Analytic families of operators in extrapolation
theory with application to average operators
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Abstract Our goal is to prove weak type (1, 1) boundedness for an operator 74 which
is given as an average of a family of operators {T;}; satisfying certain estimates in
the context of weighted Lebesgue spaces. In particular, we shall prove that, if there
exists @ > 0, s > 0 and C > 0O such that, for every every weight v in the Muckenhoupt
class A, and every measurable set E,

c
sup [| Ty xellLr~@w) < ——=Ilvlly v(E).
j AR = G ) A,

and, for some ugy € A; fixed,

sup 1T xell L1 (ug) < Cuptto(E),
J

then, for every 5 > 0, there exists a constant Cg > 0, so that

Yy
sup

3 / up(x)dx < Cguo(E).
y>0 (] +]0g+(1 +10g+ %)) {ITaxel>y}

Our main technique is inspired on the theory of analytic families of operators and it
is closely related to the Rubio de Francia’s extrapolation theory.

With love to Guido

M. J. Carro,

Department of Analysis and Applied Mathematics, Complutense University of Madrid, 28040
Madrid, Spain, e-mail: mjcarro@ucm.es.

Partially  supported by grant PID2020-113048GB-I00 funded by MCIN/AEI/
10.13039/501100011033.



2 Maria J. Carro

1 Introduction

Let {7} jew be a collection of operators so that

T, : L' — >, sup Tl e < oo,
J

SZZCJ'TJ'.
J

Since L* is not a Banach space, the weak type (1,1) boundedness of S may
fail. However, (we refer to Section 2 for the definition of the Muckenhoupt class of
weights A, p > 1) it has been very recently proved ([1]) that if, for every u € Ay,

Let (¢;); € £ and set

Tj: L'u) — L"), suplIT5ll 1) —pioqu) < o, (1)
J

then the restricted weak type (1, 1) boundedness of S holds, for every u € Ay; that
is, for every measurable set and every u € Ay,

ISXE L1y < Cullellpru(E).

We observe that, by Rubio de Francia extrapolation theory ([18]), condition (1)
implies that, for every p > 1 and every v € A,

T; : L (v) — LP*(v), sup [|T;[|Lp (o) —Lr () < ©0;
j

that is, condition (1) hides a weighted estimate at level p > 1. On the other hand, and
this is the main motivation of this paper, there are examples of operators for which
the hypothesis (1) is only known for the case u = 1 and not for every u € Ay, but
some weighted estimate at the level p > 1 is also true. The main goal of this paper
concerns with this situation.

Now, the Rubio de Francia extrapolation theorem (see [18, 11, 12, 13, 7]), can
be formulated, nowadays, as follows (see [9, 10]): Let T be an operator so that, for

some 1 < pg < oo, and for every w € A, we have

T:LP(w) — LPw),  |ITI < N(lwlla, ), @)
where N(t), t > 0, is an increasing function. Then, for every 1 < p < oo and every
weAp,

T:LP(w) — L (w), IIT]] < K(w) 3)

where ]
1 X L"L
K@) < ON(— o]}y, (155 )).
p-1 P
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In particular, the above estimate (3) shows that if, T satisfies (2) with N(t) = %,

then
1

(p-D’
and using Yano’s extrapolation theorem [19, 15], we get that

T:LP — LP, 1<p < po,

T:LOogL)® — L'+ L™,

Hence, if (2) holds for our family of operators {7} ; uniformly in j, same estimate
can be deduced for the sum operator S defined before, and consequently S would
satisfy the above boundedness on the space L(log L)®. Our goal is to see, that under
some extra condition on the operators {7}, this estimate can be improved. We
should also mention here paper [16] where it is shown that for a given operator the
optimality of the weighted L bounds in term of the A, constant of the weight is
related to the unweighted behavior of the operator when p — 1. Hence, the relation
between Rubio de Francia’s extrapolation and Yano’s extrapolation was already in
the literature (see also [5]).

Our general context will be the following: let {Ty}y be a family of operators
indexed in a probability measure space (M, P) such that

Ty: L' — L™, sup || Toll 1 p1e < 00.
4

What can we say about the boundedness, near L', of the average operator

Taf(x) = /M Tof (x)dP(6),

whenever it is well defined? Our main result is the following:

Theorem 1 Let {Ty}g be a family of operators indexed in a probability measure
space satisfying the following conditions:

o There exist @ > 0 and s > 0 so that, for every 1 < p <2 withap(p—-1) <1
and everyv € Ap,

C
Tg : LP (v) — LP®(v), sup [|Tgl|| < ——Ilvlly .
0 (p—1)s" MAr

with C a universal constant.
® For some uy € A1 and every measurable set E,

Sl;P IToxEll L1 (4y) < Cugtto(E).

