ON WEIGHTED ESTIMATES FOR FRACTIONAL OPERATORS AND
APPLICATIONS TO HARDY-TYPE INEQUALITIES

DIEGO MALDONADO* AND JAVIER SORIA**

ABSTRACT. New necessary and sufficient conditions for two-weight estimates for frac-
tional maximal and integral operators are established by means of Harnack-type esti-
mates for Muckenhoupt weights. Applications include weighted Hardy inequalities with
weights based on the Hardy-Littlewood maximal operator.

1. INTRODUCTION AND MAIN RESULTS

For 0 < a < n the fractional maximal operator M, is defined as
M) = s QI f 110y

where @ C R" is a cube (always w1th sides parallel to the coordinate axes) and the
notation fE u stands for Ifl\ / 1 w(x) dr; that is, the average of u, with respect to Lebesgue

measure, over a set E' with Lebesgue measure |E| > 0 (while the notation u(E) will stand
for [, u(z)dz). Similarly, I, denotes the fractional integral operator

L@ = | W)y,

R |7 —y|re
When o = 0, My = M is the Hardy-Littlewood maximal operator. The literature on
two-weight inequalities for M, and [, is vast, but we will base the statements of our
main results on the following classical theorem by E. Sawyer and R. Wheeden (see [13,
Theorem 1]): For 1 < p < ¢ < 0o and 0 < o < n define

o(a) ;:a+n($—%), (1.1)

then, given nonnegative measurable functions v and v and r > 1, the condition

1 a1
rq , rp!
5 AT = -P .
[(u,v)] ra sup]Q\@(o‘)/” (f u’”) <][ v" /p) < 00 (1.2)
’ Q Q Q

implies the two-weight strong-type (p, q) for 1,

(/n | Io(f) ()] () da:) v < Copgal(u,v)] are (/n | (2)[Po() dx) . (1.3)
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for every measurable function f. Recall that for 1 < p < oo a weight w in R™ (that is,
w € L (R™) with w > 0 a.e. in R") is said to belong to the Muckenhoupt class A,(R™) if

[w]a, = Sup (]é w) (]2 w@>pl < 00 (4p)

where () C R" is a cube. The endpoint classes for p = 1 and p = oo are defined by

w(f) )
e (f)m(fw) =

As it turns out, A (R") =5, 4,(R") (see for instance [5, Section 9.3]).

Throughout this article, our basic standing assumption on the pair (u,v) will be that
both u and v™""/? belong to A, (R™). In this case, there are constants N > 1 and r > 1,
depending only on [u]4__gn), [07P/?] 4. (&n), and n, such that

(£) v (fa) ma (L) v (foom). v

(see for instance [5, Theorem 7.2.5]) and then (1.2) becomes equivalent to

1/q 1/p’
- O(a)/n —p'/p 4
(0. 0)ls5, = sup (@) (]é u) (]é v ) < o (1.4)

with the estimate [(u,v)]ag, < [(u,v)]ane < NYa+/v(y, v)]ag,- Since 1 < p < ¢ < 00
and 0 < a < n we always have O(a) < a < n. Moreover, we may (and do) assume that
©(a) > 0. Otherwise, Lebesgue’s Differentiation Theorem applied in (1.4) would imply
u=0a.e.

To compare M, and [, when 0 < o < n, a simple computation yields M, (f)(z) <
2", (| f])(x) for every measurable f and z € R™. On the other hand, as B. Muckenhoupt
and R. Wheeden proved in [10, Theorem 1|, for every 0 < p < o0, 0 < a < n, and

u € Ao (R™), there exists C' > 0, depending only on p, o, n, and [u]4_ wn) such that

and

. Lo (f)(2)|Pu(z) do < C - (Ma(f)(@)[Pulz) do

for every measurable f. Moreover, by [13, Theorem 1] the inequality (1.4) turns out to be
necessary for (1.3) to hold (and this does not require u, v=?/? € A (R")). Consequently,
under the assumption u, v /7 € A, (R") the condition (1.4) is both necessary and suf-
ficient for the inequality (1.3) to hold true for either I, or M,. This is also true in the
case @ = 0 (which implies ©(a) = 0 and hence p = ¢), since the necessity of (1.4) (with
O(a) = 0 and p = q) for the (u,v)-weighted strong (p, p)-type of the Hardy-Littlewood
maximal function has been established by B. Muckenhoupt in [9, Theorem 1] and its
sufficiency, when v?/? € A (R"), by C. J. Neugebauer in [11, Theorem 5].

