THE ZAREMBA PROBLEM IN TWO-DIMENSIONAL LIPSCHITZ GRAPH
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ABSTRACT. We study the Zaremba problem, or mixed problem associated to the Laplace oper-
ator, in two-dimensional Lipschitz graph domains with mixed Dirichlet and Neumann boundary
data in Lebesgue and Lorentz spaces. We obtain an explicit value r such that the Zaremba prob-
lem is solvable in L? for 1 < p < r and in the Lorentz space L™!. Applications include those
where the domain is a cone with vertex at the origin and, more generally, a Schwarz—Christoffel
domain. The techniques employed are based on results of the Zaremba problem in the upper-
half plane, the use of conformal maps and the theory of solutions to the Neumann problem. For
the case when the domain is the upper-half plane, we work in the weighted setting, establish-
ing conditions on the weights for the existence of solutions and estimates for the non-tangential
maximal function of the gradient of the solution. In particular, in the L?-unweighted case,
where known examples show that the gradient of the solution may fail to be squared-integrable,
we prove restricted weak-type estimates.

1. INTRODUCTION AND MAIN RESULTS

Given a Lipschitz domain 2 C R”", consider the following mixed problem for Laplace’s
equation, or Zaremba problem in €):

Av =0 in €2,
(1.1) v= fp on D,
Vv-n=fy onN,

where A is the Laplace operator in R™, n is the outward unit normal vector to 0€2, and D and
N are disjoint open subsets of 02 such that 9N = 9D and N U D = 5.

Boundary value problems satisfying mixed Dirichlet-Neumann boundary conditions appear
naturally associated with different partial differential equations. They were studied for the first
time by Zaremba [26, 27] for Laplace’s equation. Other physically interesting mixed boundary
value problems extensively studied in many different settings include those associated with
Maxwell equations, Lamé systems or certain elliptic equations; see, for instance, [2, 5, 11, 16,
17, 19, 22] and references therein.

In the context of Lipschitz domains, the study of the regularity of solutions of (1.1) was
motivated by a question of C. Kenig in [14, p.120, problem 3.2.15] that was first partially
solved by R. Brown and J. Sykes [3, 23, 24] for a restricted class of Lipschitz graph domains
known as creased domains (roughly speaking, D and N meet at an angle which is strictly less
than 7). In particular, they obtained existence and uniqueness of solution and non-tangential
maximal function estimates for the gradient of the solution in L”(0f2) for 1 < p < 2 when fy
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and the derivatives of fp are in L?(952). Subsequenly, I. Mitrea and M. Mitrea [18] investigated
the mixed problem for the Laplacian in bounded creased domains in R” for n > 3 when the size
and smoothness of the data and the solutions are measured on Sobolev-Besov scales. Under the
same assumptions on the boundary data as in [24], Brown, Capogna and Lanzani [15] studied
the Zaremba problem in two-dimensional Lipschitz graph domains (i.e. €2 is the upper part of
the graph of a real-valued Lipschitz function) with Lipschitz constant less than one, establishing
existence and uniqueness of solutions and estimates in LP(0S2) for the non-tangential maximal
function of the gradient of the solution in the range 1 < p < py, for some p, > 1. In order
to achieve such results, the work [15] also includes the study of the mixed problem with data
in weighted L? and weighted Hardy space H' with power weights. Analogous results for
bounded Lipschitz domains in R™ with n > 2 were obtained by Brown and Ott [20, 21] under
the assumption that the boundary between D and N (relative to 0f2) is locally given by a
Lipschitz graph. This work was extended under more general conditions on the decomposition
of the boundary by Brown, Ott and Taylor [25]. By considering a more restrictive class of
bounded domains than those in [20], Croyle and Brown [4] were able to give an explicit range
of exponents p for which (1.1) can be solved with data in LP(0f2); this range turns out to be
sharp in two dimensions. When the domain {2 is an infinite sector in two dimensions with
N and D corresponding to the rays of the sector, Awala, Mitrea and Ott [1] established well-
posedness of the Zaremba problem by showing sharp invertibility properties for an associated
singular integral operator.

In this paper, we study the mixed problem (1.1) when 2 is a Lipschitz graph domain in the
plane with data associated to Lebesgue and Lorentz spaces. Before presenting our results, we
describe with more details the settings in which we work.

Let A be a curve in the complex plane given parametrically by = + iy(x) for z € R, where
~ is a real-valued Lipschitz function with constant L, and consider the Lipschitz graph domain

(1.2) Q={ze€C:Im(z) > v(Re(2))};
note that A = 99Q. Given 0 < a < arctan(1/L), define the non-tangential maximal operator
M, as

Mo (F)(§) = sup [F(z)], &€,

2€l(€)

where [’ is a complex-valued function defined in €2 and

I['o(§) ={z € C:Im(z) > Im({) and |Re(§) — Re(2)| < tan(a)[Im(z) — Im(&)|}.
We will study the mixed problem (1.1) with €2 as in (1.2) and with the sets D and N given by
(1.3) D ={(z,y(x)) € 02 : 2 >0} and N = {(z,v(x)) € 90 : x < 0}.

