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Abstract. Using real-variable methods, we characterise multipliers for gen-

eral classes of Hardy–Orlicz spaces, unifying and extending several classical
results due to Hardy and Littlewood; Duren and Shields; Paley; and others.

Applications of our results include inequalities involving Fourier coefficients

and Fourier transforms of elements of Hardy–Orlicz spaces and their duals,
as well as embeddings into spaces of generalised smoothness, Sobolev type-

embeddings and Paley-Wiener type theorems.

1. Introduction

Many, if not most, classical spaces of functions that arise in harmonic analysis
and operator theory admit membership conditions that can be expressed in terms
of growth conditions on Fourier coefficients or Fourier transforms of elements in the
space, or, when the space consists of analytic functions, Taylor coefficients. Many
operators acting on such spaces can either be defined in terms of their actions on the
Fourier or Taylor side, or admit useful descriptions in these terms. This leads to the
study of multiplier operators, or in brief, multipliers, and their mapping properties.
The simplest case is that of L2pTq, the square integrable periodic functions: a
function is in L2pTq if, and only if, its Fourier coefficients are in the sequence space
ℓ2, and so a multiplier is bounded if, and only if, it maps ℓ2 to ℓ2. Similarly,
there are many classical results characterising when a multiplier is bounded from a
given Banach space, or scale of Banach spaces, to ℓq for some suitable range of q.
When dealing with less classical spaces, such as endpoint substitutes for L1 spaces,
one is naturally led to consider function spaces not of Banach type, and multiplier
operators acting on such spaces.

This paper is devoted to a study of multipliers in the setting of Hardy–Orlicz
spaces, which generalise Hp spaces on the circle or on Euclidean space, and their
duals. Our goal is to both unify and generalise well-known results in the Hp theory,
and to exploit such results to give new descriptions of the elements of these spaces
and how they embed into other naturally occurring spaces in complex and harmonic
analysis.
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Let us set the scene for this paper by letting XpDq be a space of holomorphic
functions on the unit disc D :“ tz P C : |z| ă 1u, equipped with a norm, or quasi-
norm, } ¨ }XpDq so that }F }XpDq ă 8 if, and only if, F P XpDq. For instance, XpDq

could be a classical Hardy space HppDq with p ě 1.
For q P p0,8s, we say that a sequence λ “ tλnu8

n“0 of complex numbers is a
multiplier from XpDq to ℓqpN0q if there exists a constant Cλ,X ą 0 such that

(1.1) }tλnfnu8
n“0}ℓqpN0q ď Cλ,X }F }XpDq

for all F pzq “
ř8

n“0 fnz
n in XpDq. The class of all multipliers from XpDq to ℓqpN0q

is denoted by MXpDqÑℓqpN0q. For λ P MXpDqÑℓqpN0q, we write

}λ}MXpDqÑℓqpN0q
:“ inf tCλ,X ą 0 : (1.1) holds for all F P XpDqu .

In this paper we establish characterisations of multipliers from a broad class of
Hardy–Orlicz spaces to ℓq for q P r1, 2s. Our characterisations include in a unified
way known results for classical Hardy spaces as well as new multiplier results for
Hardy–Orlicz spaces that arise in the study of products between Hardy spaces and
their duals. Of particular interest to us is the space H logpDq that naturally arises in
the study of products between functions inH1pDq and BMOpDq (see [7]) and whose
dual space LMOpDq – pH logpDqq˚ appears in a number of problems in complex
and harmonic analysis, including that of the characterisation of boundedness of
Hankel operators on H1pDq (see [26]).

Multiplier theorems. Let us now recall some well-known multiplier theorems on
classical Hardy spaces that our present work generalises. If p P p0, 1q then it was
shown by P. L. Duren and A. L. Shields in [12, 13] that for q P rp,8q a sequence
λ “ tλnu8

n“0 is a multiplier from HppDq to ℓqpN0q if, and only if,

(1.2) sup
NPN

1

N

˜

N
ÿ

n“1

nq{p|λn|q

¸1{q

ă 8.

In the case p “ 1 it was shown by G. H. Hardy and J. E. Littlewood [20,21] and
E. M. Stein and A. Zygmund [34] that a sequence λ “ tλnu8

n“0 is a multiplier from
H1pDq to ℓ2pN0q if, and only if,

(1.3) sup
mPN

2m`1
´1

ÿ

n“2m

|λn|2 ă 8.

For an introduction to classical Hardy spaces and for proofs of the aforementioned
multiplier results, we refer the reader to Duren’s book [11].

In the p “ q “ 1 case, a theorem attributed to C. Fefferman (see [14] and [31])
asserts that a sequence λ “ tλnu8

n“0 is a multiplier from H1pDq to ℓ1pN0q if, and
only if,

(1.4) sup
NPN

8
ÿ

k“1

¨

˝

pk`1qN´1
ÿ

n“kN

|λn|

˛

‚

2

ă 8.

In this paper we extend the aforementioned results to a broad class of Hardy–
Orlicz spaces. To state our results, recall that given a growth function Ψ (see
Definition 8 below), the corresponding Hardy–Orlicz space HΨpDq is defined as the
class of functions F that are holomorphic in D and satisfy

sup
0ďră1

ˆ
r0,1q

Ψ
`
ˇ

ˇF
`

rei2πθ
˘
ˇ

ˇ

˘

dθ ă 8.
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If G P HΨpDq, we set

}G}HΨpDq :“ inf

#

α ą 0 : sup
0ďră1

ˆ
r0,1q

Ψ
`

α´1
ˇ

ˇG
`

rei2πθ
˘
ˇ

ˇ

˘

dθ ď 1

+

.

Note that if Ψptq “ tp then pHΨpDq, }¨}HΨpDqq coincides with the usual Hardy space
pHppDq, } ¨ }HppDqq.

In what follows, if Ψ is a growth function then Ψ´1 denotes its inverse, i.e.
Ψ´1 : r0,8q Ñ r0,8q is such that Ψ´1pΨptqq “ t for all t ě 0.

Our first result is a characterisation of the class MHΨpDqÑℓqpN0q for q P r1,8q

and for growth functions of order p P p1{2, 1q.

Theorem 1. Let Ψ be a growth function of order p P p1{2, 1q and let q P r1,8q.
Let λ “ tλnu8

n“0 be a sequence of complex numbers. The following are equivalent:

(1) λ is a multiplier from HΨpDq to ℓqpN0q;
(2) λ satisfies the condition

Aλ,Ψ,p,q :“ sup
NPN

1

N

˜

N
ÿ

n“1

Ψ´1pnq
q
|λn|q

¸1{q

ă 8;

(3) λ satisfies the condition

rAλ,Ψ,p,q :“ sup
mPN0

Ψ´1p2mq

2m

¨

˝

2m`1
´1

ÿ

n“2m

|λn|q

˛

‚

1{q

ă 8.

If λ P MHΨpDqÑℓqpN0q then

}λ}MHΨpDqÑℓqpN0q
« Aλ,Ψ,p,q « rAλ,Ψ,p,q,

where the implied constants depend only on Ψ, p, q and not on λ.

Theorem 1 includes Hardy–Orlicz spaces with growth functions of the form

(1.5) Ψr,pptq :“
tp

logrpt ` eq
, t ě 0,

for p P p1{2, 1q and r P r0,8q. In the Hardy space case, i.e. for r “ 0; HΨ0,ppDq “

HppDq, Theorem 1 recovers the characterisation of Duren and Shields for the class
MHppDqÑℓqpN0q when p P p1{2, 1q and q P r1,8q.

Our next result extends Theorem 1 to growth functions of order p “ 1 in the
case where q P r1, 2s. More specifically, the following result holds true.

Theorem 2. Let Ψ be a growth function of order p P p1{2, 1s.
Let λ “ tλnu8

n“0 be a sequence of complex numbers and let q P r1, 2s.

(a) If q P r1, 2q, then the following are equivalent:
(i) λ is a multiplier from HΨpDq to ℓqpN0q;
(ii) λ satisfies the condition

Cλ,Ψ,p,q :“ sup
NPN

Ψ´1pNq

N

¨

˚

˝

8
ÿ

k“1

¨

˝

pk`1qN´1
ÿ

n“kN

|λn|q

˛

‚

2
p2´qqq

˛

‹

‚

p2´qq{2

ă 8.

If λ P MHΨpDqÑℓqpN0q then

}λ}MHΨpDqÑℓqpN0q
« Cλ,Ψ,p,q,

where the implied constants depend only on Ψ, p, q and not on λ.
(b) If q “ 2, the following are equivalent:

(i) λ is a multiplier from HΨpDq to ℓ2pN0q;



4 BAKAS, POTT, RODRÍGUEZ-LÓPEZ, AND SOLA

(ii) λ satisfies the condition

Bλ,Ψ,p,2 :“ sup
NPN

Ψ´1pNq

N
sup
kPN

¨

˝

pk`1qN´1
ÿ

n“kN

|λn|2

˛

‚

1{2

ă 8;

(iii) λ satisfies the condition

rBλ,Ψ,p,2 :“ sup
mPN

Ψ´1p2mq

2m

¨

˝

2m`1
´1

ÿ

n“2m

|λn|2

˛

‚

1{2

ă 8.

If λ P MHΨpDqÑℓ2pN0q then

}λ}MHΨpDqÑℓ2pN0q
« Bλ,Ψ,p,2 « rBλ,Ψ,p,2,

where the implied constants depend only on Ψ and p, but not on λ.

Theorem 2 includes Hardy–Orlicz spaces with Ψr,p as in (1.5), with r P r0,8q

and p P p1{2, 1s, endpoint included. Note that if r “ 0 and p “ 1, then HΨ0,1pDq “

H1pDq, and condition (3) in part (b) of Theorem 2 becomes (1.3) that is, Theorem
2 recovers the aforementioned characterisation of Hardy–Littlewood and Stein–
Zygmund for the class MH1pDqÑℓ2pN0q.

Note that if q P r1, 2q and Ψ is a growth function of order p P p1{2, 1q, then
conditions (2) and (3) in Theorem 1 and condition (ii) in part (a) of Theorem 2
are all equivalent. Similarly, for q “ 2, conditions (2) and (3) in Theorem 1 and
conditions (ii) and (iii) in part (b) of Theorem 2 are all equivalent.

To prove Theorems 1 and 2 we use a real-variable approach that is based on
duality. An important ingredient in our proofs is an unconditionality result; see
Lemma 11 below.

Hardy–Littlewood and Paley-type inequalities. If Ψ is a growth function of
order p P p1{2, 1s then the sequence λ “ tλnu8

n“0 given by

λn :“

#

1{Ψ´1pnq, if n P N;
0, if n “ 0

satisfies condition (2) in Theorem 2. We thus obtain the following corollary.

Corollary 3. Let Ψ be a growth function of order p P p1{2, 1s. Then there exists a
constant MΨ,p ą 0 such that

8
ÿ

n“1

|fn|

Ψ´1pnq
ď MΨ,p }F }HΨpDq

for all F pzq “
ř

ně0 fnz
n in HΨpDq.

Corollary 3 implies a classical inequality due to Hardy and Littlewood [19]:

(1.6)
8
ÿ

n“1

|fn|

n
À }F }H1pDq

as well as its ‘H log’-variant

(1.7)
8
ÿ

n“1

|fn|

n logpn ` 1q
À }F }HlogpDq

that the present authors had obtained in [4].
In the q “ 2 case, Theorem 2 has the following corollary which may be of

independent interest.
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Corollary 4. Let Ψ be a growth function of order p P p1{2, 1s. Then there exists a
constant BΨ ą 0 such that

˜

8
ÿ

j“0

ˆ

2j

Ψ´1p2jq

˙2

|f2j |2

¸1{2

ď BΨ,p }F }HΨpDq .

for all functions F pzq “
ř8

n“0 fnz
n in HΨpDq.

Let us examine what Corollary 4 implies in some special cases. If Ψr,1 is as in
(1.5), then its inverse function satisfies

(1.8) Ψ´1
r,1ptq «r t log

r
pt ` eq, t ě 0,

where the implied constants depend only on r. Hence, when r “ 0, then Corollary
4 recovers a classical inequality due to R. E. A. C. Paley [29]:

(1.9)

˜

8
ÿ

j“0

|f2j |2

¸1{2

À }F }H1pDq

for all functions F pzq “
ř8

n“0 fnz
n in H1pDq. The choice r “ 1 corresponds to the

Hardy–Orlicz space
H logpDq :“ HΨ1,1pDq.

In view of (1.8), Corollary 4 implies that

(1.10)

˜

8
ÿ

j“0

|f2j |2

pj ` 1q2

¸1{2

À }F }HlogpDq

for all functions F pzq “
ř8

n“0 fnz
n in H logpDq, which can be regarded as a natural

variant of Paley’s inequality (1.9) for functions in H logpDq.

Dual spaces. It follows from the work of S. Janson [25] that the spaces HΨpDq

and BMOpρΨqpDq can be put in duality. Recall that if

ρΨptq :“ t´1{Ψ´1pt´1q, t ą 0,

then BMOpρΨqpDq is the space of holomorphic functions on D whose boundary
values belong to

BMOpρΨqpTq :“

$

&

%

u P L2pTq : sup
IĂT:
I arc

1

rρΨp|I|qs
2

|I|

ˆ
I

ˇ

ˇupe2πiθq ´ xuyI
ˇ

ˇ

2
dθ ă 8

,

.

-

.

Here, if g P L1pTq and J Ă T is an arc, xgyJ denotes the average of g over J . The
class of functions on T that are boundary values of functions in BMOpρΨqpDq is
denoted by BMOApρΨqpTq.

If Ψ0,1ptq “ t, then one recovers the usual BMO-type spaces, whereas the case
Ψ1,1ptq “ t{ logpt ` eq corresponds to LMO-type spaces.

Note that by appealing to Corollary 4 and duality, it follows that if taju
8
j“0 is a

sequence of complex numbers with

(1.11)
8
ÿ

j“0

ˆ

Ψ´1p2jq

2j

˙2

|aj |
2 ă 8

then the lacunary trigonometric series
8
ÿ

j“0

aje
i2π2jθ

is the Fourier series of a function in BMOApρΨqpTq. In the case where Ψptq “

Φ0,1ptq “ t, condition (1.11) characterises lacunary Fourier series in BMOApTq; see
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§6.3 (iii) in Chapter IV in [33]. One might ask whether condition (1.11) actually
characterises lacunary Fourier series in BMOApρΨqpTq in general. As we will see
below, it does not.

Littlewood–Paley characterisations. If the growth function is of the form Ψ “

Ψr,1 (i.e. as in (1.5) for p “ 1), implication p3q ùñ p1q in part (b) of Theorem 2
can also be deduced from a Littlewood–Paley characterisation of BMOpρΨr,1

qpTq

that is of independent interest.
To state this characterisation of BMOpρΨr,1

qpTq, we need to introduce some
notation first. For n P N0, define

δn :“

#

V1, if n “ 0;

V2n ´ V2n´1 , if n P N,

where Vm denotes the de la Vallée Poussin kernel of order m; see §2.4 below. For
f P L1pTq and n P N0, define the corresponding Littlewood–Paley projection by
∆npfq :“ δn ˚ f .

Theorem 5. Let r ě 0 be a given exponent and let Ψr,1 be as in (1.5) (for p “ 1).
If u is a function in L2pTq, then the following are equivalent:

(1) u belongs to BMOpρΨr,1
qpTq;

(2) one has

(1.12) sup
IĎT:
I arc

1
“

ρΨr,1p|I|q
‰2

|I|

ˆ
I

ÿ

nPN0:
2ną|I|

´1

ˇ

ˇ∆npuqpei2πθq
ˇ

ˇ

2
dθ ă 8.

Moreover, one has

(1.13) }u}BMOpρΨr,1
q`pTq «r

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ
r0,1q

upei2πθqdθ

ˇ

ˇ

ˇ

ˇ

ˇ

` }u}Ψr,1,˚
,

where

}u}Ψr,1,˚
:“

¨

˚

˚

˝

sup
IĎT:
I arc

1
“

ρΨr,1p|I|q
‰2

|I|

ˆ
I

ÿ

nPN0:
2ną|I|

´1

ˇ

ˇ∆npuqpei2πθq
ˇ

ˇ

2
dθ

˛

‹

‹

‚

1{2

.

