 1) and |z|* € A;(R") if and only if
—n < a < 0, see for instance [8, p. 286]. When the locally integrable powers of |z| are
replaced by those of a distance to a set £ C R", their membership to A (R"), or to a
particular A,(R") class, will be determined by corresponding notions of porosity applied to
E, as described in Section 2.5. In Section 4 we will construct examples of A, (R")-weights
based on the following fact: For 1 < p < oo, the class A,(R") forms a lattice in the sense
that if w; and ws belong to A,(R"), then max{w;, ws} and min{w;, wy} belong to A,(R")
as well, see [10, Proposition 4.3]. Since A (R") = U, ,c0o 4p(R") and Ap, (R") C A4, (R")
whenever 1 < p; < py < o0, it follows that if w; and wy belong to A (R™), then so do
max{wi, ws} and min{wy, ws}.

and

2.2. Reverse Holder classes. For 1 < s < oo we write w € RH (R") if

o, = sup (]f? (o)’ ds " (]é w(z) dw)l < 0.

As it turns out (see for instance [8, Section 9.3]), [J,.; RH(R") = A (R™). For s = oo we
write w € RH(R") if

[w]rH., = Sup (esssup w) (f@w(x) dﬁ) R < .

It is a known fact that the class RH.(R") is invariant under positive powers, that is, the
implication
w € RH(R™), £ > 0= w' € RH(R") (2.1)

holds true with [w’] gy, @) depending only on [w]|gp., (&n), ¢, and n, see [3, Theorem 4.2].
Remark 2.1. If w € A;(R") then there exists 6y > 0 (depending only on [w] 4, &) and n) such

that w=% € RH,(R"). Conversely, if w € RH.,(R"), then there exists §; > 0 (depending
only on [w]|gp. (r+) and n) such that w= € 4;(R"), see [3, Corollary 4.5].
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2.3. Weighted inequalities for the fractional integral operator. For 0 < a < n the
fractional integral operator I, are defined as

L) = [ AUy

Let us record the following two results from [13] regarding weighted estimates for 1, in the
cases O(a) = 0 and O(«) > 0, with O(«) as in (1.8). In the statements below, the notation
(u,v) denotes a pair of nonnegative functions u, v defined on R™.

Theorem 2.2 (Theorem 1.1 from [13]). Fiz 1 < p < ¢ < 00 and 0 < a < n such that
O(a) = 0. Given (u,v) with u,v™?/? € A (R™) suppose that there exists Cy > 0 with

u(x)V1 < Cou(z)V?,  ae. x € R™. (2.2)
Then y y
([ @) <ac( [ @)

for every measurable f, where Cy > 0 depends only onn, p, q, o, [u]a_(wn), and [v_p//p]Aoo(Rn).

R'Il

For the case ©(«) > 0 we have

Theorem 2.3 (Theorem 1.2 from [13]). Fiz 1 < p < ¢ < 00 and 0 < a < n such that
O(a) > 0 and (u,v) with u,v /P € Ay (R™) verifying
S5 €L /600 (Rm), (2.3)
Then
1/p

1/q
( 1L (f)(2)|u(x) da:) < 02”ul/q/vl/:vHLn/@(a),oo(Rn) (/ | f(z)[Pv(z) dx) ,
Rn Rn
for every measurable f, where Cy > 0 depends only onn, o, p, q, [u]a@ny, and [v_pl/p]Aoo(Rn).
Remark 2.4. The proofs of Theorems 1.1, 1.3, 1.4, 1.6, 1.7, and 1.9 will rely on Theorems 2.2

and 2.3 as well as on the pointwise estimate (see [7, Lemma 7.14])

[f ()] <

where w,, denotes the Euclidean measure of a unit ball in R".
Although we focus on Hardy-Sobolev inequalities, weighted Poincaré-type inequalities can
be obtained as well by using that for a convex set S C R® and f € C'(S) we have

‘f( f’ diam(S)"

(IV)(x), Vfe€CR"),z€R", (2.4)

S bV s)e). e s (25

see for instance [7, Lemma 7.16]. From (2.5) and Theorems 2.2 and 2.3 (always in the case
a = 1), given a cube ) C R™ weighted inequality

