THE LEAST DOUBLING CONSTANT OF A PATH GRAPH
ESTIBALITZ DURAND-CARTAGENA*, JAVIER SORIAT, AND PEDRO TRADACETE**

ABSTRACT. We study the least doubling constant C among all possible doubling
measures defined on a path graph G. We consider both finite and infinite cases
and show that, if G = Z, Cy = 3, while for G = L,, the path graph with n
vertices, one has 1+ 2 cos( nL_H) < CL, < 3, with equality on the lower bound if
and only if n < 8. Moreover, we analyze the structure of doubling minimizers on
L,, and Z, those measures whose doubling constant is the smallest possible.

1. INTRODUCTION

This paper is motivated by the study of doubling measures on graphs, already
started in [10]. In order to properly explain our approach, we will first recall some
terminology from the abstract theory of measure metric spaces: Given a metric
space (X, d), a Borel measure p on X is said to be a doubling measure whenever
(1) C,= sup M < 00,

vexs>0 (B2, 7))
where B(z,r) = {y € X : d(z,y) < r} denotes the open ball of center x and with
radius r. The number C), is called the doubling constant of the measure p. Doubling
measures play a fundamental role in the extension of classical results in analysis on
Euclidean spaces to a more general setting (cf. [3, 7, 5, 6] for background and some
recent developments).

Associated to a metric space (X, d), the following invariant was introduced in [10]

C(x,q) = inf{C, : p doubling measure on X},

which will be referred to as the least doubling constant of (X,d). It was shown in
[10] that, if X supports a doubling measure and contains more than one point, then
C( x,d) = 2. This invariant is somehow related to metric dimension theory and our
purpose in this note is to study its properties in the context of graphs. We will only
deal with connected simple graphs (without loops nor multiple edges).

A connected simple graph G with vertex set Vi; and edges Eg can be considered
as a metric space with the path distance: Given vertices x,y € Vg, a path joining
x to y is a collection of edges of the form {{z; i, z;}}*, C Eg with 2y = = and
xr = y. In this case, we say that the path has length k. Thus, for z,y € Vg, the
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distance dg(z,y) is defined as the smallest possible length of a path joining x to y
(see [1] for standard notations and basic results for graphs).

A positive measure p on a graph G will always be determined by a weight function
p: Vo — (0,00), and despite the slight abuse of terminology we will write, for any
set A C Vi, u(A) = > ,c4i(v). Note that if Vi is finite, every measure on G is
doubling for an appropriate constant. However, it is worth to observe that there are
graphs which do not support any doubling measures, like the infinite k-homogeneous
tree T}, (see [9] and also [11] for further examples).

For simplicity, we will denote Ce; = C(v,.4,)- In [10], this invariant was computed
for certain families of finite graphs. Namely, let K, denote the complete graph with
n vertices, S, be the star-graph with n vertices (one vertex of degree n —1 and n—1
leaves), and let C,, be the cycle-graph with n vertices: Then, for n > 3, we have

(i) Ce, = 3,
(ii) Cg, =1+ +/n—1,
(i) Ck, = n.

Our main goal in this work is to enlarge this list by estimating the least doubling
constant of path or linear graphs L,,, N and Z, showing that, somehow surprisingly,
the situation strongly differs from the previous similar cases. Here, for n € N, the
path L, can be described as the graph with vertex set Vz, = {1,...,n} and edge set
Ep, ={{j,j+1}:1<j<n—1}. Similarly, we can view N and Z as infinite path
graphs with VN = N, VZ = Z, EN = {{],j+1} ] € N} and EZ = {{],]+1} : j S Z}
In particular, we will show that Cy = Cz = 3 = lim,,_,, C',,. In the finite case, we
will actually prove, in Theorem 26, that

1+2c:os< W1> <Cp, <3,

n +

with equality on the left hand side inequality only for 2 < n < 8.

The paper is organized as follows: In Section 2 we prove, in Proposition 2, that
the set of doubling minimizers is always a non-empty convex cone in the set of
measures over a graph. In Section 3 we obtain, in Theorem 10, the exact value of
the auxiliary constant

zeVg /,L(l') ’

which provides the lower bound for C'p . Section 4 is devoted to the case of the
infinite linear graph, Z, and we determine, in Theorem 13, that Cz = C9 = 3,
as well as the uniqueness of the minimizers given by the counting measure (see
Theorem 17). In Section 5 we prove in Theorem 20 that when computing the
least doubling constant C7,, it is not necessary to consider all possible quotients of
measures of balls, thus reducing the complexity of the problem to some simpler cases.
As a consequence of this, we deduce that the sequence of Cp is non-decreasing in
n € N (Proposition 21). In Section 6 we consider the most important properties
for the doubling minimizers on L, and prove, in Theorem 27, the fundamental
formula relating C), to some very concrete quotients, one of the basic results for
these measures. We finish, in Section 7, with some final remarks, comments and
open questions which we consider to be of interest for future developments.
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2. DOUBLING MINIMIZERS ON GRAPHS
Given a graph G, let diam(G) = sup{dg(z,y) : z,y € Vi }. It is easy to see that

w(B(z,2k+1)) diam(G) — 1“ }
p(B(z, k) 2 ’

the infimum being taken over all doubling measures p on G (if diam(G) = oo, then
k € NU{0}). Here, and throughout the rest of paper, B(z,r) = {y : d(z,y) < r}
denotes the closed ball with center  and radius r (in the discrete setting, we can
equivalently work with either open or closed balls), and [s] = min{n € Z : s < n}.

If the infimum in (2) is attained at some g (which is the case in particular for
finite graphs), such a measure will be called a doubling minimizer for G. Given a
graph G, with Cg < 00, let us denote the set of doubling minimizers by

DM(G) = {p: doubling measure on G and C,, = C¢}.

(2) C’G:infsup{ xevg,kez,ogkg[
m

We will see next that the set DM (G) is always a non-empty convex set. Before
showing this result, the following elementary lemma will be convenient throughout.

