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Abstract. A version of the Fréchet-Kolmogorov theorem for the
compactness of operators in weighted mixed Lebesgue spaces is
proved and a corresponding compact extrapolation theory a la Ru-
bio de Francia is developed. Several applications are presented too.

1. Introduction

The extrapolation result by Rubio de Francia has become a powerful
tool for extending the weighted boundedness of an operator from Lp(w)
for every w ∈ Ap to boundedness from Lq(w) for every w ∈ Aq ([22,
11, 9]).

More recently, several authors have investigated extending Rubio de
Francia’s extrapolation result to the category of compact operators on
weighted Lebesgue spaces. Contributions from Cao, Olivo, and Yabuta
[4]) along with Hytönen and Lappas [16] (see also [23]), have established
linear, multilinear, and off-diagonal results. The two groups of authors
adopt different approaches: while both use a combination of interpo-
lation and extrapolation techniques, the former relies on the classical
Fréchet-Kolmogorov theorem to characterize precompactness, whereas
the latter employs more abstract arguments concerning compact op-
erators. Generally speaking, these works show that if an operator is
compact on a specific initial weighted Lebesgue space, then it is also
compact on all corresponding weighted Lebesgue spaces with Mucken-
houpt weights.
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houpt weights, compact operators, extrapolation.
The first author has been partially supported by grants PID2020-113048GB-

I00 funded by MCIN/AEI/10.13039/501100011033, CEX2019-000904-S funded by
MCIN/AEI/ 10.13039/501100011033 and Grupo UCM-970966 (Spain). The second
author is supported by grant PID2020-113156GB-I00, Spanish Government; by the
Basque Government through grant IT1615-22 and the BERC 2014-2017 program
and by BCAM Severo Ochoa accreditation SEV-2013-0323, Spanish Government.

1



2 M. J. CARRO, C. PÉREZ, AND R.H. TORRES

In this article, we build upon the results in [5], where a notion of
uniform compactness was introduced and applied via extrapolation to
derive new compactness results for pseudodifferential operators. While
this assumption of uniform compactness is stronger than the assump-
tions used in other places in the literature, it provides a very straight-
forward way to extrapolate compactness via an application of a modern
form of the Rubio de Francia extrapolation of continuity result and it is
easy to verify in applications. We will extend these ideas to the context
of weighted mixed Lebesgue spaces, defined as follows

Definition 1.1. Given 1 ≤ p, q < ∞ and two weights u in Rn and v
in Rm, we define the space

LpuL
q
v(Rn+m) = {f : Rn+m → C measurable : ‖f‖LpuLqv(Rn+m) <∞},

where

‖f‖LpuLqv(Rn+m) =

(∫
Rn

[∫
Rm

f(x, y)qv(y)dy

]p/q
u(x)dx

)1/p

.

The unweighted version of these spaces was introduced and thor-
oughly studied by A. Benedek and R. Panzone in [1]. See [18] and the
reference therein for further properties in the weighted case.

When the dimensions are clear from the context or do not need to
be specified, we will simply write LpuL

q
v. We observe that if p = q, then

LpuL
q
v = Lp(w) is the standard Lebesgue space on Rn+m with weight

w(x, y) = u(x)v(y).

2. Preliminaries

2.1. Weights. By a weight we mean a non-negative, measurable, and
locally integrable function. We recall that a weight w belongs to the
class Ap, with 1 < p <∞ and 1

p
+ 1

p′
= 1 , if

[w]Ap = sup
Q

(∫
Q

w(y) dy

)(∫
Q

w(y)1−p
′
dy

)p−1
<∞.

As it is usually done, we have used here the notation
∫
E
f dx = fE =

1
|E|

∫
E
f dx for the average of f over E with respect to the Lebesgue

measure. Likewise, for a given measure µ defined for every cube Q,
we will write fQ,µ =

∫
Q
fdµ := 1

µ(Q)

∫
Q
fdµ. In the particular case of

densities given by a weight w, we will write fQ,w = 1
w(Q)

∫
Q
fwdx.
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The number [w]Ap above is called the Ap constant of w. A weight w
belongs to the class A1 if there is a constant C such that∫

Q

w(y) dy ≤ C inf
Q
w,

and the infimum of these constants C is called the A1 constant of w.
We will need the following well known property of the Ap weights.

Using Hölder’s inequality with p and its conjugate p′, we have that for
every cube Q and every g ≥ 0,

(1)

∫
Q

g dx ≤ [w]
1
p

Ap

(
1

w(Q)

∫
Q

gpwdx

) 1
p

.