Theorem 5 generalises a well-known Littlewood–Paley characterisation of func-
tions in BMOpTq due to M. Frazier and B. Jawerth [16] and appears to be, to the
best of our knowledge, new. As we will see below, if u belongs to BMOpρΨqpTq

then (1.12) holds for more general Littlewood–Paley-type partitions; see Theorem
12 for a precise statement of this fact. For the BMO-case this is implicit in the
works of J. Bourgain [8] and J. L. Rubio de Francia [30], see also M. T. Lacey [27].

Moreover, Theorem 5 can be to used to improve condition (1.11). More specif-
ically, Theorem 5 implies the following characterisation of lacunary Fourier series
in BMOApρΨqpTq in terms of the growth of their Fourier coefficients.

Corollary 6. Let r ě 0 be a given exponent.
Let taju

8
j“0 be a sequence of complex numbers. The following are equivalent:

(1) The lacunary trigonometric series

8
ÿ

j“0

aje
i2π2jθ, θ P r0, 1q,

is the Fourier series of a function in BMOApρΨr,1
qpTq;
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(2) one has

(1.14) sup
NPN

$

&

%

˜

Ψ´1
r,1pNq

N

¸2
ÿ

jělogN

|aj |
2

,

.

-

ă 8.

Note that if Ψ is not the identity map, then (1.11) is strictly stronger than (1.14).
To illustrate Corollary 6, consider the case of LMOApTq i.e. take Ψptq “

Ψ1,1ptq “ t{ logpt ` eq. Then the lacunary trigonometric series

8
ÿ

j“0

aje
i2π2jθ, θ P r0, 1q,

with taju
8
j“0 being a sequence of complex numbers, is the Fourier series of a function

in LMOApTq if, and only if,

sup
NPN

#

log2 N
ÿ

jělogN

|aj |
2

+

ă 8.

For instance, the function u whose Fourier series is given by

(1.15) upei2πθq „

8
ÿ

j“0

1

j3{2
ei2π2

jθ, θ P r0, 1q,

belongs to LMOApTq. Note that the lacunary sequence in (1.15) does not satisfy
(1.11) (for Ψ “ Ψ1,1).

Euclidean counterparts and applications. Corollary 3, and our other results,
have natural counterparts in the Euclidean setting. To formulate them we need to
recall the definition of Hardy–Orlicz spaces on Rd. Following [38], if Ψ is a growth
function, let FmΨ

denote the family of Schwartz functions on Rd given by

FmΨ :“

$

’

’

&

’

’

%

ϕ P SpRdq : sup
xPRd

sup
βPNd

0 :
|β|ďmΨ`1

p1 ` |x|qpmΨ`2qpd`1q
ˇ

ˇBβϕpxq
ˇ

ˇ ď 1

,

/

/

.

/

/

-

,

where mΨ is an appropriate non-negative integer depending on Ψ; see p. 16 in [38].
For t ą 0, we use the notation ϕtpxq :“ t´dϕpt´1xq, x P Rd. If f is a tempered
distribution on Rd, define the corresponding non-tangential grand maximal function
of f by

M˚
FmΨ

rf spxq :“ sup
ϕPFmΨ

sup
py,tqPRd

ˆr0,8q:
|x´y|ăt

|f ˚ ϕtpyq| , x P Rd.

The Hardy–Orlicz space HΨpRdq is defined as the class of all tempered distribu-
tions on Rd satisfying ˆ

Rd

Ψ
´

M˚
FmΨ

rf spxq

¯

dx ă 8.

If f P HΨpRdq, we set

}f}HΨpRdq :“ inf

"

λ ą 0 :

ˆ
Rd

Ψ
´

λ´1M˚
FmΨ

rf spxq

¯

dx ď 1

*

.

The local Hardy–Orlicz space hΨpRdq is defined as the class of all tempered
distributions f on Rd that are such that ΨpM˚

FmΨ
,locrf sq P L1pRdq, where

M˚
FmΨ

,locrf spxq :“ sup
ϕPFmΨ

sup
py,tqPRd

ˆr0,1q:
|x´y|ăt

|f ˚ ϕtpyq| , x P Rd.
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Note the restriction to Rdˆr0, 1q in the first supremum on the right in the definition
of M˚

FmΨ,loc
rf s. For f P hΨpRdq, one sets

}f}hΨpRdq :“ inf

"

λ ą 0 :

ˆ
Rd

Ψ
´

λ´1M˚
FmΨ

,locrf spxq

¯

dx ď 1

*

.

Our next result implies a Euclidean analogue of Corollary 3.

Theorem 7. Let d P N be a given dimension and let Ψ be a growth function of
order p with p P pd{pd ` 1q, 1s.

Then there exists a constant Cd,Ψ,p ą 0 such that

ˆ
Rd

Ψ
´

|ξ|
d
ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

¯

|ξ|
2d

dξ ď Cd,Ψ,p

ˆ
Rd

Ψ
´

MF˚
mΨ

rf spxq

¯

dx

for all f P HΨpRdq.

As a consequence of this result, we obtain in Corollary 28, a Euclidean counter-
part of Corollary 3.

Notice that if f is a tempered distribution, then its Fourier transform does not
necessarily coincide with a function. However (see e.g. [33, §5.4 (a) Chapter III]), if
f P HppRdq with p P p0, 1s, its Fourier transform agrees with a continuous function
and

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ
Àd,p |ξ|

dpp´1
´1q

}f}hppRdq , ξ P Rd.

In Proposition 24 we give an extension of this result for distributions in HΨpRdq,
and an analogous result for hΨpRnq is obtained in Proposition 25.

The Littlewood–Paley description of the Hardy space hppRdq can be stated in
terms of the validity of the functional inequality (see §5.1 for the notation)

(1.16)

›

›

›

›

›

›

˜

8
ÿ

j“0

ˇ

ˇ

ˇ

r∆jf
ˇ

ˇ

ˇ

2
¸1{2

›

›

›

›

›

›

LppRdq

À }f}HppRdq ,

and its reversed counterpart. The expression in the left-hand side can be identified
as the norm of f in the inhomogeneous Triebel–Lizorkin space F 0

p,2pRdq, allowing

the inequality to be interpreted as saying that hppRdq is embedded in F 0
p,2pRdq.

In Theorem 20 we give an extension of (1.16) for p “ 1, obtaining that the space
hΨr,1pRdq can be embedded in the Triebel–Lizorkin space of generalised smoothness

F 0,´r
1,2 pRdq (see §5.1).

The classical Sobolev embedding yields that, given p P p0, 1s, if a distribution f

satisfies p1 ´ ∆q
d
2p f P hppRdq, then f is a continuous and bounded function (see

e.g. [15, Theorem 2]). Informally, this can be rephrased as saying that if f has
its derivatives of order smaller or equal to dp in hppRdq, then f is a continuous
and bounded function. As a direct consequence of Corollary 28, we obtain an
extension of this result for distributions in hΨpRdq, and in particular in hΨr,ppRdq,
(see Corollaries 31 and 32), involving derivatives of logarithmic order.

In the direction of obtaining an extension of (1.16) for Ψr,p for p ă 1, in Corollary
33 we establish a Sobolev-type embedding of hΨr,ppRdq into spaces of generalised
smoothness. We later apply this to establish an embedding of those distributions
in hΨr,ppRq, p P p1{2, 1s, whose Fourier transforms are supported in r0,8q, into
certain spaces of analytic functions in a halfplane (see Corollary 38).
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Organisation of the paper. In Section 2 we set down basic notation and pro-
vide some background on growth functions, Hardy–Orlicz spaces and their atomic
decomposition, as well as HΨ-BMOpρΨq duality.

Section 3 contains the proofs of Theorems 1 and 2, spread over several subsec-
tions, as well as several auxiliary results.

In Section 4, we prove Theorem 5 and discuss some of its consequences.
Section 5 is devoted to the Euclidean setting and in particular to the proof

of Theorem 7 and a counterpart of Corollary 3. More specifically, in Subsection
5.3 we make some introductory remarks concerning the behaviour of the Fourier
transform on Hardy–Orlicz spaces and then in Subsection 5.4 we prove Theorem 7.
In subsection 5.5 we present some applications of the Euclidean results to Sobolev-
type embeddings and spaces of analytic functions in a half-plane.

2. Notation and Background

The set of natural numbers is denoted by N, the set of non-negative integers is
denoted by N0, and the set of integers is denoted by Z.

In what follows, we identify functions on T with 1-periodic functions in the usual
way.

We denote the class of Schwartz functions by SpRdq and we denote by C0pRdq

the class of all continuous functions f on Rd such that fpxq Ñ 0 as |x| Ñ 8. The
class of distributions on T is denoted by D1pTq.

2.1. Growth functions. We now give a formal definition of the growth functions
used to define HΨ spaces.

Definition 8. Let 0 ă p ď 1. A function Ψ : r0,8q Ñ r0,8q is called a growth
function of order p if it has the following properties:

‚ Ψ is continuous and increasing, with Ψp0q “ 0 and limtÑ8 Ψptq “ 8;
‚ the function t ÞÑ t´1Ψptq is non-increasing on p0,8q;
‚ Ψ is of lower type p, namely, there exists a constant cΨ,p ą 0 such that

Ψps ¨ tq ď cΨ,p ¨ sp ¨ Ψptq

for all t ě 0 and s P p0, 1q.

If Ψ is a growth function of order p for some p P p0, 1s, we say that Ψ is a growth
function.

As noted in [6], see also [37], given a growth function Ψ of order p, then rΨptq :“´ t
0
s´1Ψpsqds is also a growth function of order p that is concave and point-wise

equivalent to Ψ. Hence, in what follows, we may assume that the growth functions
considered are always concave and hence, sub-additive.

In several parts of this paper we shall use the following standard fact: if Ψ is a
growth function of order p then t ÞÑ t´lΨptq is quasi-increasing with constant cΨ,p
for all l P p0, ps. Namely,

(2.1)
Ψpsq

sl
ď cΨ,p

Ψptq

tl

for all 0 ă s ď t. See [37, Proposition 3.1] for further details.

2.2. Hardy–Orlicz spaces. If Ψ is a growth function, then the ‘real-variable’
Hardy–Orlicz space HΨpTq consists of all distributions f on T satisfyingˆ

r0,1q

Ψ
`

f˚pei2πθq
˘

dθ ă 8.
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Here f˚ denotes the non-tangential maximal function of f P D1pTq given by

f˚pei2πθq :“ sup
rei2πϕPΓpθq

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

nPZ
r|n|

pfpnqei2πnϕ

ˇ

ˇ

ˇ

ˇ

ˇ

,

where
Γpθq :“ tz P D : |z ´ ei2πθ| ă 2p1 ´ |z|qu

and pfpnq :“ xf, eny, n P Z, with enpθq :“ ei2πnθ, θ P r0, 1q.
If f P HΨpTq, we set

}f}HΨpTq :“ inf

#

λ ą 0 :

ˆ
r0,1q

Ψ
`

λ´1f˚pei2πθq
˘

dθ ď 1

+

.

The analytic Hardy–Orlicz space HΨ
A pTq is defined as

HΨ
A pTq :“

!

f P HΨpTq : supp
´

pf
¯

Ă N0

)

.

Recall that the Riesz projection P is the multiplier operator with symbol χN0 . By
arguing as in [38, Chapter 4], one can show that P is bounded on HΨpTq and
moreover, one can show that if f P HΨpTq then for f1 :“ P pfq and f2 :“ f ´ f1
one has that f “ f1 ` f2, f1, f2 P HΨ

A pTq, and

(2.2) }f}HΨpTq « }f1}HΨ
A pTq `

›

›f2
›

›

HΨ
A pTq

.

It is well-known that HΨpDq can be identified with HΨ
A pTq in the following way:

if F P HΨpDq then it converges in the sense of distributions to an f P D1pTq that
belongs to HΨ

A pTq with }F }HΨpDq À }f}HΨpTq and conversely, if f P HΨ
A pTq then

F prei2πθq :“
8
ÿ

n“0

rn pfpnqei2πnθ, z “ rei2πθ P D,

is a well-defined function that belongs to HΨpDq and satisfies }f}HΨpTq À }F }HΨpDq;

see, e.g., [6].

2.3. Duality and atomic decompositions. Let Ψ be a growth function and let
ρΨ be as above, i.e.,

(2.3) ρΨptq :“ t´1{Ψ´1pt´1q, t ą 0.

Let q P r1,8q. It follows from the work of Viviani [37] that u P BMOpρΨqpTq if,
and only if,

sup
IĎT:
arc

"

1

rρΨp|I|qs
q

|I|

ˆ
I

ˇ

ˇupei2πθq ´ xuyI
ˇ

ˇ

q
dθ

*

ă 8

and moreover, one has

(2.4) }u}BMO`pρΨqpTq «q
ˇ

ˇ

ˇ

ˇ

ˇ

ˆ
r0,1q

upei2πθqdθ

ˇ

ˇ

ˇ

ˇ

ˇ

` sup
IĎT:
arc

ˆ

1

rρΨp|I|qs
q

|I|

ˆ
I

ˇ

ˇupei2πθq ´ xuyI
ˇ

ˇ

q
dθ

˙1{q

.

In particular,

(2.5) }u}BMO`pρΨqpTq «
ˇ

ˇ

ˇ

ˇ

ˇ

ˆ
r0,1q

upei2πθqdθ

ˇ

ˇ

ˇ

ˇ

ˇ

` sup
IĎT:
arc

"

Ψ´1p|I|´1q

ˆ
I

ˇ

ˇupei2πθq ´ xuyI
ˇ

ˇdθ

*

.

As was shown by Janson [25], for a given growth function Ψ, the dual of HΨ

can be identified with BMOpρΨqpTq; the choice of ρΨ in (2.3) is made precisely so



MULTIPLIERS FOR HARDY–ORLICZ SPACES AND APPLICATIONS 11

as to make this duality hold. Note that ρΨ is a positive non-decreasing function
[37, Proposition 3.10]. In [37], B. Viviani proved the very useful result that the
Hardy–Orlicz space HΨpRdq admits an atomic decomposition. As a consequence,
she gave another proof of Janson’s result on duality.

Let us first recall the definition of atoms in the Euclidean setting.

Definition 9. Let Ψ be a growth function. A locally integrable function aQ is said
to be an atom in HΨpRdq associated to a cube Q Ă Rd if

i) supppaQq Ă Q;
ii) |aQpxq| ď Ψ´1p1{ |Q|q for a.e. x P Q;
iii)
´
Q
aQpxqdx “ 0.

Note here that

}χQ}LΨpRdq
“ inf

"

λ ą 0 :

ˆ
Q

Ψp1{λq ď 1

*

“ 1{Ψ´1p1{ |Q|q

and so, the second property in the definition of atoms can be rewritten as

}aQ}L8pRdq
ď }χQ}

´1
LΨpRdq

.

A tempered distribution f belongs to HΨpRdq if, and only if, there exists a
sequence tbQk

ukPN of multiples of HΨpRdq-atoms such that

f “
ÿ

kPN
bQk

in the sense of distributions, and
ÿ

kPN
|Qk|Ψ

´

}bQk
}L8pRdq

¯

ă 8.

Moreover, we have

}f}HΨpRdq « Λ8 ptbQk
ukPNq ,

where

Λ8 ptbQk
ukPNq :“ inf

#

λ ą 0 :
ÿ

kPN
|Qk|Ψ

´

λ´1 }bQk
}L8pRdq

¯

ď 1

+

.

An analogous characterisation holds in the periodic setting.
As for HΨpRdq, the local Hardy–Orlicz space hΨpRdq admits an atomic decom-

position (see for instance [38, §8.3]). Let us recall that a locally integrable function
aQ is an atom in hΨpRdq associated to a cube Q if it satisfies i), ii) from Definition
9 above, and

iii)’
´
Q
aQpxqdx “ 0, when |Q| ă 1.

Similarly as for HψpRdq, a tempered distribution f belongs to hΨpRdq if, and
only if, there exist a sequence tβQk

ukPN of multiples of atoms in hΨpRdq, such that

f “
ÿ

kPN
βQk

in the sense of distributions and
ÿ

kPN
|Qk|Ψ

´

}βQk
}L8pRdq

¯

ă 8.