(/Q ‘m_ o) dw)l/q =C ( /Q IV f(@)Po(z) d:p)l/p

holds true for every f € C'(R") whenever a pair (u,v) with u,v™?/? € A, (R") satisfies
(2.2) or (2.3).
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Moreover, for 0 < o < n, the pointwise inequality (2.4) can be replaced with the fractional-
derivative identity

f = 1a((=2)"2(f))
for every f in the Schwartz class S(R") (see for instance [16, p.117]) and then Theorems 2.2
and 2.3 yield

([ 1@l ) e (

whenever a pair (u,v) with u,v™?/? € A (R") satisfies (2.2) or (2.3)

1/p
(=AY f (@) o(a) dx) . VfeSERY,

R’Il

2.4. Dimensions of sets. For § > 0, Es stands for the d-neighborhood of E, that is,
Es :={z eR":d(z, F) < d}.
Notice that, given § > 0, we have |Es| < oo if and only if £ is bounded.
2.4.1. The upper Minkowski dimension of EE C R™. Given a set £ C R™ and § > 0, let
N(E,0) denote the smallest number of closed balls of radius ¢ required to cover E. In

particular, given 6 > 0, N(FE,d) < oo if and only if F is bounded. The upper box-counting
or upper Minkowski dimension of F is defined as

S . log N(E,0)
d E):=1 o
) = Toa(1/0)

see for instance [6, p. 43]. Equivalently, dimy;(F) can be regarded as the infimum of the
nonnegative A’s such that there exists C' > 0 (which may depend on A and F) satisfying

|Es| < Co" ™, V0 < 6 < diam(E), (2.7)

see for instance [1, Remark 6.8]. Notice that dimy(E) < oo if and only if E is bounded. In
addition, we have dimy(F) = dimy(E) for every E C R™ by [6, Proposition 3.4]. Let us
record here a simple result concerning dimy;(E) that will be useful later on.

(2.6)

Lemma 2.5. Let ) # E C R" be a bounded set and fir 0 < s < n. If dimy(F) < s, then
there exists C' > 0 such that

|Es| < Co"°, V0 <0 < diam(FE). (2.8)

Proof. Set dp := dimy(FE) and f(¢) := %, then (2.6) means dg = (ilr>1£sup f((0,a)).

Put gy := s — dimy(E) > 0, then there exists ap > 0 (depending on ¢y and E) such that

sup f((0,a0)) < dp + €o,

that is,

f(6) <dp+eo, V€ (0,ap). (2.9)
Now, given § € (0,diam(F)), let us cover E with N(E,J) < oo closed balls of radius 4, in
particular, the set {x € R" : d(z, ) < §} can be covered with N(FE, ) closed balls concentric
with the first balls but with radius 2. Hence, |Es| < w,N(E,0)(26)", with w, := |B(0,1)].
Now, if 6 € (0, ag), then (2.9) implies

log N(E, )

log(l/é) <dp+ep =5,
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which means N(E,§) < 6~° and then |Es| < w,2"0" . If 0 > ag, fix o € E and use the
inclusion Es C B(zy,2diam(E)), so that

5 n—s
|Es| < w,2"diam(F)" < w,2"diam(E)" (—>
Qo

and (2.8) follows with C' = w,,2" max{1, diam(E)"/aj"*}. O

2.4.2. The Assouad dimension of E C R". The Assouad dimension of a set E C R", denoted
by dim(F), is defined as the infimum of A > 0 such that there exists C' > 0 with

A
N(EﬂB(z,R),r)ﬁC(?) , YVxe E,0<r<R. (2.10)

Notice that if 0 < diam(F) < oo and if A > 0 satisfies (2.10), then by fixing an x € E and
R := diam(F) we get EN B(xz, R) = F as well as

N(E,r) < Cdiam(E)*r*, V0 < r < diam(E),
which together with (2.6) implies dimy;(E) < A and thus
dimy(F) < dimy(E) (2.11)

whenever £ C R™ is bounded. For every £ C R™ we have dim4(E) < n (see for instance [11,
Remark 10.18]) and the Assouad co-dimension of E is defined as codim 4 (E) := n—dimy(E).
Equivalently, (see [9, Lemma 3.4]) codim 4(F) equals the supremum of v > 0 such that there
exists C' > 0 with

|E. N B(x, R)| (R)_V
<C|(— , VxeE,0<r<R.
|B(z, R)|

r

2.5. Distance weights and notions of porosity. This section summarizes certain geo-
metric and measure-theoretic conditions on a set £ C R™ that can be characterized by
regularity properties of negative powers of the distance function d(-, F) considered as a
weight. For a cube Qg C R"™, D(Qy) stands for the class of all dyadic subcubes of )y. Given
sets A, F C R", A is called E-free if AN E = (. Given a nonempty set £ C R", a cube
is called mazimal E-free if @ is free but 2@Q) is not. For the next definitions we follow [15,
Section 7]. Fix a cube Qg with Qo N E # (), then