Specializing inequality (1) for g ≡ χE we obtain that, for any measur-
able set E ⊂ Q, that

(2) w(Q) ≤ [w]Ap

(
|Q|
|E|

)p
w(E)

Since the Ap classes are increasing with respect to p, the A∞ class
of weights is defined in a natural way by

A∞ = ∪p>1Ap,

and it is characterized by means of this constant

[w]A∞ := sup
Q

1

w(Q)

∫
Q

M(wχQ) dx,

as considered in [14] (see also [15]). In fact we will use the following
“precise openness property” in the proof of Theorem 4.1 whose proof
can be found in [15].

Let 1 < p <∞ and let w ∈ Ap. Then w ∈ Ap−ε where

(3) ε :=
p− 1

(rσ)′
=

p− 1

2n+1[σ]A∞
,

and, as usual, σ = w1−p′ . Furthermore,

(4) [w]Ap−ε ≤ 2p−1[w]Ap

The proof of this result is based in the following “precise reverse
Hölder property”: Let

(5) rw := 1 +
1

2n+1[w]A∞ − 1
.

Then for any cube Q, we have that

(6)

(∫
Q

wrw dx

) 1
rw

≤ 2

∫
Q

w dx.
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In the proof of Theorem 4.1 we will be considering weights w in the
class A2 and then in this case we can replace the ε from (4) by

ε :=
1

2n+1[w]2

since σ = w−1 and, in this case, [σ]A∞ ≤ [σ]A2 = [w]A2 .
A well-known result obtained by Muckenhoupt [20] is that the Hardy-

Littlewood maximal function,

Mf(x) = sup
Q3x

1

Q

∫
Q

|f(y)|dy,

satisfies M : Lp(w)→ Lp(w) if and only if w is in Ap.

2.2. Sharp maximal operators. Let M# be the usual sharp maxi-
mal function of Fefferman and Stein [12],

M#f(x) = sup
Q3x

inf
c

∫
Q

|f(y)− c| dy ≈ sup
Q3x

∫
Q

|f(y)− fQ| dy.

For a given δ ∈ (0,∞) we will use the notation

Mδf(x) =
(
M(|f |δ)(x)

)1/δ
.

and

M#
δ f(x) =

(
M#(|f |δ)(x)

)1/δ
=
(

sup
x∈Q

∫
Q

||f |δ − |f |δQ|dx
)1/δ

The following form of the classical result of Fefferman and Stein [12]
(see also [17]) will be useful for our purposes.

Let 0 < p, δ < ∞ and let w be a weight in A∞. Then, there exists
C > 0 (depending on the A∞ constant of w), such that

(7)

∫
Rn

(Mδf(x))pw(x)dx ≤ C

∫
Rn

(M#
δ f(x))pw(x)dx,

for all function f for which the left hand side is finite.

2.3. Extrapolation. We begin this section by recalling a modern ver-
sion of the Rubio de Francia extrapolation theorem.

Theorem 2.1. Let F be a family of pairs of functions (f, g) such that,
for some 1 ≤ p0 < ∞, every w ∈ Ap0, every (f, g) ∈ F , and an
increasing function ϕ,

‖g‖Lp0 (w) ≤ ϕ([w]Ap0 )‖f‖Lp0 (w).
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Then, for every 1 < p < ∞ there exists and increasing function φp
depending only ϕ such that for every w ∈ Ap and every (f, g) ∈ F ,

‖g‖Lp(w) ≤ φp([w]Ap)‖f‖Lp(w).
The dependence of φp on ϕ and p can be tracked explicitly; see [11,

Theorem 3.1]. In fact, we shall require the following more specific
version which can be found in [5].

Theorem 2.2. Let W > 0 and let F be a family of pairs of measurable
functions so that, for some p0 > 1

ϕ(W ) := sup
‖w‖Ap0≤W

sup
(f,g)∈F

‖g‖Lp0 (w)
‖f‖Lp0 (w)

<∞,

then, for every p > 1 there exist constants C1 and C2 so that if M > 0

satisfies that C2M
max(1,

p0−1
p−1

) = W , then

sup
‖w‖Ap≤M

sup
(f,g)∈F

‖g‖Lp(w)
‖f‖Lp(w)

≤ C1ϕ(W ) <∞.

We will also use an extrapolation theorem based on the A∞ class
in contrast to the usual Ap0 condition, p0 ∈ (1,∞). This approach
originated in [8, 19] and was subsequently expanded in [10].

Theorem 2.3. Let F be a family of pairs of functions (f, g) such that,
for some 0 < p0 <∞, every w ∈ A∞ and every (f, g) ∈ F ,

‖g‖Lp0 (w) ≤ ϕ([w]A∞)‖f‖Lp0 (w)
for some increasing function ϕ. Then for every 0 < p <∞ there exists
an increasing function φp depending only ϕ such that for every w ∈ A∞
and every (f, g) ∈ F ,

‖g‖Lp(w) ≤ φp([w]A∞)‖f‖Lp(w).
A theory of extrapolation in weighted mixed Lebesgue spaces has

been previously developed by Kurtz. In fact, the following theorem was
proved in [18] but we include a simpler proof as a direct application of
Theorem 2.1.