Moreover,

}f}hΨpRdq « Λ8 ptβQk
ukPNq .
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2.4. Well-distributed intervals and Littlewood–Paley-type projections.
In this paper, we shall consider ‘frequency’ intervals that arise from Whitney-
type decompositions of arbitrary intervals. To be more specific, following [30],
if K “ rcK ´ |K|{2, cK ` |K|{2s is a non-empty interval, then its Whitney decom-
position W pIq consists of the families of intervals

Kleft :“

"„

cK ´
|K|

2
`

2´pl`1q

3
|K|, cK ´

|K|

2
`

2´l

3
|K|

˙*

lPZ
,

Kcentre :“

"„

cK ´
|K|

6
, cK `

|K|

6

ȷ*

,

and

Kright :“

"ˆ

cK `
|K|

2
´

2´l

3
|K|, cK `

|K|

2
´

2´pl`1q

3
|K|

ȷ*

lPZ
.

Note that for any given non-empty interval K interval, the intervals in W pKq are
mutually disjoint and satisfy the properties

›

›

›

›

›

›

ÿ

JPW pKq

χ2J

›

›

›

›

›

›

L8pRq

ď 5 and 2J Ď K for all J P W pKq.

For n P N, let Kn denote the usual Fejér kernel of order n, namely,

Knpei2πθq :“
n
ÿ

j“´n

ˆ

1 ´
|j|

n ` 1

˙

ei2πjθ, θ P r0, 1q.

Then the de la Vallée Poussin kernel of order m P N is given by

Vm :“ 2K2m`1 ´ Km

and satisfies xVmpjq “ 1 for all j P Z with |j| ď m ` 1, and xVmpjq “ 0 for all j P Z
with |j| ě 2m ` 1. Moreover, xVm is even and ‘affine’ on rm ` 1, 2m ` 1s X Z.

For m P N, we set

σm :“ V2m ´ Vm.

Note that xσmpjq “ 0 for all j P Z with |j| ď m ` 1 or |j| ě 4m ` 1. Moreover, xσm
is even and ‘affine’ on rm ` 1, 2m ` 1s X Z and on r2m ` 1, 4m ` 1s X Z.

Suppose now that K is an interval with |K| “ 3 ¨ 2l`1 for some l P N0 and
moreover, its endpoints lK :“ cK ´ |K|{2 and rK :“ cK ` |K|{2 are integers. Let
W pKq denote the Whitney decomposition of K. If J P Kleft and |J | P N, define

δJpei2πθq :“ ei2πrJθe´i2πp2mqθσ|J|pe
i2πθq, θ P r0, 1q,

where rJ denotes the right endpoint of J . Similarly, if J P Kright and |J | P N,
define

δJpei2πθq :“ ei2πlJθei2πp2mqθσ|J|pe
i2πθq, θ P r0, 1q,

where lJ is the left endpoint of J .
For J P Kleft Y Kright and f P L1pTq, we set ∆Jpfq :“ δJ ˚ f .

3. Proofs of Theorems 1 and 2

In this section we prove Theorems 1 and 2. To this end, we shall first establish
the following characterisation of MHΨpDqÑℓ1pN0q.

Proposition 10. Let Ψ be a growth function of order p P p1{2, 1s.
Let λ “ tλnunPN0 be a sequence of complex numbers. The following are equiva-

lent:

(1) λ is a multiplier from HΨpDq to ℓ1pN0q;
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(2) There exists a constant Aλ,Ψ,p ą 0 such that

Γ
pMq

ϵ,λ pzq :“
M
ÿ

n“0

ϵnλnz
n, z P D,

belongs to BMOpρΨqpDq with
›

›

›
Γ

pMq

ϵ,λ

›

›

›

BMOpρΨqpDq
ď Aλ,Ψ,p

for every choice of ϵ “ tϵnunPN0
with |ϵn| ď 1, n P N0, and for all M P N0.

Proof. To prove p2q ùñ p1q, fix a function

F pzq “

8
ÿ

n“0

fnz
n, z P D,

in HΨpDq. We shall prove that there exists a constant Cλ,Ψ,p ą 0, depending only
on λ, Ψ, and p, such that

(3.1)
M
ÿ

n“0

rn|λnfn| ď Cλ,Ψ,p }F }HΨpDq

for all r P p0, 1q and for all M P N0. The desired inequality then follows from (3.1)
and a limiting argument.

In order to establish (3.1), fix an r P p0, 1q and define Fr by

Frpzq :“ F przq “

8
ÿ

n“0

rnfnz
n, z P D.

Note that

(3.2) }Fr}HΨpDq ď }F }HΨpDq .

Indeed, by the definition of the norm and a change of variables,

}Fr}HΨpDq “ inf

#

α ą 0 : sup
0ďρă1

ˆ
r0,1q

Ψ
`

α´1
ˇ

ˇF
`

rρei2πθ
˘
ˇ

ˇ

˘

dθ ď 1

+

ď inf

#

α ą 0 : sup
0ďσă1

ˆ
r0,1q

Ψ
`

α´1
ˇ

ˇF
`

σei2πθ
˘
ˇ

ˇ

˘

dθ ď 1

+

“ }F }HΨpDq .

Fix an ϵ “ tϵnunPN0
with |ϵn| ď 1 for all n P N0 and an M P N0. We may write

(3.3)

ˇ

ˇ

ˇ

ˇ

ˇ

M
ÿ

n“0

ϵnr
nλnfn

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
xFr,Γ

pMq

ϵ,λ,0y

ˇ

ˇ

ˇ
,

where Γ
pMq

ϵ,λ,0 denotes the analytic trigonometric polynomial, which is the boundary

value of Γ
pMq

ϵ,λ . By our assumption
›

›

›
Γ

pMq

ϵ,λ

›

›

›

BMOpρΨqpDq
Àλ,Ψ,p 1,

where the implied constant is independent of the choice of ϵ “ tϵnunPN0 andM P N0.
Hence, it follows from (3.3) that

ˇ

ˇ

ˇ

ˇ

ˇ

M
ÿ

n“0

ϵnr
nλnfn

ˇ

ˇ

ˇ

ˇ

ˇ

Àλ,Ψ,p }Fr}HΨpDq ,

which, combined with (3.2), yields

(3.4)

ˇ

ˇ

ˇ

ˇ

ˇ

M
ÿ

n“0

ϵnr
nλnfn

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cλ,Ψ,p }F }HΨpDq ,
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where Cλ,Ψ,p ą 0 is independent of ϵ “ tϵnunPN0
and M P N0. Therefore, if we take

ϵn :“

#

fn
|fn|

¨ λn

|λn|
, if fn ‰ 0;

0, otherwise

in (3.4), we deduce that (3.1) holds.
To prove the reverse implication, suppose that λ “ tλnunPN0

satisfies p1q, i.e. λ
is a multiplier from HΨpDq to ℓ1pN0q.

For ϵ “ tϵnunPN0 with |ϵn| ď 1 for all n P N0 and M P N0, consider the trigono-

metric polynomial b
pMq

ϵ,λ with Fourier coefficients given by

z

b
pMq

ϵ,λ pnq :“

#

ϵnλn, if n P N0 with n ď M ;

0 otherwise.

To prove p2q, it suffices, in view of (2.5), to show that

(3.5) sup
IĎT:
arc

"

Ψ´1p|I|´1q

ˆ
I

ˇ

ˇ

ˇ
b

pMq

ϵ,λ pei2πθq ´ xb
pMq

ϵ,λ yI

ˇ

ˇ

ˇ
dθ

*

ď Aλ,Ψ,p;

our arguments are in part inspired by a trick in [26, p. 946]. To establish (3.5), fix
an arc I in T and define

aI :“
Ψ´1p|I|´1q

2

ˆ

e
i arg

!

b
pMq

ϵ,λ ´xb
pMq

ϵ,λ yI

)

´ xe
i arg

!

b
pMq

ϵ,λ ´xb
pMq

ϵ,λ yI

)

yI

˙

χI .

Then, supppaIq Ď I,
´
I
aI “ 0, }aI}L8pTq ď Ψ´1p|I|´1q and so, aI is an HΨ-atom.

Moreover,

Ψ´1p|I|´1q

ˆ
I

ˇ

ˇ

ˇ
b

pMq

ϵ,λ pei2πθq ´ xb
pMq

ϵ,λ yI

ˇ

ˇ

ˇ
dθ

“ 2

ˇ

ˇ

ˇ

ˇ

ˆ
I

´

b
pMq

ϵ,λ pei2πθq ´ xb
pMq

ϵ,λ yI

¯

aIpei2πθqdθ

ˇ

ˇ

ˇ

ˇ

.

Hence, Parseval’s identity yields

Ψ´1p|I|´1q

ˆ
I

ˇ

ˇ

ˇ
b

pMq

ϵ,λ pei2πθq ´ xb
pMq

ϵ,λ yI

ˇ

ˇ

ˇ
dθ ď 2

M
ÿ

n“0

|λnpaIpnq|

and so, our assumption on λ “ tλnunPN0
implies that

(3.6) Ψ´1p|I|´1q

ˆ
I

ˇ

ˇ

ˇ
b

pMq

ϵ,λ pei2πθq ´ xb
pMq

ϵ,λ yI

ˇ

ˇ

ˇ
dθ ď 2Cλ,Ψ,p }aI}HΨpTq .

Since aI is an HΨ-atom, (3.5) follows from (3.6). □

3.1. Proof of Theorem 1. The equivalence of (2) and (3) follows immediately
from a geometric summation and the properties of Ψ´1. Indeed, since Ψ is a
growth function of order p, it follows that Ψ´1 grows at most polynomially and is
thus quasi-constant on intervals of the form r2N , 2N`1s that is, Ψ´1ptq « Ψ´1p2N q

for all t P r2N , 2N`1s with the implied constants being independent of N .
As to the equivalence of (1) and (2), we start by observing that it suffices to

prove the case q “ 1. Indeed, to see this, notice that, for q P p1,8q, a sequence
λ “ tλnunPN0

is a multiplier from HΨpDq to ℓqpN0q if, and only if, for every α “

tαnunPN0 the sequence λα “ tαnλnunPN0 is a multiplier from HΨpDq to ℓ1pN0q with

}λα}MHΨpDqÑℓ1pN0q
ď }α}ℓq1

pN0q }λ}MHΨpDqÑℓqpN0q
.

Hence, if p1q ô p2q holds for q “ 1 then p1q ô p2q holds for q P p1,8q as well.
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We will now turn to the proof of the case q “ 1. Suppose that tλnunPN0
is an

HΨpDq-ℓ1pN0q multiplier of norm 1, hence also t|λn|unPN0
P MHΨpDqÑℓ1pN0q with

the same norm. Let N P N. By Proposition 10, the function

bN pei2πθq :“
N
ÿ

n“1

|λn|ei2πnθ, θ P r0, 1q,

is in BMOpρΨqpTq, with norm bound independent of N .
Letting I :“ r0, p4Nq´1s, note that since

(3.7) xsinp2πn¨qyI ´ sinp2πnθq « xsinp2πn¨qyI «
n

N

for θ P r0, p16Nq´1s, we have

N
ÿ

n“1

|λn|
n

N2
À

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

n“1

|λn| psinp2πnθq ´ xsinp2πn¨qyIq

ˇ

ˇ

ˇ

ˇ

ˇ

dθ

ď

ˆ
I

|bN pei2πθq ´ xbN yI | dθ

and hence,

(3.8)
N
ÿ

n“1

|λn|
n

N2
À

1

Ψ´1p|I|´1q
.

Now, since t ÞÑ t´1Ψptq is non-increasing on p0,8q, the map t ÞÑ t´1{Ψ´1ptq is
non-decreasing on p0,8q and hence,

N
ÿ

n“1

Ψ´1pnq|λn| ď

N
ÿ

n“1

Ψ´1pNq
n

N
|λn| À N,

where the implied constant in the second inequality does not depend on N .
Conversely, suppose that (2) holds for q “ 1. By Proposition 10, we have to

check that the function

Γ
pMq

ϵ,λ pzq :“
M
ÿ

n“0

ϵnλnz
n, z P D,

belongs to BMOpρΨqpDq, uniformly for every choice of ϵ “ tϵnunPN0
with |ϵn| ď 1,

n P N0, and for all M P N0. To this end, fix an interval I in T and let N P N be
such that

1

N
ď |I| ď

2

N
.

We write

(3.9) Γ
pMq

ϵ,λ “ Kε,λ ` Nε,λ,

where

Kε,λpzq :“
ÿ

nď|I|´1

ϵnλnz
n and Nε,λpzq :“

ÿ

Měną|I|´1

ϵnλnz
n, z P D.
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We consider firstˆ
I

ˇ

ˇKε,λpei2πθq ´ xKε,λyI
ˇ

ˇ dθ ď
1

|I|

ˆ
I

ˆ
I

ˇ

ˇKε,λpei2πθq ´ Kε,λpei2πϕq
ˇ

ˇ dθ dϕ

À
ÿ

nď|I|´1

n|λn|
1

|I|

ˆ
I

ˆ
I

|θ ´ ϕ| dθ dϕ

À
ÿ

nď|I|´1

n|λn||I|2

À |I|

8
ÿ

k“1

2´k
ÿ

2´k`1|I|´1ěną2´k|I|´1

|λn|

À |I|

8
ÿ

k“1

2´k 2´k|I|´1

Ψ´1p2´k|I|´1q

“ |I|1`1{p
8
ÿ

k“1

2´kp2´1{pq 2´k{p|I|´1{p

Ψ´1p2´k|I|´1q

Àp |I|1`1{p |I|´1{p

Ψ´1p|I|´1q
“

1

Ψ´1p|I|´1q
,

where we used that, since Ψ is a growth function of order p ą 1{2, t ÞÑ t1{p{Ψ´1ptq
is quasi-increasing on p0,8q.

To show that

(3.10)

ˆ
I

ˇ

ˇNε,λpei2πθq ´ xNε,λyI
ˇ

ˇ dθ À
1

Ψ´1p|I|´1q
,

we shall estimateˆ
I

ˇ

ˇNε,λpei2πθq ´ xNε,λyI
ˇ

ˇ

2
dθ ď

ˆ
I

ˇ

ˇNε,λpei2πθq
ˇ

ˇ

2
dθ

À |I|

8
ÿ

k“0

¨

˝

ÿ

2k`1|I|´1ěną2k|I|´1

|λn|

˛

‚

2

À |I|

8
ÿ

k“0

22k|I|´2

rΨ´1p|I|´12kqs2

À |I|

ˆ 8

|I|´1

t

rΨ´1ptqs2
dt

À |I|
|I|´2{p

rΨ´1p|I|´1qs2

ˆ 8

|I|´1

1

t2{p´1
dt À

|I|´1

rΨ´1p|I|´1qs2
,

where we have used orthogonality in the first inequality and Lemma 11, Part (1)
below in the second inequality, and finally the fact that Ψ is of upper type p P

p1{2, 1q. Hence, (3.10) follows from the Cauchy–Schwarz inequality and the last
estimate. □

In this last part of the proof of Theorem 1 we used Lemma 11 below, which can
be understood as an unconditionality estimate.

At this point, we would like to mention that, even though the statement of
Lemma 11 might seem classical, we have not found Part (2), which will be required
for the proof of Theorem 2 below, in the existing literature or been able to directly
extract it from known results. The proof of Lemma 11, Part (2) that we present here
is elementary, if somewhat technical, and uses the ℓ2-boundedness of the discrete
Hilbert transform. We deduce Part (1) from Part (2) here, but it can also be proved
with a simpler direct estimate.
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Lemma 11. If n P N0, then for every interval I with |I| “ 2´n and for every
analytic trigonometric polynomial f ,

(1)

ˆ
I

ˇ

ˇfpei2πθq
ˇ

ˇ

2
dθ À |I|

˜

2n´1
ÿ

j“0

|fj |

¸2

` |I|

8
ÿ

k“0

¨

˝

2k`12n´1
ÿ

j“2k2n

|fj |

˛

‚

2

,

(2)

ˆ
I

ˇ

ˇfpei2πθq
ˇ

ˇ

2
dθ À |I|

8
ÿ

k“0

¨

˝

pk`1q2n´1
ÿ

j“k2n

|fj |

˛

‚

2

,

where fj :“ pfpjq, j P N0.

Proof. Let |I| “ 2´n. We remark that Part (1) of the lemma follows from Part (2)
by a simple ℓ1 ´ ℓ2 estimate, so it suffices to prove Part (2).

Note that

ˆ
I

fpei2πθqfpei2πθqdθ “

8
ÿ

k1“0

8
ÿ

k2“0

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

fjfl

ˆ
I

ei2πpj´lqθ dθ

“ I ` II,

where

I :“
ÿ

k1,k2ě0:
|k1´k2|ď1

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

fjfl

ˆ
I

ei2πpj´lqθ dθ

and

II :“
ÿ

k1,k2ě0:
|k1´k2|ě2

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

fjfl

ˆ
I

ei2πpj´lqθ dθ.