Vl(QO) = max{\Q] : Q € D(Q0)7 Q N E = (b}a

for 6 > 0 let S5(Qo) be the maximal subfamily of {Q € D(Qy) : QN E = (,|Q| > 0}, and
for 0 < s <1, let

Vo(@o) =swp {6>0: 3 1Q1 = (1-9)Qol}-

QES5(Qo)

Finally, for 0 < s < 1, let £,(Qp) := Vs(Qo)"™.
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2.5.1. Porous sets. Following [11, Definition 10.11], a set E C R™ is porous if there exists
C' > 0 such that for every x € R" and r > 0 there exists y € R" satisfying B(y,Cr) C
B(z,r)\ E. Equivalently, F is porous if there exists ¢ > 0 such that for every cube Qo C R"
there exists an E-free subcube @ € D(Qy) with |Q] > ¢|Qo].

Moreover, the following are equivalent (see for instance [11, Theorem 10.25)):

(i) a nonempty set £ C R" is porous,

(i) dima(E) < n.

2.5.2. Weakly porous sets. In [1], Anderson, Lehrback, Mudarra, and Vahikangas introduced
and developed the notion of weak porosity for a nonempty set £ C R"™. Given a cube
P C R", let M(P) indicate an E-free subcube in D(P) of largest side-length. Then F is
a weakly porous set if there exist ¢,d € (0,1) such that for every cube P C R", there is a
family of pairwise disjoint E-free subcubes {Qy}., C D(P) satisfying |Qx| > §|M(P)]| for
k=1,...,N as well as 3.1, |Qx| > ¢|P], see [1, Section 3]. Tt then quickly follows that a
porous set is weakly porous. Moreover, by [1, Theorem 1.1] the following are equivalent:

(i) a nonempty set £ C R™ is weakly porous,

(ii) there exists v > 0 such that d(-, E)~® € A;(R"),

(iii) d(-, F) € RH,(R™),
where the equivalence between the last two statements is due to Remark 2.1. The precise
range of o’s that make d(-, E)~* € A;(R") or d(-, E)~* € A,(R") for 1 < p < oo for a weakly
porous set £ C R"™ relies on the notion of Muckenhoupt exponent Mu;. Given a nonempty
set £ C R", its Muckenhoupt exponent Mu;(FE) is defined as the supremum of a > 0 such
that there exists C' > 0 satisfying

500l o (210)
Q- r
for every cube @ centered at a point of £ and every 0 < r < £4(Q), and if £,(Q) = 0 for
some such cube @, then Mu;(F) := 0, see [1, Definition 6.1] and [15, Definition 8.1 and
Remark 8.2]. Then, by [1, Theorem 1.2], given a weakly porous set £ C R™ we have

(i) d(-, E)~* € A;(R"™) if and only if 0 < a < Muy(F), and

(ii) for 1 < p < oo, d(-, E)~* € A,(R") if and only if (1 — p)Mu; (E) < o < Muy(E).
In addition, by [1, Theorem 1.3], given a nonempty set £ C R" and o € R\ {0}, then
d(-, E)~* € A;(R") if and only if 0 < a < Mu,y(F). Consequently, a nonempty set £ C R™
is weakly porous if and only if Mu; (E) > 0.

Remark 2.6. Notice that given a weakly porous set £ C R", 1 < p < oo, and > 0 with
By’ /p < Muy(E), by setting v(z) := d(z, E)® we have v 7/? = d(-, E)~?"'/? ¢ A;(R") and
consequently v € RH,.(R™) due to (2.1) and Remark 2.1.

