DOUBLING CONSTANTS AND SPECTRAL THEORY ON
GRAPHS
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ABSTRACT. We study the least doubling constant among all possible doubling
measures defined on a (finite or infinite) graph G. We show that this constant
can be estimated from below by 1+ r(Ag), where r(Ag) is the spectral radius
of the adjacency matrix of GG, and study when both quantities coincide. We also
illustrate how amenability of the automorphism group of a graph can be related
to finding doubling minimizers. Finally, we give a complete characterization of
graphs with doubling constant smaller than 3, in the spirit of Smith graphs.

1. INTRODUCTION

The aim of this paper is to exhibit the connection between combinatorial aspects
of graph theory and geometric measure theory, by studying doubling measures on
graphs. In particular, we will establish a new connection between spectral graph
theory and doubling constants of certain measures on a graph.

We will deal with locally finite, unoriented, connected, simple graphs (without
loops nor multiple edges), and we will consider both cases of finite and infinite
sets of vertices. Such a graph G with vertices V; and edges E¢ can be considered
as a metric space in a standard way by means of the path distance: Given vertices
x,y € Vg, a path joining = to y is a collection of edges of the form {x; 1, 7;}¥ | C Eg,
with xg = x and x;, = y. In this case, we say that the path has length k. Thus, for
z,y € Vg, the distance dg(z,y) is defined as the smallest possible length of a path
joining x to y.

A measure p on a graph G will always be induced by a positive weight function
p Ve — (0,00), and despite the slight abuse of terminology, we will denote p(A) =
Y vea t(v) for any set A C V. Such p is said to be a doubling measure whenever

B(v,2
€y HBE2)
vever=0 H(B(v,r))
Here, B(v,r) = {w € Vg : dg(v,w) < r} denotes the closed ball of center v € Vg
and radius 7 > 0. The number C, is called the doubling constant of the measure f.
Note that if Vi is finite, every measure on G is doubling for an appropriate constant.

Associated to a general metric space (X, d), the following invariant was introduced
in [19]
: p(B(z,2r))
C = inf { sup ———-
(X.d) zeX,r>0 M(B(xa ’I"))

which will be referred to as the least doubling constant of (X, d). It was also shown
in [19] that, if X supports a doubling measure and contains more than one point,

: v doubling measure on X },
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then Cx 4) > 2. This invariant is somehow related to metric dimension theory and
our purpose is to study its properties in the context of graphs.

For simplicity, we will denote C¢ = C(v,,.4,)- In [19], we already computed this
invariant for certain families of finite graphs. Namely, let K, denote the complete
graph with n vertices, S,, be the star-graph with n+ 1 vertices (one vertex of degree
n and n leaves), and C,, be the cycle-graph with n vertices: For n > 3, we have

(1) Ck, =n, Cs, =1+ \/ﬁ, Ce, = 3.

We will here compute Cg for other families of graphs, including for instance
complete bipartite graphs K,,,, wheel graphs W, friendship graphs or cocktail
party graphs.

It is somehow surprising that, for all the examples listed so far, it turns out that
Cq coincides with 1 4 r(Ag), where 7(Ag) is the spectral radius (equivalently, the
largest eigenvalue) of the adjacency matrix of the graph. This observation led us to
look for the relation between doubling constants and spectral graph theory, which
is the main goal of this work. We will prove in Theorems 5 and 10, that, in general,

CG > 1+ T'(Ag).

In the case of finite graphs, Proposition 18 actually provides a characterization of
when Cg = 14 1r(Ag), in terms of the measure induced by the Perron eigenvector of
Ag. From a more geometric point of view, Proposition 19 yields in particular that
every graph G with diameter 2 also satisfies Cg = 1 + r(Ag).

The paper is organized as follows: in Section 2 we start by showing, in Propo-
sition 2, the existence of doubling minimizers; that is, those measures p for which
C, = Cg, as well as some stability properties of this set of measures. Section 3
is devoted to the proof of Cq¢ > 1+ r(Ag) both for finite and infinite graphs, and
some direct consequences related to monotonicity of the doubling constants and the
chromatic number of a graph. In Section 4, Theorem 14 establishes the main cor-
respondence between the amenability of the group of automorphisms of G' and the
existence of invariant minimizers. This allows us to consider only symmetric mea-
sures when computing C¢, thus reducing the complexity of the problem in certain
cases. We consider in Section 5 the question of whether Cs can be determined by
the spectra of G and do a thorough study for several relevant cases of graphs with
small diameter. We also provide explicit examples where Cg > 1+ r(Ag). Finally,
motivated by the works of J. H. Smith [17] and D. Cvetkovi¢ and I. Gutman [7]
on graphs with small spectral radius, in Section 6, we completely characterize those
graphs G with doubling constant Cz < 3 (see Corollaries 25 and 26).

Let us finally mention that in the companion paper [9], we have focused our
analysis on the not that simple case of path graphs. In particular, in [9] it is shown
that for L,,, the path graph of n vertices, we have

1+2c:os< W1> <C, <3,

n +
with the first inequality being strict for n > 8. Moreover, in the same paper it is
shown that C = Cy = 3. Also, a careful analysis of the structure of the set of dou-
bling minimizers for path graphs is provided. We refer to [5] for standard notations
and basic facts on graph theory, as well as [8] for a comprehensive introduction to
spectral graph theory.