Lemma 1. Let (o)

"1, (B5)jLy be positive real scalars. We have that

Z " .
Zini gj = 1<]<m { B }

041_

Moreover, equality holds if and only 1 j , for every 1 <1,5 <m.
]

Proof. Since ; > 0, for every 1 < j < m, the inequality follows from Holder’s

inequality
Zl aj Z 1<]<m { } Z BJ
‘]:

In order to characterize equahty in the above expression, one can proceed by
21y

induction. Suppose S g = MaXigj<m {5‘ }, and let jo be an index such that
J=1rJ
/3]0 = MaX)<j<m {% . A simple algebraic manipulation yields that
J0 J
Uo + D 5ie ¥ _ o . 2itin ¥ _ %o
5]‘0 + Zj;éjo Bj 6]‘0 Zj;&jo Bj 53'0
Hence, we have that
max {—j} = @ < max{—j} < max {—]}
1<j<m L f3; dizjoBi  i#io L ; 1<j<m L 3;
This means in particular that
2 itio Y {ij}
Yo jnio B i LB

and we can conclude by induction. 0

Proposition 2. If G is a graph, with Cg < oo, then DM (G) is a non-empty convex
cone.
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Proof. We show first that DM (G) # ). For every n € N, let 1, be a measure on
G such that C,, < Cq + % Fix vg € Vg and set p, = Vn”(’éo). Thus, we have
C,, =Cy, < Ce+ 2+ and p,(vy) =1, for every n € N.

We claim that, for every v € Vi, we have that sup,, p,(v) < oo. Indeed, this will
follow by induction on m = d(v,vg): clearly, the statement holds for m = 0; that
is, when v = vp; now suppose sup,, i, (v) < oo, for every v € Vi, with d(v,vg) < m,
and let w € Vi with d(w,vy) = m + 1; we can pick v; € Vi with d(vi,v9) = m and
d(w,vy) = 1; hence, we have

pn(w) < pin(B(v1,1)) < C pn(v1),

and the claim follows.
Let now U be a free ultrafilter on N, and define x on G by

p(v) = lim g, (v),

where lim,,c;; denotes the limit along the ultrafilter. Note that p(v) is well defined
because of the claim. It is straightforward to check now that C,, = Cq¢.

Another elementary proof of this fact, in the case G is finite, goes as follows: Let
A be the counting measure and n = A(V). Then we have the trivial estimate:

Ce<Cy<n.

Note also that for > 0, C,, = C,, where au is the measure given by scalar
multiplication ([ap](j) = a - u(j) for every j € V). Therefore, we can assume
without loss of generality that the measures we deal with, when computing the
infimum in Cg, satisfy u(Vi) =1 and C), < n. Thus, for any such measure and any
J € Vg, we have, iterating (1):

1= u(Ve) = w(B(j,n)) < G182 () < nites2mu(j),

which yields

nto82m < min p(j).
j

We also have that max; u(j) < pu(Ve) = 1. Hence, if we consider the following
compact set (as a subset of R™, with the Euclidean topology):

K = {p:n 17" < pu(j) <1, for j € Vg,

then we have

Cq = inf C,.
¢ ;PelK "
Finally, note that the map
K — R
oo CM:sup{%w:jeVg,lgkgn—l}

is a continuous function, and we conclude that there is © € K such that Cq = C,,,
as claimed.

Let us now study the convexity property. In order to see that DM (G) is a convex
cone, it is enough to show that if uy, us € DM (G), then py + po € DM(G). Thus,



THE LEAST DOUBLING CONSTANT OF A PATH GRAPH 5

suppose C,, = Cg, for i = 1,2 and let p = p; + pe. For every j € Vi and
k€ {0,1,2,...}, and using Lemma 1, we have

u(B(,2k+1))  m(BU,2k+1)) + pa(B(, 2k + 1))
1(B(j, k)) (B4, k) + p2(B(J. k)
(B, 2k +1)) pa(B(, 2k + 1)
< max - , -
- { (B, k) p2(B(j, k)) }
< maX{ M1 MQ} = Ce.
It then follows that €, < Cg. By definition of Cg the conclusion follows. O

Remark 3. There is yet another proof of Proposition 2 based on a diagonalization
argument, avoiding the use of ultrafilters (and, hence, the Axiom of Choice). Re-
garding the geometry of DM (G), we will show, in Theorem 17, a uniqueness result
for the minimizers of G = Z; namely, DM (Z) is the ray generated by the counting
measure.

3. THE CONSTANT C? FOR FINITE LINEAR GRAPHS

An important information, related to Cg, is the consideration of the doubling con-
stant when restricted to the collection of neighbors of a given vertex. In particular,
for a doubling measure p of G, we define

01— up MBE 1)

zeVg /L(i[f) ’

and
C¢ = inf C}.
I

Observe that
Co < Cg.

Similar to the result in Proposition 2, it can be proved that the constant C2, which,
in general, is easier to calculate, is always attained for some particular doubling
measure . In fact, we are now going to find the exact value of the constant C7 .
The proof will be split in some elementary lemmas. Throughout this section, for a
doubling measure p on L, we set a; = u(j).

We first observe that, when computing the infimum defining Cy,, or C . the
following result allows us to assume that the measure is symmetric; that is, a; =
an+1—j. Recall that, by assumption, we have a; > 0, for every j.

Lemma 4. Given pu on Ly, let fi(j) = p(j) + p(n +1—j4). Then, C) < C}) and
C. < C,.

Proof. Given 0 < k < ("T’W, for every 1 < j < n, using Lemma 1 we have
A(BG2k+1))  pu(BU,2K + 1)+ p(B(n+ 1,2k + 1))

w(B(j, 2k + 1)) u(B(n+1—j,2k+1))
<max { S B T ) S SO

Hence, C; < C),. Setting k£ = 0, in the above inequality, we also get C’g < CS .U

We say that a measure 4 on L, has a local minimum if there is 1 < ¢ < n such
that a; S min{ai_l, ai+1}.
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Lemma 5. If a measure p on L, has a local minimum, then C’g > 3.

Proof. Let 1 < i < n be such that a; < min{a;_1,a;,1}. Clearly,

00 > p(B(i,1)) _ Gt ait aip S 3
= u(B(i,0)) a; -
12 ) i
O
The following particular measure will play a key role in our computations:
Lemma 6. Givenn € N, let 0 on L, be given by
(T >
o(j) = sin <n 1)
Then, C9 =1+ 2cos(;25).
Proof. Recall the well-known formula:
(3) sin(z 4 y) + sin(z — y) = 2sinz cosy.
Note that, for 1 < j < n, using (3), we have
() e ()
. = 2cos ( )
sin () n+1
Therefore, we have that
B(j,1
€0 = gup 28U
1<j<n 0(B(J,0))
sin ((;;:F) + sin (;—L) + sin <(J:+IF>
= sup :
1<jsn sin (nj_-l—l>
=14 2cos ( T )
n—+1
O

Note that the counting measure A (or equivalently a; = 1, for every j), satisfies
Cy = Cf =3 in Ly, so that when computing C7, we can restrict the infimum to the
set of measures with CS < 3, which is actually non-empty by Lemma 6.