The notations fp and fx will be used for functions defined on OS2 that are zero outside D and
N, respectively. We have the following definitions regarding solutions of (1.1):

Definition 1.1. For fp € L (D) and fy € L (N), a function v defined on Q is a so-
lution of the mixed problem (1.1) in ) with data fp and fx if v is harmonic in €2 and the
equalities v = fp on D and Vv - n = fy on N hold almost everywhere in the sense of non-
tangential convergence. The latter means that there exists 0 < « < arctan(1/L) such that
lim,er, (6).—e v(2) = fp(§) for almost every £ € D and lim.cr, (¢) . VV(2) - n(&) = fn (&)
for almost every £ € N, with respect to arc-length.

Definition 1.2. Given f : 9Q — R and § = v(x) = z + iy(z) € 9, we define f'(£) by the
condition

F A+ (x)) = (for)(x),
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whenever f o v and ~ are differentiable at z. We say that f is differentiable (in a weak sense)
over the curve 02 if this holds for almost every z€R.

Definition 1.3. If X is a Banach space of measurable functions defined on 0f2, we say that
the mixed problem (1.1) in € is solvable in X if there exist a Banach space Y of measurable
functions defined on 9 and 0 < « < arctan(1/L) such that for every fp € L} (D) with

fh € X and every fy € L (N) with fy € X there exists a solution v of the Neumann
problem in () with data f, and fy and

IMa(VO)lly S 1fpllx + 13 llx,

where the implicit constant is independent of f, and fx and, || - || x and || - ||y denote the norms
in X and Y, respectively.

Our first main result, Theorem 1.4 below, deals with the mixed problem (1.1) in a general
Lipschitz graph domain {2 in the plane. It is motivated by the results in [15], where, as men-
tioned in the introduction, it is proved that there exists p, > 1 such that the mixed problem in
a two-dimensional Lipschitz graph domain with Lipschitz constant less than one is solvable in
LP(0Q) for 1 < p < py.

Before stating Theorem 1.4, we briefly describe the notation used in the statement, directing
the reader to Sections 2 and 4 for more details and references. Consider a conformal map @ :
R2 — ©; we then have that ® extends as a homeomorphism from R2 onto €2, and ®'(z) exists
for almost every x € R and is locally integrable. For 1 < p < oo, the notation A, stands for the
family of weights w in R that characterizes the boundedness of the Hardy-Littlewood maximal
operator on the weighted Lebesgue spaces LP(w) (Muckenhoupt weights). The class AZ} is
the set of weights w in R that characterizes the boundedness of the Hardy-Littlewood maximal
operator from the weighted Lorentz space LP!(w) to the weighted Lorentz space LP>(w); we
have that A, C AZ}. As usual, p’ denotes the conjugate exponent of p,i.e. 1/p+1/p' = 1. We
define 1 < rg < oo such that its conjugate exponent is given by

rp = inf{q € (1,00) : |z ®'(2?)| € 4, and |®'(z)| € A,}.
Denote by LP'(92) and LP>°(91) the Lorentz spaces with respect to arc-length in 9f).

Theorem 1.4 (Solvability of the mixed problem (1.1) in a Lipschitz graph domain in the plane).
Let Q) be as in (1.2), D and N be as in (1.3) and P : ]R2+ — Q be a conformal map such
that ®((—00,0)) = N and ®((0,00)) = D. Then the mixed problem (1.1) is solvable in the
following settings:

(a) X =Y = LP(OQ) with1 < p < rg.
(b) If re < 00, X = L™ (9Q), Y = L™>(9Q) and

(1.4) |z ®'(2?)| € AZ,Z and |'(x)] € A, .

The techniques used in [15] are completely different from ours and do not give an explicit
expression of py as Theorem 1.4 does along with the solvability of the mixed problem at such
endpoint in the setting of Lorentz spaces; as opposed to [15], we do not assumed that the Lip-
schitz constant of the boundary is less than one. The arguments in [15] are based on weighted
L? estimates established through Rellich indentity, techniques by Dahlberg and Kenig [9] to
obtain weighted estimates in Hardy spaces and interpolation. On the other hand, the methods
of proof we use for Theorem 1.4 rely on the application of the solvability of the mixed problem
(1.1) in the upper half-plane with data in weighted spaces (Theorem 1.5 below), flattening the
boundary via conformal maps (see Figure 1), and results obtained in [6] on the solvability of
the Neumann problem in Lipschitz graph domains in the plane.
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FIGURE 1. Flattening the boundary via a conformal map

For the statement of Theorem 1.5, given a weight w in R, the space L£P!(w) (respectively,
LP>°(w)) consists of all measurable functions f defined on R such that fw™! € LP!(w) (re-
spectively, LV (w)).

Theorem 1.5 (Solvability of the mixed problem (1.1) in the upper half-plane). The mixed prob-
lem (1.1) is solvable in the following settings for @ = R2, N = (—00,0) and D = (0, 00):

(a) X =Y =LP(w),1 <p<oo,wée€ A, and |z|w(z?) € A,

(b) X =Y =LP(w),1 <p<oo,weE Ayand |z|' Pw(z?) € A,

(c) X = LPY(w),Y = LP*®(w),1 <p < oo, w € A, and |z|w(z?) € A%,
(d) X = LPY(w),Y = LP>®(w), 1 < p < oo,w € Ay and |z|w(z?) € AL,

The proof of Theorem 1.5 employs results from [6] on the solvability of the Neumann prob-
lem in R2 , which allows to find explicit solutions for the mixed problem in the upper half-plane.
Simple examples (see, for instance, [15, p. 93] or [20, p. 1334]) show that the mixed
problem (1.1) with Q = R%, N = (—00,0) and D = (0, 00) is not solvable in X = L*(R)
with Y = L?(R). However, the following corollary of Theorem 1.5 gives that this problem is
solvable in the Lorentz space setting with X = L?!(R) C L*(R) and Y = L>*(R) D L*(R).