Theorem 2.4. Let F be a family of pair of functions (f, g) defined
on Rn+m such that, for some p0 ≥ 1, every w ∈ Ap0(Rn+m) and every
(f, g) ∈ F ,

(8) ‖g‖Lp0w (Rn+m) ≤ ϕ([w]Ap0 )‖f‖Lp0w (Rn+m),

for some increasing function ϕ. Then, for every 1 < p, q < ∞, there
exist a function ψp,q such that for every u ∈ Ap(Rn) and every v ∈
Aq(Rm)

‖g‖LpuLqv ≤ ψp,q([u]Ap , [v]Aq)‖f‖LpuLqv ,
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for all (f, g) ∈ F .

Proof. Fix q > 1. By Theorem 2.1, we have that (8) implies that, for
every w ∈ Aq(Rn+m),

‖g‖Lq(w) ≤ φq([w]Aq)‖f‖Lq(w).

Let now fix v ∈ Aq(Rm) and let us consider the function

G(x) =

(∫
Rm
|g(x, y)|qv(y)dy

)1/q

,

and similarly define F by replacing g with f . Then, for every u ∈
Aq(Rn), we clearly have that u ⊗ v ∈ Aq(Rn+m) with [u ⊗ v]Aq ≤
[u]Aq [v]Aq , and hence

‖G‖Lqu(Rm) = ‖g‖Lqu⊗v(Rn+m) ≤ φq([u⊗ v]Aq)‖f‖Lqu⊗v(Rn+m)

≤ φq([u]Aq [v]Aq)‖F‖Lqu(Rm)

≤ Φq,[v]Aq
([u]Aq)‖F‖Lqu(Rm),

where Φq,[v]Aq
([u]Aq) = φq([u]Aq [v]Aq) is an increasing function of [u]Aq .

Using Theorem 2.1, we conclude that for every 1 < p <∞ there exists
an increasing function Ψp depending on Φq,[v]Aq

such that for every

u ∈ Ap(Rn),

‖g‖LpuLqv(Rn+m) = ‖G‖Lpu ≤ Ψp([u]Ap)‖F‖Lpu = ‖f‖LpuLqv(Rn+m).

Observe that Ψp([u]Ap) is really a function ψp,q([u]Ap , [v]Aq) and the
result follows. �

We note that using the precise estimates in [11, Theorem 3.1] one
can check that ψp,q is actually increasing in each variable.

The following result (also proved in [18]) follow as an easy corollary
of Theorem 2.4.

Corollary 2.5. Let M be the Hardy-Littlewood maximal operator in
Rn+m then, for every 1 < p, q <∞, u ∈ Ap(Rn) and v ∈ Aq(Rm),

M : LpuL
q
v −→ LpuL

q
v,

with norm controlled by ϕp,q([u]Ap , [v]Aq), with ϕp,q an increasing func-
tion.

Another corollary of Theorem 2.4 is an extension of the Fefferman-
Stein inequality (7) within the context of weighted mixed Lebesgue
spaces.
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Corollary 2.6. Let M and M# be the Hardy-Littlewood maximal op-
erator and Fefferman and Stein sharp maximal function in Rn+m. Let
0 < p, q <∞, δ > 0 and let u ∈ A∞(Rn) and v ∈ A∞(Rm). Then there
exists a function ψ increasing in each variable such that

‖Mδf‖LpuLqv ≤ ψp,q([u]A∞ , [v]A∞)‖M#
δ f‖LpuLqv .

Proof. By the classical result of Fefferman-Stein (7) for any 0 < p, δ <
∞, any w ∈ A∞(Rn+m)

‖Mδf‖Lq(w) ≤ cq,n [w]A∞‖M
#
δ f‖Lq(w).

Now, let v ∈ A∞(Rm). As before, define the function

G(x) =

(∫
Rm
|Mδf(x, y)|qv(y)dy

)1/q

,

and similarly define F by

F (x) =

(∫
Rm
|M#

δ f(x, y)|qv(y)dy

)1/q

.

Observing that for every u ∈ A∞(Rn) and v ∈ A∞(Rm) we clearly have
that u ⊗ v ∈ A∞(Rn+m). Moreover, if we denote by Qn cubes in Rn

and similarly Qm, then

[u⊗ v]A∞ ≤ sup
Qn×Qm

1

u(Qn)v(Qm)

∫
Qn×Qm

M
(
χQn×Qmu⊗ v

)
(x, y)dx

≤ sup
Qn×Qm

1

u(Qn)v(Qm)

∫
Qn×Qm

M(χQnu)(x)M(χQmv)(y)dx

≤ [u]A∞ [v]A∞ ,

and hence, we have that

‖G‖Lqu(Rm) = ‖Mδf‖Lqu⊗v(Rn+m) ≤ cn,m,q [u⊗ v]A∞‖M
#
δ f‖Lqu⊗v(Rn+m)

≤ cn,m,q [u]A∞ [v]A∞‖F‖Lqu(Rm).