Lemma 7. If i is a symmetric measure in L, with C’E <3, then a; < a; < %ai for
1<i<j<T3]

Proof. Using the symmetry and Lemma 5, we already know that a; < a;. Suppose
that for some 1 < j < [5] we had a;_; = a;. Then

00 > 1(B(j, 1)) _ @1+ 4+ G >3
e /L(B(%O)) aj B
Similarly, for j = [§], note that a;;; coincides either with a; or a;_; (depending on
whether n is even or odd), so if we had a;_; = a; in this case, it also follows that

0 > ,U(B<.77 1)) _ Cljfl + CLj + Clj+1
o M(B<]a O)) a;

= 3.
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For the other inequality, we will prove by induction that a;,; < ? a] for j < [5]:
For j =1, if we had as > 2a4, then

00 > p(B(1,1)) a1 +ap

#Z W(B(, ) e =

J
Now, suppose a; < pai

: . If we had a1 > 2 aj, then

CO> M(B(j,l)) _ aj_1+aj+aj+1 >j—1 +1+]+1 —3
“= W(B(,0) z ' m
2 J j J J
In particular, it follows that for 1 <i < j < [§] we have a; < %ai. O
Lemma 8. Letn € N, ay,...,a, € Ry, such that a; = a,11-; and a; < a;4q1, for

1 <i<[5]. Setting ap = any1 = 0 we have

Q;— a;
max {g}EQCOS( T )
1<i<n a; n+1

Proof. Let m = [4]. Dividing all the numbers a; by the largest of them, that is a,,,
we can take an increasing family (a;)2, C [0, §] such that for 1 <i <m

a; = sin ;.
Note that a,,, = 5. We set ag = 0 = 41, and for 1 <@ < m, let d; = a; — ;1.
Let 1 <19 < m such that

d;, = min d;.
0 i<m

Note that, in particular, since ZnH d; = m, we must have d;, < 5.

Now, we distinguish three cases:

(a) Suppose that d;,.; < -2—. Hence, using the trigonometric formula for the sum
of angles, the fact that COS x is a decreasing function for z € [0, 7] and the choice
of ig we have that

a;—1+ a1 SIN (v, —1 + SIN Q41
max { > 0 0

1sisn a; sin ay,
cos vy, , . .
= cosd;, + cosd;y 41 + © (sindjy41 — sind;,)
sin oy,
T
> 2cos ( )
n+1

(b) Suppose that ig = m. Note that we have «;, = 7/2 and depending on whether
n is even or odd we would have ;41 = vy, Or @41 = y—1. In either case we
have dj,1 < %5, and we proceed as in case (a).

(¢) Suppose now that ig < m and a;,11 — @i, = dig+1 > . In this case, we have
Qigr1 < /2 and

Qg1 = QG + n——l—l’ Q-1 2 QG — n+1
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Since sin x is an increasing function for = € [0, /2] we have that

{ai_l + Qiy1 } sin Qi1 + sin Qo +1
a;

max -
I<i<n SIn oy

sin(ay, — —) + sin(ay, + nLH)

sin oy,

sin a;, cos( oS v, sin(

n—l—l) n+1)

sin ay,

sin a;, cos(;77) + cos a, sin(

:2COS< T >
n+1

wi1)

sin g,

O

Remark 9. A different proof of Lemma 8 can be given using the Chebyshev polyno-
mials of the second kind [8], which are defined by means of the recurrence relation:

Up(z) =1
Up(z) =2z
Un(x) = 22U,

and observing that the roots of the equation U,(z) = 0, in increasing order, are

precisely

|

x” = cos M , for 7=1,....n
J n+1

1(x) = Up—o(z), k=2,3,...

Theorem 10. For n > 2 we have that C} =1+ 2cos <n+1>

Proof. By Lemma 6, we know that

0 _ 0 T
Cr, —1r#1fC’u§ 14 2cos <n—|—1>’

For the converse inequality, since an < 3, using Lemma 5 we can restrict our
attention to measures p with no local minimum. Moreover, by Lemma 4, we can
also assume that the measure is symmetric with respect to [5], and by Lemma 7

that a; < a;;1. In this case, Lemma 8 yields the conclusion. O

For a finite graph G, CY is related to the spectral properties of G, as the follow-
ing theorem shows (see also [2] for further results on this topic). Recall that the
adjacency matrix of a graph G is the matrix Ag whose (i, j) entry is 1, if the edge
(1,7) € Eg, and 0, otherwise.

Theorem 11. [4, Theorem 5] For every finite graph G, it holds that
Cgv — 1 + )\1(14(;),

where A\ (Ag) denotes the largest eigenvalue of the adjacency matriz of G. Moreover,
the unique minimizer for Cg, up to multiplicative constants, is the measure p given
by the Perron eigenvector corresponding to \i(Ag).
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4. 7, AS AN INFINITE LINEAR GRAPH

One can consider an asymptotic version of Theorem 10 as follows: Since

1+2008< T ) <0y, <3,
n+1
taking n — co we have that

n—oQ

As, 7Z can be viewed as the limit of L,,, it is natural to expect that Cz = 3. Actually,
the computation of Cz will be considerably simpler than (and independent of) that
of CLn .

For convenience, we need to recall the following well-known fact first.

Lemma 12. If (X,d) is a metric space with infinite diameter, then every doubling
measure (1 on X satisfies u(X) = oo.

Proof. Assume on the contrary that p(X) < co. Fix any z € X. Since pu(X) =
lim, o u(B(x, 1)), for every € > 0, we can find > 0 such that

p(B(z,r)) = (1 —e)u(X).

Take y € X such that d(x,y) > 3r. In particular, since B(y, d(z,y)—r)NB(z,r) = 0,
it follows that

p(B(y, d(z,y) — 1)) < ep(X).
On the other hand, because of our choice of y, we also have that
B(l‘, T) C B(y7 Q(d(‘r7 y) - T))
Hence,
(1 —e)u(X) < u(B(x,r)) < Cuu(Bly, d(z,y) — 1)) < Cuep(X).
Taking ¢ — 0 we reach a contradiction. 0

Theorem 13. C7 = CY = 3.