Then, for every B > 0, the averaging operator Tx satisfies the following estimate
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sup y 5 / ug(x)dx < Cyy puo(E).
{ITaxe|>y}

y>0 (1 +1log*(1 +log* %))

In particular:
Corollary 1 If T; satisfies Condition-A uniformly in j and

sup Iy xell o < |EI.
J

then, for every 8 > 0 and every (c;); € L', the operator S = 2 ¢;Tj, satisfies that

Sup + s + 1
y>0 (1 +log* (1 +log ;))B

[{x = 1Sxe )| > v} < CpllellpEl

Remark 1 We have not succeeded in proving the restricted weak type (1, 1) of T4
for the weight ug neither to find a counterexample and hence this remains as an open
question.

As usual, we shall use the symbol A < B to indicate that there exists a universal
positive constant C, independent of all relevant parameters, such that A < CB.
A ~ B means that A < B and B < A. Moreover, even though C may depend on
p > 1, we shall only be concerned about the dependence on p if this blows up when
p— 1.

2 Preliminary results and some technical lemmas

For our purposes, let us recall that the Lorentz spaces LP-9(u) is defined as the set
of measurable functions such that

q [ 1_] l/q [ | l/q
||f||m(u>=(; /0 fioyeh dr) =(q /0 VLA ()il dy) < oo,

and LP-*(u) is defined by the condition

1/ llerss () = sup2'/2 f (1) = sup ya'4 (y) /7 < oo,
t>0 y>0
where f;; is the decreasing rearrangement of f, with respect to the weight u, defined
by
11t = inf{y >0 24(y) < t},
and A4 (y) = u({x : |f(x)| > y}) is the distribution function of f with respect to u.
We shall also use the standard notation u(E) = /E u(x) dx and, if u = 1, we shall
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write A¢(y), f* and |E| (see [2]). With the above definition, it holds that, for every
l<pandl < g < oo,

l/q ’ 1/(1/
p P
< (5) (_) L zra 18l Lo’ )

' / F)gux)dx ,
q

and, for every q, || x&||Lra () = u(E)V/P.
Let us also recall some well known facts of the class A,. Let M be the Hardy-
Littlewood maximal operator, defined by

1
MFw = s /Q 7)) dy,

where Q denotes a cube in R” and let v be a positive locally integrable function w
(called weight) such that

r—1
||u||Ar:sgp(é'/Qu(x)dx)(é'/Qu—l/“-”(x)dx) < o0,

with » > 1. This class of weights is known as the Muckenhoupt class A, (r > 1).
If r = 1, we say that u € Ay, if Mu(x) < Cu(x), at almost every point x € R" and
|lw|| 4, will be the least constant C satisfying such inequality.

In [17, 3], it was proved that, if p > 1, then

M : LP(v) — LP(v)

is bounded if, and only if, v € A}, and also, for every 1 < p < oo, M is of weak-type
(p,p) ifand only if v € A}, and, in this case,

1
IMlLr ) —Lre@) < Clloll} .

These classes of weights satisfy the following properties:

1. u € Ay if and only if there exists # € L) (R") and k such that k, k™' € L*
satisfying that, for some 0 < 6 < 1,

u(x) = k(x)(Mh)°.
2. Factorization: v € A, if and only if there exist up, u; € Ay such that

1
1- 51
v=ugu; ", uolla, < llolla,. llurlla, < lloll}

. 1- -1
Moreover, if v = uou, P then llolla, < lluolla,llur ||‘Zl .

3. For every g € Llloc with Mg > 0, every u € Aj, and 0 < 6 < 1, it holds that
v(x) = u(x)(Mg)®U-r) ¢ A, with
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llull A,

(1=6)P-1" S

lolla, <

4. fue Ayand0 < 6 < 1, then (Mf)'=%u% € A; with

< lla,
Al 9

H(Mf)l—GMB

The following lemma in complex variable will be fundamental in our theory.

Lemma 1 Ler S = {0 < Re z < 1} and set H(S) the space of analytic functions in S
and continuous in S. If F € H(S) and sup, g |F(j +it)| < M;, with j =0, 1, then
forevery0 <6 < 1,

1

N

M N
_— M]"’M(’(1+|1 —1()
9(1—9)) o A

N (0)] < (

Using the dual operator of M as in [8], it was also proved in [6] the following
result.