2.5.3. Median porous sets. In [15], Pasquariello and Uriarte-Tuero extended the notion of
weak porosity by introducing that of median porosity. A set ) C E C R™ is a median porous
set if there are constants 0 < d < 1 and 0 < s < ¢ < 1 such that

> QI = (1 9)|Qo
QeSt

for every cube Qo with Qo N E # 0, where 8§ = Spy,(g,)(Qo), see [15, Definition 7.3]. As
noted in [15, Remark 7.5] the definition of weak porosity corresponds to the case t = 1. By
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[15, Theorem 1.5] a nonempty £ C R” is median porous if and only if there exists v > 0 such
that d(-, £)™® € A, (R™). The precise range for the o’s with d(-, E)~* € A, (R") requires
the notion of the Muckenhoupt exponents Mu, for 1 < p < oo and Muu(E) of a nonempty
set £. Let E C R" be a nonempty set. For 1 < p < oo, let Mu,(£) denote the supremum of
a > 0 so that there are constants C' > 0 and 0 < s < 1 such that for every cube @) centered
at a point of F

|E, N Q| L(Q)
Q] SC( "

[(B)nQ| J(Q)\ 7T
|Q)| <(J< - ) , VL(Q) <r < (Q).

Let Muo(FE) be the supremum of o > 0 so that there are constants C' > 0 and 0 < s < 1
such that for every cube @) centered at a point of

% <C (£S£Q))_a, Y0 < r < £4(Q).

If £,(Q) = 0 for some 0 < s < 1 and some cube @, set Mu,(E) = Muw(F) = 0, see [15,
Definition 8.6]. Now, by [15, Theorem 8.7 and Corollary 8.10], given a nonempty set £ C R"
we have

)_a, VO <7 < L4(Q)

as well as

d(-, E) " € Ax(R") & —sup(p — 1)Muy (E) < o < Muy(E)

p>1
and the following are equivalent:

(i) £ is median porous,
(ii) there exists a > 0 such that d(-, )~ € A, (R"),
(ili) Mu(E) > 0,
(iv) Mu, > 0 for some 1 < p < o0,
(v) Mu, > 0 for every 1 < p < oo.
Let us set lo(F) := — sup( — 1)Mu,/ (£) and

p>1

Io(E) := (loo(E), Mus(E)). (2.12)

That is, d(-, £)™* € Ax(R") if and only if @ € I(F). Also, by [15, Corollary 8.10.3] it
follows that (. (E) < 0 whenever Mu..(F) > 0. Also, by [15, Corollary 8.10], if £ C R"
then Muo(F) < n and Muw(E) := sup Mu,(E). Moreover, by [15, Corollary 8.10], if

1<g<oo
E is weakly porous, then it is median porous with Muy(£) = Mu,(E£) > 0 for every

1 < p < oo. The next lemma guarantees that dimy/(E) < n for every bounded, median
porous set £ C R".

Lemma 2.7. Gwen a nonempty bounded set E C R™, we have
Muy (E) < n — dimy (E). (2.13)

Proof. If Mu,,(E) = 0 then there is nothing to prove due to (2.11) and the aforementioned
fact that dimy(E) < n for every E C R". If Mus(F) > 0, let us take o € (0, Muo(F))
which makes for d(-, E)™ € A (R") C LL.(R"). Next, by [17, Lemma 3], given a set
A C R”, an open set 2 C R”, and v > 0 we have

/ d(z, A)dz = 174, N Q| + 7/ A NQEd, VS0, (2.14)
ArNQ 0
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Now, for a bounded set £ C R™ and 0 < r < 1 let us choose A := F, ) := F; so that
E.NQ=E,, and v := « so that d(-, E)~* € L} (R"). The identity (2.14) then yields

loc

r Y E| < / d(z, A) %dx =:n < 0.
£y

Define A :=n — a (which is positive since o < Mu(E) < n) so that |E,| < nr= for every
0 <r <1, and from the definition of dimy/(£) in (2.7) it follows that dimp/(E) < A, that
is, @ <n — dimy/(F). Finally, letting o — Muo(E) proves (2.13). O

3. ON A FUNCTION gg € LV>®(R")

In this section we introduce and study a function gz associated to a bounded set £ C R"
and characterize the condition gr € L*(R") in terms of measure-theoretic properties of E,
this characterization plays a central role in the construction of examples from Section 4.

Lemma 3.1. Fiz 0 < s < n and a set E C R" with 0 < diam(E) < oo and |E| = 0. For
a.e. v € R" define

_ (d?ii;f£>)_(”_s) if d(x, B) < diam(E)
gp(x) = (d??ffﬂff%))in if d(x, F) > diam(FE).
Then, if there exists K > 0 such that
|E,| < Kr"™%, V0 <r < diam(E), (3.1)
it follows that gp € LY (R"™) with
lgE|l L1 @y < Kdiam(E)"™* + w,2"diam(E)". (3.2)

Conversely, if gg € L">(R"), then (3.1) holds with K := ||gg|| 1. (rn)/diam(E)"*.
Proof. For t > 0 let us write
H{z € R": gg(x) > t}| = [{z € R" : d(z, F) < diam(FE) and gg(x) > t}|
+ [{z e R": d(z, F) > diam(E) and gg(x) > t}| =: T + I1.