Proof. Let A\ denote the counting measure on Z. We have that
B AN B(n,2k +1)) 4k + 3
Cr = sup { MNB(n, k) 2% + 1

Hence, Cz < 3. Let us now see that C9 > 3. Let u be any doubling measure on Z.
For n € Z, let a,, = 1(n). Note that we can assume that for every n € Z

:nEZ,kGNU{O}}:sup{ :/{:ENU{O}}:&

(4) a, > min{a,_1, a1}
Indeed, otherwise for some n € N we would have

0 > H(B(na 1)) _ Ap—1 + Qp + Qpy1 >3
“Z W(B(n,0)) n =
Now, condition (4) for every n € Z implies that the sequence (a,)nez is either
monotone increasing, or monotone decreasing, or there is ng such that (a,)n<n, is

increasing and (ay,)n>n, is decreasing. Thus, we can consider the limits

L, =lma, and L_= lim a,.
n—oo n——oo



10 E. DURAND-CARTAGENA, J. SORIA, AND P. TRADACETE

Note that if L, or L_ belong to (0, 00), then C’S > 3. Indeed, assume for instance
L, € (0,00), then for every ¢ > 0 there is N € N such that |a, — L,| < ¢, for
n > N. In particular,

p(B(N+1,1))  an+any1 +anye  3(Ly —¢)

"7 WB(N +1,0)) aN+1 T Li+e en0

Therefore, we can restrict our analysis to the following three cases:

(1) (an)nez is monotone increasing with L_ = 0 and L, = oo, or
(ii) (an)nez is monotone decreasing with L_ = oo and Ly =0, or
(iii) there is ng such that (a,)n<n, is increasing, (a,)n>n, is decreasing, and L, =
L_=0.

Assume case (i) holds. Note that for every n € N, we have 0 < az—;l < 1. Suppose
first that
Ap—1

(5) lim sup =1

n——00 an

In this case, for every € > 0, there is m € Z such that

Aoy —
1—e< 1<,
am

Hence, we have

CO > :U’(B(m71>> _ am—1+am+am+1 > 3_5 _>3
7 u(B(m,0)) am, - e=0

On the contrary, suppose now that (5) does not hold. In that case, by the classical
ratio test it follows that the series ) _,a, converges. Let s =) _ a,. Since, by
hypothesis, L, = oo, for every M > 0, there is N € N such that ay > Ms.
Therefore, we have

c > p(B(=N,2N)) Zgz—:w n, - On
[l = >

H’(B(_N7 N)) 22:_2]\[ Qp, s
This shows that €', = oo, which is a contradiction.
Case (ii), follows by symmetry. Finally, in case (iii), Lemma 12 and the ratio test
imply that either

> M.

. (41
lim sup =1,

n—oo an

or

Ay
lim sup L= 1,
n——oo an

and we proceed as above to get CS > 3. O

A similar analysis can be made for N:
Theorem 14. Cy = CF = 3.

Proof. Let A denote the counting measure on N. Note that for j € N, £ > 0 we have
that

O T Sy
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Hence, we get that

_ AB(,2k+1))
C,\—sup{ NBGR) .jEN,k‘GNU{O}}
Ak +3 j—2 jA2%+1 j—2 ,
= 0< k< — : <9 —
max{sup{%ﬂ Osks— }’S“p{ % + 1 5 <k=J 1}’
J+2k+1 -

Thus, Cy < 3. Let us now see that C > 3. Let u be any doubling measure on N.
For n € N, let pu, be the restriction of u to L,,. Then, by Theorem 10,

™
1+2cos( 1) =(Cp, <Cp <O

n

The last inequality follows trivially since the only quotient for pu, to calculate an,
different for the measure y in N, is the one given at the leave n, on which we have

po(n = 1) + pin(n) _ p(n —1) + p(n) + p(n +1)
pin(n) pu(n) '

Hence,
lim ¢} =3<C), = 3<Ch

n—o0

O

In the remaining of this section we will see that the counting measure is the only
doubling minimizer on Z (up to multiplicative constant). To this end we need first
a couple of lemmas:

Lemma 15. Let i be a doubling measure on Z and set a; = pu(j), for j € Z. If
there exist j1 < jo < js in Z such that a;, < min{a;,, aj,}, then CS > 3.

Proof. Let jo € [ji1, js] be such that a;, = minjcy;, j,) a;. Let
jf=min{i > joia; > a;}  and  jy = max{j < jo:a; > ag ).
Note that jo < ji < js and j; < ji < jo. Now it is easy to check that

0 w(BGE —1,1)) w(B(jy +1,1))
C = max {mb —1,0))" u(B(y + 1,o>>} >

O

Lemma 16. Let p be a doubling measure on Z with Cg = 3. If there is jo € Z such
that aj, < ajy+1, then a; < ajiy for every j < jo.

Proof. Assuming the hypothesis we will see that a;,_1 < a;, and the result would
follow by induction. Suppose otherwise that

(6) Ajo—1 > jo -
Since C), = 3, in particular we have
@jo—1 + ajo + ajo+1 _ p(B(jo, 1))
Qj, M(B(jmo))
which can be rewritten as

Ajo—1 1 a;
(7) jo—1 ; jo+1 Sajo-
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Using the hypothesis, together with (6) and (7), we would have

Ujo—1 + Qjot1
2 — a]o:

which is a contradiction. O

ajo <

Theorem 17. A measure i on Z is a doubling minimizer if and only if it is constant.

Proof. Let us denote a; = p(j) for j € Z and suppose pu is not constant. In that
case, there exists jo € Z such that a;, # a;,4+1. Let us assume that a;, < aj,+1, as
the case with the opposite inequality would follow by symmetry. By Lemmas 15
and 16, we have to distinguish to possibilities:

(i) either a; < a;; for every j € Z; or
(ii) there exist jo < j1 < jo such that a; < a4 for j < ji, a; = aj, for j; < j < js
and a; > ajq for j > jo.

First, let us suppose case (i) holds. For every n € Z let p, be the measure given,

for j € Z, by
pn(J) = p(n+ ) + p(=7).