Lemma 2 [6] For every 1 < p < oo and every u € Ay, there exists Cp, , such that

HM(fu(Mg)l‘P) )

u(Mg)'-r

<G| |
) = Pl s wiagyr)

LP > (u(Mg)'-P
where if p = 1 LP"(u(Mg)'~P) = LP" (u(Mg)'~P) = L=
The constant C,, ,, was not explicitly computed in [6], but it can be proved that

2
Cpua < lull%, -

3 Main results

In this paper, we shall start with an operator T satisfying the following condition:

Condition-A: There exists @ > 0 and s > 0, so that, for every 1 < p < 2 with
ap(p—-1)<landeveryve A,

loll3, y
ITxEllLr=w) < ( v(E)P.

p-1°

This is the case of important operators in Harmonic Analysis such as the Hardy-

Littlewood maximal operator or the maximal Calderén-Zygmund operators ([14]),
among many others.
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Proposition 1 Let T be an operator satisfying Condition-A. Then, for every ap(p —
1) < B < 1, every measurable set E and every u € Ay,

M (1
sup ¥ / w) SE T 4 gl u(E),  (©)
y>0 {(ITxe (x)]>y} (log szm)

with
(p—1)Fs
(B-ap(p-1))

Proof Set C, = (p—1)"°. Let 0 < u < 1, and let K C {|Txye(x)| > y} be a
compact set. Set the analytic function on the unit strip S = {0 < Rez < 1},

(S z4u) (1-p)
F(z)=/u( )(MXE(’“)) T

Then, by (4), we have that, for j =0, 1,

C(p.B,a) =

Cpllully"u(E)
(1- )aP(P l)yp

|F(j+in] <

uniform in ¢t € R. Thus,

i Mye () ) C,,||u||‘Aff’u(E)
Pal= [ue (FED) T e ST )

and, by Lemma 1,

(l—ﬂ)(p—l)/u(X)(M)(E(X)) e -p log - ( )dx< |F"(1/2)]

_ Collellu(E)
~ yp(] —/J)(YP(P*])’

and therefore, letting K tend to {|T yg(x)| > y}, we obtain that

yP / () (Myg ()" (1=P) log
{ITxe(x)|>y}
_ Collullzu®
T (1 -per-Dtl(p 1)’

By (7) and (8), we get that, for every ¢ > 0,

e
—dx
MyE(x)

®)
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yp/ u() (M () 17) min (1, 11og ———— Jdx
(1T (x) >} My (x)

Cpllull” .
< 4 ], —MMM— E
S T e i (b oy B>

. . . . 1 .
and integrating in ¢t € (0, o) against 7> We obtain that, for every 0 <y < 1,

1+3u
(p-1)
e 4 e Y
u(x) (—) (log—) dx
./{|TXE(x)|>y} M xE(x) M xE(x)
3 Cp“u”Z]pu(E)
T (1= pyerp=Dry(p—1)r’

Hence, if ap(p — 1) +y < 1, we can integrate in the variable u € (0, 1) and we
obtain thatif 8 =1 -1,

_ 1
¥ / () (M ()P
{ITxe(x)|[>y}

Y
(bgMﬁRﬂ)

— 1Byl 2P

(P = DPlully!

Bapir—1)"“

<yP / u () (M (x) F dx + C,
{ITxe (x)|>y}

(p-1F

D 1)uuuz{’u<E>,

SC”((

as we wanted to see.

Our next step is to prove that an estimate of the form (6) is also true for other
values of p. To this end, the following lemma is needed.

Lemma3 Leta >0and0<e < 1. Letq > 1and 1 < p < min(2, q) such that

£
(g +D)(p-1=5.
Let us define y > 0 and v > 0 such that
1 -1 -
£y =ap+—, yp—+vu=1 ©)]
q-1 q g-1 g-1
Then, it holds that:
1 1 1
— <, i S2(1+—)q
q v ap

Proof We observe that,
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(g-1)(ap+l)

y:u(l_ p—l):q—l—y(p—l):q—l——s “(p-1)
q-p g-1 q-p q-p
:(q_l)e—(ap+},)(p—l)>q—1
e(q-p) q
if and only if
e-(ap+ -1
&(g-p) )
That is,
s—(ap+l)(p—1)>s(1—£),
q q

or equivalently

1
el > (ap + —)(p -1,
q q

e > (apqg+ ])P_—l = (aq+ l)(p— 1).
p p

On the other hand,
e—(ap+i)(p-1)
vg' I—=G=p — _ (e = (ap+)(p-1)
vg' =1 e(apr) (0=l g(e—(ap+L)(p-1) —&lg - p)
e(q-p)