The purpose of this note is to provide new, simpler necessary and sufficient conditions
for (1.4) (and hence for (1.3)) to hold under the hypothesis u,v"?/? € A (R"). Based
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on such sufficient conditions, examples of pairs (u,v) satisfying (1.4) will be constructed
and then used in several applications to Hardy-type inequalities.

Let us now describe our main results according to the cases ©(a) = 0 and O(a) > 0
When O(«) = 0 the Lebesgue Differentiation Theorem again, now applied to (1.4), yields
the pointwise inequality u(x)Y/? < [(u,v)]A;qv(a:)l/p for a.e. x € R™ Our first result

shows that, conversely, if u,v?/? A (R™) then the pointwise condition u'/? < Cv'/P
implies (1.4). More precisely,

Theorem 1.1. Fiz 1 <p < g < oo and 0 < o < n (with « = 0 allowed for Mgy) such
that ©(a) = 0 (that is, 1/q = 1/p — a/n). Given (u,v) with u,v™?/? € A (R"™) suppose
that there exists Cy > 0 with

u(x)V < Cou(z)V?,  a.e. z € R™. (1.5)

Then (1.4) holds true and consequently

( - |1, (f)(x)]|9u(z) dm) v < 0,0y ( (@) Po() dx) 1/p’

R

for every measurable f (with I, replaced by My if « = 0), where C; > 0 depends only on
n,p,q,cq, [U]Aoo(Rn)7 and [U_p /p]Aoo(Rn)'

For the case ©(a) > 0 (that is, 1/g > 1/p — a/n) we prove the following

Theorem 1.2. Fiz 1 <p < g < oo and 0 < a < n such that ©(a) > 0. Given (u,v)
with u, v PP € A (R") the condition u'//v'/P € ["/O(@):(R") implies (1.4) with the
estimate

[(w,0)]ag, < ColluM /0P| 1o /o) o0 ny. (1.6)
where Cy > 0 depends only onn, o, p, q, [u]amny, and [v_p'/p]Aoo(Rn). In particular,
1/p

1/q
( IIa(f)(w)qu(x)dx) < Collua™ 0P otero ( / If(frf)|pv(:r)dw) |
R” R™

for every measurable f.
If, in addition, u'/?/v'/P € A (R"), then (1.4) is equivalent to

Mo (u/1/01/7) € L=(R?)
with the estimates
0| Mooy (u? [01/7) || ooy < [(u,0)]ag, < 07" [Megay (u®/0!/) || 0w ),
where 6 € (0,1) depends only on n, o, p, [ula_ @y, [V P]ar @), and [u7/ol/P)4_ gny.

Remark 1.3. Notice that given 1 < p < ¢ < oo and 0 < a < n with ©(a) = 0, by
setting ¢ := ¢/p’ + 1 the condition (1.2) follows from (1.5) together with the assumption
u € Ay (R™). Indeed, given u € A;(R™) there are constants » > 1 and N > 1, depending
only on [u]a,@n), ¢, and n, such that u" € A,(R") with [u]a,@&n) < Nul)y, g (see for
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instance [5, Theorem 9.2.5]). Hence, by using that v='/? < Cu~7 a.e. from (1.5), we
can write

(][ ur) " <][ Urp’/p) ' < Cy <][ ur) " (][ urp’/q> '

Q Q Q Q

(7[ u) (7[ urpl/q) ] < Colu")3, e
Q Q

and (1.2) follows with [(u,v)]are < CoN i[u]x q(Rn). Similarly, the inequality (1.5) now
together with the condition v=?/? € A, (R™) (where (¢ —1)(t—1) = 1) also quantitatively
implies (1.2). Thus, Theorem 1.1 allows the passage from the assumption v € A;(R") or
vP/P € Ay(R™), for the precise index ¢ := q/p’ + 1, to u, v ?/? € A (R").