As a direct consequence of Lemma 1, it follows that C, = 3 for every n € Z.
Note that if lim;_,o a; = oo, then lim;|—,q p0(j) = 00; thus, if we set 7o such that
o(io) = minjez p1o(j), then for N > |ip| large enough we have in particular that
11o(N) = p1o(=N) > po(io), and by Lemma 15 we would have that C?, > 3, which is
a contradiction. Hence, we can assume that lim;_, a; = sup;cza; = M € R Let
also m = lim;_,_ a; = inf;cz a;, which satisfies m > 0.

We claim that in this case, for some n € Z we must have that the measure p,, is
not a multiple of the counting measure. Indeed, if this were not the case, then for
every n € Z there would be ¢, such that for every j € Z

Qp4j5 + a_j; = tn
In particular, taking 7 — oo, we get that for every n € Z
t, = lim (apy; +a—j) = M +m.
j—o0

Therefore, for every n,j € Z we have that a,,; — a_; = M + m, which implies in
particular that

an=M—+m — ag

for every n € Z. This is a contradiction with the assumption that p was not constant.

Therefore, we can take some n € Z such that p, is not constant. In that case,
Lemma 15 implies that p,, must have the form as in (ii) above and we would proceed
as below.

Suppose now that we have a non-constant measure p with C, = 3 satisfying
condition (ii). For simplicity, and without loss of generality using a translation
we can assume that ap = sup;cza;. As before let M = ag and m = lim;| o a;.
Let 0 < ¢ < X Let N € N large enough so that for every |j| > N we have
la; —m| < €. Let us consider a new measure fi obtained by combining the original
one and a translation: For j € Z let

i(j) = aj + aanj.
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It follows by Lemma 1 that Cj; = 3. However, we have that
((0) =ag+ asy =M +asy > M +m — ¢,
A(—2N)=a oy +ay=M+a_ony >M+m—c¢,
A(—N)=a_n+ay < 2m + 2.
By our choice of ¢ we have that i(—N) < min{i(—2N), 1(0)}, which is a contra-
diction with Lemma 15 and the fact that C}; = 3. U

Remark 18. It is noteworthy to mention that the symmetries of Z (translations
and reflections) are implicitly playing a role in the above proof. We also refer the
interested reader to [4] for further examples of graphs for which doubling constants
can be computed, and in particular several instances where the automorphism group
of the graph can be exploited.

It is somehow curious that DM (N) does not reduce to the ray generated by the
counting measure \:

Example 19. For a € [3,1], if A, denotes the measure on N given by
o [ ifj=1,
Aa(”_{ 1, ifj>1,
then C)_, = 3. Indeed, by Theorem 14, 3 = Cy < C), and, for j e NJif k < j—1

we have that '
Ao (B, 2k + 1))

Aa(B(j; k)
whereas for k > j — 1 we have
\ . :
a(B(],Z.k—i—l)): Oz—f—.]—l—Zk <94 <3
Ao(B(4,k)) a+j+k—-1 2k +1

ANB(j,2k + 1)) _
NBGR)

<

5. ESTIMATES FOR (7,

The purpose of this section is to show that the measures on L, we are interested
for computing the infimum C, have some nice properties. In particular, it is not
necessary to compute all possible quotients of measures of balls appearing in the
definition of C),. This will be useful later on to show that, actually, Cy,, is monotone
increasing in n.

For a measure p on L,, n > 3, let

) = {E T 0 < k< [}

and
p(BG2K+1) |
) =gy << Jal

51 -Jj—1 L fi—2 [m—2j7 rny]
5 — <b<min {72 52 [5] -
Notice that the balls in the denominator of M;(u) do not contain the vertex [5].
On the other hand, balls in the denominator of M(jt) do not contain the vertex [ 4]
neither, whereas balls in the numerator of Mj(p) always contain the vertex [%].

The following result is the main estimate we will use to study Cp, :



14 E. DURAND-CARTAGENA, J. SORIA, AND P. TRADACETE

Theorem 20. Let p be a symmetric measure on L. If CS < 3, then
Cy = max{M(u), Ma(p), C}-

Proof. The proof will be split in a series of claims. Given p with C’g < 3, by Lemma
7, we have that a; = p(j) satisfies that a; < a; < %ai for 1 <i < j<[5]. Also,
since a; = an41—;, when computing C,, we only need to consider balls centered at
a vertex 1 < j < [#]. In what follows, we will use the convention that a; = 0, for
[<0orl>n.

First, note that to calculate C), we only need quotients of balls for which the ball

in the denominator is contained in {1,...,[%]}:

2
Claim 1.

o (O << 2] (3]

Proof. Let 1 <j < [%] and k > [§] — j. Note that

min{k,j—1} N min{k,n—j}
pwBGE) = D a +M(B(j, [ﬂ —j)) + Y a4
i=[5]-j+1 i=[2]—j+1
and
min{k,j—1} ,
w(B(j, 2k + 1)) = Z (aj_2i—1 + aj_9) + /L<B (j, 2 ( [5-‘ - j) + 1>)

i=[2]-j+1

min{k,n—j}

+ Z (ajy2i + aji2ig1).
i=[3]-j+1

For each [§] —j < i <k, we have aj 9 + aj42i41 < 2a;4; and if j —i > 1 we also
have a;_9;—1 + a;_9; < 2a;_;. Therefore, by Lemma 1, we have that
M(B(ja 2k + 1)) {M(B(j7 2((%1 - j) + 1)) j—2i—1 + Qj—2; Qj12; + Aj12i+1 }

M(B(j’ k)) B :U’(B(.]a [%1 _j)) ’ Aj—i , Aj+i
B(7,2(|12]| —7 1
’ max{u( (J, (.bl ]).+ ))’2}
w(B(, (51 =)

Since C}, > 2 [10], the conclusion follows. O

Except for j = [%], we can actually assume that the ball in the denominator does
not contain the vertex [5]:

Claim 2. For 1 <j < [%], and k = [§] — j we have
MPGBE D) ((BG2E-1) )
n(B(j, k) n(B(j, k= 1))
Proof. As above, we have
u(B(j,2k + 1)) < w(B(j, 2k — 1)) + ajpor + Gjrokt1
uw(B(. k)~ w(B(j k= 1)) + ajri
w(B(j,2k = 1)) ajyor + aj+2k+1}
p(B(,k—-1))" jtk '

< max{
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The conclusion follows from the fact that a;ip = a2y > max{a; ok, @jt2k+1}- O

Claim 3. If k > [*2], then

p(B(; 2k +1)) _ ax{u(B(j, 2k —1)) p(B(j+k1)) wByG—F, 1))}
p(BG, k)~ p(B(j, k—1)) " u(B(j +k,0)) w(B(j — k,0)) )

the last term in the max appearing only when k < j.