_qQ2ag+D(p-1) - (ap+ Dp-1) _qQagq+ 1)~ (ap+ )
2p(ag+1)(p—1) —glap+)(p-1) 2plag+1)—qlap+3)

=2a/q2+2q—apq—l<2aq2+2q<2(] 1 )q

+_
apg+2p—1 - apq ap

and the result is proved. O

Proposition 2 Let T be an operator satisfying Condition-A. Then, for every 0 < & <
1, every g > 1, every measurable set E and every u € Ay,

(Mye(x) -9 1 a2
sup yq/ u(x) FdX S — s ||u||£‘lwr Yy (E). (10)
y>0 " J{ITxe (1>} (10g ﬁ) &
E(X

Proof Let0 < & < 1be fixed. Let K be a compact set such that K € {|T xyg(x)| > y}

and let us define (o)
M -q
Aq :=/u(x)%dx
K

¢ £
(1°g me))

Set p, y and v as in Lemma 3 and set C;, = (p — 1)7%. Then, we have that
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log M;E )

q-pr
q-1
p-1 M I-q
M(MXXK—(( XE) sv)l

ti.x
-1 ’
(log Mi(E) ‘ 271

a-p
et (Myp)'= |
vV=ud! [M(MXKW) €A,

MxE

and since,

with [|v][4, <

~

Ag4 < )%/EMZ_II(X)[M(MXK—(I (MXE)l_q )]Zl;dx

8 ey)
(Myg)'™4 —p
B M(M)(K (Tog m)g\/) ?1—!1
= — u(x)dx
P JE u(x)
M) o,
B / [M(”"K <logmzm>’”)} - () (Mxp(x)'
= — ulx XE\X X
v Je | u(x)(Myg(x))'=4
with
Ly(p-1
o7 (p = D@ =D gl 4P
sCp — <Cp
(eyZ= —ap(p - 1)) (p=1
1+ap - q2+(zp ap
C
S Cp gltap ”u”Al ~ gstltap ”u”Al '
Then, by duality,

rlq
Ay < Bu(E)
yP

Myg)' ™4
M(u)(K(l(OgX—’ii))

)EV
MxE

u(Myg)' -1

q-1

L9 (M) 1)
Now, using (5) with the behavior of the constant Cp, ,, we have that

Maria J. Carro

%”””Au and, by (9), syg—:} > ap(p —1), we have by Proposition 1,
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XE
u(Myg)'-4
XK
(log 377)°”

(Mxg)'™
HM (e i)

La"> (u(Myg)!'=9)

2
< [luelly,

L9 (u(Myg)'9)

00 1/q’
= llull}, / ( / 1 u(x)(MXE(x»l-qczx) dz
0 {XGK:W>Z}

1 1/q’
=f||u||i/ (/ u(x)(MXE(x))‘qu) dz
1 0 {xeK:W>Z}
XE

M 1-g 1/q" pl e

||u||§h(/u(x)( XE) (x)gdx) / S de
PR 0

* (log me))

N

||u||124] 1/q' 2 4l/q’
—lAq < ”u”AlAq

vq'
Consequently, we have that
(a+2)p

Ay
8s+1+apyp

llall 7 p _ae_ul

qa-p
w(E)PI () ™ AT T < w(E)PI9ALT

q ~ 8s+1+arpyp

and hence,
+2 +2
lull sy lull

Al M(E) S A]

s g(s+]+ap)%yq g‘l(ﬁlﬂl)yqu(E)’

q

as we wanted to see. 0O

Remark 2 We observe that, in general, the constant has to blow up when &€ — 0,
since on the contrary it can be proved that T will be of weak type (1, 1) for every
weight u € Ay, which is false in general.

We shall now fix a weight uy € A; and let us consider the condition:

ITXEl L1~ @) S uo(E),  VE. (11)

Corollary 2 Let T be an operator satisfying Condition-A and (11). Then, for every
q > 1, every measurable set E, and every B > (¢ — 1)(s + 1 + @),
yq
sup :
y>0 (1 +1og(1+1log, ;)):B

/ o (x) (M (0) " dx < Cy gitoE).
{ITxe (x)|>y}
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Proof First of all we observe that,

yq

1o (x) (M y g (x)) '~ dx
(1+log(1 +log, 1))F /{|TXE(x>|>y,MXE(x>>y}

<Yy

/ uo(x)dx < Cyyu(E)
{ITxe(x)|>y MxEe(x)>y}

Now,let0 < 8 < landletp =1+ qT_,l. Let us define, in the case y < 1, the
following analytic function