Using Theorem 2.3, we conclude that, for every v ∈ A∞(Rm) and every
u ∈ A∞(Rn),

‖Mδf‖LpuLqv(Rn+m) = ‖G‖Lpu ≤ ψp,q([u]A∞ , [v]A∞)‖F‖Lpu
= ‖M#

δ f‖LpuLqv(Rn+m),

concluding the proof of the corollary. �
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3. Compactness in weighted mixed Lebesgue spaces

We begin by extending the Fréchet-Kolmogorov compactness the-
orem to the setting of weighted mixed spaces. The following result,
concerning weighted Lebesgue spaces, was proved by Clop and Cruz
[6].

Theorem 3.1. Let 1 < p <∞ and u ∈ Ap Then F ⊂ Lpu is relatively
compact in Lpu if the following conditions hold.

(1) There exists K > 0 such that, for every f ∈ F , ‖f‖Lpu ≤ K.
(2) For every ε > 0, there exists R > 0 such that

‖χB(0,R)cf‖Lpu < ε,

for all f ∈ F .
(3) For every ε > 0, there exists δ > 0 so that, for every h, |h| ≤ δ,

‖f − f(·+ h)‖Lpu ≤ ε,

for all f ∈ F .

Definition 3.2. A subset A of a metric space (X, d) is called totally
bounded if, for every ε > 0, there exists a finite collection of points
x1, x2, . . . , xn ∈ X such that

A ⊆
n⋃
i=1

B(xi, ε),

where B(xi, ε) = {y ∈ X : d(xi, y) < ε}.

This means that the set A can be covered by a finite number of
open balls of arbitrarily small radius, reflecting a certain compact-like
behavior.

We will use the following lemma, which appears in [13] and was also
employed in [6].

Lemma 3.3. Let X be a metric space. Suppose that for every ε > 0,
there exists δ > 0, a metric space W and a mapping Φ : X → W , such
that Φ(X) is totally bounded, and the implication

d(Φ(x),Φ(y)) < δ =⇒ d(x, y) < ε

holds for any x, y ∈ X. Then X is totally bounded.

Following the approach in [6], we prove the following extension of the
Fréchet-Kolmogorov compactness theorem to weighted mixed spaces.

Theorem 3.4. Let 1 < p, q < ∞, u ∈ Ap, and v ∈ Aq. Then
F ⊂ LpuL

q
v is relatively compact in LpuL

q
v if and only if the following

conditions hold.
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(1) There exists K > 0 such that, for every f ∈ F , ‖f‖LpuLqv ≤ K.
(2) For every ε > 0, there exists R > 0 such that

‖χB(0,R)cf‖LpuLqv < ε,

for all f ∈ F .
(3) For every ε > 0, there exists δ > 0 so that, for every h =

(h1, h2), |h| ≤ δ,

‖f − f(·+ h1, ·+ h2)‖LpuLqv ≤ ε,

for all f ∈ F .

Proof. For notational simplicity, we will denote cubes in Rn by Q, cubes
in Rm by Q′ and cubes in Rn+m by Q′′.

We begin by proving the sufficient conditions. Let ε > 0 be given
and choose R > 0 such that, by (2)

(9) sup
f∈F
‖f − fχQ′′(0,R)‖LpuLqv ≤

ε

8
.

Condition (3) guarantees the existence of a δ > 0 such that

(10) sup
|h|≤δ

sup
f∈F
‖f − f(·+ h)‖LpuLqv ≤

ε

8
.

Now, given R > 0 and δ > 0, let us consider {Qi × Q′i}Ni=1 pairwise
disjoint such that, l(Qi) = l(Q′i) = δ, and

Q′′(0, R) ⊂
⋃
i

Qi ×Q′i.

Now, let us define the linear operator

Φ(f)(x, y) =
∑
i

(
1

|Qi ×Q′i|

∫
Qi×Q′i

f(z, ξ)dzdξ

)
χQi×Q′i(x, y).