Proof. Suppose k < j, then
MBU2k+ 1)) { aj-ok—1+ a0 W(B(J,2k — 1)) ajyon + ajiopi1 }
u(B(j,k)) ik L (B k—1)) " ik

Since k > [2521], we have that j+2k > n+1—(j+k+1) and j+2k+1 > n+1—(j+k).

Hence, by monotonicity and symmetry of the weights we have

Ajrok + Qjrokt1 o Onti—(htt) T Ont1—Gk) _ Gjk + Gjkrt - w(B(j +k, 1))
Ay N Ay Ajyk w(B(j +k,0))
Using the monotonicity we also have
Aj—2k—1 1+ Qj—2k < %i-k-1 +a; k(B -k 1))
> < - .
aj—f aj—k n(B(j — k,0))
The estimate when j < k is similar, only the term (a;_ok—1 + a;_2x)/a;_x does not
appear in the first quotient. O

Claim 4. Let a € (0,1). If k < &=L, j+ 2k + 1 < [2], then

WBG.2E41) (B2 — 1)
u(BG, k) Smax{u(Bu?k—l))’Q af:

Proof. For a € (0,1) we have k < ‘;]T;l < j, so we proceed as above:

MBG2k+1)) { ajok—1+ ajox W(B(J,2k — 1)) ajior + ajiok1 }
1(B(j, k)) aj—k "Bk —-1))7 @j+k
By monotonicity aﬂ’%;j% < 2. Now, as j +2k+1 < [5], by Lemma 7 we have

Ajyok + Qjiaki1 _ JH2k+j+2k+1

. <24+«
Ajtk J+k

Claim 5. If k> j — 1 then
pBG,2k+1)) _ B2 +k-1)+1))
u(B(, k) p(B(1,j+k—1))
Proof. It k > j — 1, then B(j, k) = B(1,j + k — 1). Hence,
p(B(: 2k +1)) (B, j+2k) _ pB(L2(G+k—-1)+1))

H(B(jv k)) a M(B(Lj +k— 1)) B N(B(Lj + k- 1))

<

Claim 6. If 22 < k < j — 1 then
p(B(j, 2k +1)) _ p(B(1,4k +1))
: <
n(B(j, k) n(B(1,2k))
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Proof. As k < j—1, we have that B(j, k) consists of 2k+1 vertices. By monotonicity
of the measure we have then that

w(B(j, k) > p(B(1,2k)).
Now, since k > % we have
B(j,2k+ 1) C B(1,j + 2k) C B(1,4k +1).

Therefore, we get
p(BU. 2K +1)) _ p(B(L 4k + 1))
u(B(, k)~ w(B(1,2k))

O

Now, let us finish the proof of the theorem. First note that using Claim 3 for
j = 1 it follows that

w(B(1,2k +1)) 0
Ml(u)gmax{sup{ (BLR) .k:ZO},C#}.
Given 1 < j < [%] and 1 <k < [§], in order to bound the quotient
n(B(j; 2k + 1))
u(B(j, k)
by Claims 1 and 2, we can assume without loss of generality that j + &k < [F].
Suppose first that k£ > j%Q, then by Claims 5 and 6,

1(B(j, 2k + 1))
(B, k))
Hence, we can assume k < 3%2 Let a = ?,}j—:g By Claim 4, for k < % =
long as j + 2k +1 < [5], we get

p(B,; 2k +1)) gmax{“(B<j’2k_1>> 5 2]'—2}'

< Mi(p).

j—2

R

Since j > 2, for n > 5 we have that
2j — 2 2 ™
2 <24 2<1+42 ( ): 0 <0,
Ty sty slres(n) =0, =0

Hence, for n > 5, as long as j + 2k +1 < [5], we can inductively reduce the radius
k, and we get
u(B(, k) 8
Note that for n < 4 one can directly see that the result holds.
An application of Claim 3 yields that the only quotients of balls which are not
bounded by M (u) or CS, are those appearing in the expression of My(u). This
finishes the proof. 0J

As an application of Theorem 20, we can show the following monotonicity property

of Cp,:

Proposition 21. For everyn € N, Cp < Cp

n+1°
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Proof. By Lemma 4, it is enough to show that for every symmetric measure p on
Ly, 41 there is a measure v on L, such that C,, < C),. We know Cp, < 3. If (', = 3,
the statement holds trivially (in fact, we will see in Theorem 26 that this case never
happens). Otherwise, if C,, < 3, we can always assume without loss of generality
that C), < 3. Given such p on L, 1, let us consider the measure v on L,, defined for
1 < j < n, as follows

: 1(5) if j < ["2],
v(g) = . e n
b) {M(]+1) if j > [2].
Let 0 < k < [252]. If follows that k +1 < [2+] and
v(B(1,2k+1)) [ “EGAEE if 2k +2 < [%7],
= _(rntl
v(B(1,k)) u(B(1,2llj(+BQ()i7kl;)([ =D og 42 > [ril,

Since p(2k + 3) < p([2£4]), it follows that M (v) < Mj(u).
Similarly, we have

¢ u(BG.Y) e radl
MEBni’?%) 2)+p([ 21D +u([ "5 1+1) R : It
vBGY) ) T ey =L
BN 1 AN D+a( )+ 224D e s e
l/( (]7 )) (B(2'+1 " u(f@-\—kl) 2 lf] —[ 2 —|7
) Lo n+1
| B+ ifj =[] +1
Note that
pl 1 =2 +p((H =D+ p(*7 1+ D) _ pB(* ] =L 1)
p(l51 1= 1) — uB([M5 = 1,0))
and also that
p(H =D+ p(E T+ D + (57 1+2) _ pB( 1+ 1L 1)
p([557 1+ 1) ~ uB([* +1,0))
Thus, CY < C}.
Finally, for j, k as in the formula for M,(v), we have j +k < [2] < [%5], which
implies that v(B(j,k)) = n(B(j, k)). Hence, we have
v(B(j,2k +1)) { uBUZ) g2kl g,
; =\ wBU2K+2)-u("F) . n
v(B(j, k) BT if j+ 2k + 1> [2H].
Since, pu(j 42k +2) < p([™1]), it follows that Ms(v) < C,. The conclusion follows
by Theorem 20. O

6. C, FOR A DOUBLING MINIMIZER ON L,

We will show now that for doubling minimizers on L,, one can actually get rid of
Ms(p) in Theorem 20. We emphasize that for this we have to make use of the fact
that a measure p is a doubling minimizer, and not only that C’S < 3.