By setting r := diam(FE) min{t_ﬁ7 1} and using it in (3.1) we get

I=|{z €eR":d(x, E) < r}| < Kdiam(E)"5t*.
On the other hand, by defining R := diam(E)/t*/™, we can write

II = |{z € R" : diam(F) < d(z, F) < R}

and notice that, for any fixed g € E, the inclusion

{z € R" : diam(E) < d(z, E) < R} C B(zg,2R) (3.3)

holds true, since given x € R™ with diam(F) < d(z, F) < R and € > 0 let yg € E satisfy
|z —yg| < d(z, E) + ¢ and then

|z — x| < |r—yp|+ lyg — 2p| < d(z, E) + diam(E) + ¢ < R+ diam(F) + ¢ < 2R + ¢,
and we obtain (3.3) by letting ¢ — 0. Consequently,
IT < |B(0,2)|R" = |B(0,2)|diam(E)" /t
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and (3.2) follows. Conversely, gr € L' (R™) means

iz € R : gio(a) > )] < gullpmeny, VE> 0 (3.4)
and, given 0 < r < diam(F), for z € R" with d(z, ) < r we finally get d(z, F) < diam(F)
and then gp(z) = ( d(z.B) )_(n_S). By using (3.4) with ¢ := (r/diam(E))~ "%,

diam(FE)

{z € R": d(z, B) < r}| < [{z € R" : diam(E)gp(z) "9 < r}]
= [{z € R": gp(z) > (r/diam(E))~ "}

T n—s
< gzl zroo @y <m>

which proves (3.1) with K := ||gg|| 1100 (ny/diam(£)"%. O

4. PROOFs OF THEOREMS 1.1, 1.3, 1.4, 1.6, 1.7, 1.9 AND OF COROLLARY 1.8

The proofs are based on the function gz from Section 3 and on the right choice of indices
Y1, 7Y2, 01,02 € R so that the pair (w., ~,, Vs, 5,) satisfies either the condition (2.3) from The-
orem 2.3 (when O(«) > 0) or (2.2) from Theorem 2.2 (when ©(a) = 0), whenever £ C R™
is a bounded, median porous set. Recall that ., ,, and vs, 5, are defined for z € R™ \ E as

1 V2
max { <dc112gfni? > (dlam E)) } if "< 72

tnal) = : (4.1)
e min { <£§an > <d1am(E )V } if 1 >
and
d(z o1 d(z 02 .
max (dlam > (dlam E)) if 51 < 52
U5y () 1= 5 52 (4.2)
min { (dlam(E)) <d1am(E ) } if 61 Z 52
and notice that they can be rewritten as
T "o )
()" e B) < diam(e) y
u71 Y2 (x) T d(I,E) Y2 ) ) ( ) )
(diam(E)) if d(z, £) > diam(E)
as well as
oo '
. (Jfﬁaf&) if d(z, E) < diam(E)
Va2 () 1= dzE) \2 . ' (4.4)
(dmﬁ@)) if d(z, £) > diam(£).

Proof of Theorem 1.1. Fix 1 < p < g < oo and 0 < a < n such that O(«) > 0 (always
with ©(«) as in (1.8)). Let F C R™ be a median porous set with 0 < diam(E) < oco. In
particular, dimy;(E) < n (due to (2.13)) and d(-, E)~? € A, (R") if and only if ¥ € I(FE)
as defined in (2.12). Next consider exponents 71,72 as in (1.9). Notice that the local
integrability of d(-, E)~? for ¢ € I(E) along with the fact that d(-, E) = d(-, E) implies
|E| = 0 and then u,, ,(z) is well defined for a.e. ¥ € R". Now, the hypothesis (1.9) means
precisely d(-, £)",d(-, £)"? € Ay(R"™) which together with (4.1) and the fact (mentioned
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in Section 2.1) that A (R") forms a lattice yields u,, 5, € Ax(R™). Similarly, d1, 0 as in
(1.10) and (4.2) imply v;"/” € A (R"). Next, we use (4.3) and (4.4) to write