Term I may easily be estimated by

|I| ď
ÿ

k1,k2ě0:
|k1´k2|ď1

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

|fj | ¨ |fl| ¨ 2´n ď 3 ¨ 2´n
ÿ

kě0

¨

˝

pk`1q2n´1
ÿ

j“k2n

|fj |

˛

‚

2

.

For term II, consider first the case I “ r0, 2´ns. Then

ÿ

k1,k2ě0:
|k1´k2|ě2

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

fjfl

ˆ
I

ei2πpj´lqθ dθ “

ÿ

k1,k2ě0:
|k1´k2|ě2

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

fjfl
1 ´ ei2πpj´lq2´n

i2πpj ´ lq
“

III ` IV,

where

III :“
8
ÿ

k1,k2ě0:
k1‰k2

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

fjfl
1

i2πpj ´ lq
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and

IV :“ ´

8
ÿ

k1,k2ě0:
k1‰k2

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

fjfl
ei2πpj´lq2´n

i2πpj ´ lq
.

Moreover,

III “

8
ÿ

k1,k2ě0:
|k1´k2|ě2

2n´1
ÿ

j1“0

2n´1
ÿ

j2“0

fk12n`j1fk22n`j2

1

i2πp2npk1 ´ k2q ` pj1 ´ j2qq

“ V ` VI,

where

V :“
ÿ

k1,k2ě0:
|k1´k2|ě2

2n´1
ÿ

j1“0

2n´1
ÿ

j2“0

fk12n`j1fk22n`j2

1

i2π2npk1 ´ k2q

and

VI :“

8
ÿ

k1,k2ě0:
|k1´k2|ě2

2n´1
ÿ

j1“0

2n´1
ÿ

j2“0

fk12n`j1fk22n`j2

j2 ´ j1
i2πp2npk1 ´ k2q ` pj1 ´ j2qq2npk1 ´ k2q

.

Term V can be estimated by
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

|k1´k2|ě2

2n´1
ÿ

j1“0

2n´1
ÿ

j2“0

fk12n`j1fk22n`j2

1

i2π2npk1 ´ k2q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

2´n

2π

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

|k1´k2|ě2

˜

2n´1
ÿ

j1“0

fk12n`j1

¸˜

2n´1
ÿ

j2“0

fk22n`j2

¸

1

k1 ´ k2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À

2´n
ÿ

kě1

¨

˝

pk`1q2n´1
ÿ

j“k2n

|fj |

˛

‚

2

,

where we use the boundedness of the discrete Hilbert transform on l2.
For term VI, we observe that

ˇ

ˇ

ˇ

ˇ

j2 ´ j1
i2πp2npk1 ´ k2q ` pj1 ´ j2qq2npk1 ´ k2q

ˇ

ˇ

ˇ

ˇ

ď 2 ¨ 2´n 1

2πpk1 ´ k2q2

for |k1 ´ k2| ě 2 and j1, j2 P t0, 1, ¨ ¨ ¨ , 2n ´ 1u, which yields
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

k1,k2ě0:
|k1´k2|ě2

2n´1
ÿ

j1“0

2n´1
ÿ

j2“0

fk12n`j1fk22n`j2

j2 ´ j1
i2πp2npk1 ´ k2q ` pj1 ´ j2qq2npk1 ´ k2q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

2´n

π

ÿ

|k1´k2|ě2

˜

2n´1
ÿ

j1“0

|fk12n`j1 |

¸˜

2n´1
ÿ

j2“0

|fk22n`j2 |

¸

1

pk1 ´ k2q2
À

2´n
ÿ

kě0

¨

˝

pk`1q2n´1
ÿ

j“k2n

|fj |

˛

‚

2

,
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where we use the the boundedness of the linear operator on ℓ2 induced by the
matrix

ˆ

1

pk1 ´ k2q2

˙

k1,k2ě0,|k1´k2|ě2

,

as can be verified e.g. by appealing to the Schur test.
Note that we have yet to estimate term IV. Instead of doing this directly, we

observe that for I “ ra, a ` 2´ns, term II becomes

ÿ

k1,k2ě0:
|k1´k2|ě2

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

fjfl
ei2πpj´lqa ´ ei2πpj´lqpa`2´n

q

i2πpj ´ lq
“ VII ` VIII,

where

VII :“
ÿ

k1,k2ě0:
|k1´k2|ě2

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

ei2πjafjei2πlafl
1

i2πpj ´ lq

and

VIII :“ ´
ÿ

k1,k2ě0:
|k1´k2|ě2

pk1`1q2n´1
ÿ

j“k12n

pk2`1q2n´1
ÿ

l“k22n

ei2πjpa`2´n
qfjei2πlpa`2´nqfl

1

i2πpj ´ lq
.

To handle these last expressions, note that VII and VIII have exactly the same
form as term III, just with unimodular factors on the Fourier coefficients fj . This
observation combined with our previous estimates finishes the proof of the lemma.

□

3.2. Proof of Theorem 2. We begin with the implication piiq ñ piq in Part
(a). Proceeding along the same lines as in the proof of Theorem 1, we perform
the splitting (3.9) into high and low frequencies. A simple duality argument again
shows that it suffices to prove the case q “ 1. Note that in this case condition piiq
in Theorem 2, Part (a), implies in particular condition piiq in Theorem 1, so the
low frequency estimate for Kε,λ goes through without change (the upper type of Ψ
is not required here). As to the high frequency estimate for Nε,λ, we writeˆ

I

ˇ

ˇNε,λpei2πθq ´ xNε,λyI
ˇ

ˇ

2
dθ ď

ˆ
I

ˇ

ˇNε,λpei2πθq
ˇ

ˇ

2
dθ

À |I|

8
ÿ

k“1

¨

˝

ÿ

pk`1q|I|´1ěnąk|I|´1

|λn|

˛

‚

2

À
|I|´1

pΨ´1p|I|´1qq2

by condition piiq, where we have now used the full power of Lemma 11, namely
Part (2).

For the reverse estimate, note that by Proposition 10 the function

bεpe
i2πθq “

M
ÿ

k“1

εk

pk`1qN´1
ÿ

n“kN

ei2πnθ|λn| “

M
ÿ

k“1

εkbkpei2πθq

is in BMOpρΨqpDq, uniformly for every choice of ϵ “ tϵkukPN with |ϵk| ď 1 and for
all M P N, so in particular for εk P t´1, 1u. As above, we choose I “ r0, p4Nq´1s.
Here,

bkpei2πθq :“

pk`1qN´1
ÿ

n“kN

ei2πnθ|λn|, θ P r0, 1q.
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An integration over the standard product probability space Ω “ t´1, 1uN and an
application of Khintchine’s Theorem (see, e.g., [18, Appendix C]) thus yields

1

Ψ´1p|I|´1q
Á

ˆ
Ω

ˆ
I

ˇ

ˇbεpe
i2πθq ´ xbεyI

ˇ

ˇ dθ dPpεq

«

¨

˚

˝

M
ÿ

k“1

¨

˝

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk`1qN´1
ÿ

n“kN

ei2πnθ|λn| ´ xbkyI

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

dθ

˛

‚

2
˛

‹

‚

1{2

“

¨

˚

˝

M
ÿ

k“1

¨

˝

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk`1qN´1
ÿ

n“kN

ei2πpn´kNqθ|λn| ´ e´i2πkNθxbkyI

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

dθ

˛

‚

2
˛

‹

‚

1{2

Á

¨

˚

˝

M
ÿ

k“1

¨

˝

pk`1qN´1
ÿ

n“kN

|λn|

˛

‚

2
˛

‹

‚

1{2

1

N
,

where we used a similar argument as in the proof of (3.8) for the last inequality.
To make this precise, we note that for any k,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk`1qN´1
ÿ

n“kN

ei2πnθ|λn|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk`1qN´1
ÿ

n“kN

ei2πpn´kNqθ|λn|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě
1

?
2

pk`1qN´1
ÿ

n“kN

|λn|

for all θ P I. If

(3.11) |xbkyI | ď
1

4

pk`1qN´1
ÿ

n“kN

|λn|,

this implies

(3.12)

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk`1qN´1
ÿ

n“kN

ei2πnθ|λn| ´ xbkyI

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

dθ ě |I|
1

4

pk`1qN´1
ÿ

n“kN

|λn|.

Inequality (3.11), and therefore (3.12), hold in particular for k ě 4.
If

|xbkyI | ą
1

4

pk`1qN´1
ÿ

n“kN

|λn|,

then k ď 3. Choosing

Ĩ “

„

0,
1

16N

ȷ

and ˜̃I “

„

0,
1

64N

ȷ

,
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we note that on Ĩ, all terms in bk only take values in the first quadrant of C and
hence

ˆ
Ĩ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk`1qN´1
ÿ

n“kN

ei2πnθ|λn| ´ xbkyĨ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

dθ

ě

ˆ
Ĩ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk`1qN´1
ÿ

n“kN

sinp2πnθq|λn| ´ xsinp2πnθqyĨ |λn|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

dθ

ě

ˆ
˜̃I

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pk`1qN´1
ÿ

n“kN

pxsinp2πnθqyĨ ´ sinp2πnθqq |λn|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

dθ

Á
1

N

pk`1qN´1
ÿ

n“kN

n

N
|λn|

Á|I|

pk`1qN´1
ÿ

n“kN

|λn|,

where we apply the estimate (3.7) in the penultimate inequality. □

4. Theorem 5 and its consequences

The proof of Theorem 5 can be obtained by suitably adapting known proofs in
the literature for the BMO-case, i.e. for the case r “ 0; for instance, one can adapt
the corresponding arguments in the papers of S. V. Bochkarev [5] and I. Vasilyev
and A. Tselishchev [36]. Regarding the implication p1q ùñ p2q, by adapting
an argument due to Bourgain [8] one can actually show that a stronger version of
p1q ùñ p2q holds true; see Theorem 12 below). Note that in the statement of
Theorem 12, if K is a non-empty interval then W pKq and Kcentre are as in §2.4

Theorem 12. Let r ě 0 be a given exponent.
Let K be an arbitrary collection of mutually disjoint intervals on the real line

such that |K| “ 3 ¨ 2lK`1 for some lK P N0 and 0 R K for all K P K. Then

¨

˚

˚

˚

˝

sup
IĎT:
I arc

1
“

ρΨr,1
p|I|q

‰2
|I|

ˆ
I

ÿ

KPK

ÿ

JPW pKqzKcentre:

|J|ą|I|
´1

ˇ

ˇ∆Jpuqpei2πθq
ˇ

ˇ

2
dθ

˛

‹

‹

‹

‚

1{2

Àr

}u}BMOpρΨr,1 qpTq

for all u P BMOpρΨr,1qpTq, where the implied constant depends only on r and not
on K and u.

As mentioned above, Theorems 5 and 12 can be obtained by modifying known
arguments in the literature. We shall briefly present how this can be done for the
convenience of the reader. More specifically, in §4.1 we outline how one can adapt
an argument in [8] to establish Theorem 12 and in §4.2 we briefly present how a
modification of the argument in [36] for the corresponding BMO-case can be used
to establish the implication p2q ùñ p1q in Theorem 5. Apart from the reason
of making the presentation to a certain extent self-contained, we also include §4.1
and §4.2 in order to make transparent in which parts of the proofs one uses the
assumption that the growth function is of the form Ψ “ Ψr,1.

In §4.3, we present some consequences of Theorem 5.
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4.1. Proof of Theorem 12. By translation invariance, to prove Theorem 12 it
suffices to show that

(4.1)
1

“

ρΨr,1p|I|q
‰2

|I|

ˆ
I

ÿ

KPK

ÿ

JPW pKqzKcentre:

|J|ą|I|
´1

ˇ

ˇ∆Jpuqpei2πθq
ˇ

ˇ

2
dθ Àr

}u}
2
BMOpρΨr,1

qpTq ,

for any fixed interval of the form I “ r´δ{2, δ{2q, δ P p0, 1s. Since any de la Vall’ee
Poussin-type kernel can be written as a linear combination of two modulated Fejér-
type kernels (see §2.4), (4.1) is a direct consequence of the following lemma, which
is a variant of [8, lemma 2].

Lemma 13. Let r ě 0 be a given exponent. For δ P p0, 1s, consider the interval
Iδ :“ r´δ{2, δ{2q.

Let tFαuPA be a finite collection of trigonometric polynomials of the form

Fαpei2πθq “ ei2πcαθKNα
pei2πθq, θ P r´1{2, 1{2q,

where Nα ą δ´1 for all α P A and moreover, the frequency supports of Fα and Fα1

are disjoint for α ‰ α1 and 0 R supppxFαq for all α P A.
Then

1
“

ρΨr,1p|Iδ|q
‰2

|Iδ|

ˆ
Iδ

ÿ

αPA

ˇ

ˇpFα ˚ uqpei2πθq
ˇ

ˇ

2
dθ Àr }u}

2
BMOpρΨr,1 qpTq

for all u P BMOpρΨr,1
qpTq, where the implied constant depends only on r and not

on δ, A, and u.

Proof. Let u be a given function in BMOpρΨr,1qpTq. If

ωδpθq :“
δ2

δ2 ` sin2pπθq
, θ P r´1{2, 1{2q,

then [8, (6)] (in the proof of [8, lemma 2]) applied to g “ u ´ xuyIδ asserts that
there exists an absolute constant C ą 0 such that

(4.2)

ˆ
r´1{2,1{2q

˜

ÿ

αPA

ˇ

ˇpFα ˚ uqpei2πθq
ˇ

ˇ

2

¸

ωδpθqdθ

ď C

ˆ
r´1{2,1{2q

|upei2πθq ´ xuyIδ |2ωδpθqdθ,

where we also used the assumption that 0 R supppxFαq for all α P A. Notice that
[8, (6)] is a consequence of [8, Lemma 1], which is a Cotlar-type almost orthogonality
result.

To prove the desired estimate, note that since ωδpθq ě 1{p2π2q for all θ P Iδ,
(4.2) yields

(4.3)
1

“

ρΨr,1p|Iδ|q
‰2

|Iδ|

ˆ
Iδ

ÿ

αPA

ˇ

ˇpFα ˚ uqpei2πθq
ˇ

ˇ

2
dθ À

1
“

ρΨr,1p|Iδ|q
‰2

|Iδ|

ˆ
r´1{2,1{2q

|upei2πθq ´ xuyIδ |2ωδpθqdθ.

Hence, in view of (4.3), it suffices to show that

(4.4)
1

“

ρΨr,1
p|Iδ|q

‰2
|Iδ|

ˆ
r´1{2,1{2q

|upei2πθq ´ xuyIδ |2ωδpθqdθ À }u}
2
BMOpρΨr,1

qpTq .
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As ωδpθq ď 1 for all θ P r´1{2, 1{2q, we have

(4.5)
1

“

ρΨr,1
p|Iδ|q

‰2
|Iδ|

ˆ
Iδ

|upei2πθq ´ xuyIδ |2ωδpθqdθ À }u}
2
BMOpρΨr,1

qpTq .

To handle the contribution of the term involving the part of the integral on
the left-hand side of (4.4) over r´1{2, 1{2qzIδ, note that as sinptq{t ě 2{π for
t P r´π{2, π{2szt0u we have

1
“

ρΨr,1
p|Iδ|q

‰2
|Iδ|

ˆ
r´1{2,´δ{2qYrδ{2,1{2q

|upei2πθq ´ xuyIδ |2ωδpθqdθ À

log2rpδ´1q

δ

ÿ

kPN0:
2kďδ´1

1

22k

ˆ
2k´1δď|θ|ď2kδ

|upei2πθq ´ xuyIδ |2 dθ.

Since 2k ď δ´1, we have

log
`

δ´1
˘

ď k log
`

p2k´1δq´1
˘

and so,

log2rpδ´1q

δ

ÿ

kPN0:
2kďδ´1

1

22k

ˆ
2k´1δď|θ|ď2kδ

|upei2πθq ´ xuyIδ |2 dθ Àr

ÿ

kPN0:
2kďδ´1

k2r

2k

˜

log2r
`

p2kδq´1
˘

2kδ

ˆ
2k´1δď|θ|ď2kδ

|upei2πθq ´ xuyIδ |2 dθ

¸

.

A standard argument now yields

(4.6)

˜

log2r
`

p2kδq´1
˘

2kδ

ˆ
2k´1δď|θ|ď2kδ

|upei2πθq ´ xuyIδ |2 dθ

¸1{2

À

k }u}BMOpρΨr,1
qpTq .