To this end, let us introduce the following notation: given a measure p on L, a
vertex 1 <7 <mn and 0 € R, let ;9 be the measure given by

B mol) ={ 480 o HIT7
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Proposition 22. For every n € N, if u is a symmetric measure on L, such that

Cr, = C,, then
C, = max{M,(p), C})}.

Proof. Suppose (1 is a symmetric measure on L,, such that C,, = C), > max{M;(u), C’g}.
%

In particular, C,u([51])—p(B([5],1)) > 0. Hence, we can take 0 < & < C““([%Dc_ﬂ(f(( 1.))
and consider v = yirn) . as in (8) (note that e < pu([51])).
Observe that for 1 < j < [%], we have

v(B(5,1)) _ w(B(,1))
v(B(j,0)) ~ w(B(,0))
By our choice of € we also have
v(B([31,1) _ wB([5],1)) —¢
v(B([51,0)) = w(B([51,0)) —¢
Therefore, CY < C,,. Now for k < [252] < [2] we have
v(B(1,2k+1)) _ p(B(1,2k+1))
v(B(1,k)) p(B(1, k)
Thus, M;(v) < M;y(p) < C,..
Finally, for 1 < j < [2] and 22220 < & < [2] — i, we have

v(B(j,k)) 1(B(j, k)) "
Hence, My(v) < C,. Since CY < 3, we can apply Theorem 20, and it follows
that C, = max{M;(v), My(v),C.} < C, = Cp,. This is a contradiction, so C,, =
max{M;(u), C)} as claimed. O

<

0
<.

IN

< Cy.

IA

< Mi(p).

In order to improve this result we need to estimate the constants associated to
two measures playing a key role:

g

Lemma 23. Let o, A be the measures on L,, given by o(j) = sin (n—H) and A\(j) =1
for every 1 < 5 <n. We have that

(i) CO =1+ 2cos(r/(n+1)), Mi(c) >4 for n large enough, My(c) < 2.

(ii) O =3, My(\) =2, My(\) =7/3.

Proof. (i) C? has been computed in Lemma 6. For M;(c) note that given ¢ > 0,
there is m € N such that cos(m/m) > (1 — ). Hence, for large enough n, using the

well-known fact that sinz < x < tanxz for x € (0,7/2), we deduce that for j < ”TH
we have

; ' sin(-~
sin( JT )< JT (”H).
n+1/ " n+1" 1-—c¢
Hence,
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which approximates 4 for large enough n. Now, in order to estimate My(o) we

use that sin (%) + sin ((J:Tziﬂ) = ZSin(%)COS(n’II). Thus, for j, k as in the

expression of M, we have

o(B(j, 2k +1))  Siretsin(L07)  sin(H0T)

o(B(,k) T, sin({-07) 4 sin({2H07)

2%k+1 ;
Xty cos(hy)

= == ,
> iz0 Cos(nl—tl )

: +1 .
ST cos( i)
- Zmin{k,—"zl}

i=0 COS(ni_L)

where the last inequality follows from the monotonicity of cosine.
(i) For the counting measure, it is clear that C{ = 3, M;(\) = 2 and My()\) =
supy, ;”,:—f{’ =17/3. O

Lemma 24. C} =Cp, <= 2<n <8

Proof. The fact that, for 2 < n < 8 we have that an = (', is a straightforward
calculation and can be computed using an easy optimization argument. Let us now
see what happens if n > 9. Let o be as in Lemma 23. We claim that if C’gn =0,
then

(9) Cp=0C9 .
Indeed, if p is a minimizer for C, (see Proposition 2), then
Ch<Cu=Cp,=C} <CY,

and, using the uniqueness of the Perron eigenvector in Theorem 11, we obtain that,
for a positive constant ¢ > 0, y = co. Therefore, C, = C, = Cp,, = an.

We now estimate M, (o) from below, using the ball of radius k& = 1:

. s : 27 s 3 . 4
M(O’) SmnH—|—Slnn+1—I—Smnﬂ—i—smn+1
! - sin - + sin 2%
n+1 n+1
qin =27 gip 27

2(n+1) n+1

3 s 3 s ™
sin gy sin 25 (1 4 2 cos 77)
28in 52— cos —2—
. 2(n+1) n+1
T 7r T\
$in gy (1 + 2 cos 735)

Thus, in order to prove that M;(c) > 1+ 2cos(w/(n+ 1)), it suffices to study when

the function '
sin bx cos 2x

1
flw) = sinz(1+ 2cos2z)? 2
satisfies that f(x) > 0. But, it is easy to see that
2cosbr — 1

T
= > (0 «<— < —.
J) = S0 5 cos00)? ST
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Hence, with xz = ﬁ, we conclude that

M1(0)>1+2(:os< W1> < n>0.

n

Therefore, if n > 9 we get that C, > M;(c) > C7,, which, by (9), implies that
an < CL,L' [l

Proposition 25. If i is a symmetric measure on L, such that C, = Cy,,, then

Proof. 1f C,, = C',,,, by Proposition 22 we know C,, = maX{CE, M;(p)}. In order to
prove the statement we will proceed by contradiction. Suppose first M;(pn) < Cp,,.
By continuity of the function M;(+) at u, there is € > 0 such that for any measure v on
Ly, with maxi<j<,{v(j)} <1, we have that M;(u+ev) < Cr,. Let o(j) = sin(;15).
Also, we have that

CO

0 0
reo < max{C),,CJ} < Cp,,

but since CY = 1+ 2cos(;57) < CL,, for n > 9 (see Lemma 24), we must have

Chyeo < Cp,. Similarly, we have
Ma(p + e0) < max{Ms(n), Ma(0)},

but since Ms(0) < 2 < Cf,, (by Lemma 23) we must have My(p+ec0) < Cp,,. Thus,
by Theorem 20 we would have that C,,., < Cr,. This is a contradiction.