Remark 1.4. To the best of our knowledge, Theorem 1.2 seems to be the first to es-
tablish sufficient conditions for the (u,v)-based estimates (1.3) phrased in terms of the
quotient u!//v/P,

The rest of the article is organized as follows: Section 2 includes an account on basic
properties of Muckenhoupt weights. In Section 3 we identify the largest rearrangement-
invariant space D, so that the fractional maximal operator M, : D, — L>®(R") is
bounded. This boundedness property is crucial to the proof of Theorem 1.2. In Section 4
we prove our main results Theorems 1.1 and 1.2. In Section 5 we construct examples
of weight pairs (u,v) satisfying (1.4) where u takes the form u = M(g)®®4/"y9/P ith
g € L'(R"). Finally, in Section 6 we apply Theorems 1.1 and 1.2 with the classes of weights
constructed in Section 5 to produce new families of weighted Hardy inequalities, including
some extensions of the classical Caffarelli-Kohn-Nirenberg inequalities (see Theorem 6.5
and Corollary 6.6).

2. PRELIMINARIES

Given two nonnegative quantities or functions A and B, we will frequently use the
notation A < B to indicate the presence of an implied constant C' > 0 such that A < CB
and the nature of the constant C' > 0 will be described in each case. We write A ~ B if
A< Band B S A

2.1. On Muckenhoupt weights. Typical examples of A,-weights are the locally inte-
grable powers of |z|. More precisely, for 1 < p < oo, the weight |z|* € A,(R"™) if and only
if —n < a <n(p—1)and |z|* € A;(R") if and only if —n < a < 0, see for instance [5,
p. 286]. In the construction of A, (R™) weights in Section 5, we will use the facts that if
g € LL (R") with M(g)(x) < oo for a.e. € R and § € (0,1), then M(g)? € A;(R")
with the estimate o
(M(9) e < 7 — 5

for a dimensional constant C,, > 0, see for instance [5, Theorem 9.2.7]. Also, if wy,ws €
A;(R™) and 7 > 1, then

(2.1)

wwy Y e AL(RM), (2.2)
see for instance [5, Exercise 7.1.2].
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During the proofs of Theorems 1.1 and 1.2 (in Section 4) we will repeatedly make use
of the following characterization of A, (R") established in [8, Theorem 1.1].

Theorem 2.1. Fiz a weight w in R™ with w(Q) > 0 for every cube Q C R™. Then the
following are quantitatively equivalent:

(1) w € Ax(R™),
(i1) for every e € (0,1) there exists C. > 1 such that for every cube Q C R™ there is a
set H. C Q) satisfying
in{’HE‘ w(H.)

Q" w(@Q)

Remark 2.2. Given w € Ax(R"), € € (0,1), a cube Q C R", and H. C @ as in Theo-
rem 2.1 (ii), for a.e. x € H. we can write

} >(1—¢) and esssup w < C. essj{inf w.
H. E

H. e (1 —6)

C. C. C2 . 2
< A=c7 I w < TESE ess;sup w < TSE essHlsnf w < - 5)2w(x).

C
w(x)SesssupwgCaessHinwaC;][ w < < fw
e Q

That is,
w(x) 2][ w ~ ][ w a.e. x € H,, (2.3)
e Q
where the implied constants depend only on ¢, [w]a_, and n.

Remark 2.3. Fix N weights wy,...,wy € Ax(R"), ¢ € (0,1), and a cube @ C R". If
H? denotes the set H. C Q from Theorem 2.1 (ii), corresponding to each w; € A (R"),
g=1,...,N, then

N

Q\NLH = UL (Q\HDI < D |Q\ HI| <eNIQl,
j=1

since |Q \ HZ| < €|Q| for every j =1,..., N. Thus, by choosing € < 1/N,

N

AEE

j=1

2.2. Reverse Holder classes. For 1 < s < oo we write w € RH (R") if

s, = sup (]é w(e) do " (]é w(z) d) <o,

As it turns out (see for instance [5, Section 9.3]), J,., RH (R") = A (R").
For s = oo we write w € RH(R") if

. -op(og ) () <=

It is a known fact that the class RH(R™) is invariant under positive powers, that is, the
implication

> (1-eN)|QL. (2.4)

w € RHL,(R™), ¢ > 0= w’e RH,(R") (2.5)
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holds true with [w*] gy, &~ depending only on [w]ga.(&n), ¢, and n (see [4, Theorem 4.2])
and that the inclusion RH(R™) C (., RH (R") is proper (see [4, p. 2948]). In addi-
tion, the class (,.; RH,(R") constitutes the multipliers of A (R™). In particular, the
implication
w € Au(R"),u € [| RH,(R") = wu € A (R") (2.6)
s>1

holds true with [wu]agn) < [wT]X;(Rn)[uT/]X:(Rn) for some 7 > 1 depending only on

[w] 4. wn) and n, see for instance [7, Theorem 3.5].