Corollary 1.6. The mixed problem (1.1) is solvable in the following settings for Q@ = R2
N = (—00,0) and D = (0,00):

(a) X =Y = LP(R) ifand only if 1 < p < oo and p # 2.
(b) X = L*(R) and Y = L>*(R).

A different proof for the solvability stated in Part (a) of Corollary 1.6 is given in [1, Theorem
5] (see more details in Section 5.1) while the result in Part (b) of Corollary 1.6 is new.

The organization of the article is as follows. In Section 2, we present notation, definitions
and preliminaries related to our results on the solvability of the Zaremba problem in the upper
half-plane. The proofs of Theorem 1.5 and Corollary 1.6 are then presented in Section 3. The
main content of Section 4 is the proof of Theorem 1.4 on the solvability of the Zaremba problem
in a general two-dimensional Lipschitz graph domain. In Section 5 we present applications of
Theorem 1.4 when the domain is a cone with vertex at the origin (Corollary 5.1) and, more
generally, for Schwarz—Christoffel domains (Corollary 5.4).

2. NOTATION AND PRELIMINARIES

In this section, we introduce notation and definitions associated to the results on the solv-
ability of the Zaremba problem in the upper half-plane; we also state some lemmas that will be
used in the proofs.
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2.1. Functions spaces and weights. Consider a weight w on R (i.e. a non-negative locally
integrable function defined in R). For 1 < p < oo, the space L”(w) is the class of measurable
functions f : R — C such that

1oy = ( [ 1r@rru) d:c); <o,

with the corresponding changes for p = oo. For 1 < p < oo, we denote by LP!(w) and
LP>(w) the Lorentz spaces defined as the classes of measurable functions f : R — C such
that

o 1 1
| fll Lot qw) = /0 (AF()7dt <oco and || f||Lreeqw) = iggt (A7 (1) ? < o0,

respectively, where \¢(t) = w({z € R : |f(z)| > t}) and w(A) = [, w(zx)dz for A a
measurable subset of R. For 1 < p < oo, we define the spaces £P!(w) and L£P*°(w) as the
classes of measurable functions f : R — C such that, respectively,

£ oty = Ifw ™ lpmiwy < oo and  [[fllzrecqw) = [fw™ |[zomw) < oo

When w = 1, we use the notation L”(R) instead of L”(w), and similarly for the other spaces
introduced above.
The Hilbert transform H is defined by
1 —t
Hf(x) =—lim Mdt.
o0 Jigse
We will work with two classes of weights in R : the Muckenhoupt class A, and the larger
class A% If 1 < p < o0,

. 1 _
(2.1) we A, iff sup —|[xrllew) Ixrw ™ | L ) < oo,
1ck 1|
. 1 _
(2.2) w € AZ} iff  sup —||x7|l o1 ) || XTW 1]|Lp/,oo(w) < 00,
rcr 1|

where the supremum is taken over all intervals contained in R. We recall that, for 1 < p < o0,
w € A, ifand only if w'™" € A,, A, C A,ifp < gand,if w € A, withp > 1thenw € A, .
for some € > 0. Moreover, it holds that

(2.3) Ap C AT C NesoApie.

2.2. Boundedness results and identities for /. The following two statements summarize
results regarding boundedness properties and identities for  in weighted spaces that will be
used throughout the article.

Theorem 2.1. Let 1 < p < oc.
(a) H is bounded from LP(w) to LP(w) if and only if w € A,,.
(b) H is bounded from LP*>(w) to LP*>°(w) and from LP'(w) to LP(w) if w € A,,.
(¢) H is bounded from LP'(w) to LP*>(w) if w € A
For Part (a), see Hunt—-Muckenhoupt—Wheeden [12]; Part (b) follows from Part (a) by inter-
polation; for (c), see [8].
Lemma 2.2. Let 1 < p < o0.
(a) If w € A%, then

S e ) -
LP>o(w)

H%(wf)
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(b) If w e Ay, then

S e ) -
Lr:1(w)

H”H(wf)

Proof. Proof of Part (a): Let g € L”"!(w) be such that ||g]| /i < 1. Using duality, the fact

that the adjoint of { is —H, and that 7 is bounded from L*"!(w) to LP"*(w) since w € A%,
we have

/R —H%E{;))(m)g(x)w(x) dx

| £@Hg(0@) do| < 1l 1Pl e

S I oy 190 2oy < 1Nl oty -

Taking supremum over all such g gives the desired result.

Proof of Part (b): The proof is analogous to that of Part (a) using the fact that A is bounded
from LP">(w) to LP">°(w) for w € A. O

Lemma 2.3. If1 < p < oo and f belongs to LP*>°(w) withw € A, or to LP*(w) withw € Ay
then

= [ et sy = [ Hrte) oo
R R
for all functions @ infinitely differentiable in R and with compact support.