DOUBLING CONSTANTS AND SPECTRAL THEORY ON GRAPHS 3

2. BASIC PROPERTIES OF THE LEAST DOUBLING CONSTANT OF A GRAPH

A couple of comments on the kind of graphs we will be dealing with are in order.
First recall that a metric space is called metrically doubling if there is a constant
K > 0 such that for every r» > 0 every ball of radius r can be covered by at most K
balls of radius r/2 (a space with this property is also called a homogeneous space, cf.
[6]). In particular, it is easy to check that every metric space supporting a doubling
measure must be metrically doubling [6]. Refining earlier results for compact metric
spaces given in [21], it was shown in [14] that for complete metric spaces being
metrically doubling is equivalent to supporting non-trivial doubling measures. Since
a graph is always a discrete space (the distance between two distinct points cannot
be smaller than 1) in particular every graph is a complete metric space and the
previous result applies. In particular, if a graph supports a doubling measure then
it must have uniformly bounded degree: Ag = sup,¢y,, d, < 0o. Also, since we are
only dealing with connected graphs, note that the number of vertices must be at
most countable.

Given a graph G, it is easy to see that

, pu(B(v, 2k + 1))
e = i {5y
the infimum being taken over all doubling measures 1 on G. Also, given G we can
consider its diameter: diam(G) = sup{dg(v,w) : v,w € Vg}. If diam(G) < oo, we
actually have

(2) Cg =infsup {
I

:vevg,keNU{O}},

u(B(v,2k + 1))
1(B(v, k))
where [s| =min{n € Z: s < n}.
Given a doubling measure p on G, it will be convenient to consider the restricted
doubling constants associated to each radius k € NU {0}:

o u(B,2%k+ 1))
Co =500 = (Bo.k)

:UEVGykGZ’?OSkS’V%—‘}

)

Also, let
k- k
Ce = 12f Cys
where the infimum is taken over all doubling measures p on G.
Clearly, for a fixed measure p on G, we have C), = Supyenugoy C/’j, and in the case
when diam(G) < oo, we actually have C), = SUD . paiam(@) 11 44 Ck. Tt is easy to
check that

CG > sup Cé?
keNu{0}

but we will later see that the inequality can in fact be strict (Proposition 20).

If the infimum in (2) is attained at some p, such a measure will be called a doubling
minimizer for G. Given a graph G, with C'g < oo, let us denote the set of doubling
minimizers by

DM(G) = {p: doubling measure on G and C,, = C¢},
and similarly, for each k € NU {0}, let
DM*(G) = {p : doubling measure on G and Cl]j = Ok}
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We will see next that the sets DM (G) and DM*(G) are always non-empty convex
cones. Before showing this, the following elementary lemma will be convenient
throughout (see [9]).

Lemma 1. Let (a;)7,, (8;)7L, be positive real scalars. We have that

D :
L9 ¢ e (51
Zg 163 1<j=m L §;

Moreover, equality holds if and only z'f &= j, for every 1 <i,7 < m.

Proposition 2. If G is a graph, with Cq < oo, then DM(G) and DM*(G) are
non-empty convex cones for every k € NU {0}.

Proof. We will provide the proof in the case when G is infinite, leaving to the reader
the adaptations to the simpler case of a finite graph. Let (v;);en be an enumeration
of V. We show first that DM (G) # . For every n € N, let v, be a measure on G
such that C), < Cg + % Set w, = % Thus, we have C,,, = C,, < Cq + % and
tn(v1) = 1, for every n € N.

We claim that, for every v € Vi, we have that sup,, p,(v) < oo. Indeed, this will
follow by induction on m = d(v,vy): clearly, the statement holds for m = 0; that
is, when v = vy; now suppose sup,, i, (v) < oo, for every v € Vg, with d(v,v;) < m,
and let w € Vi with d(w,v;) = m + 1; we can pick v € Vg with d(v,v1) = m and
d(v,w) = 1; hence, we have

) < (B0, 1) < 0 un(0) < (Co 4 2 ) un(0),

and the claim follows.

Therefore, we can take an infinite set A; C N such that if we write A; = {n; :
i € N} with n} < n},; then lim; , {1 (v1) exists. Inductively, for each j € N we
can take an infinite set A; C N with A;;; C A; and A; = {n] : i € N} so that
lim; o0 1,5 (v;) exists for every j.

Now, let us define ion G by

plvg) = lim ga,4(v5).
1— 00 g

Note that p is well defined because of the claim. It is straightforward to check now
that CM = Cg.

Since for every positive scalar o, C,, = C,,, in order to see that DM(G) is a

convex cone, it is enough to show that if py, us € DM (G), then pug + pe € DM(G).
Thus, suppose C),, = Cg, for i = 1,2 and let pn = py + po. For every v € Viz and

keZwith0<k< [%2(;)—1}’ by Lemma 1, we have

p(BG, 2k +1)) _ (B, 2k +1)) + pa(B(, 2k +1))
w(B(j; k) (B, k)) + na(B(5, k)
< max{ul( (U, 2k + 1)) pa(B (j,2k‘+1))}
N m(BGK) " pa(B(F))

<maX{ 1o uz}:CG'

It then follows that C, < Cg. By definition of Cg, it follows that C, = Cq as
claimed.
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A similar argument also yields that DM*(G) is a non-empty convex cone for every

ke NU{0}. O

Remark 3. For finite graphs, we will see that DM°(G) consists of a single measure
(up to multiplicative constants), which is actually given by the Perron eigenvector of
the adjacency matrix Ag (see Theorem 5). However, it is worth noting that in gen-
eral each of the sets DM (G) and DM*(G) can contain non-proportional measures.
This is for instance the case when G = N (that is Vy = N and Ey = {{j,j + 1} :
j € N}), as shown in [9]: For every 3 < a < 1, the measure y, given by

; a? ._7:17
ua(J)Z{ L 1

satisfies Cy,, = Cn = C) = C} = 3.