%

_n L(ifi)
5 d(z, 8(a) . ,
<U71772(33)‘11> o _ <difim5%)> ! : if d(l‘, E) < dlam(E)
v B noz (2772)
065, <d(ii$rfE))> STt d(z, F) > diam(E),

and by choosing 71, 2, 01, 02 such that

_n_ (m _ & — _(p —

O(a) ql Pl - (TL 8) (45)
n o _ '
sw v =%) =™

=
B Ql—

n/O(a)
for some s € (dimy(E), n) it follows that <M> = gp(x) with gg as in Lemma 3.1

V5,65 ()

satisfying gp € LY*°(R™) with the estimate
9E|lLr e @ny < Kdiam(E)"™* + w,2"diam(E)"

for some K > 0 depending on s, n and E, due to Lemma 2.5 (since dimy(E) < s < n).
Consequently,

[ J0MP|| oo ooy = gl Ak (any < (K diam(E)" ™ + w, 2" diam( E)")"/ €@,
Finally, by solving for s from the first equality in (4.5), the inequalities dimy(F) < s < n
amount to (1.11), while the second equality in (4.5) means (1.12). Thus the conditions
Uy o vgféép € A (R") and U%?vz/“él/fb € L"/®(®):>(R") in Theorem 2.3 are met and (1.13)
follows from it. OJ

Proof of Theorem 1.3. A consequence of Theorem 1.1 applied to I, by noticing that the
conditions on 7,72, d1, d2 coincide with (1.11) and (1.12) when a = 1. O

Proof of Theorem 1.4. Since §; = 6o = 0, the condition §;p'/p € I(£) holds trivially for
J=1,2 (since oo (F) < 0 < Muy(F)), also v, 5, = 1. Then (1.9), (1.10), (1.11), and (1.12)

reduce to
—v; €Ix(E) forj=1,2

dimy(F) —n < Bmn <0

72 =—¢O(1) =%(n—p)—n <0,
which are equivalent to (1.16) and (1.17). Notice that the second inequality for 75 in (1.17),
along with the fact that Mu,(E) < n by [15, Corollary 8.10.6], imposes p < n, while the
first one makes ¢ < np/(n — p). Finally, since 1 > 7o (1 — @), with 75 < 0, it follows
that 71 > 72 and (1.14) yields

vt =min { (G5 () )

Finally, the weighted Hardy-Sobolev inequality (1.19) follows from (1.18) and (2.4). O

Proof of Theorem 1.6. In this case a = ©(«) = 1 (in particular, n > 1) and (1.9), (1.10),
(1.11), and (1.12) reduce to (1.20) and therefore (1.21) follows from Theorem 1.1. In turn,
(1.21) and (2.4) yield (1.22) O
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Proof of Theorem 1.7. Having ©(«) = 0 means ¢ = np/(n — ap). In this critical case our
guide will be Theorem 2.2. We will choose the indices 71,72, 61,5 such that u'/? < v/P,
which is quickly done from the definitions of w and v in (1.14) and (4.4), respectively.
Indeed, by considering the cases d(z, E') < diam(F) and d(z, F) > diam(FE) the inequality
u!/? < v/? is achieved by choosing i, vz, 01,9 with v, /q — &1 /p > 0 and v /q — d2/p < 0,
which amount to (1.23) and (1.24), and together with (1.9) and (1.10) (always to guarantee

/

Uy o vé_f(s/p € A (R™)) as well as Theorem 2.2, yield (1.25). O

2

Proof of Corollary 1.8. Given 1, B2 verifying (1.26), define vy := [a, 72 := fo, 01 := [
and dy := f1. Then, due to (1.26), the exponents 71, ¥2, 01,2 € R satisfy (1.23) and (1.24).
Also, by (1.26) since 71 = 75 = [ we get —y; = —7 € I(F) and the condition (1.9) is
met as is the condition (1.10) since p'f1/p € I(E) means precisely (1.27). O

Proof of Theorem 1.9 It follows from Theorem 1.7 applied with a = 1 and by noticing
that the conditions on 71,72, d1, d2 coincide with (1.9), (1.10), (1.23) and (1.24) when oo =1
and ¢ = np/(n — p). O

5. PROOF OF THEOREM 1.10

We will make use of the following result from [13].