Proof. The identity holds for functions in L*(R) and is obtained by density arguments for
functions in L?(w) with w € A,. Since LP>*(w) C LF~¢(w) + LP™(w) for ¢ > 0 such
that w € A,_. N A,., the result then follows for functions in LP*(w). If w € A, we
have £P>°(w) C LP~¢(w'=P=2)) 4 LP+e(w!=#+9) for ¢ > 0 such that w!=®=%) € A, _ and
w'=(P+e) € A, . from which the result holds for £P>(w). O

We next present an additional lemma for functions f on R related to the condition

2.4) @« o
r 1+ ]x|
Lemma 2.4. The condition (2.4) is satisfied by any f in the following function spaces:
(a) LY (w) withw € AZ} and 1 < p < o0,
(b) LV (w) withw € A and 1 < p < oo,
(c) LP>°(w) withw € A, and 1 < p < o0,
(d) LP>®(w) withw € Ay and1 < p < c0.

Proof.
Proofs of (a) and (b): See [6, Proof of Lemma 3.1].

Proofs of (c) and (d): The case f € LP(w) with w € A, can be seen in [6, Proof of Lemma
3.1]. For f € LP*®(w) withw € A, or f € LP*(w) with w € A, the result follows by
considering the same space decompositions as in the proof of Lemma 2.3. U

3. SOLVABILITY OF THE ZAREMBA PROBLEM IN THE UPPER HALF-PLANE

The main goal of this section is to present the poofs of Theorem 1.5 about the solvability
of the Zaremba problem in the upper half-plane and its Corollary 1.6. Among other tools,
we will use results regarding the solution of the Neumann problem in the upper half-plane,
which we review in Section 3.1. The proofs of Theorem 1.5 and Corollary 1.6 are contained in
Sections 3.2 and 3.3, respectively.
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3.1. The Neumann problem in the upper half-plane. Consider the classical Neumann bound-
ary value problem in R? :

(3.1) Au=0onR? and  Vu-(0,—1)= fonR,

where the equality Vu - (0, —1) = f is in the sense of non-tangential convergence.
For f : R — C satisfying (2.4) define

(3.2) wp(t,y) = —> / log (—“”“’) f(t)dt, (z,y) € R
R

- T[]

We note that the integral on the right-hand side of (3.2) is absolutely convergent for all f
satisfying (2.4); in particular, us is well defined and absolutely convergent for all f in any of
the function spaces of Lemma 2.4.

As proved in [6, Theorem 1.3], u; is a solution of the Neumann problem (3.1) in the upper
half-plane; more precisely, the following result holds.

Theorem 3.1 (Solvability of the Neumann problem in the upper half-plane; Theorem 1.3 in
[6]). Given 1 < p < oo, consider X =Y = LP(w) withw € A, or X = LP'(w) and
Y = LP®(w) withw € A or X = LPY(w) and Y = LP>(w) withw € AR If f € X, then
uy is harmonic in Ri, Vu-(0,—1) = f on R in the sense of non-tangential convergence and

[Ma(Vug)lly S 11 x,

where the implicit constant is independent of f and 0 < o < /2.

Remark 3.2. We note that Theorem 3.1 and interpolation give that the results of Theorem 3.1
also hold for X =Y = LP>®(w) withw € A, and X =Y = LP>®(w) with w € A, where
1 <p<oo.

The next lemma deals with the boundary values of ¢ in terms of non-tangential convergence.

Lemma 3.3. Ler f : R — C satisfy (2.4).

(a) The function v — fR ‘log (‘1:;') f(t)) dt is locally integrable in R. Moreover, the function

given by

(3.3) Bf(z) = —+ / log ('ﬁ‘é") () dt
T JRr
satisfies (Bf) = Hf in the sense of distributions if, for some 1 < p < oo, f belongs to
LP>®(w) with w € A, or to LP*°(w) withw € Ay.
(b) Let 0 < o < /2. If M (Vuy) is finite almost everywhere in R, then uy = Bf almost
everywhere on R in the sense of non-tangential convergence. In particular, this holds if, for
some 1 < p < oo, f belongs to LP*>°(w) with w € A, or to LP>°(w) withw € A .

Proof. Proof of Part (a): The fact that the function z — [, ‘log <|1‘:§||) f (t)‘ dt is locally inte-

grable in R can be proved with standard techniques and is left to the reader.

We next show that (Bf) = Hf in the sense of distributions if f belongs to one of the
function spaces stated in the lemma. Let ¢ be an infinitely differentiable function defined in R
and with compact support. We will show that ((Bf)’, ¢) = (Hf, ), where (T, ) denotes the
action of a distribution 7" on the test function . Assume supp(y) C (a,b) for some —oco <
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a < b < oo, then
(1)) = - [ B w)a ( [ 10s '11;: o)) ') do

:l/ (/ 1og(‘f+‘;|' > (/ablog]x—t]go’(x) dx) F(t) dt
©),

/Hg@ t)dt = /’Hft p(t)dt = (Hf,

where in the third equality we have used Fubini since fR

log (ﬁi“) f (t)‘ dt is locally inte-

grable and ¢’ is bounded, in the fourth equality we have used that ff ¢ (z) dx = 0, in the fifth

equality we have used that (log |z])’ = p.v.- and in the second to last equality we have used
Lemma 2.3.