In the setting of infinite graphs, the relation between boundedness of maximal
operators and the counting measure being doubling was explored in [20]. As we
have mentioned above, the existence of a doubling measure on a graph, implies that
Aqg < 00, which could be interpreted as the counting measure being locally doubling.
The following example illustrates that this cannot be further extended.

Example 4. A graph supporting doubling measures where the counting measure is
not doubling.

Proof. We will consider the graphs Z x Z and N joined by a vertex: that is, let
Ve ={(m,n,0) :m,n € Z}U{(0,0,p) : p € N} and edges connecting (m,n,0) with
(m,n +1,0) and (m 4+ 1,n,0), and (0,0, p) connected with (0,0,p — 1) for every
m,n € Z and p € N.

It is straightforward to check that G is metrically doubling: every ball of radius
r is contained in the union of at most 5 balls of radius /2. Since G is a discrete
metric space, it follows from [14] that there exist doubling measures on G. On the
other hand, the counting measure |- | is not doubling: |(B(0,0, k), k)| = 2k + 1 while
|B((0,0,k),2k +1)| ~ k2. O

3. DOUBLING CONSTANTS MEET SPECTRAL GRAPH THEORY

Recall that the adjacency matrix of a graph G is the (possibly infinite) matrix Ag
indexed by Vi x Viz, whose (v, w) entry is 1 if the edge {v,w} € E¢ and 0 otherwise.
We will first deal with the case of finite graphs:

Theorem 5. For every finite graph G, it holds that
Cg =1+ T’(Ag),

where r(Ag) denotes the spectral radius (which coincides with the largest eigenvalue)
of the adjacency matriz of G. Moreover, in that case DM°(G) consists of a unique
minimizer (up to multiplicative factors) which is the measure p given by the Perron
eigenvector corresponding to r(Ag).

Proof. Let us denote the vertices of the graph by Vi = {1,...,n}. Since all the
entries in the matrix Ag are non-negative and G is connected, by Perron-Frobenius
theorem (cf. [2, Theorem 8.26]), \1(Ag) = r(Ag), the spectral radius of Ag, is an
eigenvalue with one dimensional eigenspace generated by a vector z¢ = (aq,. .., a,)
with strictly positive entries, and all the remaining eigenvalues are (real and) strictly
smaller than r(Ag).
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Let pu(i) = a; for 1 < i < n. Note that for each 1 <7 < n we have

pBED)) =p()+ Y pl) =a+ Y, a=ai+(Agre)i = ai(l+ M(Ag)).
{ivj}EEG {ivj}EEG
Therefore,
n(B(i,1))
CY < sup ——1£
© = ieve n(B(i,0))
For the converse inequality, we claim that given any strictly positive y € R"” we
must have

(3) sup (AGy)z

1<i<n Y;

=14+ M (Ag).

> M(Ag).

Indeed, suppose this is not the case. Therefore, there exists y € R™ with strictly
positive entries such that

7= sup (Aay). < M(4g) =r(Ag).

1<i<n  Yi

We can now define a norm in R" as follows: given x € R"
Jallo = inf{A > 0 : o] < Ay},
where for x = (z;)_; € R" we denote |z| the vector with coordinates (|x;|)i;. This
defines indeed a norm because all the entries of y are strictly positive. Note that if
0 < x < Ay we have that
Agr < Aghy < r)y.
Iterating, we get that if 0 < z < Ay, then for every 7 € N we have that
Ajéx <ri\y.
Therefore, we have that
[Agzllo < rllzllo,
so that ||AL|| < r7 with respect to || - |lo. Now, using Gelfand’s formula for the
spectral radius (cf. [2, Theorem 6.12]) it would follow that
. it
r(Ag) = lim [|Agl]s <.
j—o0

This is a contradiction, so we must have (3).
Hence, given any doubling measure v on G, take y € R™ such that y; = v({i}) > 0.
We have that

v(B(i,1)) yi + (Agy)s
SUp ————== = sup ——— > 1+ \(Aq).
ieVIG) v(B(i,0 ievg Yi 1(46)
This finishes the proof. O

Remark 6. The previous result is somehow reminiscent of a classical theorem due
to H. Wiedlandt [22] about the spectral radius of non-negative irreducible matrices
(see also [12] for further developments).

Recall that (G; is a subgraph of Gy, if Vi, C Vi, and Eg, C Eq,. Note that if G4
is a subgraph of G, then the adjacency matrices (up to completion by zeros) satisfy

Ag, < Ag,
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with the order given entry-wise. It follows that for every k£ € N, the iterations of
the adjacency matrices satisfy in particular that A’él < AZQ, so by Theorem 5 and
Gelfand’s formula for the spectral radius, we have

Co, =1+ 7(Ag,) = 1+ lim [AE [|F < 1+ lim AL [F = 1+ 7(Ag,) = Cg,.
—00 —00
The following result is even more informative:

Corollary 7. Suppose G1 is a (proper) subgraph of a finite graph G, then C’gl <
co,.

Proof. Use Theorem 5 together with the fact that if G is a (proper) subgraph of
Gy, then r(Ag,) < r(Ag,) (cf. [8, Propositions 1.3.9 & 1.3.10]). O

Our aim now is to provide a version of Theorem 5 in the context of infinite graphs.
In order to do so, we need some notation and lemmas first. Given an infinite graph
G, we can consider the infinite adjacency matrix Ag whose (v, w) entry is given, for
v,w € Vg, by

1, if{v,w} € Eg,
Ac(v,w) = { 0, otherwise.
Also, for 1 < p < o0, let £,(Vi;) denote the space of functions f : Vo — R for which

the norm [[£]l, = (Suev |F©))7 < 00 (as usual, [|f]l = sup,cys, |f(0)]). Let us
recall the following well-known fact (cf. [4, Theorem 4]):

Lemma 8. Let G be a graph supporting non-trivial doubling measures. For every
1<p<oo, Ag : {,(Ve) = £,(Vz) defines a bounded linear positive operator.