Remark 2.4. RH(R™) and A;(R™). The classes RH,(R™) and A;(R") are related as
follows: if w € A;(R") then there exists 6y > 0 (depending only on [w]4, ®n) and n) such
that w=% € RH,,(R"™). Conversely, if w € RHy(R"), then there exists §; > 0 (depending
only on [w]gp. (r») and n) such that w=" € A;(R"), see [4, Corollary 4.5].

In particular, one has that |2]° € RH.(R"™) for every § > 0 since by fixing 0 < ¢ < n
the weight 2|79 belongs to A;(R"), then |z|’ € RH,(R") for some # > 0. Finally, (2.5)
applied with £ = §/0 yields |z|° € RH,(R").

3. ON L*(R™) AS THE RANGE FOR M,

Given 0 < a < n, in this section we will characterize the optimal domain D,,, for the
fractional maximal operator M,, so that the boundedness M, : D, — L*(R™) holds.
For this purpose, we recall the definition of the nonincreasing rearragment of f € L{ (R"™),
denoted as f* (see [1]):

ff(t)=inf{s > 0: [{z e R": |f(z)| > s}| < t}, Vt>0.
We will also need the following result [3, Theorem 1.1], where the authors show that if
f € Ll _(R™), then

loc

(Maf)'(t) S sup s*/"f(s), Vit >0, (3.1)
t<s<oo
and, there exists a function g € L{ .(R™), with g* = f*, such that
sup 5" f*(s) S (Mag)" (1), (3:2)
t<s<o0

where f**(t) = %fg f*(s) ds and the implied constants depend only on « and n.

In view of this, it is reasonable to introduce the following rearrangement invariant
structure: Given a set X, satisfying that (L'(R") N L*(R")) C X C L] (R"), we define

loc
X = Uy ,
Y CX is an r.i. space

where (Y, ||-]|) is a rearrangement invariant space (r.i.) if it satisfies the following conditions
(see [1, Definitions 1.1.1 and 11.4.1]):

Y = {f is measurable and || f|| < oo} with a norm || - || (called Banach function norm)
for which, given f,g, f, € Y, A C R" measurable:

@) LA < Tlgll, 3 [ < 1gl,

(i) 0 < fo < fopr = frae. = [[full = 11,
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(ili) xg €Y, if |F] < oo,
(iv) /E|f(x)| dz < Cyl|f], if | E| < 0o, and

V) IFIE=1lgll, if f* = g*

Since, for every r.i. space Y, we have that [1, II.Theorem 6.6],
(L'(R™) N L*[R") C Y C (L'(R") + L>*(R")),
it is then clear that
(LY(R™) N L=(R")) € X € X N (LR + L=(R")).
Also, if f € X and f*=g*, then g € X. Moreover, if X is already an r.i. space, then
X = X. Let us define

X, = {f e LL (R") : Mof € LOO(R”)}. (3.3)
The main result of this section is the following:

Theorem 3.1. For 0 < o < n, let X, be as in (3.3). Then, X, = Ln/>(R™). Hence,
LM/ (R") is the largest r.i. space Y for which My : Y — L= (R") is bounded.

Proof. Let us first observe that X, is well defined; that is, (LY(R™) N L>*(R")) C X,. In
fact, if f € (L'(R™) N L>®(R™)), then for every cube Q:

QL /Q @) dr < [flle. i1Q] < 1,

and

QP /Q @) de < £l £ 1Q] > 1.