Notice that Φ(f)(x, y) ≤ Mf(x, y), where M is the Hardy-Littlewood
maximal operator in Rn+m. Therefore, by Corollary 2.5,

Φ : LpuL
q
v → LpuL

q
v

is bounded. Moreover since F is bounded and Φ(f) takes only a finite
number of values, for each f ∈ F , Φ(F) is a totally bounded set in a
finite dimensional space.
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On the other hand, if Qδ = Q(0, δ) is the cube centered at 0 and side
length δ, (resp. Q′δ = Q′(0, δ)) in Rn (resp. Rm), then

‖fχ∪iQi×Q′i − Φ(f)‖LpuLqv

=

∣∣∣∣∣
∣∣∣∣∣∑

i

(
1

|Qi ×Q′i|

∫
Qi×Q′i

f(x, y)− f(z, ξ)dzdξ

)
χQi×Q′i(x, y)

∣∣∣∣∣
∣∣∣∣∣

≤

∣∣∣∣∣
∣∣∣∣∣∑

i

χQi×Q′i(x, y)

|Qi ×Q′i|

∫
Qi×Q′i

|f(x, y)− f(z, ξ)|dzdξ

∣∣∣∣∣
∣∣∣∣∣
LpuL

q
v

≤

∣∣∣∣∣
∣∣∣∣∣∑

i

χQi×Q′i(x, y)

|Qδ ×Q′δ|

∫
Q2δ×Q′2δ

|f(x, y)− f(x+ h1, y + h2)|dh1dh2

∣∣∣∣∣
∣∣∣∣∣ ,

where the last inequality follows since, for every x ∈ Qi, we have that
Qi ⊂ x + Q2δ. Using now, Minkowski integral inequality and the fact
that {Qi ×Q′i}Ni=1 are pairwise disjoint sets, we have that

‖fχ∪iQi×Q′i − Φ(f)‖LpuLqv

.
1

|Qδ ×Q′δ|

∫
Q3δ×Q′3δ

∣∣∣∣∣
∣∣∣∣∣∑

i

χQi×Q′i |f − f(·+ h1, ·+ h2)|

∣∣∣∣∣
∣∣∣∣∣ dh2

≤ 1

|Qδ ×Q′δ|

∫
Q3δ×Q′3δ

||f − f(·+ h1, ·+ h2)||LpuLqv dh1dh2

. sup
|h|≤δ
‖f − f(·+ h‖LpuLqv ≤

ε

8
,

for all f ∈ F . From here, it follows that

‖f − Φ(f)‖LpuLqv ≤

‖f − fχ∪iQi×Q′i‖LpuLqv + ‖fχ∪iQi×Q′i − Φ(f)‖LpuLqv <
ε

4
.

Then

(11) ‖f‖LpuLqv ≤
ε

4
+ ‖Φ(f)‖LpuLqv .

Notice that if f, g ∈ F , (9) and (10) hold for f − g if we replace ε
8

by
ε
4

on the right hand side. Moreover since Φ is linear, we also obtain as
in (11)

‖f − g‖LpuLqv ≤
ε

2
+ ‖Φ(f − g)‖LpuLqv =

ε

2
+ ‖Φ(f)− Φ(g)‖LpuLqv .

Therefore, if f, g ∈ F and ‖Φ(f) − Φ(g)‖LpuLqv ≤
ε
2
, we must have

‖f − g‖LpuLqv ≤ ε, and by Lemma 3.3, F is totally bounded which
means in this case precompact.

Finally, the necessary condition follows as in Theorem 2 of [1]. �
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We now extend to the mixed Lebesgue setting the notion of uniformly
compactness introduced in [5].

Definition 3.5. An operator T is uniformly compact in LpuL
q
v with

respect to (Ap, Aq) if there exist an increasing function ϕ : (0,∞) →
(0,∞) such that the following hold.

(1) For every every K ≥ 1, and every u ∈ Ap and v ∈ Aq with
max([u]Ap [v]Aq) ≤ K

sup
|f‖

L
p
uL

q
v
≤1
‖Tf‖LpuLqv ≤ ϕ(K),

(2) For every ε > 0, every K ≥ 1, there exists R = R(ε,K) > 0
such that

sup
max([u]Ap [v]Aq )≤K

sup
‖f‖

L
p
uL

q
v
≤1
‖χB(0,R)cTf‖LpuLqv ≤ ϕ(K)ε,

(3) For every ε > 0 and every K ≥ 1, there exists δ = δ(ε,K) > 0
so that, for every h = (h1, h2) with |h| ≤ δ,

sup
max([u]Ap [v]Aq )≤K

sup
‖f‖

L
p
uL

q
v
≤1
‖Tf − Tf(·+ h1, ·+ h2)‖LpuLqv ≤ ϕ(K)ε.

Clearly if an operator is uniformly compact it is also compact, since
by Theorem 3.4 the image of the unit ball under T is precompact.

As in [5], we will also say that T is uniformly compact in Lpw(Rn+m)
if the conditions in Definition 3.5 hold with the norm in Lpw(Rn+m) and
all w ∈ Ap(Rn+m).