Proof. For v € Vg, let e, : Vg — R be given by e,(v) = 1 and e,(w) = 0 for
w # v. Associated to the adjacency matrix we set a linear operator given by
Agey = D ey, Ac(v,w)ey,. Since G supports non-trivial doubling measures, in
particular we have that Ag < co. Thus, for every v € V; we have that

lAge i = D 1< Aq.
(v,w)EEg
Hence, Ag : 61(Ve) — ¢1(V) is bounded with ||Ag|| < Ag. Also, if 15 denotes the
constant 1 function on Vg, we have

[Aclglloe = sup Y 1< Ag.
veVe (vw)eEqg
Therefore, by positivity of Ag it follows that Ag : leo(Ve) — leo(Ve) is bounded
with ||Ag|| < Ag. The conclusion follows by standard interpolation. 0

In order to extend Theorem 5 to the infinite setting, it is natural to consider the
extensions of Perron-Frobenius theorem to the infinite dimensional context. These
extensions, like the Krein-Rutman Theorem [2, Theorem 7.10], usually require com-
pactness for an operator to have the spectral radius as an eigenvalue with positive
eigenvector. However, the adjacency operator Ag need not be compact in general,
so a different approach is required. In this direction, it was shown by B. Mohar in
[16] that if r(Ag) denotes the spectral radius of the operator Ag : lo(Ve) — 2(Va),
then

(4) r(Ag) = sup{r(Ar) : F a finite subgraph of G}.

We need an analogue of this fact for the restricted doubling constant as follows:
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Proposition 9. Let G be an infinite graph supporting doubling measures. Then
CY = sup{C% : F a finite subgraph of G}.

Proof. By Proposition 2, we can consider a measure x4 on G such that C% = 02.
For each finite subgraph F' of GG, we can take pp to be the restriction of u to F. We
have that

B(v, 1 B(v,1
C%gchzsupwgsupwgcgzcg‘

vevy  Hr(v) veve (V)

Taking the supremum over all finite subgraphs of G, we get
sup{C% : F a finite subgraph of G} < Cg.

For the converse inequality, let (F},),en be an increasing sequence (i.e., F,, C Fy11)
of finite subgraphs of G such that G = |J,, F),. Let also (vy)ren be an enumeration
of Vi with vy € Fy. Since G = |, F), for each k € N, we can consider

ny = min{n € N: v, € F, }.

For each n € N, let u,, be the measure on F}, associated to the Perron eigenvector
of the adjacency matrix Ag, so that

0o _ ~0
Cn_CMn7

and without loss of generality, let us assume pu,(v;) = 1. Note that by Corollary 7
C’%ﬂ is a monotone increasing sequence. We claim that for every k € N,

My, = sup p,(vg) < 00, my = inf p,(vg) > 0.
Indeed, this follows by induction on the distance to v; exactly as in the proof of
Proposition 2. Similarly, there exists a decreasing family of infinite sets A;, = {nf :
i € N} (with nf > ny, for every i € N) so that lim; o pt,,x (vx) exists for every k € N.
We can thus define the measure p on Vg by

(o) = lim g, (vi).
1—00 o

Now, for a fixed k € N, let By, C N be the finite set such that B(v;,1) = {v; : j €
and take m € N

mkE
AG+6)+ZjEBk M;
large enough so that |u(v;) — s (v;)| < € for i > m and every j € By. We have

that

By} and let ji, = max By. Given € > 0, let ¢ = Tt

B0 1) _ Sien105) _ Syen )+
(k) plor) T (k) — €
poox (Bue, 1)) (Ao (0n) + o (B(vr, 1)) e
m + m m
i (V1) Hy (0) (p e (Vr) — €8)
0 _ 0
<Cp, +e=C}, +e

m m

< sup{C} : F a finite subgraph of G} + ¢.
Letting ¢ — 0 we get that

(B(vg, 1))

< sup{C% : F a finite subgraph of G}.
pu(vk)
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Since this holds for every k € N, we get that

< sup{C% : F a finite subgraph of G}.
keN M(Uk:)

Theorem 10. For every graph G such that Ag < co we have
Ogv =1+ T(Ag),

where r(Ag) denotes the spectral radius of the adjacency operator Ag : lo(Vg) —
gQ(VQ).

Proof. This follows by applying Proposition 9, Theorem 5 and Mohar’s identity (4):
C2 = sup{C} : F a finite subgraph of G}
= sup{l + r(Ar) : F a finite subgraph of G}
=1+7r(Ag).
U

Note that the second part of Theorem 5 about DM(G) consisting of a single ray
is no longer true for infinite graphs: take G = N and let p be the measure on N
given by pu(n) = n for n € N; it is clear that C}) = 3 = C’ﬁ.

Recall that a graph G is k-colorable if there is a function ¢ : Vg — {1,..., k} such
that c¢(v) # c(w) whenever {v,w} € Eg. The chromatic number x(G) is the least k
for which G is k-colorable. As a consequence of Wilf’s theorem [23] and its infinite
dimensional extension [4] we get the following corollary to Theorems 5 and 10.

Corollary 11. For every graph G it holds that x(G) < C.

4. SYMMETRIC DOUBLING MINIMIZERS AND AMENABILITY OF Aut(G)

In this section we will see that if the action of the automorphism group of the
graph is amenable, then the doubling constant can be computed considering only
symmetric measures; that is, those invariant under the action of the automorphism
group.