Thus, [[Mafllee < [[fllLr@mnre@ny = max{||fllzr@n), |l 2@}
Let h € LL (R*) and define the Hardy operator Ah(t) = 1 fot h(s)ds. Tt is well known

loc - 1

that (see [6, p. 240]), for 1 < p < oo, A : LP(R") — LP(RT) and hence, for every
1 <p<oo, A: LP>®(R") — LP*°(R"). Lets us now prove the following remark:

f e LV R") «— sup s*"f*(s) € L°(R"). (3.4)

t<s<oo

In fact, since f* < f** = A(f"),
sup Sa/nf**(s) c LOO<R+) — A(f*> c Ln/a,oo(R+)

t<s<oo
= f* c Ln/a,oo(R+) — f c Ln/a,oo<Rn).
Conversely, if f € L™/ *>®(R"), since 1 < n/a < oo,

a/n pEx ‘ — a/n pkx — [lA(F*
su S S su S S n/a,00
s )= s ) = G e

S “f*“L"/a»OO(Rﬂ = ||f||L"/aﬁ°°(]R") < Q.
To finish, if f € L™/®>®(R"), then using (3.1) and (3.4), we have that

[Mafllzoe@ny S I Fllpnsoce gy
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and hence f € X,. Thus, LV*>(R") is an r.i. space contained in X, and, therefore,
Lo (R C X,

Conversely, if f € )?;, consider g as in (3.2). Then g* = f*, and hence g € X, Thus,
Mg € L>*(R") and, using both (3.1) and (3.2),

sup Sa/nf**(s)

t<s<oo

Finally, (3.4) gives us that f € L™/*>®(R"). O

~ MOt oo (R < .
Lo (®H) [IMagllLoe(am) < o0

4. PROOFS OF THEOREMS 1.1 AND 1.2

4.1. Proof of Theorem 1.1. Fix u,v™?/? € A (R"). By Remark 2.3 with N = 2,
fix e € (0,1/2) and given a cube Q, let H! and H? denote the subset H. C @ from
Theorem 2.1 (ii), corresponding to u and v~7"/?, respectively. Set H := H! N H?, so that
(2.4) yields |H| > (1 — 2¢)|Q| > 0, and then (2.3) applied to u and v™7/? gives

1/q
(f u) ~u(z)?, ae reH (4.1)
Q
as well as
/ 1/pl
(][ v P /p> ~v(x) VP, ae z€H. (4.2)

Q
Then, by fixing z € H, (4.1) and (4.2) along with the hypothesis u'/? < Cv'/? a.e. R"
yield

1/q N\

(][ u) <][ vP /p) ~ ()Y (x)"VP < O,
Q Q

where the implied constants depend only on [u]4_(rny, [P /7] A (Rn), €, D, and n. O

4.2. Proof of Theorem 1.2. In keeping with the notation from the proof of Theorem 1.1,
from (4.1), (4.2), and the fact that |[H| > (1 — 2¢)|@Q| > 0, given 1 < p < ¢ < 0o we have

][ . 1/q ][ s 1/p N u(x)l/q
Q Q o)
Now, since (4.1) and (4.2) imply u(x) ~ u(y) as well as v(x) ~ v(y) for a.e. x,y € H, it

follows that
(:U)l/q ul/q
(x)l/p ~ - m, a.e. r € H.

1/q 1/p 1/q 1/q
(7[ u) (][ v_p//p> :][ ul 5][ ul (4.3)
Q Q U /p Q v /p

which, from the definition of ©(«) in (1.1), yields

ey 1/q S\ o wl/a
|Q|a/n+ /a—1/p (72 u> (]é v P /p) < Q| (a)/n g pvrS (4.4)

I~

=4

Consequently,
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Finally, the hypothesis u!'/?/v!/? € L%’OO(R") and Theorem 3.1 imply
o) /n ul/q
|Q|9( )/ ]ém < ‘|M@(a)(u1/(1/1)1/1’)||Loo(Rn) < CHul/CI/Ul/pHLn/(-)(a),oo(Rn)

and (1.4) follows. If, in addition, u!/?/v¥/? € A (R™), then fix ¢ € (0,1/3) and given a
cube Q, let H!, H?, and H? denote the subset H. C Q from Theorem 2.1 (ii), correspond-
ing to u, v™?/? and u!/9/v'/?, respectively, and put H := H! N H? N H?, so that (2.4)
yields |H| > (1 — 3¢)|Q| > 0. Then, the inequality f, * o < fo “1;2 from (4.3) becomes

,Ul/p ~

the equivalence f,, wt fQ le which then turns (4.4) into

vl/p 1/p>

ft1/a-1/ e W\ e [0
a/n+1/q—1/p —p'/p a)/n
<l (72 u) (]év ) =l QU

and therefore (1.4) is equivalent to Mgy (u/4/v'/?) € L®(R™). O

5. EXAMPLES OF (u,v) WITH u = M(g)®@4/nyd/P AND g € L*(R")

For 1 < p <ooand 0 < a <n, in [12, Section 3] C. Pérez introduced the class 4, , of
pairs (u,v) satisfying