Proof of Part (b): Fix 2y € R such that M, (Vuy)(zy) < oo and the integral defining B f(z)
is absolutely convergent; for (z,y) € ', () we then have

lup(z,y) — Bf(zo)| < |ug(z,y) — up(zo, y)| + |us(zo, y) — Bf(xo)|
<| [ 5| d] + st ) - Brtao)
< Mo (Vuy)(zo) |z — zo| + |up(xo,y) — Bf(zo)]-

The desired convergence will follow if we prove that |us(xo, y) — Bf(zo)| as y — 0. The latter

is a consequence of monotone convergence since lo Vo=t +y? decreases to log ( [zt
q g g ] &\ T+

log (@L—w) ‘ g(t)dt and [g )log <‘fiﬁ|> ‘ g(t)dt are

finite fory > 0,g= ftandg= f~.
Finally, we note that Remark 3.2 implies that M, (Vuy) is finite almost everywhere in R if,
for some 1 < p < oo, f belongs to LP>°(w) with w € A, or LP*°(w) withw € A, .

as y — 0, and the integrals [,

g

3.2. Proof of Theorem 1.5. Let fp and fy be zero in the complements of D and N, respec-
tively.

Proof of Part (a): Let fp be such that f}, € LP(w) and fy € LP(w). Consider h; given by

hi = f~ + pp,

where pp is zero outside D and is to be determined so that hy € LP(w) and (Bhy)' = f}, on
D in the sense of distributions, with B defined as in (3.3). Once h; is found, we will show
that there exists a constant C' such that u, + C, with uy, as in (3.2), is a solution of the mixed
problem (1.1) in the upper half-plane and that

G4 IMa(V (un, + ONllerw) S 1 pllerw) + 15l e @),

where 0 < o < 7/2 and the implicit constant is independent of fp and fy.
By Lemma 3.3, we must have

(3.5) fp(x) =Hhy(xz) forae. z > 0.
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Reasoning heuristically, we then obtain

Fole) = M) = Hpo)a®) = = [
— [ )it =< [l (wl_t - xit) it
— % (/j%dt—/:%dt) = Haq (),

pp(z?) forz >0,
Q1(x) = 2
—pp(z?) forz <O.

Since H? = —1d, then q;(z) = —H ([} (t?) — H(fn)(t?)) (z) for z € R, which leads to
(3.6) po(z) = =H (fp(t) = H(f¥)(#*)) (V) forz > 0.

We note that f},(z%) — H(fn)(2?) € LP(|z|w(z?)) (see line (3.9) below); since |x|w(z?) € A,
¢1 and Hq, are well-defined and the above heuristic reasoning is justified. We then obtain that
hy is given by

fn(x) for z < 0,
(3.7) hi(z) =
—H (fp(t*) = H(fv)(#)) (V) forz > 0.
We next prove that, under the assumptions on w, h; € LP(w) and
(3.8) 1ll oy S 17Dl oy + 1NN o -

Indeed, we have

where

a2y = I + / (@) Pl) da,

and using that |z|w(2?) € A, and w € A, it follows that
[ m@Pude = [ (1) - 1) (Vo) da
=2 [ (1) = () @ lalu(e?) da
(39) S [ 1p(a) = i) aPlaluta?) da

=/ o) = H(N) @) Pw@) de S D1y + 18I w) -

0
from which (3.8) is obtained.

We now show that (Bh;)’ = f}, on D in the sense of distributions. We have Hh; = f},
almost everywhere on D by (3.5) and therefore #h; = f}, on D in the sense of distributions;
moreover, 7h; = (Bh;) on R in the sense of distributions by Part (a) of Lemma 3.3, which
implies that Hh, = (Bh;) on D in the sense of distributions. As a consequence, (Bh,)" = f],
on D in the sense of distributions.

We next obtain a solution of the mixed problem (1.1) in the upper half-plane. Since (Bh;)" =
fp on D in the sense of distributions, there exists a constant C' such that f, = Bhy + C almost
everywhere on D. By Theorem 3.1, w;, + C'is harmonic in R? and V(uy,, +C) - (0, —1) =
hy in the sense of non-tangential convergence; in particular, the latter implies that we have
V(up, +C) - (0,—1) = fy on N in the sense of non-tangential convergence. Moreover,

MoV (uny + C)llerw) S Il w);
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this estimate and (3.8), lead to (3.4). Finally, Lemma 3.3 gives that u;, = Bh; almost every-
where on R in the sense of non-tangential convergence and therefore u;,, + C' = fp almost
everywhere on D in the sense of non-tangential convergence.

Proof of Part (b): Let fp satisfy f;, € LP(w) and fy € LP(w). We proceed as in Part (a) to
find another function hy such that

ho = fn + pp

where now pp is zero outside D and is to be determined so that hy € LP(w) and (Bhs)' = [},
on D in the sense of distributions. Repeating the computations in Part (a) up to the identity

(e = W) = 2 [ o)

we continue heuristically as follows:

fb(l“Q)—H(fN)(wQ):L/OOOPD(ﬁ)t( m——— )dt

T +1

1 ) 2 0 2 1
:_(/ p—D(t>tdt—/ po(t) ¢ dt) = Hgo(x),

mx \Jo -1 oo T —1 T

with ¢o defined as

pp(z*)x  forxz >0,
qQ(‘T) - 2
—pp(x*)z  forxz <0,

Using again that H* = —Id, it follows that go(z) = —H [7t (fp(t?) — H(fn)(t?))] (z) for
2 € R and therefore

G10)  pole) = ——=H[mt (fplt) = Hf(E)] (VB fora >0

The heuristic argument given above is justified since z ( f},(2?) — H(fn)(2?)) € LP(Jz|'*Pw(z?))

and |z|'"Pw(z?) € A, (see line (3.13) below), giving that gy and Hg. are well-defined. We then
have

v (@) for x < 0,
(.11 ha(w) = { FHIT () = H(fv) ()] (Vo) - forz > 0.