Recall that an automorphism of a graph G = (Vg, Eg) is a permutation o : Vi —
Vi, such that the pair {u,v} € Eg if and only if the pair {o(u),o(v)} € Eg. Let
Aut(G) denote the group of all automorphisms on G. From the point of view of
metric spaces, the automorphisms are the bijections on the space which preserve the
distance, or simply the global isometries.

Let us introduce the following notation: Given a graph G, a finite set F' C Aut(G),
and a doubling measure p on G, let pur be the measure given by

pe(v) = p(o(v)),
ol
for v € V. When F' is a subgroup, this clearly defines an F-invariant measure; that
is, up(o(v)) = pp(v) for every o € F.

Lemma 12. Given a graph G, a finite set F' C Aut(G), and a doubling measure
on G, let pp be as above. For every k € NU {0} we have C;]fp < C’Zj. In particular,
Cup <0,
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Proof. Note that for any v € Vg, k € NU {0} and 0 € Aut(G) we have
o(B(v,k)) = B(o(v), k).
Thus, for k € NU {0}, applying Lemma 1, we have that
pp(B, 2%+ 1)) _ Syer nlo(Blo,2k+ 1))
pr(B(v, k)) 2 ger H(o(B(v,k)))
_ 2er M(Bla(v), 2k +1))

> e 1(B(0(0). F)
w(B(o(v),2k + 1)) i
<me{ ") ) <Ok

Therefore, we have
k k
C’”F < C’
as claimed. Thus, we also have C},,, < C,. OJ

Remark 13. For every graph G whose automorphism group Aut(G) is finite (in
particular, for every finite graph), by Proposition 2, we can take p € DM (G) and
consider piaut(e) as above. Lemma 12 yields that Cg = C, = C, Au(eyr Wt pau ()
invariant under Aut(G). Thus, for these graphs we always have symmetric doubling
minimizers.

Let us see next that this can be extended to graphs with a subgroup of Aut(G)
having an amenable action. We will say that a subgroup I' of Aut(G) is amenable,
if there exists a sequence of finite subsets F,, C I', for n € N, with

(i) F, C Foy,
(i) U, Fn =T,

(iii) For every o € I, Fnoaknl

o] > 0,

n—o0
where F,, -0 = {r0 : 7 € F,} and A as usual denotes the symmetric difference
of two sets (that is, AAB = (AU B)\(AN B).) A sequence (F},),en as above is
usually called a Fglner sequence in I' [11]. Amenable actions on graphs have been
thoroughly considered in the literature and have connections to several areas (see
for instance [3, 18, 24]).

Also we will say that a measure y is bounded on G if sup,y,, u(v) < oco.

Theorem 14. Let G be a graph and I' an amenable subgroup of Aut(G). If there is
a doubling measure p which is bounded on G, then there is a doubling measure pur
on G such that

(i) pr is invariant under T,

(1) Cur < G-

Proof. As I is amenable, let (F),)n,en be a Folner sequence in I'. Suppose p is a
bounded doubling measure on G and let ||p||oc = sup,ey,, p(v). For n € N, and

v e Vg let
pin(v) = =
|F| 2 o

n| ocEF,

Let now U be an ultrafilter on N refining the order filter, and let
pr(v) = lim g, (v),
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the limit being taken along the ultrafilter #. Note that ur(v) is well-defined because
1 is bounded. By Lemma 12, C’l’fn < Cl’j, for every k € N, so it clearly follows that
Cur <0,

It remains to check that pr is invariant under I". To this end, fix v € Vz and o € T
For every ¢ > 0, we can take A € U such that for every n € A we have
(a) |pr(v) — pa(v)| <e,
(b) [pr(a(v)) — palo(v))] <e,
(C) |Fr-0AF,| <e
|l '

It follows that, for n € A
pr(o(v)) < pn(o(v)) + ¢

= ] 2 o) +<
= (S utrol) + X urw) = 3 tr(w) +-
1 ' |F, - JTLAFn| )

< (@) + @ + ll)e:
As € > 0 is arbitrary, it follows that pr(o(v)) < pr(v). Since the argument holds
for any o € I', we get that
pr(o(v)) = pr(v),

for every o € I' and every v € Vg, as claimed. 0

Recall that a graph G is called vertex transitive, if for every pair of vertices
v,v" € Vg there exists 0 € Aut(G) such that v = o(v). As a direct consequence of
Theorem 14 we get:
Corollary 15. Let G be a vertex transitive graph.

(i) Suppose Aut(G) is amenable. Then, G supports a bounded doubling measure
if and only if the counting measure | - | is doubling.

(ii) If G is finite, then Cq = C|,
Let us see next that property (i) holds actually under more general assumptions.
Proposition 16. Let G be a vertex transitive graph. G supports a doubling measure
if and only if | - | is doubling.

Proof. Suppose p is a doubling measure on GG. A moment thought reveals that for
every v € Vg, r>0and A > 1
(B (v, Ar)) < Cu A% (B (v, 7).

It follows (cf. [21]) that there is a constant D (depending only on C),), such that the
cardinality of a set of r-separated points in B(v, Ar) is always bounded by D\l°&2 .

In particular, this implies that for every x € Vg, we can find a set F' C Vg with
|F'| < DC,, such that

B(z,2r) C U B(v,r).

veF
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Moreover, since G is vertex transitive, it follows that |B(v,r)| = |B(x,r)| for
every v € Vg and r > 0. In particular we have

|B(z,2r)| < |FI|B(z,r)| < DC,|B(z, 7)),
which shows that | - | is doubling,. O

It should be noted that the fact that Aut(G) is amenable, does not necessarily
imply that there exists a doubling measure on G, as the following shows.

Example 17. For every r > 3 there is a graph G with Ag = r + 1 such that
Aut(G) = {idy,} and G does not support any non-trivial doubling measure.