1/p 1/
- a/n —p'/p
[(u,v)]4,., : Sgp|Q| (]é u> (Jév > < 0

as well as the classes
Bpo ={(u,v) € Ay, : PP A (R™)},
Cpo ={(u,v) € Aps 1 u € Axc(R")},

D, = {u € Ao (R") : sup |Q|O‘/”][ u < oo} .
Q Q

Notice that weight pairs in the intersection B,, N C,, satisfy (1.4) (with p = ¢). As
proved in [12, Section 3], if 0 < a < n, 1 < p < oo, and v ?/7 € A(R"), then
(May (v7/P) 0) € B, o N Cpy as long as Mo,y (vP/P) is finite a.e. Similarly, if ap < n,
then (u, Myp(u)) € Apq, for a general weight u with M,,(u) finite a.e. Notice however
that if w = 1, then M, (w) = oo for 0 < o < n. In this section we will construct examples
of weight pairs (u,v) € B,,NC,, based on the Hardy-Littlewood maximal operator M.

Given 1 < p < ¢ < 00, u,v?/? € A (R"), and 0 < a < n with ©(a) > 0, by
Theorem 1.2 the condition u'/?/v!/? € L"/9(®):>(R") implies (1.4). In this section we
seek a pair (u,v) such that

<

w = M(g)® @/ mylv (5.1)

which immediately yields u'/?/vY/P = M(g)®@/n ¢ [M/O@eo(R") for any g € L(R")
with the estimate

a)/n O(a)/n
|00 ]| g oy = [IM(9) X | psoier oy S 19115 oy (52)

In what follows we are then only to find sufficient conditions for u, v /7 € A (R").
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Theorem 5.1. Fiz 1 <p<qg<oo and 0 < a <n with ©(a) :=a+n(l/g—1/p) >0
and p'O(a) < n. Then, given u € A;(R") and g € L*(R™) the pair

(u,0) = (u, M(g)~ O P/mau!?)
satisfies (1.4) with the estimate

[, 0)ag, S Nlgll T camy, (5-3)

where the implied constants depend only on n, «, p, q, and [u]a, ®n). In particular, from
(1.3) we obtain the weighted inequality

( - | Lo (f) (2)|u(z) d:c)l < Clgll S (/ )P M) (@) -S s )p/qu);7

for every g € LY(R™) and measurable f, where C' > 0 depends only on n, a, p, q, and
[u] 4y -

Proof. Let us write (5.1) as
v PP — M(g)®(a)p’/nuﬂv’/q - M(Q)Q(a)p’/nu*(Fl)

with 7 := p//q + 1. Since we have M(g)®@P'/m ¢ A (R"), due to (2.1) with 6 :
O(a)p'/n € (0,1), as well as u € A;(R™) by hypothesis, it follows from (2.2) that v=?'/?
A-(R™) . Thus, by Theorem 1.2, the pair (u,v) satisfies (1.4) also with the estimate (5.3
due to (1.6) and (5.2).

v O=zm

Theorem 5.2. Fiz0 <a <nandl <p<q<n/O(a) with O(a) :=a+n(1/g—1/p)
0. Fiz v € RH. (R such that v?/? € A (R") and g € L*(R™). Then the pair

(u0) = (M(g) @/, o)
satisfies (1.4) with the estimate
O(a)/n
(. 0))ag,, < CoppanllgllZiG:)- (5.4)

In particular, from (1.3) we obtain the weighted inequality

([ @i >q/”<>q/pdx) <ol ([ 1t dx) ,

for every g € LY(R™) and measurable f, where C > 0 depends only on n, «, p, q,
[0 Pa @y, and [v]ri n).-

Proof. First we show that u := M(g)®@/mya/P ¢ A (R™). By assumption, O(a)q < n
and g € L'(R"), it then follows from (2.1) that M(g)(z)®@/™ € A;(R"). Next, the
fact that v € RHy(R") along with (2.5) makes v¥/? € RH,(R"). In particular, v¥? is a
multiplier of A (R") (recall (2.6)), consequently u € A, (R") and all the hypotheses of
Theorem (1.2) are met. Hence, (u,v) satisfies (1.4) with the estimate (5.4) due to (1.6)
and (5.2). O