Remark 3.6. We also say that an operator T is uniformly approx-
imated with respect to (Ap, Aq) by a sequence of operators {Tj}j, if
there exist a function ϕ : (0,∞) → (0,∞) such that given ε > 0 and
K ≥ 1, there exists j0 = j0(ε,K) such that for all j > j0

sup
max([u]Ap ,[v]Aq )≤K

sup
|f‖

L
p
uL

q
v
≤1
‖Tf − Tjf‖LpuLqv ≤ ϕ(K)ε,

It is easy to see that if a sequence of operators {Tj}j satisfies that each
Tj is uniformly compact in LpuL

q
v with respect to (Ap, Aq) and uniformly

approximates T with respect to (Ap, Aq), then T is not only compact
(as the limit of compact operators) but also uniformly compact in LpuL

q
v

with respect to (Ap, Aq). In fact (1) and (2) in Definition 3.5 follow at
once, while for (3) we simply observe that, for any g ∈ LpuLqv,

‖g(·+ h1, ·+ h2)‖LpuLqv = ‖g‖Lpτh1uL
q
τh2v

,

where τhu(x) = u(x−h) and that for any weight in Aq, [τhu]Aq = [u]Aq .
We leave the details to the reader.



12 M. J. CARRO, C. PÉREZ, AND R.H. TORRES

The following compact extrapolation result was proved in [5].

Theorem 3.7. If T is an operator such that, for some p0 > 1

T : Lp0(w) −→ Lp0(w)

is uniformly compact with respect to Ap0, then for every 1 < p <∞,

T : Lpu −→ Lpu

is uniformly compact with respect to Ap.

Our main theorem now reads as follows.

Theorem 3.8. If T is an operator such that, for some p0 > 1

T : Lp0(w) −→ Lp0(w)

is uniformly compact with respect to Ap0(Rn+m), then for every p, q > 1,

T : LpuL
q
v −→ LpuL

q
v

is uniformly compact with respect to (Ap, Aq).

Proof. By the compact extrapolation result in [5] we immediately get
that for all 1 < p <∞,

T : Lp(w) −→ Lp(w)

is uniformly compact with respect to Ap(Rn+m).
Let us now fix K ≥ 1, p, q > 1 and u ∈ Ap and v ∈ Aq such

that max([u]Ap , [v]Aq) ≤ K. We need to verify the three conditions in
Definition 3.5. We will see that they follow by applying three times
Theorem 2.4.

For (1), let ‖f‖Lp(Lqw) ≤ 1. Then,

‖Tf‖LpuLqv ≤ φ([u]Ap , [v[Aq) ≤ ϕ(K),

if we use (f, g) = (f, T (f)) in Theorem 2.4.
For (2), since for every K > 0 and every ε > 0 there exists R > 0

such that(∫
|x|≥R

|Tf(x)|p0w(x)dx

)1/p0

. ϕ(K)ε

(∫
Rn
|f(x)|p0w(x)dx

)1/p0

,

whenever [w]Ap0 ≤ K, then by Theorem 2.4 with

(f, g) = (f, χB(0,R)cTf),

for every u and v so that max([u]Ap , [v]Aq) ≤ K, there exists R > 0 so
that

‖χB(0,R)cTf‖LpuLqv . ψ(K,K)ε‖f‖LpuLqv ,
and the result follows.
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Similarly, for (3) we use the extrapolation theorem with

(f, g) = (f, (Tf(x+ t)− Tf(x))).

�

4. Applications

4.1. Commutators of singular integrals and point-wise multi-
plication. There exist a very extensive and ever growing literature
about the boundedness and compactness of commutators of various
singular integrals and point-wise multiplication by function in a vari-
ety of contexts, including linear, multilinear, and weighted settings. In
general commutation with function in BMO produces bounded oper-
ators, while commutation with functions in CMO produces compact
ones. We refer the, reader for example, to [2] and [3] for comprehensive
approaches and references. Here BMO is the usual space of functions
of bounded mean oscillations, while CMO is defined as the closure
in the topology of BMO of the space C∞c of smooth functions with
compact support.

The first to prove the compactness of the commutators of Calderón-
Zygmund operators with CMO-functions in a weighted Lp setting were
Clopp and Cruz in the already cited work [6]. In order to apply our
theory to extrapolate this result to weighted mixed Lebesgue spaces we
need to verify that those authors proved that the operators in question
are actually uniformly compact in Lp with respect to Ap. This can
be done by inspection of their proof. We will not repeat their com-
putations here but, for the benefit of the reader, we shall summarize
some key points where estimates depending on the classes of weights
are obtained.

For simplicity and the purposes of this article, we define a Calderón-
Zygmund operator T to be a bounded linear operator on L2(Rn) that
can be written as

Tf(x) =

∫
Rn
K(x, y)f(y) dy

for x /∈ supp f , where the kernel K satisfies

(12) |∂βK(x, y)| ≤ CK|x− y|−n−|β|, |β| ≤ 1.

We will often write in such a case T ∈ CZO.