Indeed, it follows from the triangle inequality that
˜

log2r
`

p2kδq´1
˘

2kδ

ˆ
2k´1δď|θ|ď2kδ

|upei2πθq ´ xuyIδ |2 dθ

¸1{2

Àr

k
ÿ

l“0

˜

log2r
`

p2kδq´1
˘

2lδ

ˆ
2lIδ

|upei2πθq ´ xuy2l`1Iδ |2 dθ

¸1{2

where 2lIδ “ r´2l´1δ, 2l´1δq. Using (4.6) we get

1
“

ρΨr,1p|Iδ|q
‰2

|Iδ|

ˆ
r´1{2,´δ{2qYrδ{2,1{2q

|upei2πθq ´ xuyIδ |2ωδpθqdθ Àr

}u}
2
BMOpρΨr,1

qpTq

ÿ

kPN0

k2r`2

22k

and so,

(4.7)
1

“

ρΨr,1
p|Iδ|q

‰2
|Iδ|

ˆ
r´1{2,´δ{2qYrδ{2,1{2q

|upei2πθq ´ xuyIδ |2ωδpθqdθ Àr

}u}
2
BMOpρΨr,1 qpTq ,

as desired.
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It thus follows from (4.5) and (4.7) that (4.4) holds true and hence, the proof of
the lemma is complete. □

4.2. Proof of that (2) implies (1) in Theorem 5. The proof that we present
below is an adaptation of the corresponding argument in [36] for the BMO-case.

Let u P L2pTq be such that (2) in Theorem 5 holds. It suffices to prove that for
any fixed arc I in T one has

(4.8) MI

ˆˆ
I

ˇ

ˇupei2πθq ´ xuyI
ˇ

ˇ

2
dθ

˙1{2

Àr }u}Ψr,1,˚
,

where MI :“ |I|´1{2 logrp|I|´1q and }u}Ψr,1,˚
is as in the statement of Theorem 5.

Note that for any c P C one has

ˆˆ
I

ˇ

ˇupei2πθq ´ xuyI
ˇ

ˇ

2
dθ

˙1{2

ď 2

ˆˆ
I

ˇ

ˇupei2πθq ´ c
ˇ

ˇ

2
dθ

˙1{2

.

Hence, if we choose

c :“
ÿ

2nď|I|´1

∆npuqpei2πcI q,

with cI being the centre of I, then it suffices to prove that

(4.9) U À }u}Ψr,1,˚
for U “ A and U “ B,

where

A :“ MI

¨

˚

˝

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

2ną|I|´1

∆npuqpei2πθq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

dθ

˛

‹

‚

1{2

and

B :“ MI

¨

˚

˝

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

2nď|I|´1

ˆ
T
upei2πσq

”

δn

´

ei2πpθ´σq
¯

´ δn

´

ei2πpcI´σq
¯

dσ
ı

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

dθ

˛

‹

‚

1{2

.

Note that if, for n P N, we define rδn :“ δn´1`δn`δn`1, then ∆n “ r∆n∆n. Here,

for f P L1pTq, r∆npfq :“ rδn ˚ f . In what follows, we shall use several times that´
K

|r∆npuq|2 À 2´nn´2r }u}Ψr,1,˚
for any arc K with |K| « 2´n (cf. [36, Lemma

3.1]).
We may assume, without loss of generality, that I is of the form r´|I|{2, |I|{2q.

4.2.1. Proof of (4.9) for U “ A. By the triangle inequality, we have A ď A1 ` A2,
where

A1 :“ MI

¨

˚

˝

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

2ną|I|´1

ˆ
TzI

r∆npuqpei2πσqδn

´

ei2πpθ´σq
¯

dσ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

dθ

˛

‹

‚

1{2

and

A2 :“ MI

¨

˚

˝

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

2ną|I|´1

ˆ
I

r∆npuqpei2πσqδn

´

ei2πpθ´σq
¯

dσ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

dθ

˛

‹

‚

1{2

.
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Estimate for A1. For n P N, let I´
n denote the interval that is concentric with I

and has length |I´
n | “ |I| ´ 2´n. We then have A1 ď A1,1 ` A1,2, where

A1,1 :“ MI

ÿ

2ną|I|´1

¨

˝

ˆ
I´
n

˜ˆ
TzI

ˇ

ˇ

ˇ

r∆npuqpei2πσq

ˇ

ˇ

ˇ
¨

ˇ

ˇ

ˇ
δn

´

ei2πpθ´σq
¯
ˇ

ˇ

ˇ
dσ

¸2

dθ

˛

‚

1{2

and

A1,2 :“ MI

ÿ

2ną|I|´1

¨

˝

ˆ
IzI´

n

˜ˆ
TzI

ˇ

ˇ

ˇ

r∆npuqpei2πσq

ˇ

ˇ

ˇ
¨

ˇ

ˇ

ˇ
δn

´

ei2πpθ´σq
¯ˇ

ˇ

ˇ
dσ

¸2

dθ

˛

‚

1{2

.

The terms A1,1 and A1,2 will be estimated separately.

Estimate for A1,1. Without loss of generality we may assume that |I| “ 2´ζ0 for
some ζ0 P N0. Hence, we may write I´

n “
Ť

QPQn
Q and TzI “

Ť

PPPn
P , where Qn

and Pn are families of mutually disjoint arcs of length 2´n´2. Using the Cauchy–
Schwarz inequality, we have

A1,1 À MI

ÿ

2ną|I|´1

¨

˚

˝

Kn

ÿ

QPQn

ˆ
Q

¨

˚

˝

ÿ

PPPn

ˆ
P

ˇ

ˇ

ˇ

r∆npuqpei2πσq

ˇ

ˇ

ˇ

2

sin2pπpθ ´ σqq
dσ

˛

‹

‚

dθ

˛

‹

‚

1{2

,

where

Kn :“
ÿ

PPPn

ˆ
P

sin2pπpθ ´ σqq

ˇ

ˇ

ˇ
δn

´

ei2πpθ´σq
¯
ˇ

ˇ

ˇ

2

dσ.

As ϕ ÞÑ sin2pπϕq is 1-periodic and | sinptq| ď t for all t P R, we have Kn À an ` bn,
where

an :“

ˆ
|ϕ|ď2´n

ϕ2
ˇ

ˇδn
`

ei2πϕ
˘
ˇ

ˇ

2
dϕ and bn :“

ˆ
2´nă|ϕ|ď1{2

ϕ2
ˇ

ˇδn
`

ei2πϕ
˘
ˇ

ˇ

2
dϕ.

Since }δn}L8pTq À 2n, we have an À 2´n. To estimate bn, note that by the prop-

erties of the Fejér kernel we have
ˇ

ˇδn
`

ei2πϕ
˘
ˇ

ˇ À 2´nϕ´2 for all 2´n ă |ϕ| ď 1{2,
which readily implies that bn À 2´n. We thus have

A1,1 À MI

ÿ

2ną|I|´1

¨

˚

˝

ÿ

QPQn

ˆ
Q

¨

˚

˝

ÿ

PPPn

2´n

ˆ
P

ˇ

ˇ

ˇ

r∆npuqpei2πσq

ˇ

ˇ

ˇ

2

sin2pπpθ ´ σqq
dσ

˛

‹

‚

dθ

˛

‹

‚

1{2

and so,

A1,1 À MI

ÿ

2ną|I|´1

˜

ÿ

QPQn

ˆ
Q

˜

ÿ

PPPn

2´n

distpp, qq2

ˆ
P

ˇ

ˇ

ˇ

r∆npuqpei2πσq

ˇ

ˇ

ˇ

2

dσ

¸

dθ

¸1{2

À MI }u}Ψr,1,˚

ÿ

2ną|I|´1

2´n{2

nr

˜

ÿ

QPQn

ˆ
Q

ÿ

PPPn

2´n

distpp, qq2
dθ

¸1{2

À MI }u}Ψr,1,˚

ÿ

2ną|I|´1

2´n{2

nr

˜ˆ
r0,|I|{2´2´n´1q

˜ˆ
r|I|{2,1q

1

|θ ´ σ|2
dσ

¸

dθ

¸1{2

.

It can easily be seen that the sum in the last expression is bounded by CM´1
I , with

C being a constant independent of I. Hence, A1,1 À }u}Ψr,1,˚
.
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Estimate for A1,2. To estimate A1,2, we have A1,2 ď A1,2,a ` A1,2,b, where

A1,2,a :“ MI

ÿ

2ną|I|´1

¨

˝

ˆ
IzI´

n

˜ˆ
TzI`

n

ˇ

ˇ

ˇ

r∆npuqpei2πσq

ˇ

ˇ

ˇ
¨

ˇ

ˇ

ˇ
δn

´

ei2πpθ´σq
¯ˇ

ˇ

ˇ
dσ

¸2

dθ

˛

‚

1{2

and

A1,2,b :“ MI

ÿ

2ną|I|´1

¨

˝

ˆ
IzI´

n

˜ˆ
I`
n zI

ˇ

ˇ

ˇ

r∆npuqpei2πσq

ˇ

ˇ

ˇ
¨

ˇ

ˇ

ˇ
δn

´

ei2πpθ´σq
¯
ˇ

ˇ

ˇ
dσ

¸2

dθ

˛

‚

1{2

.

Here, for n P N, I`
n denotes the interval that is concentric with I and has length

|I`
n | “ |I| ` 2´n. Arguing as in the case of A1,1, one has A1,2,a À }u}Ψr,1,˚

. To

estimate A1,2,b, we use the Cauchy–Schwarz inequality, as well as that }δn}L8pTq À

2n and |IzI´
n | “ |I`

n zI| “ 2´n´1 to deduce that

A1,2,b À MI

ÿ

2ną|I|´1

˜ˆ
I`
n zI

ˇ

ˇ

ˇ

r∆npuqpei2πσq

ˇ

ˇ

ˇ

2

dσ

¸1{2

À MI }u}Ψr,1,˚

ÿ

2ną|I|´1

2´n{2

nr
.

So, A1,2,b À }u}Ψr,1,˚
. Hence, combining the estimates for A1,2,a and A1,2,b, to-

gether with the estimate for A1,1, we conclude that A1 À }u}Ψr,1,˚
.

Estimate for A2. Since the maps

θ ÞÑ

ˆ
I

r∆n1
puqpei2πσqδn1

pei2πpθ´σqqdσ and θ ÞÑ

ˆ
I

r∆n2
puqpei2πσqδn2

pei2πpθ´σqqdσ

are orthogonal in L2pTq for n1, n2 P N with |n1 ´n2| ě 2, we have A2 À A2,1 `A2,2,
where

A2,1 :“ MI

¨

˝

ÿ

2ną|I|´1

ˆ
TzI

ˇ

ˇ

ˇ

ˇ

ˆ
I

r∆npuqpei2πσqδn

´

ei2πpθ´σq
¯

dσ

ˇ

ˇ

ˇ

ˇ

2

dθ

˛

‚

1{2

and

A2,2 :“ MI

¨

˝

ÿ

2ną|I|´1

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˆ
I

r∆npuqpei2πσqδn

´

ei2πpθ´σq
¯

dσ

ˇ

ˇ

ˇ

ˇ

2

dθ

˛

‚

1{2

.

Arguing as in the case of A1, one shows that A2,1 À }u}Ψr,1,˚
.

We shall now focus on A2,2; by the triangle inequality, we have A2,2 ď A2,2,a `

A2,2,b, where

A2,2,a :“ MI

¨

˝

ÿ

2ną|I|´1

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˆ
T
r∆npuqpei2πσqδn

´

ei2πpθ´σq
¯

dσ

ˇ

ˇ

ˇ

ˇ

2

dθ

˛

‚

1{2

and

A2,2,b :“ MI

¨

˝

ÿ

2ną|I|´1

ˆ
I

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ
TzI

r∆npuqpei2πσqδn

´

ei2πpθ´σq
¯

dσ

ˇ

ˇ

ˇ

ˇ

ˇ

2

dθ

˛

‚

1{2

.

Arguing as in the case of A1, one proves that A2,2,b À }u}Ψr,1,˚
. The desired

estimate for A2,2,a, i.e. A2,2,a À }u}Ψr,1,˚
, follows directly from the definition of

}u}Ψr,1,˚
. It thus follows that A2 À }u}Ψr,1,˚

which, together with the corresponding

estimate for A1, obtained above, completes the proof of (4.9) for U “ A.
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4.2.2. Proof of (4.9) for U “ B. If Gn denotes a decomposition of T into mutually
disjoint arcs of length 2´n´1 then, by using the Cauchy–Schwarz inequality and the
definition of }u}Ψr,1,˚

, we have

B À MI |I|1{2 }u}Ψr,1,˚

ÿ

2nď|I|´1

2´n

nr

ÿ

GPGn

max
θPI
σPG

ˇ

ˇ

ˇ
δn

´

ei2πpθ´σq
¯

´ δn

´

ei2πpcI´σq
¯
ˇ

ˇ

ˇ
.

Using the mean value theorem and the definition of δn, we have

ÿ

GPGn

max
θPI
σPG

ˇ

ˇ

ˇ
δn

´

ei2πpθ´σq
¯

´ δn

´

ei2πpcI´σq
¯
ˇ

ˇ

ˇ
À

ÿ

GPGn

22n|I|

r1 ` 2ndistpI,Gqs
2 “ Sn ` Tn,

where

Sn :“
ÿ

GPGn:
distpG,Iqď2´n

22n|I|

r1 ` 2ndistpI,Gqs
2 and Tn :“

ÿ

GPGn:
distpG,Iqě2´n

22n|I|

r1 ` 2ndistpI,Gqs
2 .

Since 2n ď |I|´1, there are Op1q intervals G P Gn with distpG, Iq ď 2´n and so,
Sn « 22n|I|. To handle Tn, we have

Tn « 22n|I|
ÿ

GPGn:
distpG,Iqě2´n

1

r2ndistpI,Gqs
2 À 22n|I|

2n
ÿ

k“1

1

k2
À 22n|I|.

Hence, (4.9) for U “ B holds, as

B À MI |I|3{2 }u}Ψr,1,˚

ÿ

2nď|I|´1

2n

nr
À MI |I|3{2 }u}Ψr,1,˚

|I|´1

logrp|I|´1q
« }u}Ψr,1,˚

.

4.3. Consequences of Theorem 5. For r ě 0, consider the Triebel–Lizorkin-type
space

S0,r
8,2pTq :“

$

’

’

&

’

’

%

f P D1pTq : sup
IĎT:
I arc

1

|I|

ˆ
I

ÿ

nPN0:
2ně|I|

´1

pn ` 1q
2r

|∆npfqpei2πθq|2 dθ ă 8

,

/

/

.

/

/

-

.

Note that if f P S0,r
8,2pTq then it follows from the definition of S0,r

8,2pTq that its

classical Littlewood–Paley square function is in L2pTq and hence, f can be identified
with an L2-function.

Theorem 5 immediately implies the following inclusion.

Theorem 14. Let r ě 0 be a given exponent.
One has the inclusion

(4.10) S0,r
8,2pTq Ď BMOpρΨr,1

qpTq.

Remark 15. If r “ 0, then (4.10) holds as an equality; see [5], [16], [36]. If r ą 0,
the inclusion (4.10) is proper. To see this, consider the function u whose Fourier
series is given by

(4.11) upei2πθq „

8
ÿ

j“0

1

j2r`1{2
ei2π2

jθ, θ P r0, 1q.

Then

u P BMOpρΨr,1qpTqzS0,r
8,2pTq.
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Note that

(4.12) S0,r
8,2pTq – pS0,´r

1,2 pTqq˚.

For a proof of a Euclidean analogue of (4.12) see §5.1 below. The Triebel–Lizorkin-

type space S0,´r
1,2 pTq appearing in (4.12) can be defined as the class of all f P D1pTq

such that
˜

ÿ

nPN0

|∆npfq|
2

pn ` 1q
2r

¸1{2

P L1pTq.

By combining Theorem 14 and (4.12) we obtain the following inclusion.

Theorem 16. Let r ě 0 be a given exponent.
There exists a constant Cr ą 0 such that

(4.13)

›

›

›

›

›

›

˜

ÿ

nPN0

|∆npfq|
2

pn ` 1q
2r

¸1{2
›

›

›

›

›

›

L1pTq

ď Cr }f}HΨr,1 pTq
.