For the case v(z) := |2|° with 0 < J < n(p — 1) Theorem 5.2 yields
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Corollary 5.3. Fizr0 <a <nandl <p <gq <n/O(a) withO(a) :=a+n(1l/qg—1/p) >
0. Then, given 0 < § < n(p — 1) we have

(RnIIa(f)(x)IqM(g)(x)@(“)Q/”lfﬂlq‘s/pdw) < CllglI o (/ f(x |p|:v|5dx) ,

for every g € LY(R™) and measurable f, and C > 0 depends only on n, o, p, q, and, 0.

Proof. Set v(z) := |z|° (which belongs to RH.(R") due to Remark 2.4) so that the
condition 0 < n(p — 1) makes |z|77/? € A (R"). O

6. APPLICATIONS TO WEIGHTED HARDY INEQUALITIES
In [2], L. Caffarelli, R. Kohn, and L. Nirenberg proved, among other results, that for

n>2 —oco<a< "T_Z, a<b<a+1,and q = #;(bw), the weighted inequality

1/q 1/2
([ ir@perta) <o ([ 1vr@belan) L vrectm). (o)
R™ R™

for some C' = C(a,b,q,n) > 0. As an illustration of the applications of Theorems 1.1 and
1.2, in this section we will establish new weighted Hardy inequalities, some of which will
extend inequalities such as (6.1), by utilizing the pairs (u,v) developed in Section 5. Our
starting point will be the pointwise estimate

[f(@)] < Culi(IVf])(2), Vo eR", (6.2)

for every f € C3(R") (i.e., f continuously differentiable, vanishing at co), which is quickly
proved, for given f € C}(R"), x € R", and w € S"~! the fundamental theorem of calculus
gives

f(x) :—/Oood%f(x—l—rw)dr

and then, after integration on both sides with respect to w € S"7 1,

= / / —fx—i—rw)drdw— ! / (x—y)-Vf(y)dy
 nw, gn1 dr Wy Jgn |z —y|»

and (6.2) follows. By combining (6.2) with |[11(h)|| L) < C[(u,v)]as |l Le ) from (1.3),
we obtain the Hardy-Sobolev inequality

1£llzaw) < Cl(w,0)]ag IV F o), Vf € Co(R™) (6.3)

whenever the pair (u,v) satisfies the Sawyer-Wheeden condition (1.4).

Remark 6.1. Poincaré-type inequalities can be obtained as well by using that given a cube
@ C R”™ the weighted inequality

(/Q |f(z) — fol®u(z) dx> v < Cq (/Q IV f(2)[Po(z) dx) e (6.4)

holds true for every f € C*(R™) whenever the pair (u,v) satisfies (1.4) with u,v™?/? €
A (R™). Moreover, in this case the constant Cs > 0 from (6.4) can be expressed as
Cs = Cpgnl(u,v)]ag , see for instance [13, Theorem 5].
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Remark 6.2. Although the applications below will focus on I;, the method to obtain
Hardy-type inequalities can be implemented for a fractional exponent 0 < a < n by
means of fractional derivatives (—A)®/2 by replacing (6.2) with the identity

f = L((=2)*(f))
for every f in the Schwartz class (see for instance [14, p.117]) which along with (1.3) yields

(Rn\f(x)]qu(x)dw)l/q<0 [(u, )] (/ (=AY f( )|pv(3:)dx)1/p.

6.1. Hardy-type inequalities after Theorems 1.1 and 1.2. Before passing to specific
choices of pairs (u,v), let us state here the general forms of the two-weight Hardy-type
inequalities that follow from Theorems 1.1 and 1.2. Recall that, for 1 < p < g < oo, we

have defined
1 1
O(l):=14+n (———) :
q p

For the cases ©(1) = 0 and ©(1) > 0 (corresponding to the cases 1/¢ = 1/p — 1/n and
1/q > 1/p — 1/n, respectively) we have the following Theorems 6.3 and 6.4.