Now, suppose that C’S < (1, . In that case, by continuity of C’g, there is € > 0 such
that for any measure v on L, with max;<j<,{v(j)} < 1, we have that C},_, < Cp,.
Let A(j) = 1 for every 1 < j <n. Then, C},_, < Cf,. Also we have

My(p+ eX) < max{M;(u), Mi(A)}

and
My(p+eX) < max{My(u), Ma(M\)}.

By Lemma 23, both M;(\) < Cf, and My(\) < Cr,. Hence, by Theorem 20, we
would have C);.» < Cp,,. Again a contradiction. O

Theorem 26. For every n € N, we have that
) <c, <3,

an:1+2(:os< i
n

and, moreover,
ClL =Cp, < 2<n<8.

Proof. By Theorem 10 we know already that C? =14 2cos (;%5), C7 < Cy, by
definition, and, for the counting measure A\, C, < C) < 3. If Cp, = 3, then A
would be a minimizer. By Lemma 23, we know that M;(\) = 2. But, the previous
Proposition 25 tells us that, in this case, M;(\) = CL,, = 3, which is a contradiction.

The second claim is precisely Lemma 24. O
Theorem 27. For everyn € N there is 2 < j < [2] and k < ["52] such that every
doubling minimaizer p on L, satisfies

p(BG,1) _ p(B(,2k +1))
u(B(5,0)) u(B(1, k)

=,
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Proof. Suppose otherwise, for every 2 < j < [§] there is p; on L, such that C,, =
Cr, and
(B(j,1
(B, 1) o
1;(B(5,0))
Let p = Z; luj It is clear from Proposition 2 that C, = Cp,. However, by
Lemma 1, it follows that C’g < (', . Taking the symmetrization of u this leads to a

contradiction with Proposition 25.
Similarly, if for every k < [%52] there is 1, such that C,, = Cy, and

e (B(1,2k + 1))
e (B(L, )

then p =), py satisfies C,, = C,, but M;(p) < Cp,. This is a contradiction with
Proposition 25. O

< CL,”

However, starting with an arbitrary doubling minimizer we next show how to
modify it to construct another one with somehow better properties:

Proposition 28. For every n € N there is a symmetric measure p on L, such that

_ o _ MBAELY) _ p(BOL2k+1) _ p(B(21)

p(B([51,0) uB(L k) pu(B(2,0)

where k is given as in Theorem 27.

Cr

n

Proof. Let p1 be a symmetric measure on L, such that C,, = Cp,. Suppose that
M <Cy. Let d, = 3+( D" and set

n(B([51,0))
Cup([51) —p(B([51,1))
C,—d, ‘
Let v be the measure ji[z) . given as in (8) (note that & < u([31)).

The same reasoning as in the proof of Proposition 22 yields C,, = C),. Moreover,
by our choice of € we have

v(B([51,1) _ w(B(15
v(B([31,0)) p(l
By Theorem 27, we have

v(B(151,1) _ v(B(L,2k+1))

v(B([51,0)) v(B(1,k))

Now, suppose v does not satisfy the requirements of the claim, that is Z(g(;’é)) < CL,.
Let

C, =

0= Cpv(2) —v(B(2,1)),

and set U = 149 as in (8). It is clear that

v(B(2,1)) _ v(B(3].1))
v(B(2,0))  v(B([51,0))
It is also clear that C9 < C° and M,(v) < M;(v). Finally, since 1 ¢ B(j,2k + 1)

for every j, k appearing in the expression for My (7), it follows that My (v) = Ma(v).
Hence, C; = C, = C,,, so v satisfies the requirements in the claim. O

=Cy

nt
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7. FINAL REMARKS

In this section we are going to recollect several remarks and open questions that
we find of interest for possible future developments. Some of them are a natural con-
sequence of the results we have already proved, and have been numerically checked
on a computer, up to a certain degree of accuracy.

— It would be interesting to find out the explicit relation between n and k in The-
orem 27, as this would improve the lower bound 1+ 2cos(w/(n+1)) < C,. We
have observed numerically that for n < 200 one essentially has k = [23°].

— Related to Theorem 27 and Proposition 28 we have observed that, in all cases
we have been able to explicitly calculate Cp,, most of them with the help of a
computer, the following holds:

For every n > 2, there exists a symmetric doubling minimizer ¢ € DM (L,) such
that,
(i) There exists k € NU {0} for which
C, — u(B(1,2k + 1)) _ w(B(n, 2k + 1))
" u(B(1,k)) p(B(n, k))

(ii) For every j € {2,...,n — 1},

If this were the case, knowing k as in the previous remark, it would a priori be
possible to implement an algorithm to determine C'y = and calculate p solving the
following system of [%] rational equations and unknowns (with the normalization
u(1) =1 and writing C' = Cp,,):

PR Y0
1+, ()
o= 1+ u@) + )
1(2)
o = HM2) +p(B) + ul4)
1(3)

o= MIE1 =+ p(5]) +p(l5] +1)

( u(l51) '

In particular, we have been able to solve these equations for n < 201 (recall that
by Proposition 26 we have that C;, = 1+ 2cos (HLH), if 2 < n < 8). These are
some examples:

Cr, =~ 2.9051661677540188 is the largest root of the equation
xt —52° + 72* = 3z + 1 =0.
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CrL,, =~ 2.9229996101689726 is the largest root of the equation
' —32° +2—-1=0.

Cr., = 2.9969167359239086 is the largest root of the equation

2% — 252 4 2762 — 17472 + 68082*2 — 15708x2!
+ 14861220 4 240912 — 926822'® + 8705727 + 77858216
— 2345882'° + 1023272 + 1991712 — 22505722
— 41798z 4 1650002 — 365312 — 587632° + 2575927
+100112°% — 62682° — 6462* + 5972° + 62> — 122 = 0.

— Contrary to what happens for Z (Theorem 17), we do not know whether there
is a unique doubling minimizer on L, (up to multiplicative constants). Observe
that, as Example 19 shows, uniqueness does not hold in N.

— Further extensions to more general graphs GG will be considered in the forthcoming
paper [4]. In particular, the connection of the constant CY to spectral properties,
the symmetries of doubling minimizers with respect to Aut(G), the group of au-
tomorphisms of GG, and the characterization of those graphs for which Cq < 3.
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