Proof. For r > 3, let T, denote the infinite r-homogeneous regular tree and let
(x;)ien be an enumeration of its vertices. We will consider a graph G whose vertex
set Vg, consists of all pairs (x;,7) with j = 0,...,4, and two vertices (z;,7), (zs,J')
are connected by an edge in Eg if i =i and |j —j'|=1ori#4,j=7 =0 and z;
is connected to x;y by an edge in Er.

Let d; j; denote the degree of the vertex (z;, 7). We have

r+1, ifj7=0,
d;j = 1, if j =1,
2, otherwise.

Since automorphisms preserve the degree of each vertex, it is easy to check that
Aut(G) = {idy,}.

On the other hand, in order to see that G does not support a doubling measure
it is enough to check that GG is not metrically doubling; that is, the number of s-
separated points in a ball of the from B(v,2s) is not uniformly bounded for s > 0
(cf. [14]). This follows from the properties of T,. Indeed, note that for every s > 0
the ball B(v,2s) for v = (0, 0), contains r(r — 1)*~! vertices of the form (z;,0)
with d(xg, z;) = s, and for each of them we can consider another vertex of the form
(7,,0) with d(z;, ;) = s and d(xg, x;,) = 25, so that d(z;,,v;,) > sfori#d. [

5. THE LEAST DOUBLING CONSTANTS Cg VS. C%

Given that the restricted doubling constant C% can be more easily computed by
Theorems 5 and 10 than C¢ itself, the purpose of this section is to clarify when
Ce = C2 and use this to compute Cg for certain families of graphs. Let us begin
with a simple observation that characterizes when Cg = C2:

Proposition 18. For a finite graph G, let o denote the measure associated to the
Perron eigenvector of the adjacency matriz. The following are equivalent:

(i) Cq = C2.

(i1) Cyy = C’go.
Proof. Suppose first Cg = C2, and let u € DM(G). We have that

Cp<C,=Ce=Cg <.
Hence, we have that
ngCH:CG:Cg.

In particular, by Theorem 5, it follows that u = aug for some scalar o > 0. Thus,
Cp, = Cy, as claimed.
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Conversely, if C& < Cg, then we have
CSO = (0% <Cg < Chuos
as claimed. ]

In [19] we computed the least doubling constant of some families of finite graphs,
including complete graphs K, star graphs S,, and cycles C,,:

C’Kn:n, Csn:1+\/ﬁ, Ccn:3.
In [9] we have analyzed the constants of path graphs L,, N, and Z and have shown

that
lim CLn :BZCZ:CN,

n—oo
where L, denotes the path or linear graph of n vertices. It was also shown in [9]
that O, = CY, if and only if n < 8.
In order to expand this list, we will need the following result:

Proposition 19. Let G be a graph with diam(G) = 2. For every measure p on G
we have C,, = C}). In particular, Cq = Cg.

Proof. Since diam(G) = 2, for every v € Vi we have that
(5) Ve=Bvw2) = |J Bw1).
weB(v,1)

Hence, if p is any measure on G, then for every v € Vg, by (5) and Lemma 1, we

have that
p(B(v,2)) _ 2wesen MBW. 1) 2 uepen mMBw, 1)) - {;L(B(w,l))}
n(B(v,1)) — n(B(v,1)) > wenen W) T weBwn Lo p(w) )

It follows that C), = C7, and in particular Cq = Cg. O

5.1. Significant families of graphs with diameter 2.

(i) Friendship graphs: The celebrated Friendship Theorem [10], states that the only
graphs with the property that every two vertices have exactly one neighbor in
common are the friendship graphs F,, (2n + 1 vertices, obtained by joining n
copies of C3 with a common vertex). Let v; be the vertex of degree 2n, and
(v5)2"3" the vertices of degree 3. For every n € N we have Cf, = Cy =1+
%(1 ++/1 4 8n). Indeed, by Proposition 19, Theorem 5 and [1, Proposition 2.2],
we have that

1
Cr,=Ch =1+71(Ap,) =1+ 5(1 + 1+ 8n).

Moreover,
B 4n, 1=1,
plvi) _{ 1+vI+8n, 2<i<2n+1,
defines the unique doubling minimizer (up to constants).
(ii) Wheel graphs: Let W, denote the wheel graph with n vertices, being v; a vertex
of degree n — 1 and the remaining vertices (v;)!, of degree 3. For every n € N
we have Cy, = C’I(,)Vn = 2+ y/n. Indeed, by Proposition 19, Theorem 5 and [15,
5.6], it follows that

Cw, = Cy. =1+7(Aw,) =2+ Vn.
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Moreover,

n—1, 1 =1,
“(Ui):{ 1++/n, 2<i<n,
defines the unique doubling minimizer (up to constants).
(iii) Complete bipartite graphs: Cr,,, =1+ /mn
(iv) Cocktail party graph: The cocktail party is the unique regular graph with 2n
vertices of degree 2n — 2. Cg,, ,,, =2n — 1.
(v) Petersen graph: Cg,,, = 4.
(vi) Hoffman-Singleton graph: Cg,,, = 8.
(vii) Clebsch graph: Cg,,;s = 5.
Items (iv)-(vii) correspond to regular graphs. Recall that a regular graph of degree
k is a graph all of whose vertices have degree k. Let A(G) denote the maximum
degree of G. It is well-know (cf. [15, Theorem 6]) that for connected graphs,
M (Ag) = A(G) if and only if G is a regular graph. In particular, by Theorem 5,
every k-regular graph G satisfies C2 = k + 1.

ek A

R3710 R4,16

FIGURE 1. Some of the graphs in Subsection 5.1.