F(2) = /K o (x)

where K C {|Tyg(x)| > y, Mxg(x) < y} is an arbitrary compact set. Then, by
(1),

Mxe(x)\z(1-p)
(=) i

e € ’
(log M)(_E(x))

F(in)] < Luo(E)
y

and, by (10),
1

uo(E),

and thus, since 1 — ¢ = 6(1 — p), we have by Lemma 1, that

(p—l)[(uo(x)log( e )18(MXE(X))1qu'

|F"(0)] ~ Mr ) y

< Cq L+log, -] [1+10g, .
~ 8(q—l+(9)(s+1+a/)yq + 0g+; + Og*'; ’

from which it follows that, for every 8 > (¢ — 1)(s + 1 + @), we can take 6 so that

1 141 1 < 1
ol 1+0) (sHira) | T8 | = 5
and hence
I-& M 1-g C 1
(1ogf) /uo(x)(—XE(x)) dx| s —2 (1+log+—).
y K y ePyd y
Therefore,
B M 1-q C
up 2 /uo(x)(ﬂ) ax < <4
e (1og£) K y ye
y

from which the result follows in the case y < 1.
Now, when y > 1, we consider the analytic function
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MXE(X))z(l—p)
F(z) = / uo(x)y—eydx.
K (IOg me))

Then, by (11) and (10),

E
FG i< 2E oo,
y
and thus,
, Myg(x)\1-4 C
F/(1/2)] ~ (q—1>/uo<x>(L”) de| < SLup(ED),
K y y
and the result follows, letting K tends to {|T yg (x)| > y, Mxg(x) < y}. O

4 Applications to average operators

The following result was proved in [4], but we include the proof for the sake of
completeness.

Proposition 3 If there exists C > 0 so that SUpy50 WAt (y) < C, then
Supy~0 W(y)Ar, r(y) < C, where

W(R) = sup —

(o] 1 :
x<R ‘/x W du

Proof Let ¢(t) = /Ot h(s) ds, with h a positive and increasing function. Then ¢ is a
convex function and, by Jensen’s inequality,

STt () < /M o(To f (X)) dP(6).

Hence, for every R > 0, ¢(R) X (x;Ts f(x)|>R} (X) < fM ¢(Ty f(x)) dP(0) and inte-
grating over R", we obtain

0Rry (R < [ [ (T0f () axapio)

Now,

(o)

/ O(To f(x)) dx = / Az, (V) = / 101 V() dy
Rn 0 0

and hence, we deduce that
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= h(y)
Wiy V-

and therefore, if 4 T indicates that h is an increasing function, we get that

6(R) Az, 1 (R) < /M /0 Ay (Ih() dy dP(6) < € [

R

Joh

0

(sup = hG) )ATAf(R) <C.
A Wiy 4

The result now follows by computing the exact expression of the function between
parenthesis by a simple change of variable and the well known fact that

S f0o(o)dt J v(n)at
Sup —= = sup — .
U fu(nde o [ u(n)dt

where f | indicates that f is a decreasing function. O

Theorem 2 If Ty satisfies Condition-A uniformly in 0 and, for some u,

sup IToxEIL1> () S uo(E),

then, for every 8 > 0,

y
sup / uo(x)dx s Cgup(E).
y>0 (1 +1og"(1 +log" $))F J(iTaxel>y) g

Proof Letus fix ¢ > 1 sothat B8 > (¢ — 1)(s+ 1 + ), and let us choose W(y) =

y‘l . . . .
ooz (Lslog ))F Sy Then a simple computation shows that, in this case,

(g—DHW(y) s W(y),
and hence, by Proposition 3,

y4 -
uo(x) (Mg (x)) '™ dx < Cgug(E).

sup
y>0 (1 +log(1 +1log, 1

))ﬁ /{|TAXE<x>|>y}

Therefore,
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Y

" | ﬁ/ uo(x)dx
(1+1og™(1 +1log™ $))P J{|Taxel>y}

Y

" — ,6‘/ uo(x)dx
(1+1log™ (1 +1log™ $))F J(|Taxel>y.Mxs (x) <y}

< lluolla,uo(E) +

¥4 / 1-
< |lu uo(E) + ug(x)(M yge(x)) ~4dx
ol 0(E) + et g T Dirang oy 0 M)

< Cguo(E),

and the result follows.

Finally, the proof of Corollary 1 follows immediately.
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