We next show that hy € LP(w) and

(3.12) 1hall Loy, S 1Dl o) + 1Fnllow)

‘We have

1oy = I + / o) Peo()
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and since |z|' Pw(a?) € A, and w € A,, then
p

/O (@) Puo(a) de = / N \%H [t (Fo(2) — HU)()] (V)| w(z) de
- / T [t (5(2) — HUN)(E)] @ le] P u(e?) da

ey = e (o) — H(a)(?) PlefPuw(a?) dr

o0

- / (@) — Hf) @) Plafua?) da

=/ [p(2) = H(fw) (@) Pwx) de S 1Dy + 1N 1T w) -

0
from which (3.12) follows.

The same reasoning used in Part (a) shows that u,, + C' is a solution of the mixed problem
(1.1) in the upper half-plane, where C' is a constant such that fp, = Bhy + C almost everywhere
on D, and that the estimate

[ Ma(V(un, + ONllzew) S 1 pllzew) + L llzew)
holds.

For the proofs of Parts (c) and (d), we will denote w(t) = 2|x|w(z?) and use the following
identities:

|9/ XN oy = N9X0 Ny and 9 IXD] ey = N9XD ey -
Since w is even, for g even, it holds that

9]

Le(@) = 2 ||9XD||LP,1(@) and ||g||Lp,oo(a) =2 ||9XD||Lp,oo(@) :

Proof of Part (c): Let fp be such that f, € LP!'(w) and fx € LP!(w). We consider h; as given
in (3.7) and show that, under the assumptions on w, hy € LP*°(w) and

(3.14) 12l ooy S DN 2oy + 1N oty

We have

1]l oo ) < NN pooe ) F 1P1XD oo () S NN pot iy + 1PAXD | Loo () -

Since w € A, and w € AR, we obtain
ol = [ () = HONE) Xl
< 1o2) = HUE) iy = 2 () = HOE) 0

=2 HfJ/D - H(fN)XDHLPJW) 5 ||f,D||LP71(w) + ||fN||LP71(w) )
from which (3.14) follows.

Using Remark 3.2 and the same reasoning as in Part (a) shows that u;, + C'is a solution of
the mixed problem (1.1) in the upper half-plane, where C'is a constant such that fp, = Bhy +C
almost everywhere on D, and that the estimate

[IMa(Vun, + C)llzrecw) S 1 plletw) + 15l 2o w)
holds.

Proof of Part (d): Let fp be such that fj, € £P'(w) and fx € LP'(w). We consider hy as
given in (3.11) and show that, under the assumptions on w, hy € LP*°(w) and

(3.15) 1P2ll gocouy S WDl 2oty + 151 2ty -
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We have

12l ooy S NNl ooy + 1h2XD 2oy < NN 2oy + IR2XD | 200 ) -

Consider the operators

Sp(a) = HEEMIO D) g

Vrw(z) zw(z?)
and note that, by Part (a) of Lemma 2.2, it follows that
il H(wf)xp
SFll e :HS’ :Hf SNl o
18 inmer = [35] ey = [ g, S Mo

—msign(a) (f1,(23)—H(fn)(2?))

Taking f(x) = e , we have Sf = }‘2%; therefore
\ e O Y B 0291
| 2XD||gp,oo(w) = ~ 2
W Al pese (w) w(z?) Lp ()
fpa?) — H(fN)(x2)> fp —M(fw)
- N L T
’ w(z?) Lp () w Lrl (w)
1 fn
] o I T e T s
Wl et (w) LP (w)

where in the last inequality we have used Part (b) of Lemma 2.2.

Using Remark 3.2 and the same reasoning as in Part (a) shows that u;, + C'is a solution of
the mixed problem (1.1) in the upper half-plane, where C' is a constant such that fp, = Bhy+C
almost everywhere on D, and that the estimate

[Ma (V)| cooowy S I pllerrw) + 1wl er )

holds.
O

3.3. Proof of Corollary 1.6. Proof of Part (a): Recalling that if 1 < p < oo, |z|* € A, if and
only if —1 < a < p — 1, the conditions on w = 1 become p > 2 in Part (a) of Theorem 1.5 and
p < 2 in Part (b) of Theorem 1.5. This gives the solvability result for all p # 2. As mentioned
in the introduction, known examples show that the Zaremba problem in the upper half-plane
with N = (—o00,0) and D = (0, c0) is not solvable in X = L*(R) with Y = L?*(R) (see, for
instance, [15, 20]).