5.2. Graphs with Cg > C2. Let us consider the following three-legs graph T': this
is a tree with one vertex vy of degree 3, whose 3 neighbors vy, v3, v4 have degree 2,
and each of these is connected to a leave vs, vg, v7 (see Figure 2). It can be easily
checked that the Perron eigenvector of Ar yields the measure

3, i=1,
plv) =19 2, 2<i<A4,
1, 5<i<T.

Since

¢, o WB(L3) 10

11(vs) 3
by Proposition 18, it follows that Cr > C%. The following provides an accurate
computation of Cr. Although the proof is completely elementary, we have decided

to include the details as an illustration of the method that can be used for computing
Cg for other graphs.

_ 0
>3 =0,

Proposition 20. Let T' be the three-legs graph given above. It holds that Cp — 1
coincides with the largest root of the polynomial x® + x® — 5x — 3. In particular,

sup Ck < 3 < Cr = 3.0861.
k
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FiGURE 2. The three-legs graph T'.

Proof. As diam(G) = 4 we have to show C% < 3 for k = 0,1,2. By Lemma 12, we
can assume all measures involved in the computations are symmetric; that is, we
can set a for the value of the measure on each leaf, b for its value on the vertices of
degree 2 and c for that of the vertex of degree 3, as in Figure 2.

Note that

CY = inf sup

a,b,c

so if we take a = 1, b= 2, ¢ = 3, it follows that C% < 3.
Similarly, we also have

{a+b at+b+c 3b+c}
a b ooc ’

9

{a+3b~|—c 3a+3b+c 3a+36+0}

CL = inf
T e AT 0 F b atbte .’ 3b+e

a,b,c
so taking a = b =1 and ¢ = 2 we get C} < 3.
Finally, note that

C? = inf sup ,1} <3.

a,b,c

{3a+3b+c
a+b+c

Now, let us compute explicitly C'r. To give an upper bound let us consider the
weights

a=1 b=(1+7r)/2 c=(-2+7r+1%)/2,
where r ~ 2.0861 is the largest zero of the polynomial 2® 4+ 22 — 5z — 3 = 0. It is

easy to check that for these particular weights C7 < 1 + 7.
On the other hand, let @, b, ¢ denote the weights that give C7. We know that

a+b+¢ 3b+¢ a+3b+c

sup T ’ - - SCT
b c a+b

b, xy = b and x5 = ¢, then Cr satisfies

Thus, if we denote 1 = a +
{ (Z) T+ 21’2 + I3 S OTfL‘l

(ZZ) T+ 3 < OTZ'Q
(ZZZ) 3332 + x3 < CTiBg
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Now, an appropriate recursion of this inequalities yields

2y + 23 L1 (Cr — 1) < (Crary —23)(Cr — 1) = 0 < 2a(Ch — O —2) — ,Cy
@@og%«%—U«ﬁ—c&—m—x¢5$c§—%ﬁ—«%+220
Observe that
? -2 —dax+2=(2-1>+(x—-1)2*-5(x—-1)-3
and
{r:(z-12+@—-12-5(z—-1)-3=0}={1+2:2°+2* 52 —-3=0}.
Since Cp > 3, we conclude that Cp > 1 + 7. O

Proposition 19 cannot be extended to graphs with diameter larger than 2, as the
following shows.

Example 21. The Doyle graph (also known as the Holt graph [13]) D is a vertex
transitive 4-regular graph of diameter 3 with 27 vertices which satisfies

CD > C%

Indeed, because D is a vertex transitive graph, if follows from Corollary 15 that

A |B(v,3)] [Bv, )] no k+1) 27 | 27
CD_C'l_Sup{|B(U,1|)’|B(v,0)| = sup P11 = sup 5,5 ==

On the other hand, being a 4-regular graph, we have C% = 5, and the claim follows.

QL

"‘Vlb‘ﬂ‘

/’(\&!&E /
"ﬁﬁfz.-;,

=0

FiGURE 3. Doyle graph.
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6. A CHARACTERIZATION OF GRAPHS WITH DOUBLING CONSTANT Cg < 3

Motivated by Smith’s description of graphs with spectral radius no greater than 2
[17], our purpose in this Section is to classify those graphs G with doubling constant
Cs < 3. Note that Cz = 2 only in the case when the graph consists of 2 vertices.
Let us begin with some simple facts steaming directly from the definition of Cg:

Lemma 22. Given a graph G and p a measure on G. Suppose v € Vi has degree
dy, > 3 and let (v;)%, be the set of its neighbors. Let ag = u(v), and a; = u(v;) for
1<i1<d,. Ifag < a; for some 1 <1 < d,, then CS > 3.

Proof. Suppose first that Z#i a; < ag, then there exists j # i such that a; < g
In this case, we have

0> p(B(vj, 1)) S Y + ag
p(B(v;,0)) a;

Otherwise, suppose now that > 4@ > ag. In that case, we have

0 - H(B(v,1)) Z;jioai
O uB,0) T

>d, > 3.

v

> 3.

O

Proposition 23. Let G be a graph. Under any of the following conditions we have
that C2 > 3:
(i) G contains a cycle.

(ii) G contains a vertex of degree strictly larger than 3.
(iii) G contains 2 vertices of degree at least 3.