Theorem 16 can also be proved directly by using the atomic decomposition of
HΨr,1pTq. We present such an approach in the corresponding Euclidean case; see
§5.2 below.

For r ą 0, in view of Remark 15, the inclusion

(4.14) HΨr,1pTq Ď S0,´r
1,2 pTq

is proper. However, for r “ 0, we have HΨ0,1pTq “ S0,0
1,2pTq, which is Stein’s

classical square function characterisation of the Hardy space H1pTq; see [32]. See
also [18, Theorem 2.2.9] for the corresponding Euclidean case.

Using Theorem 16 one can obtain a direct proof of implication p3q ùñ p1q of
part (b) of Theorem 2, i.e. for q “ 2, and for growth functions of the form Ψ “ Ψr,1,
r ą 0. Indeed, suppose that λ “ tλnunPN0

is a sequence of complex numbers
satisfying condition piiiq in part (b) of Theorem 2. Then take an f P HΨr,1pTq and
observe that, by using piiiq, one has

˜

ÿ

kPN0

|λk pfpkq|2

¸1{2

“

˜

ÿ

nPN0

ÿ

2n´1ďkă2n

|λk pfpkq|2

¸1{2

ď

˜

ÿ

nPN0

max
2n´1ďkă2n

| pfpkq|2
ÿ

2n´1ďkă2n

|λk|2

¸1{2

À

˜

ÿ

nPN0

max2n´1ďkă2n | pfpkq|2

pn ` 1q2r

¸1{2

À

›

›

›

›

›

›

˜

ÿ

nPN0

|∆npfq|
2

pn ` 1q
2r

¸1{2
›

›

›

›

›

›

L1pTq

.

Hence, by using Minkowski’s inequality and then Theorem 16, one deduces that

˜

ÿ

nPN0

|λn pfpnq|2

¸1{2

À }f}HΨr,1 pTq

i.e. that piq holds.
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5. Results in the Euclidean setting

5.1. Spaces of logarithmic smoothness. Let φ0 be a Schwartz function, radial,
positive and supported in t|ξ| ď 1u, which is equal to 1 in t|ξ| ď 1{2u. Let φ1pξq :“
φ0pξ{2q ´ φ0pξq, and

φjpξq :“ φ1p2´jξq, j ě 2.

For each j ě 1, the function φj is supported in the annulus t2j´1 ď |ξ| ď 2j`1u,
and for all ξ P Rd we have

(5.1) 1 “ φ0pξq `

8
ÿ

ℓ“1

φℓpξq.

Such a family tφju
8
j“0 is referred to as a non-homogeneous resolution of unity. For

f P S 1pRdq we set

r∆jpfq :“
´

φj pf
¯_

, for j ě 0.

Definition 17. Let s, r P R, 0 ă p ď 8, 0 ă q ď 8, and let tφju
8
j“0 be a resolution

of unity as above.

‚ [9,10] If p ă 8, we define the Triebel–Lizorkin space of generalised smooth-
ness, F s,rp,q pRdq, to be the set of all tempered distributions f for which

}f}F s,r
p,q pRdq :“

›

›

›

›

›

›

˜

8
ÿ

j“0

2jsq p1 ` jq
rq
ˇ

ˇ

ˇ

r∆jf
ˇ

ˇ

ˇ

q
¸1{q

›

›

›

›

›

›

LppRdq

is finite, with the usual modification if q “ 8.
‚ [2, Definition 2.7] Let 0 ă q ă 8 and let D be the set of all dyadic cubes
in Rn. We define F s,r8,qpRnq to be the set of all tempered distributions f for
which

}f}F s,r
8,qpRdq :“

›

›

›

r∆0f
›

›

›

L8pRdq

` sup
QPD
ℓpQqď1

¨

˝

1

|Q|

ˆ
Q

8
ÿ

j“´ log2 ℓpQq

2sjq p1 ` jq
rq
ˇ

ˇ

ˇ

r∆jfpxq

ˇ

ˇ

ˇ

q

dx

˛

‚

1{q

is finite.

Remark 18. In the previous definition, the case where r “ 0 recovers the classical
definition of Triebel–Lizorkin space.

Remark 19. Let ppξq “
ř

|α|ďN cαξ
α be a polynomial expression in ξ with constant

coefficients, where for every multi-index α P Nd,

|α| “ α1 ` . . . αd, ξα “ ξα1
1 ¨ ¨ ¨ ξαd

d .

Let D :“ ´iB, so ppDq denotes the constant coefficient differential operator

ppDqf “
ÿ

|α|ďd

cαD
αf.

Using the properties of the Fourier transform, for any f P S, this can be written as
the Fourier multiplier operator with symbol ppξq given by

ppDqfpxq “ p2πq´d

ˆ
Rd

ppξq pfpξqeixξdξ.

Notice that such an expression makes sense, on SpRdq, and on S 1pRdq for a wider
class of symbols p than polynomials, such as those in the Kohn–Nirenberg classes
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SmpRdq, with m P R. Let us recall that a symbol σ belongs to SmpRdq if, and only
if, σ is smooth and, for all multi-indices α P Nn, satisfies

(5.2) sup
ξPRn

⟨ξ⟩´m`|α|
ˇ

ˇBαξ σpξq
ˇ

ˇ ă 8.

Here, we use the shorthand notation

⟨ξ⟩ :“ p1 ` |ξ|2q1{2, ξ P Rd.

In particular, if one defines ppξq “ |ξ|
2
, the Laplacian of f can be written as

´∆fpxq “

d
ÿ

j“1

p´iq2B2ejfpxq “ ppDqfpxq.

This allows us to define, for any s P R, p1´∆qs{2 as the Fourier multiplier operator
with symbol ⟨ξ⟩s.

These spaces of generalised smoothness, see Definition 17 above, can be realised
as potential type spaces. To be more specific, if one defines, for r P R,

logrpe ´ ∆qfpxq :“ p2πq´d

ˆ
Rd

logrpe ` |ξ|
2
q pfpξqeixξ dξ, x P Rd,

then

(5.3) }f}F s,r
p,q pRdq «

›

›

›
p1 ´ ∆qc

s

2
logrpe ´ ∆qf

›

›

›

F 0,0
p,q pRdq

.

This is a consequence of the lifting property of these spaces (see [9, Proposition 3.2]
for p ă 8 and [3, Proposition 2.15] for the case p “ 8) and the fact that for all
multi-indices α,

(5.4)
ˇ

ˇ

ˇ
Bαξ logrpe ` |ξ|

2
q

ˇ

ˇ

ˇ
À p1 ` |ξ|q´|α|logrpe ` |ξ|q.

In particular, we have that

}f}F 0,r
p,2 pRdq

« }logrpe ´ ∆qf}hppRdq .

Indeed, if one defines urpξq :“ logrpe ` |ξ|
2
q, and

(5.5) wrpξq “

8
ÿ

j“0

p1 ` jqrφjpξq, ξ P Rd,

the aforementioned lifting property yields that

}f}F s,r
p,q pRdq “

›

›p1 ´ ∆q
s
2wrpDqf

›

›

F 0,0
p,q pRdq

.

A simple calculation shows that both ur{wr and wr{ur belong to the Kohn–Niren-
berg class S0pRdq. Hence, the associated Fourier multiplier operators are bounded
in Triebel–Lizorkin spaces (see [35, Theorem 2.3.7]), establishing the equivalence in
(5.3).

The description as potential-type spaces allows known results to be lifted into
spaces of generalised smoothness. For instance, one can show that

´

F 0,´r
1,2 pRdq

¯˚

– F 0,r
8,2pRdq,
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by using the identification of the dual of h1pRdq “ F 0,0
1,2 pRdq as bmopRdq “ F 0,0

8,2pRdq.
This is a consequence of the fact that

sup
}f}

F
0,´r
1,2 pRdq

ď1

|xf, gy| “ sup
}w´rpDqf}

h1pRdq
ď1

|xw´rpDqf, pw´rq
´1pDqgy|

“ sup
}h}

h1pRdq
ď1

|xh, pw´rq
´1pDqgy|

“
›

›pw´rq
´1pDqg

›

›

bmopRdq
« }wrpDqg}bmopRdq ,

where in the last equivalences, we use that both w´r{wr and wr{w´r belong to
S0pRdq, and the boundedness of these Fourier multipliers on bmopRdq.

5.2. Embedding of local Hardy–Orlicz spaces into spaces of logarithmic
smoothness. In this section we shall prove the following Euclidean analogue of
Theorem 16, which can be regarded as an embedding result of the space hΨr,1pRdq

into the Triebel–Lizorkin space of generalised smoothness F 0,´r
1,2 pRdq.

Theorem 20. Let r ě 0. There exists a constant Cr ą 0 such that

(5.6)

›

›

›

›

›

›

˜

ÿ

jě0

|r∆jpfq|2

pj ` 1q2r

¸1{2
›

›

›

›

›

›

L1pRdq

ď Cr }f}hΨr,1 pRdq
,

where Ψr,1ptq :“ trlogpe ` tqs´r, t ě 0.

Theorem 20 will be obtained by combining the following lemma with the atomic
decomposition of hΨr,1pRdq.

Lemma 21. Let r ě 0. There exists a constant Mr ą 0 such that for any cube
Q Ď Rd and for any function βQ P L8pRdq satisfying that:

(i) supppβQq Ď Q;
(ii)
´
Q
βQ “ 0 if |Q| ă 1;

one has
›

›

›

›

›

›

˜

ÿ

jě0

|r∆jpβQq|2

pj ` 1q2r

¸1{2
›

›

›

›

›

›

L1pRdq

ď Mr|Q|
}βQ}L8pRdq

rlog pe ` |Q|´1qs
r .

Proof. Let r ě 0 and let Q and βQ be as in the statement of the lemma with
|Q| ď 1. Without loss of generality, by translation-invariance, we may assume that
Q is centred at the origin.

We write

(5.7)

˜

ÿ

jě0

|r∆jpβQqpxq|2

pj ` 1q2r

¸1{2

ď Apxq ` Bpxq,

where

Apxq :“

¨

˝

ÿ

2jă|Q|´1

|r∆jpβQqpxq|2

pj ` 1q2r

˛

‚

1{2

and

Bpxq :“

¨

˝

ÿ

2jě|Q|´1

|r∆jpβQqpxq|2

pj ` 1q2r

˛

‚

1{2

.

We shall prove that there exists a constant Kr ą 0 such that

(5.8) }A}L1pRdq ď Kr|Q|
}βQ}L8pRdq

“

log
`

e ` |Q|´1q
‰r
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and

(5.9) }B}L1pRdq ď Kr|Q|
}βQ}L8pRdq

“

log
`

e ` |Q|´1
˘‰r .

Note that the desired estimate then follows from (5.7), (5.8), and (5.9).
For the proofs of (5.8) and (5.9), we shall use the standard facts that there is an

absolute constant C ą 0 such that

(5.10) |r∆jpβQqpxq| ď C2jd|Q| }βQ}L8pRdq
for all x P Rd,

and for each N ą 0 there exists a constant CN ą 0 such that

(5.11) |r∆jpβQqpxq| ď CN |Q|d`1}βQ}L8pRdq

2jp2d´Nq

|x|N

for all x P R with |x| ą 2|Q| and for all j ě 0.
To prove (5.10) and (5.11), consider Schwartz functions

Φj :“ φ_
j .

It follows that

}Φj}L8pRdq
À 2jd for all j ě 0.

One thus deduces that
›

›

›

r∆jpβQq

›

›

›

L8pRdq
“ }Φj ˚ βQ}L8pRdq

À 2jd|Q| }βQ}L8pRdq
for all j ě 0.

Hence, (5.10) holds. To prove (5.11), let x be such that |x| ą 2 |Q|. For j ě 1,
properties (i) and (ii) of βQ yield that

|r∆jpβQqpxq| “

ˇ

ˇ

ˇ

ˇ

ˆ
Q

βQpyq rΦjpx ´ yq ´ Φjpxqs dy

ˇ

ˇ

ˇ

ˇ

ď }βQ}L8pRdq

ˆ
Q

|Φjpx ´ yq ´ Φjpxq| dy

ÀN }βQ}L8pRdq

ˆ
Q

|y|
22jd

p1 ` 2j |x|qN
dy

À |Q|d`1}βQ}L8pRdq

2jp2d´Nq

|x|N
,

where the implicit estimate that was used to go from the second to the third line
can be justified by appealing to the mean value theorem and the rapid decay of φ1.

Going back to the proof of (5.8), write

(5.12) }A}L1pRdq “

ˆ
|x|ď2|Q|

|Apxq|dx `

ˆ
|x|ą2|Q|

|Apxq| dx.

Hence, by using (5.10), we have

ˆ
|x|ď2|Q|

|Apxq|dx À |Q|d}A}L8pRdq À |Q|d

¨

˝

ÿ

2jă|Q|´1

}r∆jpβQq}2L8pRdq

pj ` 1q2r

˛

‚

1{2

À |Q|d`1}βQ}L8pRdq

¨

˝

ÿ

2jă|Q|´1

22jd

pj ` 1q2r

˛

‚

1{2

and as
ÿ

2jă|Q|´1

22jd

pj ` 1q2r
Àr

|Q|´2d

rlog pe ` |Q|´1qs
2r ,
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we get

(5.13)

ˆ
|x|ď2|Q|

|Apxq| dx Àr |Q|
}βQ}L8pRdq

rlogpe ` |Q|´1qs
r .

To handle the second term, note that by using (5.11), we have

ˆ
|x|ą2|Q|

|Apxq| dx À |Q|d`1 }βQ}L8pRdq

¨

˝

ÿ

2jă|Q|´1

2jp4d´2Nq

pj ` 1q2r

˛

‚

1{2 ˆ
|x|ą2|Q|

dx

|x|N

provided 2d ą N ą d. This, combined with

ÿ

2jă|Q|´1

2jp4d´2Nq

pj ` 1q2r
Àr

|Q|´p4d´2Nq

rlog pe ` |Q|´1qs
2r ,

yields

(5.14)

ˆ
|x|ą|Q|

|Apxq|dx Àr |Q|
}βQ}L8pTq

“

log
`

e ` |Q|´1
˘‰r .

In view of (5.13) and (5.14), the proof of (5.8) is complete.
To prove (5.9), note that

Bpxq ď
1

rlogpe ` |Q|´1qs
r

¨

˝

ÿ

2jě|Q|´1

|r∆jpβQqpxq|2

˛

‚

1{2

.

Hence, it suffices to show that

(5.15)

ˆ
Rd

¨

˝

ÿ

2jě|I|´1

|r∆jpβQqpxq|2

˛

‚

1{2

dx À |Q| }βQ}L8pRdq
.

To this end, write

ˆ
Rd

¨

˝

ÿ

2jě|Q|´1

|r∆jpβQqpxq|2

˛

‚

1{2

dx “

ˆ
|x|ď2|Q|

¨

˝

ÿ

2jě|Q|´1

|r∆jpβQqpxq|2

˛

‚

1{2

dx

`

ˆ
|x|ą2|Q|

¨

˝

ÿ

2jě|I|´1

|r∆jpβQqpxq|2

˛

‚

1{2

dx.

For the first term, by using the Cauchy–Schwarz inequality and Parseval’s identity,
we get

ˆ
|x|ď2|Q|

¨

˝

ÿ

2jě|Q|´1

|r∆jpβQqpxq|2

˛

‚

1{2

dx À |Q|1{2 }βQ}L2pRdq

and hence,

(5.16)

ˆ
|x|ď2|Q|

¨

˝

ÿ

2jě|Q|´1

|r∆jpβQqpxq|2

˛

‚

1{2

dx À |Q| }βQ}L8pRdq
.
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To handle the second term, we use (5.11) for N ą 2d,

ˆ
|x|ą2|Q|

¨

˝

ÿ

2jě|Q|´1

|r∆jpβQqpxq|2

˛

‚

1{2

dx À

|Q|d`1 }βQ}L8pRdq

¨

˝

ÿ

2jě|Q|´1

22jp2d´Nq

˛

‚

1{2 ˆ
|x|ą2|Q|

1

|x|N
dx.

Hence,

(5.17)

ˆ
|x|ą|Q|

¨

˝

ÿ

2jě|I|´1

|r∆jpβQqpxq|2

˛

‚

1{2

dx À |Q| }βQ}L8pRdq
.

Therefore, in view of (5.16) and (5.17), (5.9) holds and so, the proof of the lemma
is complete for the case |Q| ă 1.