Theorem 6.3. Fizn > 1 and 1 < p < g < oo such that ©(1) = 0. Given weights
u, v PP € A (R™) such that u(x)Y/? < Cro(x)Y? for some Cy > 0 and a.e. x € R", we
have

(o) < cor ([ wropina) " o ey

where C' > 0 depends only on n, p, q, [u]awn), and [v_p'/p]Aoo(Rn).
Proof. 1t follows from Theorem 1.1 with a = 1. O

Theorem 6.4. Fizrn > 1 and 1 < p < q < oo such that ©(1) > 0. Given weights
u, v PP € A (R") such that u!/4/v'P € L/OMW:(R™) we have, for every f € CL(R™),

1/q 1/p
( \f(x)|qu(m) d:B) < 02||ul/Q/Ul/pHLn/e(a),oo(Rn) (/ |f(;p)|p'u($) diB) ,
Rn R
where Cy > 0 depends only onn, o, p, q, [u]amny, and [v_p'/p]Aoo(Rn).
Proof. 1t follows from Theorem 1.2 with o = 1. O

6.2. Hardy-type inequalities with u = M(g)®®¥/"y4/? and ¢g € L'(R"). In this
section we express the inequality (6.3) in terms of the weights developed in Section 5 and
a=1.

Theorem 6.5. Fixn > 1,1 < p < g < oo with O(1) :== 1+ n(l/qg—1/p) > 0 and
O(1)p’ < n. Then, given u € A1 (R™) there exists C > 0 depending only on n, p, q, and
[u) A, (rr) such that

( - | f ()] u(x) dx)l/ <C||9||?1(1R/n" (/ IV f ()P M(g)(z)~ e(l)p/nu(x)p/qu)l/p

for every f € C{(R") and g € L*(R™).



WEIGHTED ESTIMATES, FRACTIONAL OPERATORS AND HARDY-TYPE INEQUALITIES 13

Proof. 1t follows from Theorem 5.1 with o = 1. U

Corollary 6.6. Fizn > 1,1 < p < g < oo with O(1) := 1 +n(l/¢—1/p) > 0 and
P'O(1) < n. Then, given u € A;(R"™) there exists C' > 0 depending only on n, p, q, and
[u) A, (rry such that

1/p

1/q
( !f(x)qu(w)d:c) sc*( \Vf<x>rp\x|@<1>Pu<x>p/qda:) . VfeCIRY).

Proof. For k € N apply Theorem 6.5 to gi := k"X B(0,1/x), Which then gives ||gi |11 rn) = Cn
as well as M(gx)(z) > |z|™" (and hence M (g;)(z)~®Wr/m < |z|9MWP) for every z € R
with |z| > 1/k. The corollary then follows by letting k& — 0. O

Remark 6.7. When n > 2 one recovers the Caffarelli-Kohn-Nirenberg inequality (6.1)
from Corollary 6.6 by choosing p = 2 and, given ¢ and a,b, with a < b, as in (6.1), by
setting u(x) := |z|™%. Then, u € A;(R") if and only if bg < n, which means

2nb

bq:n—2+2(b—a) =7

and it amounts to a < (n—2)/2. Also, from the definition of ¢ = #;‘(b_a) we get O(1) =
b — a and then |z[P®Wy(z)P/1 = |x|XOW=b) = |z|~2¢ In particular, (b —a) = (1) > 0
and ©(1) < 1 (because ¢ > p = 2). Finally, O(1)p’ < n means 20(1) < n which holds
true because 0 < ©(1) < 1 and n > 2.

Theorem 6.8. Fizrn >1and1 <p<q<n/O(1) with ©(1) :=1+n(l/qg—1/p) > 0.
Given v € RH,o(R™) such that v="/? € A, (R™) there exists C > 0 depending only on n,
P, ¢, [0PPla_(wn), and [V]gm..®n) such that

1/q 1/p
([ irorm@@eonras) - < el ([ 9w )
for every f € C}(R™) and g € L'(R").
Proof. 1t follows from Theorem 5.2 with a = 1. U

Corollary 6.9. Fixn > 1 and 1 <p <q<n/O(1) with ©(1) :=1+n(1l/qg—1/p) > 0.
Given 0 < § < n(p — 1) there exists C > 0, depending only on §, p, q, and n, such that

1/q 1/p
( | f(2)|2M () ()P D/ | |45/ dm) < C’||g||?1(8§/n?; (/ IV f(2)[P|x|° dx) (6.5)
R” Rn
for every f € C{(R") and g € L*(R™).
Proof. The inequality (6.5) follows from Theorem 6.8 by taking v(z) = |z|°. O
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