Theorem 5.1 (Theorem 6.8 from [13]). Fizn > 1 and 1 < p < g <n/O(1) with O(1) :=
1+n(l/qg—1/p) > 0. Given v € RH,(R™) such that v/ € A (R") there exists C > 0
depending only on n, p, q, [v‘p/p]Am(Rn), and [v) g wn) such that

1/q 1/p
( |f<x>|W<g><x>@<l>q/%<x>q/?da:) < O ( / |Vf(:v)|”v(rc)dx>
R” R»

for every f € C§(R") and g € L*(R™).

In the case where v is a power of d(-, F) for a weakly porous set £ C R™, we obtain the
next corollary of Theorem 5.1.

Corollary 5.2. Fizn > 1 and 1 <p < ¢ <n/O(1) with ©(1) :==1+n(1/qg—1/p) > 0.
Given a nonempty weakly porous set E C R™ and > 0 with Bp'/p < Muy(E), there exists
C >0, depending only on B, p, q, Muy(E), and n, such that

( (@) M(g) () PO dy )39 dx) < O ( [ 1Vi@Pase) da:)
R” R”
for every f € C§(R") and g € L*(R™).

Proof. A consequence of Theorem 5.1 by setting v(z) := d(x, E)® so that v™P/? € A;(R")
due to 0 < Bp'/p < Muy(E) and then v € RH(R") by Remark 2.6. O

The proof of Theorem 1.10 will also rely on the following lemma.

Lemma 5.3. Fiz a set £ C R" with 0 < diam(FE) < oo, and for £ > 0 let us write
d.. := kdiam(FE). Then, for each v < n — dimy,(FE) there exists K > 0 depending on v, K,
diam(F), and n such that

d(z, E)™  ifd(z, FE) < dg

M(d(-, E) "xp, ) () > { Kd(z, By ifd(z,E) > d,, for a.e. v € R". (5.1)
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Proof. Let us first notice that the condition v < n — dimy;(E) guarantees
/ d(z, E)"dz < o0 (5.2)
Egr

for every R > 0, see for instance [17, Lemma 1]. Now, for a.e. x with d(z, E) < d,, that is,
if a.e. x € By, we have M(d(-, E) "xg, )(z) > d(x, E)™7. Let us then consider the case
x & Ey,_, that is, d, < d(z, F). In this case we have

E;. C B(z,(2+1/k)d(x, E)), (5.3)

since, given y € Ey_, for ¢ > 0 there exist z9,x; € E with |z — 29| < d(z, F) + ¢ and
ly —z1| < d(y, E) + ¢ < d,, + ¢ and then

ly —z| < |y — x| + |x1 — 20| + |z0 — 2| < d,, + diam(E) + d(z, E) + 2¢
=d, + %dﬁ +d(z,E)+ 2 < 2+ 1/k)d(x, E) + 2¢
and (5.3) follows by letting & — 0 (and by recalling that F,_ is an open set). Next, define
C(v,d,) ::/E d(z, E)dz < o0 (5.4)
dk
so that by setting B, := B(z, (2 + 1/k)d(z, E)) we get

d
Gy, (e = o [ G py s = S

|Bz| By B |Bz| Ey,, |Bz|
and then
M(A(, E)xp,, ) (@) = O, de)w, ' (2 + 1/k)d(2, E) ™"
and (5.1) is proved with K := (2 + 1/k) "w, ' C(v, d,). O

Proof of Theorem 1.10. The proof will be a combination of Corollary 5.2 and Lemma 5.3.
Fix 0 <y <n —dimy(F) and for £ > 0 let us use Corollary 5.2 with the function

gr = d(-, E) "xg,,

(which belongs to L'(R") due to (5.2)) where d,; := rdiam(FE), so that by Lemma 5.3 we
have

M(g)(z) > Kd(z, E)™",
for every x € R" with d(z, F) > d, where
K =2+ 1/5)"w, 'C(v,d.) > k"w, ' C(y,d,)
with C'(7,d,) being precisely ||g, | r1@n) by (5.4). Therefore, we get
M(g,{)(x)qe(l)/” > ,{q@(l)wglcv(%dﬁ)q@)(l)/n d(z, E)—qe(l)

for every x € R™ with d(z, F) > rkdiam(F) and the result follows from Corollary 5.2 as the
finite quantity ||g||?1(8§/[; appearing on the right-hand side of the inequality cancels out with
the one on the left-hand side. O
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