Assume now that |Q| ě 1. Notice then that βQ is then a multiple of an h1pRdq-
atom as

aQ “
βQ

}βQ}L8pRdq
|Q|

is an h1pRdq-atom. The the characterisation of h1pRdq in terms of Littlewood–Paley
partitions (see e.g. [32] for the corresponding periodic case), the homogeneity of
the h1pRdq-norm, and the fact that for |Q| ě 1

logpe ` |Q|
´1

q « 1,

yield
›

›

›

›

›

›

˜

ÿ

jě0

|r∆jpβQq|2

pj ` 1q2r

¸1{2
›

›

›

›

›

›

L1pRdq

ď

›

›

›

›

›

›

˜

ÿ

jě0

|r∆jpβQq|2

¸1{2
›

›

›

›

›

›

L1pRdq

« }βQ}h1pRdq

À |Q| }βQ}L8pRdq

«
|Q| }βI}L8pRdq

rlog pe ` |Q|´1qs
r .

This completes the proof of the lemma. □

Proof of Theorem 20. The case r “ 0 is well-known. In fact, for r “ 0, (5.6)
holds as an equivalence; this is the Littlewood–Paley characterisation of h1pRdq

(see e.g. [32] for the corresponding periodic case or [18, Theorem 2.2.9] for the
homogeneous case i.e. for the Littlewood–Paley characterisation of H1pRdq).

We shall therefore give a proof for the case r ą 0. Towards this aim, observe
that, as the norms in both sides of (5.6) are homogeneous, it suffices to establish
(5.6) for f P hΨr,1pRdq with }f}hΨr,1 pRdq

“ 1.

To this end, consider an f P hΨr,1pRdq with }f}hΨr,1 pRdq
“ 1 and note that by

the atomic decomposition of hΨr,1pRdq there exists an absolute constant Ar ą 0
and a sequence of multiples tβQk

ukPN of atoms such that

(5.18) f “
ÿ

k

βQk
in S 1pRdq

and

(5.19)
ÿ

kPN
|Ik|

}βQk
}L8pRdq

”

log
´

e ` }βQk
}L8pRdq

¯ır ď Ar.
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By (5.18), one has
›

›

›

›

›

›

˜

ÿ

jě0

|r∆jpfq|2

pj ` 1q2r

¸1{2
›

›

›

›

›

›

L1pRdq

ď
ÿ

kPN

›

›

›

›

›

›

˜

ÿ

jě0

|r∆jpβQk
q|2

pj ` 1q2r

¸1{2
›

›

›

›

›

›

L1pRdq

and hence, in view of (5.19), it suffices to prove that there exists an Mr ą 0,
depending only on the constant Ar appearing in (5.19), such that

(5.20)

›

›

›

›

›

›

˜

ÿ

jě0

|r∆jpβQk
q|2

pj ` 1q2r

¸1{2
›

›

›

›

›

›

L1pRdq

ď Mr|Qk|
}βQk

}L8pRdq
”

log
´

e ` }βQk
}L8pRdq

¯ır

for all k P N.
For each k P N, as βQk

is a multiple of an hΨr,1-atom, βQk
satisfies properties

(i) and (ii) of Lemma 21. Moreover, it follows from (5.19) that

}βQk
}L8pRdq

”

log
´

e ` }βQk
}L8pRdq

¯ır ď Ar|Qk|´1,

which implies that

(5.21)
”

log
´

e ` }βQk
}L8pRdq

¯ır

Àr

“

log
`

e ` |Qk|´1
˘‰r

.

Therefore, (5.20) follows from (5.21) the Lemma 21.
Here we give two re-statements of Theorem 20. The first one is read as a em-

bedding of spaces, while the second one, by using (5.3), can be interpreted as a
Sobolev-type embedding.

Corollary 22. Let r ě 0. The space hΨr,1pRdq is continously embedded in the

space F 0,´r
1,2 pRdq.

Corollary 23. Let r ě 0. There exists a constant Cr ą 0 such that for all f P

hΨr,1pRdq one has
›

›log´r
pe ´ ∆qf

›

›

h1pRdq
ď Cr }f}hΨr,1 pRdq

.

5.3. Behaviour of the Fourier transform of distributions in Hardy–Orlicz
spaces. Let Ψ be a growth function. In this section we study properties of the
Fourier transform of distributions belonging to HΨpRdq, or hΨpRdq. We first obtain
pointwise estimates, and then use them to prove Theorem 7, which is an extension
of the Hardy–Littewood inequality to H log-spaces.

Proposition 24. Let Ψ be a growth function of order p P p0, 1s.
If f P HΨpRdq, then its Fourier transform coincides with a continuous function

that we denote by pf . Moreover, there exists a constant Ad,Ψ ą 0, depending only
on Ψ and d, but not on f , such that

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ
ď Ad,Ψ

Ψ´1pad |ξ|
d
q

ad |ξ|
d

}f}HΨpRdq

for all ξ P Rdzt0u. Here Ψ´1 denotes the inverse of Ψ and ad :“ |Bp0, 1q|
´1

.

Proof. Let ϕ be a fixed Schwartz function on Rd such that pϕpξq “ 1 for all |ξ| ď 1.
For f P S 1pRdq, define

M˚
ϕ rf spxq :“ sup

py,tqPRd
ˆr0,8q:

|y´x|ăt

|f ˚ ϕspyq| , x P Rd.
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Let f P HΨpRdq be non-zero. Suppose first that

}f}HΨpRdq “ inf

"

λ ą 0 :

ˆ
Rd

Ψ
´

λ´1M˚
FmΨ

rf spxq

¯

dx ď 1

*

“ 1.

Observe that this implies

(5.22)

ˆ
Rd

Ψ
`

M˚
ϕ rf spxq

˘

dx ď 1.

Note first that, for t ą 0, if |x ´ y| ă t then

|f ˚ ϕtpxq| ď sup
pz,sqPRd

ˆr0,8q:
|z´y|ăs

|f ˚ ϕspzq| “ M˚
ϕ rf spyq,

which implies that for t ą 0 and |x ´ y| ă t,

Ψ p|f ˚ ϕtpxq|q ď Ψ
`

M˚
ϕ fpyq

˘

.

This yields

(5.23) Ψ p|f ˚ ϕtpxq|q ď adt
´d

ˆ
Bpx,tq

Ψ
`

M˚
ϕ rf spyq

˘

dy,

where ad :“ |Bp0, 1q|
´1

. It follows from (5.23) that

(5.24) sup
xPRd

|f ˚ ϕtpxq| ď Ψ´1
`

adt
´d

˘

,

where we also used (5.22).
Let us define η : p0,8q Ñ p0,8q given by ηptq :“ t ¨ rΨptqs´1, t ą 0. Observe

that

|f ˚ ϕtpxq| ď η p|f ˚ ϕtpxq|qΨ
`

M˚
ϕ rf spxq

˘

ď η

ˆ

sup
xPRd

|f ˚ ϕtpxq|

˙

Ψ
`

M˚
ϕ rf spxq

˘

and so, by employing (5.24), we obtain

(5.25) |f ˚ ϕtpxq| ď η ˝ Ψ´1
`

adt
´d

˘

Ψ
`

M˚
ϕ rf spxq

˘

.

Then using (5.22), we get

(5.26)

ˆ
Rd

|f ˚ ϕtpxq| dx ď η ˝ Ψ´1
`

adt
´d

˘

.

Note that for all 0 ă t ă 1, we have ht :“ f ˚ ϕt P L1pRdq, and pϕtpξq “ 1 for
|ξ| ď 1{t, which yields that, in the sense of distributions,

pf pϕt “ pht.

So we have that, for all 0 ă t ă 1, the distribution pf concides with the continuous

function pht on the compact set t|ξ| ď 1{tu, and notice that for 0 ă s ă t ă 1,
xhs “ pht for all ξ P R with |ξ| ď 1{t. This allows us to construct a continuous

function g, such that pf coincides with g in a distributional sense and

(5.27) gpξq “ {f ˚ ϕtpξq, |ξ| ď 1{t.

Fixing ξ P Rdzt0u, and combining (5.27) (with the choice t “ |ξ|´1) with (5.26),
we have

|gpξq| “

ˇ

ˇ

ˇ

{f ˚ ϕ|ξ|´1pξq

ˇ

ˇ

ˇ
ď
›

›f ˚ ϕ|ξ|´1

›

›

L1pRdq
ď η ˝ Ψ´1pad |ξ|

d
q “

Ψ´1pad |ξ|
d
q

ad |ξ|
d

.

Since Ψ is of lower type p it follows that for all ξ P Rd

|gpξq| À p1 ` |ξ|q
dp 1

p ´1q,

which yields g P S 1pRdq. Therefore, the proof is complete if }f}HΨpRdq “ 1.
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If f is non-zero and }f}HΨpRdq ‰ 1, define

rf :“ }f}
´1
HΨpRdq f

and then apply the previous step to rf . By homogeneity, we obtain the desired
result for the general case. □

The proof of the theorem above can be easily modified to obtain the following
counterpart for local Hardy–Orlicz spaces. We omit the details.

Proposition 25. Let Ψ be a growth function of order p P pd{pd ` 1q, 1s. If f P

hΨpRdq, then its Fourier transform coincides with a continuous function that we

denote by pf . Moreover, there exists a constant Ad,Ψ ą 0, depending only on Ψ and
d, but not on f , such that

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ
ď Ad,Ψ

Ψ´1padp1 ` |ξ|qdq

p1 ` |ξ|qd
}f}hΨpRdq .

If we take Ψr,pptq :“ tp rlogpe ` tqs
´r

as in (1.5), with 0 ă p ď 1 and r ě 0, then
it follows from (1.8) that

(5.28) Ψ´1
r,pptq « t1{p logpe ` tqr{p.

We thus deduce from Propositions 24 and 25 the following result.

Corollary 26. Given p P pd{pd ` 1q, 1s and r ě 0, there exist positive constants
Ad,p,r, Bd,p,r, depending only on the dimension, p, and r, such that:

(1) for all f P HΨr,ppRdq,

sup
ξPRd

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

|ξ|
1
p ´1

logr{p
pe ` |ξ|q

ď Ad,p,r }f}HΨr,p pRdq ;

(2) for all f P hΨr,ppRdq,

sup
ξPRd

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

p1 ` |ξ|q
1
p ´1 logr{p

pe ` |ξ|q
ď Bd,p,r }f}hΨr,p pRdq .

Remark 27. If p P pd{pd ` 1q, 1s and Φpptq :“ Ψ0,pptq “ tp, t ě 0, the first part of
Corollary 26 recovers the classical fact that

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ
Àd,p |ξ|

dpp´1
´1q

}f}HppRdq , ξ P Rd;

see §5.4 (a) in Chapter III of [33], and its local counterpart.

5.4. Proof of Theorem 7. Arguing as in the proof of [4, Theorem 28], we shall
prove that there exists a constant Ad,Ψ,p ą 0, depending only on d, Ψ, and p, such
that

(5.29)

ˆ
Rd

Ψ
´

|ξ|
d

|xaQpξq|

¯

|ξ|
2d

dξ ď Ad,Ψ,p |Q|Ψ
´

}aQ}L8pRdq

¯

,

for all L8-functions aQ that are supported in some cube Q with
´
Q
aQpxqdx “ 0.

To this end, fix an L8-function aQ of this type and write

(5.30)

ˆ
Rd

Ψ
´

|ξ|
d

|xaQpξq|

¯

|ξ|
2d

dξ “ A ` B,
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where

A :“

ˆ
|ξ|d|Q|ď1

Ψ
´

|ξ|
d

|xaQpξq|

¯

|ξ|
2d

dξ and B :“

ˆ
|ξ|d|Q|ą1

Ψ
´

|ξ|
d

|xaQpξq|

¯

|ξ|
2d

dξ.

To handle A, note that by using the cancellation of aQ and the fact that
ˇ

ˇe´i2πxξ ´ e´i2πyξ
ˇ

ˇ ď 2π |ξ| |x ´ y| Àd |ξ| |Q|
1{d

for all x, y P Q,

one deduces that

(5.31) |xaQpξq| Àd |ξ| |Q|
1`1{d

}aQ}L8pRdq
for all ξ P Rd.

It thus follows from (5.31) that

ˆ
|ξ|d|Q|ď1

Ψ
´

|ξ|
d

|xaQpξq|

¯

|ξ|
2d

dξ Àd

ˆ |Q|
´1{d

0

Ψ
´

|Q|
1`1{d

}aQ}L8pRdq
sd`1

¯

sd`1
ds

Àp |Q|
ppd`1q{d

Ψ
´

}aQ}L8pRdq

¯

ˆ |Q|
´1{d

0

ρppd`1q´d´1 dρ

«d,p |Q|Ψ
´

}aQ}L8pRdq

¯

since Ψ is of order p ą d{pd ` 1q. Hence,

(5.32)

ˆ
|ξ|d|Q|ď1

Ψ
´

|ξ|
d

|xaQpξq|

¯

|ξ|
2d

dξ Àp,d |Q|Ψ
´

}aQ}L8pRdq

¯

,

where the implied constant depends only on p and d and not on aQ.
To deal with B, note that Hölder’s inequality (with exponents 4 and 4{3) and

Plancherel’s theorem yield

B “

ˆ
|ξ|d|Q|ą1

Ψ
´

|ξ|
d

|xaQpξq|

¯

|ξ|
2d

|xaQpξq|
1{2

|xaQpξq|
1{2

dξ

ď }aQ}
1{2

L2pRdq

¨

˚

˝

ˆ
|ξ|d|Q|ą1

¨

˝

Ψ
´

|ξ|
d

|xaQpξq|

¯

|ξ|
d{2

|xaQpξq|
1{2

˛

‚

4{3

dξ

|ξ|
2d

˛

‹

‚

3{4

ď |Q|
1{4

}aQ}
1{2

L8pRdq

¨

˚

˝

ˆ
|ξ|d|Q|ą1

¨

˝

Ψ
´

|ξ|
d

|xaQpξq|

¯

|ξ|
d{2

|xaQpξq|
1{2

˛

‚

4{3

dξ

|ξ|
2d

˛

‹

‚

3{4

.

Since 1{2 ď d{pd ` 1q ă p, the function t ÞÑ t´1{2Ψptq is quasi-increasing. Hence,
as for all ξ P Rd one has

|xaQpξq| ď |Q| }aQ}L8pRdq
,

we deduce that

(5.33)
Ψ
´

|ξ|
d

|xaQpξq|

¯

´

|ξ|
d

|xaQpξq|

¯1{2
Àp

Ψ
´

|ξ|
d

|Q| }aQ}L8pRdq

¯

´

|ξ|
d

|Q| }aQ}L8pRdq

¯1{2
.

Then, in view of (5.33), one has

B Àp |Q|
1{4

}aQ}
1{2

L8pRdq

¨

˚

˝

ˆ
|ξ|d|Q|ą1

¨

˝

Ψ
´

|ξ|
d

|Q| }aQ}L8pRdq

¯

|ξ|
d{2

|Q|
1{2

}aQ}
1{2

L8pRdq

˛

‚

4{3

dξ

|ξ|
2d

˛

‹

‚

3{4

.
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Since t ÞÑ t´1Ψptq is non-increasing, it follows that

B Àp Ψ
´

}aQ}L8pRdq

¯

˜ˆ
|ξ|d|Q|ą1

1

|ξ|
4d{3

dξ

¸3{4

.

Hence,

(5.34) B Àd,p

ˆ
|ξ|d|Q|ą1

Ψ
´

|ξ|
d

|xaQpξq|

¯

|ξ|
2d

dξ Àp,d |Q|Ψ
´

}aQ}L8pRdq

¯

,

where the implied constant depends only on p and d and not on aQ.
To complete the proof of the theorem, note that for any given atomic decompo-

sition of f i.e.

f “
ÿ

j

bj ,

where bj are constant multiples of atoms in HΨpRdq, supported in cubes Qj , the
sub-linearity of Ψ and (5.29) imply that

ˆ
Rd

Ψ
´

|ξ|
d
ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

¯

|ξ|
2d

dξ Àd,p

ÿ

j

|Qj |Ψ
´

}bj}L8pRdq

¯

.

By taking the infimum over all possible atomic decompositions of f , one obtains
the result of the statement.

The following inequality, is a consequence of Theorem 7 combined with Propo-
sition 24, and can be regarded as a Euclidean version of Theorem 3.