Theorem 4.1. Let T ∈ CZO and b ∈ CMO and consider the com-
mutator

Cbf = [T, b]f = T (bf)− bTf.



14 M. J. CARRO, C. PÉREZ, AND R.H. TORRES

Then, for every u ∈ Ap(Rn) and every v ∈ Aq(Rm)

Cb : LpuL
q
v −→ LpuL

q
v

is uniformily compact.

Proof. Let d := n + m. To prove that Cb : LpuL
q
v −→ LpuL

q
v is compact

whenever u ∈ Ap(Rn) and v ∈ Aq(Rm), we will use the extrapolation
Theorem 3.8 with exponent p0 = 2, namely we have to prove that

Cb : L2(w) −→ L2(w)

is uniformly compact with respect to w ∈ A2(Rd).
We shall follow the proof of [6] checking all the details that remains

open in our setting.

Step 1: Let us approximate b ∈ CMO by functions bj ∈ C∞c . By a
result in [21], we have that, for w ∈ A2(Rd),

‖Cbf‖L2(w) . ‖b‖∗‖M2f‖L2(w),

where |b‖∗ is the BMO norm. Therefore,

‖Cbf − Cbj‖L2(w) . ‖b− bj‖∗[w]2A2
‖f‖L2(w),

and Cbj → Cb uniformly on [w]A2(Rd) ≤ K, with K a fixed and arbitrary
constant. So it is enough to verify that the Cbj are uniformly compact.

Step 2: Next, for each j the operators Cbj are then approximated by
Cη
bj

which is the commutator obtained by replacing the kernel K of T by

a smooth truncated version Kη, where η is an appropriate parameter.
The authors of [6] show that

|Cbjf(x)− Cbηj (x)| . η‖∇bj‖∞Mf(x),

from which it follows that Cbηj → Cbj in the uniform sense as η → 0.

Step 3: For a fixed b and η, it is then needed to prove the compactness
of Cη

b . To this end, we will use the version of the Fréchet-Kolmogorov
result in Theorem 3.1. Condition (1) is uniformly satisfied by the
already mentioned estimates on the commutator. To verify (2) and (3),
Clop and Cruz separate the quantities in questions into several terms.
They obtained several pointwise estimates ultimately controlled by M
and T∗ (the maximal truncated singular integral), see [6, p.98]. These
terms clearly produce uniform estimates with respect to A2(Rd).

Finally there are some terms which are dominated by expressions
that can be controlled (up to constants) by
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∫
3B0

(∫
Bx∩4B0

w(y)−1 dy

)
w(x) dx

+

∫
c(3B0)

(∫
Bx∩4B0

w(y)−1 dy

)
w(x)

|x|2d
dx,(13)

where B0 is a fixed ball centered at the origin of radius R0, which we
can take bigger than 1, and Bx is a set depending on x but with size
|Bx| ≈ h where |h| → 0; and

(14)

(∫
|x|<R0

w(x)−1dx

)1/2(∫
|x|>R

w(x)

|x|2d
dx

)1/2

,

with R > R0 fixed, R →∞; see [6, pp.99-100]. We need to show that
these terms, which obviously tend to zero when h → 0 in (13) and
R → ∞ in (14), do so uniformly on [w]A2 , whenever [w]A2 ≤ K with
K any fixed number.

Estimates for (13): Note that by Hölder’s inequality we get that, for
any r > 1,(∫

Bx∩4B0

w(y)−1 dy

)
≤
(∫

4B0

w(y)−rdy

)1/r

|Bx|1/r
′
.

To control (13), we shall choose r1 > 1 and r2 > 1 appropriately and
estimate

(15) I :=

(∫
4B0

w(x)−r1dx

)1/r1 (∫
3B0

w(x)dx

)
|h|1/r′1

and

(16) II :=

(∫
4B0

w(x)−r2dx

)1/r2 ∫
(3B0)c

w(x)

|x|2d
dx |h|1/r′2 .

To estimate I in (15), and using that w ∈ A2 implies w−1 ∈ A2 with
same A2 constant, we can choose q = 2− ε with

ε =
1

cd[w]A2

=
1

cd[w−1]A2

≤ 1

cd[w−1]A∞
,

[w]Aq ≤ 2[w]A2

by the precise openness property of the A2 class of weights (see (3) and

(4)). It follows that with r1 = q′

q
> 1,

I ≤
(∫

4B0

w(x)−r1dx

)1/r1 ∫
4B0

w(x)dx |4B0|1+1/r1|h|1/r′1 ,
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≤ [w]Aq |4B0|1+1/r1|h|1/r′1 ≤ 2[w]A2|4B0|1+1/r|h|1/r′1 .
Now, fixed K and [w|A2 ≤ K, it can be check that

r1 =
1

q − 1
=

1

1− ε
=⇒ r′1 =

1

ε
= cd[w]A2 ≤ cdK,

and hence
I ≤ K|4B0|2|h|1/(cdK),

which tends to zero as |h| → 0, uniformly on [w]A2 ≤ K.
We now estimate II in (16). Setting R1 equal to the radius of 3B0,∫

|x|>R1

w(x)

|x|2d
dx =

∞∑
j=0

∫
2jR1<|x|≤2j+1R1

w(x)

|x|2d
dx

≤
∞∑
j=0

(2jR1)
−2dw(B(0, 2j+1R1).