Proof of Part (b): We have that |z|* € AZ} ifand only if —1 < a < p—1. In particular,
and the result follows from Part (¢) of Theorem 1.5.

x| € AR

i

4. SOLVABILITY OF THE ZAREMBA PROBLEM IN A LIPSCHITZ GRAPH DOMAIN

The goal of this section is to prove Theorem 1.4 on the solvability of the Zaremba problem
in a general Lipschitz graph domain €2 as in (1.2) with NV and D as in (1.3). The proof is based
on Theorem 1.5 as well as on results regarding the solvability of the Neumann problem in a
Lipschitz graph domain in the plane. In Section 4.1 we present some preliminaries along with
such results. We give the proof of Theorem 1.4 in Section 4.2.
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4.1. Preliminaries and the Neumann problem in a Lipschitz graph domain in the plane.
Let €2 be a Lipschitz graph domain in the plane as in (1.2). Since 2 is simply connected, it
is conformally equivalent to R%; let ® : R2 — 2 be a conformal map such that ®(c0) =

oo. Then ® extends as a homeomorphism from R2 onto Q and ®(x), z € R, is absolutely
continuous when restricted to any finite interval; in particular, ®'(x) exists for almost every
x € R and is locally integrable. Moreover, ®'(x) # 0 for almost every = € R, lim,_,, ®'(z) =
®’(x) for almost every = € R in the sense of non-tangential convergence and |®'| € A,. If
®’(x) exists and is not zero, then it is a vector tangent to OS2 at ®(z). See Kenig [13, Theorems
1.1 and 1.10] for the proof of those properties and additional ones. Given N and D as in (1.3),
we will assume that $((—o0,0)) = N and ((0,00)) = D.

We next recall the definitions of r4 and pg. Let 1 < rg < oo be such that its conjugate
exponent is defined by

ry = inf{q € (1,00) : |z ®'(2°)] € A, and |®’(z)| € A,}.
Let 1 < pg < oo be such that its conjugate exponent is defined by
Pe = inf{q € (1,00) : [®'(x)] € Ag}.

Note that we have r¢ < pg and 7o < pg if |D'| € Ay with rg < 0.
Denote by LP(02) the space of measurable functions in 0f2 that are p-integrable with respect
to arc-length; similarly, L>!(9) and LP>°(0N2) are the corresponding Lorentz spaces with

respect to arc-length in 0{2. Given a measurable function g defined in OS2, let T'g and fg be
given by

Tg(r) = ¥'(2)g(®(x)) and Tg(x) = |B(@)|g(@(x)), R
We note that (g o ®)' = T¢' since, for z € R,
(g0 ®)(x) = g(P1(2), ®2(x)) = g(P1(2),7(P1(2))) = (g 0 ¥)(P1(2)),
and, by Definition 1.2,
(go®)(x) = (g0v)(1(2))P\(z) = ¢'(P(x))(1 + 17/ (P1(2)) P1(2)
g (2(x))®' ().

Also,if 1 < p < oo, then T and T are bijections from L?(€2) onto L?(|®'|*~7), from LP(99)
onto £P(|®']) and from LP>°(99) onto L£P>°(|®’'|); in particular, it holds that

4.1 | Tl zeqarp-—»y = T gl Lrqar-») = |l9llr00),
4.2) | Tgllcrrqary = 1T 9| corqary = 19]lLer 00),
(4.3) 1T gl croeqar)y = 1Tl oo qarpy = 19l Lo (80 -

Given fp and fy and the corresponding mixed problem (1.1) in €2, we will consider the fol-
lowing mixed problem in the upper half-plane (see Figure 1):

Au=0 in R%,
(4.4) u= fpod in (0, 00),

Vu-n=Tfy in(—00,0).

We end this section by recalling results regarding the solvability of the Neumann problem in
a Lipschitz graph domain. Consider the classical Neumann boundary value problem in () :

4.5) Av =0on () and Vv -n = gondf,

where n denotes the outward unit normal vector to 02 and the equality Vv-n = g is interpreted
in the sense of non-tangential convergence.
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Theorem 4.1 (Solvability of the Neumann problem in L?(052), Theorem 1.4 in [6]). Let
be a Lipschitz graph domain in the plane as in (1.2) and O : Ri — ) a conformal map. If
1 <p<peandg € LP(OQ) then v, := ur, o P~ is a solution of (4.5) and

(4.6) [Ma(Vog)llzeon) S 19lle @0,
where 0 < o < arctan(1/L) and the implicit constant is independent of g.

Remark 4.2. We note that Theorem 4.1 and interpolation give that the results of Theorem 4.1
also hold for LP*(0Q2) with 1 < p < pg.

4.2. Proof of Theorem 1.4. Let fy be zero outside N and fp be zero outside D. By the
assumption ®((—o00,0)) = N and ®((0,00)) = D, T fy is zero in (0, 00) while fp o ¢ and
T f}, are zero in (—o0, 0).