Corollary 28. Let Ψ be a growth function of order p with p P pd{pd`1q, 1s. Then,
for every 1 ď q ă 8, there exist constants ad ą 0 and Bd,Ψ,p,q ą 0 such that

¨

˝

ˆ
Rd

¨

˝

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ
|ξ|
d

Ψ´1
´

ad |ξ|
d
¯

˛

‚

q

dξ

|ξ|
d

˛

‚

1{q

ď Bd,Ψ,p,q }f}HΨpRdq .

Proof. Set ad :“ |Bp0, 1q|
´1

and observe that Proposition 24 corresponds to the
‘q “ 8’ case. Therefore, it suffices to prove the desired inequality for q “ 1 and
then, the case q P p1,8q follows by interpolation.

We shall first establish the q “ 1 case when }f}HΨpRdq “ 1. Write

ˆ
Rd

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

Ψ´1pad |ξ|
d
q
dξ “ Ad,Ψ

ˆ
Rd

Ψ

¨

˝

|ξ|
d
ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

Ad,Ψ

˛

‚

|ξ|
d| pfpξq|
Ad,Ψ

Ψ

ˆ

|ξ|d| pfpξq|
Ad,Ψ

˙

1

Ψ´1pad |ξ|
d
q |ξ|

d
dξ,

where Ad,Ψ is the constant in Proposition 24. By Proposition 24 together with the
fact that t ÞÑ t´1Ψptq is non-increasing, we have that

|ξ|
d
ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

Ad,Ψ
ď Ψ´1pad |ξ|

d
q.

We get
ˆ
Rd

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

Ψ´1pad |ξ|
d
q
dξ ď

Ad,Ψ
ad

ˆ
Rd

Ψ

¨

˝

|ξ|
d
ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

Ad,Ψ

˛

‚

1

|ξ|
2d

dξ

and since Ψp2tq ď 2Ψptq for all t ě 0, we deduce that

ˆ
Rd

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

Ψ´1pad |ξ|
d
q
dξ ď

2

ad

ˆ
Rd

Ψ
´

|ξ|
d
ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

¯ 1

|ξ|
2d

dξ.
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Hence, by Theorem 7 we obtain

ˆ
Rd

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

Ψ´1pad |ξ|
d
q
dξ ď Bd,Ψ,p,

where Bd,Ψ,p :“ 2a´1
d Cd,Ψ,p with Cd,Ψ,p being as in the statement of Theorem 7.

Therefore, the case ‘q “ 1’ holds for all f P HΨpRdq with }f}HΨpRdq “ 1. The

general case follows by homogeneity. □

Corollary 29. Let Ψ be a growth function of order p with p P pd{pd`1q, 1s. Then,
for every 1 ď q ă 8, there exist constants ad ą 0 and Bd,Ψ,p,q ą 0 such that

(5.35)

¨

˝

ˆ
Rd

¨

˝

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ
⟨ξ⟩d

Ψ´1
´

ad ⟨ξ⟩d
¯

˛

‚

q

dξ

⟨ξ⟩d

˛

‚

1{q

ď Bd,Ψ,p,q }f}hΨpRdq .

Proof. By using [28, Lemma 7.4] we have that a distribution belongs to the local
space hΨ if, and only if, φ0pDqf P LΨ and p1 ´ φ0qpDqf P HΨ and

}f}hΨ « }p1 ´ φ0qpDqf}HΨ ` }φ0pDqf}LΨ

where φ0 is a Schwartz function, radial, positive and supported in |ξ| ď 1, which is
equal to 1 for |ξ| ď 1{2. Let f0 “ φ0pDqf , and f1 “ f ´ f1. So, it suffices to show
(5.35) for both f0 and f1.

Using that for |ξ| ě 1, |ξ| « ⟨ξ⟩, a direct application of Corollary 28 to deduce
that (5.35) holds for f1.

Since for |ξ| ď 1, ⟨ξ⟩ « 1, using Proposition 25 we have

ˆ
Rd

¨

˝

ˇ

ˇ

ˇ

pf0pξq

ˇ

ˇ

ˇ
⟨ξ⟩d

Ψ´1
´

⟨ξ⟩d
¯

˛

‚

q

dξ

⟨ξ⟩d
À

ˆ
|ξ|ď1

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

q

dξ À }f0}
q
hΨpRdq

.

□

Remark 30. Note that if Ψ1ptq :“ t ¨ rlogpe ` tqs
´1

, t ě 0, then Corollary 28 yields

(5.36)

ˆ
Rd

ˇ

ˇ

ˇ

pfpξq

ˇ

ˇ

ˇ

|ξ|
d
log pe ` |ξ|q

dξ Àd }f}HΨ1 pRdq

for all f P H logpRdq, which is a Euclidean version of (1.7).

5.5. Applications of the Euclidean results.

5.5.1. Sobolev embedding-type results. By using Corollary 28, and its local version
(5.35), with q “ 1, and appealing to the properties of the Fourier transform, we
have the following Sobolev embedding-type results.

Corollary 31. Let Ψ be a growth function of order p with p P pd{pd ` 1q, 1s.

(1) Then there exist positive constants ad and Bd,Ψ,p such that for any Schwartz
function f on Rd

}f}L8pRdq ď Bd,Ψ,p

›

›

›
Ψ´1

´

adp´∆qd{2
¯

f
›

›

›

HΨpRdq
.

(2) Then there exist positive constants ad and Cd,Ψ,p such that for any Schwartz
function f on Rd

}f}L8pRdq ď Cd,Ψ,p

›

›

›
Ψ´1

´

adp1 ´ ∆q
d{2

¯

f
›

›

›

hΨpRdq
.
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To give an intuitive interpretation of the previous statement, let us consider the
particular case that we take Ψr,pptq “ tp logpe ` tq´r as in (1.5). Using (5.28) and
the corollary, we have the following result.

Corollary 32. Let p P pd{pd ` 1q, 1s and r ě 0. Then there exists a positive
constant Bd,r,p such that for all Schwartz functions f on Rd

}f}L8pRdq ď Bd,r,p

›

›

›
p´∆q

dp
2 log

r
p pe ´ ∆qf

›

›

›

HΨr,p pRdq

and

}f}L8pRdq ď Bd,r,p

›

›

›
p1 ´ ∆q

dp
2 log

r
p pe ´ ∆qf

›

›

›

hΨr,p pRdq
.

Roughly speaking, these inequalities say that if a distribution has its derivatives
of order dp plus r{p-logarithmic order in hΨr,ppRdq, then it belongs to C0pRdq.

Corollary 28, and the identification in [1, Proposition 2.26] yield that for 2 ď

q ă 8 one has the following result.

Corollary 33. Let p P pd{pd` 1q, 1s and r ě 0. Then for all Schwartz functions f
on Rd and for 2 ď q ă 8 one has

}f}
F

0,´ r
p

q,2 pRdq
«

›

›

›
log´r{p

pe ´ ∆qf
›

›

›

LqpRdq
À

›

›

›
p´∆q

dp

2q1 f
›

›

›

HΨr,p pRdq
(5.37)

and

}f}
F

´
dp
q1 ,´ r

p

q,2 pRdq

À }f}hΨr,p pRdq .(5.38)

Remark 34. Recall that Corollary 22 yields

}f}F 0,´r
1,2 pRdq

«
›

›log´r
pe ´ ∆qf

›

›

h1pRdq
Àd,q }f}hlogr pRdq .

Note that, for all q ą 1, the standard Sobolev embedding between Triebel–Lizorkin
spaces [35, §2.7.1] and this last inequality yield

}f}
F

´ d
q1 ,´r

q,2 pRdq

À }f}F 0,´r
1,2 pRdq

À }f}hlogr pRdq ,

proving that, for p “ 1, (5.38) holds for all 1 ď q ă 8.

5.5.2. Embedding of analytic function spaces on the right halfplane. In this section
we show how L2-based analytic Sobolev spaces of generalised logarithmic smooth-
ness, and as a consequence, Hardy–Orlicz spaces of logarithmic type, can be embed-
ded into certain spaces of analytic functions on the right halfplane (see Proposition
37 and its corollary).

To be more specific, let ν be a positive regular Borel measure on r0,8q, satisfying
the doubling condition

(5.39) sup
tą0

νr0, 2tq

νr0, tq
ă 8.

The Zen space A2
ν is defined to consist of all analytic functions F on

C` :“ tz P C : Repzq ą 0u

such that

}F }
2

“ sup
tą0

ˆ
C`

|F px ` iy ` tq|2 dνpxqdy ă 8.

Examples of Zen spaces include Hardy spaces HppC`q (when ν “ δ0
2π ) and weighted

Bergman spaces BpαpC`q (take α ą ´1 and dνpxq “ xα

π dx). We refer the reader to
[22–24] and the references therein.

A feature of Zen spaces is that the Laplace transform defines an isometric map
from weighted L2 spaces on p0,8q into certain spaces of analytic functions. More
specifically we have (see e.g. [24, Proposition 2.3]):
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Theorem 35 (Paley–Wiener theorem for Zen spaces). Suppose that w is given as
a weighted Laplace transform

wptq “ 2π

ˆ 8

0

e´2rt dνprq pt ą 0q.

Then the Laplace transform provides an isometric map

L : L2pp0,8q, wptqdtq Ñ A2
ν ,

where

Lpgqpzq “

ˆ 8

0

e´ztgptqdt.

Definition 36. Set

Hs,rpRdq :“
␣

f P S 1 : p1 ´ ∆q
s
2 logrpe ´ ∆qf P L2pRdq

(

“ F s,r2,2 pRdq,

and endow Hs,rpRdq with the norm

}f}Hs,r “
›

›p1 ´ ∆q
s
2 logrpe ´ ∆qf

›

›

L2 .

We shall denote by Hs,r
A pRq those distributions in Hs,rpRq whose Fourier transform

in supported in r0,8q.

The main result of this section is the following one.

Proposition 37. Let a ą ´1 and γ ą 0. The Laplace–Fourier transform given by

Tf :“ Lp pfqpzq

provides an isometric map

T : H´
a`1
2 ,´ γ

2

A pRq Ñ A2
νa,γ

pC`q,

where dνa,γpzq “ πka,γpx{2qdx and

(5.40) ka,γptq :“ e´te

ˆ 8

0

ta`bbγ´1

ΓpγqΓpa ` b ` 1q
db.

The previous proposition, jointly with (5.38) with the choice q “ 2, implies the
following result.

Corollary 38. Let p P p1{2, 1s and r ą 0. Then the Laplace–Fourier transform T
is a bounded map

T : h
Ψr,p

A pRq Ñ A2
νa,γ

pC`q,

where

a “ p ´ 1, γ “
2r

p
, dνa,γpzq “ πka,γpx{2qdx

and h
Ψr,p

A pRq is defined as those distributions in hΨr,ppRq whose Fourier transform
is supported in r0,8q.

Proof of Proposition 37. We start the proof by giving two technical results that
identify the symbol of the Fourier multiplier defining the space Hs,rpRdq as the
Laplace transform of a suitable doubling measure.

Lemma 39. Let a ą ´1, γ ą 0. If ka,γ denotes the function given in (5.40) then

Lpka,γqpsq “
1

pe ` sqa`1 lnpe ` sqγ
.
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Proof. Notice that for a ą ´1

pe ` sq´pa`1qΓpa ` 1q “

ˆ 8

0

tae´tee´ts dt,

so if we take

(5.41) gaptq “
tae´te

Γpa ` 1q
,

then

Lpgaqpsq “ pe ` sq´pa`1q.

Also, we have that

Γpγq

lnpe ` sqγ
“

ˆ 8

0

bγ´1

pe ` sqb
db “

ˆ 8

0

ˆˆ 8

0

tb´1bγ´1

Γpbq
db

˙

e´tee´ts dt

“ ΓpγqLphγqpsq,

where

(5.42) hγptq :“
e´te

Γpγq

ˆ 8

0

tb´1bγ´1

Γpbq
db.

A change of the order of integration, a change of variables, and the relation between
the Beta function and the Gamma function yield

hγ ˚ gaptq “
e´te

Γpa ` 1qΓpγq

ˆ 8

0

bγ´1

Γpbq

ˆ t

0

pt ´ sqasb´1 dsdb

“ e´te

ˆ 8

0

ta`bbγ´1

ΓpγqΓpa ` b ` 1q
db.

The result follows since, by the properties of the Laplace transform, we have that

Lpka,γq “ LphγqLpgaq.

□

Lemma 40. Let a ą ´1 and γ ą 0. Define

Φa,γptq :“

ˆ t

0

ka,γpsqds.

Then

(5.43) sup
tą0

Φa,γp2tq

Φa,γptq
ă 8.

Proof. A change on the order of integration and a change of variables yield

Φa,γptq “

ˆ 8

0

bγ´1

ΓpγqΓpa ` b ` 1q

ˆ t

0

sa`be´se dsdb

“

ˆ 8

0

e´pa`b`1qbγ´1

ΓpγqΓpa ` b ` 1q

ˆ et

0

sa`be´s dsdb.

In particular it follows that Φa,γ is continuous on r0,8q, increasing and

sup
tą0

Φa,γptq “ e´a´1.

Hence, for t ě 1{2 we have that

(5.44) 1 ď
Φa,γp2tq

Φa,γptq
ď

e´a´1

Φa,γp1{2q
.

Then, it suffices to check the doubling property for 0 ă t ă 1{2.
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For t ă 1, a change of variables gives

ηptq :“

ˆ 8

0

ta`bbγ´1

ΓpγqΓpa ` b ` 1q
db “ ta |ln t|

´γ
ˆ 8

0

e´uuγ´1

ΓpγqΓpa ` u
|ln t| ` 1q

db

“ ta |ln t|
´γ

βptq.

Then, for 0 ă t ă 1{2

ηp2tq

ηptq
“ 2a

ˇ

ˇ

ˇ

ˇ

ln 2t

ln t

ˇ

ˇ

ˇ

ˇ

γ
βp2tq

βptq
.

It then follows that

lim
tÑ0`

Φa,γp2tq

Φa,γptq
“ 2a.

In particular, this yields that we can extend
Φa,γp2tq
Φa,γptq as a continuous function on

r0, 1{2s. By compactness, it has a maximum on that interval, which jointly with
(5.44) yields (5.43). □

Notice first that Lemma 40 guarantees the doubling property (5.39). By the
definition of the norm on Hs,r

A , Lemma 39 and the Paley–Wiener theorem 35 we
have

}f}
2

H
´

a`1
2

,´γ{2

A pRq
“

ˆ 8

0

ˇ

ˇ

ˇ

pfpsq

ˇ

ˇ

ˇ

2

ps ` eqa`1 logγpe ` sq
ds

“

ˆ 8

0

ˇ

ˇ

ˇ

pfpsq

ˇ

ˇ

ˇ

2

Lpka,γqpsqds “

›

›

›
Lp pfq

›

›

›

2

A2
νa,γ

pC`q
,

where

dνa,γpzq “ πka,γpx{2qdx,

finishing the proof of Proposition 37.

Remark 41. In the case that r “ 0, with a similar argument as above one shows
that

T : hpApRq Ñ A2
νapC`q

with

dνapzq “ πgapx{2qdxdy “
πxa

2aΓpa ` 1q
e´xe{2 dx dy.

Remark 42. Note that for a ą ´1

Lpxaqptq “ Γpa ` 1qt´a´1.

So defining for γ ą 0 and a ą ´1

na,γptq :“
1

Γpa ` 1q

ˆ t

0

pt ´ sqahγpsqds,

with hγ as in (5.42), then

Lpna,γqpsq “
1

sa`1 logγpe ` sq
.

Tracing the argument above, one shows that for p P p1{2, 1s and r ą 0, the Laplace–
Fourier transform T is a bounded map

T : H
Ψr,p

A pRq Ñ A2
νa,γ

pC`q,

where

a “ p ´ 1, γ “
2r

p
, dνa,γpzq “ πna,γpx{2qdx



MULTIPLIERS FOR HARDY–ORLICZ SPACES AND APPLICATIONS 45

and H
Ψr,p

A pRq is defined as those distributions in HΨr,ppRq whose Fourier transform
is supported in r0,8q.

One can rephrase this boundedness result in terms of a Sobolev-like embedding
involving a Bergman space. For instance, one obtains that for p P p1{2, 1s and r ě 0

}Tf}
2
B2

2p 1
p

´1q
pC`q À

›

›

›
log pe´∆q

r{p
f
›

›

›

2

HΨr,p pRq
,

where B2
apC`q “ A2

νapC`q with

dνapzq “
πxa

2aΓpa ` 1q
dxdy.
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