Let q be the exponent from the precise openness property as above.
Then, by standard properties of the Ap class of weights (see (2)) we
have that for any pair of balls B1 ⊂ B2, that

(17) w(B2) ≤ [w]Aq

(
|B2|
|B1|

)q
w(B1)

and we can continue with

. [w]Aq

∞∑
j=0

(2jR1)
−2d(2j+1R1)

qdw(B(0, 1)) . [w]A2w(B(0, 1))R
d(q−2)
1 ,

since q < 2.
Now, taking r2 = 1 + 1

2d+1[w]A2
−1 ≤ rw−1 from the precise reverse

Hölder property (5), we have as in (6)(∫
4B0

w(x)−r2dx

)1/r2

≤ 2

∫
4B0

w(x)−1dx,

and we can use again (17) and [w−1]A2 = [w]A2 to obtain∫
4B0

w(x)−1dx . [w]A2w
−1(B(0, 1))|4B0|.

So all together we obtain that, for some constant CK ,

II . [w]2A2
|4B0|1+

1
r 2R

n(q−2)
1 w(B(0, 1))w−1(B(0, 1))|h|1/r′2

. [w]3A2
|4B0|2Rd(q−2)

1 |h|CK ,
which again tends to zero uniformly in [w]A2 ≤ K as |h| → 0.
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Estimate for (14):
We have, as before, that since q < 2,∫
|x|>R

w(x)

|x|2d
dx =

∞∑
j=0

∫
2jR<|x|≤2j+1R

w(x)

|x|2d
dx . [w]A2w(B(0, 1))Rd(q−2).

Also, for the first factor in (14) we use again (17),∫
|x|<R0

w(x)−1dx . [w]A2R
qd
0 w

−1(B(0, 1)).

So combining all the estimates, (14) is controlled up to a constant by

[w]3A2
Rd(q−2)Rqd

0

which tends to zero uniformly on [w]A2 ≤ K as R→∞. �

4.2. Pseudodifferential operators. The first example of non-trivial
compact pseudodifferential operators on weighted Lebesgue spaces that
we are aware of was obtained in [5]. The authors combined conditions
on the symbol considered by Cordes [7] to produce compact operators
on L2 with additional conditions that provide a priori boundedness in
Lp for p 6= 2. More precisely the following was obtained in [5].

Theorem 4.2. Let

Tσf(x) =

∫
Rd
σ(x, ξ)f̂(ξ)eixξ dξ

be a pseudodifferential operator with symbol σ satisfying the conditions

(18) |∂αx∂
β
ξ σ(x, ξ)| . Cα,β(x, ξ)(1 + |ξ|)−|β|,

for all |α|, |β|, where Cα,β is a bounded function which tends to zero as
|x|2 + |ξ|2 →∞. Then Tσ is compact in Lp(w) for all 1 < p <∞ and
all w ∈ Ap.

Although the authors stated the conclusion as Tσ being compact, it is
actually uniformly compact with respect to A2. In fact, the proof of the
theorem involves the construction of a sequence of compact Calderón-
Zygmund operators {Tj}j converging to Tσ in the “Calderón-Zygmund
norm” defined by

‖T‖CZO = ‖T‖L2 + CK ,

where CK is the best constant in (12). Moreover the Tj were proved
to be uniformly compact with respect to A2 and hence by compact
extrapolation uniformly compact with respect to all Ap, 1 < p < ∞.



18 M. J. CARRO, C. PÉREZ, AND R.H. TORRES

However, it was also shown using the Fefferman-Stein inequality, see
[5, Remark 2.2 ], that∫

Rd
|(Tσ − Tj)(f)(x)|pw(x) dx . ‖Tσ − Tj‖CZO

∫
Rd
M(f)(x)pw(x) dx.

It follows then than Tj → Tσ uniformly with respect to Ap. By Remark
3.6 (analogously applied to Lp instead of LpLq) it follows that Tσ is
uniformly compact in Lp(w) with respect to Ap for all 1 < p <∞.

As a corollary of Theorem 3.8 we then obtain from Theorem 4.2 the
following result.

Theorem 4.3. Tσ is uniformly in compact on LpuL
q
v for all 1 < p, q <

∞, u ∈ Ap, and v ∈ Aq.
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