Proof. To prove (1), let {v; : i = 1,...,m} C Vi be an m-cycle (m > 3); that is,
{v1,vm}, {vi,vi1} € Egfori=1...,m—1. For any measure p on G, let a; = u(v;)
fori =1,...,m. Let a;, = min{a; : 1 <i < m}. It follows that

o0 > 1By, 1)) i1 + iy + gt
o M(B<Ui070)) N Qig
Since p is arbitrary, we have CS > 3.
(ii): Suppose v € Vg has degree d, > 4. Let (v;)%, C Vg be the neighbors of .
For any measure p on G, let ap = pu(v) and a; = p(v;) for i = 1,...,d,. Suppose
first that

> 3.

dy

Z a; Z 2@0.

i=1

In this case, we have

OO > M(B(Uﬂ 1)) —_ Z?;O @ > 3.
" u(B(v,0)) a
Now, suppose on the other hand that

dy

Z a; < 2ayg.

i=1
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Then, necessarily, there is 1 < j < d, such that a; < Zﬂ. In this case, as d, > 4,
we have

(oo Bl D) aitag dy
PEB0) T 4 2
In either case, it follows that Cg > 3.

(#i): By (i) and (i), we can assume that G is a tree with maximal degree Ag = 3.
Hence, without loss of generality, we can assume that G contains two vertices of
degree 3, vy, ve, which are connected by a path of length p € N, {w;_1,w;} for
1 <4 < p, with all the vertices distinct from v; and v, having degree 2. Note that
v1 and vy could be neighbors; that is, p = 0, in which case, the same proof works.

Given any measure p on G, let a9 = p(vy), a; = p(w;) for i = 1,...,p, and
ap+1 = p(v2). By Lemma 22, we can assume ag > a; and a, < a,+1. It follows, that
there must be some 1 < i < p such that a; < min{a;_1, a;41}. Therefore, we have

0 > M(B(wz‘7 1)) > Qi—1 + a; + a;41

B 0) S wm

O

Remark 24. Alternatively, Proposition 23 can be proved using the monotonicity
of C2 (which is a consequence of Theorem 5) and the fact that the graphs S, for
n > 4, C, and lA)n satisfy C2 > 3. However, we included the proof above as it is
completely elementary.

If a graph satisfies Cg < 3, Proposition 23 implies that G must be a tree with
at most one vertex of degree 3, and all the remaining vertices have degree 1 or 2.
However, the list of graphs with Cg < 3 is even smaller: By Theorem 5, we have
that

1+ XM(Ag) = Cg < Cq <3,

so A\1(Ag) < 2. The finite graphs with this property have been considered in [17]
and [7] (see Figure 4).
In particular, we have

C}. =1+ 2cos

C) =1+2cos T
n

m
2(n — 1) 1

T ™ ™
Cp, =1 +2c0s 75, Cp. =1 + 2008 2 Cp, =1 +2c0s =5,
and
0 0 A0 A0 A0
3= CE6 = CE7 = Cﬁg =Cg, = Cf)n’
where n = |Vp, | = |V, | =[V5 | = Ve, |-
Corollary 25. The only finite graphs with Cq < 3 are Eg, Fr, L,, D,,, C,, and ZA)n

Proof. In [9] it is proved that Cf,, < 3 and in [19] it was checked that C¢, = 3.

On the other hand, consider in D,, the measure y that gives 1 to the two leaves
and 2 to the rest of the vertexes. It is easy to see that Cp, < C), = 3.

Let us consider in Fg the measure p and in E7 the measure v as in Figure 6. One
can check that Cgy < €, < 3 and Cg, < C, < 3. To see that C, > 3, one can
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FiGURE 4. Graphs with small doubling constant.

proceed similarly as we did in Proposition 20. If we denote by a; (1 < i < 8) a
sequence of optimal weights to compute Cg, (see Figure 6) one can check that

up{al+a2+a3+a4+as a1 +as+ag ax+ag+as ag+as+as

) ) Y Y

ai + as a2 a3 Q4
as+as+ag as+ag+ay; as+as+ ag + as + ag + ar + ag a3+a8}<0 —
as ’ ag ’ as + ag + ar " ag = ks ’
implies
(6) 2x — 827 + 142° — 102* — 42° + 112° — 627 + 2® > 0.

Since z > 2, x > r &~ 3.02058 where r is the biggest root of the polynomial in (6).
as

R

a ay az3 a4 a5 QA ar

F1GURE 5. Graph Eg.

Now, let 1o denote the measure associated to the Perron eigenvector of the adja-
cency matrix (see Figure 4). If G is Eg, E7 or Eg it can be numerically computed
that C,, > CSO so, by Proposition 18, Cz >3, Cp >3 and Cp, >3 (notice that

in Proposition 20 we computed the exact value of Eﬁ).
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Finally, a similar argument as in the proof that the counting measure A\ on L,
satisfies C'y = 3 can be used to show that Cﬁn = C’% = 3.

Eg 1.2237 FE- 1.17

1.7344 I 1.7344 1.67 I 1.825
[ 4 @ L L [ 4 @ L @ ® (.78
1 2.3964 1 1 2.338 1.305

FIGURE 6. Graphs Eg and E7.

O

The previous result can be extended to characterize those infinite graphs with
Ce < 3. To this end, let D, denote the infinite tree with one vertex of degree 3,
two of its neighbors being leafs and the remaining vertices having all degree 2.

Corollary 26. The only infinite graphs with Cg < 3 are N, Z, and D .

Proof. Suppose G is an infinite graph with Cg < 3. In particular, C2 < 3, so
by Proposition 9, every finite subgraph F' C G must have C% < 3. However, by
Corollary 25, the only finite graphs of arbitrary size are D,, and L,,. This makes N,
Z, and D, the only possible infinite graphs with constant no greater than 3.

The fact that actually Cy = C7z = 3 has been proved in [9]. As for Do, let (v;)jen
be an enumeration of the vertices, so that v; and vy correspond to the leaves, v3 is
the only vertex of degree 3, and the remaining vertices have degree 2. It is enough
to consider the measure given by

L, =12
:u(vj) = { 2, j >3,

and a straightforward computation yields Cp, < C, = 3. O
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