Proof of Part (a): We first note that the condition 1 < p < rg 1s equivalent to
4.7 |z ®'(2%)| € Ay and |®'(7)] € A,

In view of (4.1), for fy € LP(0R2) and fp such that f;, € LP(0N2), we have T'fy €
LP(|®'|*P) and (fp o ®) =T f} € LP(|®'|'7). Also note that, by (4.7), w = |®'|'7 satisfies
the conditions in Part (b) of Theorem 1.5. Let then u be the solution of (4.4) given by Theo-
rem 1.5 corresponding to w = |®’'|'? and define v = wo ®~'. We will show that v is a solution
of the mixed problem (1.1) and

(4.8) Mo (VV)||ro0) S 1 fpllLeoo) + 1 llLe@o)-

According to the proof of Part (b) of Theorem 1.5, u = uj,, where

) Tfn(x) for z < 0,
2(%) = ~LH {m (:Ff]g(t?) . H(TfN)(tz))] (Vz) forz >0,
and hy € LP(|®'|'"?). By Theorem 4.1, v is a solution of the Neumann problem in 2 with

datum T~ 'hy; that is, v is harmonic in 2 and Vv - n = T~ 'h, almost everywhere in 05 in the
sense of non-tangential convergence. Moreover,

[Ma(V0)||Lro2) S 1T 2| oan)-

We then have Vv - n = f on N and since

4.9

HTﬁlh2HLP(8Q) = HhZHLP(‘cI)/P—p) 5 HTf/D”qucp/‘l—p) + HTfNHLqu)/‘I—p)
= [1fpllzre) + 1 fnllzro0)
by (4.1) and (3.12), we obtain (4.8). Finally, v = fp sincevo ® =u = fp o .

Proof of Part (b): Recalling (4.2), for fy € L™'(0Q) and fp such that f, € L™*(99), we

have T'fy € Lr*1(|®'|) and (fp o ®) = T'f}, € L#1(|®'|). Also note that, by (1.4), w = ||
satisfies the conditions in Part (d) of Theorem 1.5 with p = r. Let then u be the solution of
(4.4) given by Theorem 1.5 corresponding to w = |®’| and define v = v o ®~1. We will show
that v is a solution of the mixed problem (1.1) and

(4.10) IMa(Vo)l[Lre o) S I1fDllrar @) + 1 fxllrer o0y

In this case, according to Part (d) of Theorem 1.5, u = uy, with hy € L7*°°(|®’|) given by
(4.9). Since r¢ < pg, Remark 4.2 give that v is harmonic in 2 and Vv -n =T ~1h, almost
everywhere in 02 in the sense of non-tangential convergence. Moreover,

(4.11) IMa(V0)||race@a) S 1T hell e o0)-
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As in Part (a), the boundary conditions hold and the estimate (4.10) follows from (4.11), (4.3),
(3.15) and (4.2).
O

Remark 4.3. Let r4 < oo and assume [®'| € A, . Recalling the definition of 7, the weight
|z ®'(2?)| fails to be in the class A, ; however, it may belong to the larger class AZZ. Then, (1.4)
is a natural condition for the endpoint ¢ when compared to condition (4.7) corresponding to
thecase 1 < p < rg.

An analogous proof for that of Part (a) of Theorem 1.4 leads to the following result.

Theorem 4.4. Let Q) be as in (1.2), D and N be as in (1.3) and P ]R?|r — Q) be a conformal
map such that ®((—o0,0)) = N and ®((0,00)) = D. Then the mixed problem (1.1) is solvable
inthe setting X =Y = LP(092) and 1 < p < oo under the condition

(4.12) |z||®(z*)|' P € A, and |®'(z)|' P € A,.

Proof. We reason exactly as in the proof of Part (a) of Theorem 1.4 by observing that w =
|®’|1~P satisfies the conditions in Part (a) of Theorem 1.5 by the assumption (4.12) and using
u = up, where

B Tfn(x) forz < 0,

(4.13) hi(z) = {_% (ff,’j(tz) _ H(TfN)(t2)> (vx) forx > 0.

i

Remark 4.5. We make some observations related to the conditions (4.7) and (4.12). To that
end, we will use the fact that if wy € A,, and w, € Ay, for some 1 < gy, 1 < 00,0 <6 <1,

1/g=(1-0)/q0+0/q: and wélfe)qmowfq/m, then w € A,.

e The conditions (4.7) and (4.12) are incompatible for the same value of p: Suppose that
wo(x) = |z ®'(2%)| € Ay and wi(x) = |z[|®"(2?)["? € Ap; taking go = p', » = p
and 0 = 1/2, we get that || € Ay, which is false.

e Assume 74 < po; the set of values of p such that (4.12) holds is an open interval
contained in (r¢, pg) :

In view of the definition of pg, the condition |®'(z)|* 7 € A, in (4.12) implies that
p < pg; the incompatibility of (4.7) and (4.12) gives that if (4.12) holds for p then
D2>Te.

Assume that (4.12) is satisfied for pg and p; with py < p; and let pg < p < py. If
0 <60 <lissuchthat1/p’ = (1—0)/p,+ 6/p), we have

(e 1@ @2)) " (o )

moreover, |®'(z?)| € A, since A, C Ap. Thus, (4.12) holds with p.

Finally, we show that if (4.12) holds for p then (4.12) holds for ¢ in a neighborhood
of p. If (4.12) holds for p, then |z|'7'®'(22) € A,; hence, there exist A; weights g
and wu; such that

= |a]"7[@'(a%)] € Ay

o] (@) = wouy ™
Since Moy (z) ~ 1/|x|, it follows that
2|7 D (22) & ugul P (M)
Assume ¢ < p and let 7 > 1 be such that u{ € A;; then

wou} ™ (M) = ™ ((uf) 7 (M) )
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is a weight in A, C A, for ¢ sufficiently near p such that % +q¢ —p < 1. Since
the condition |®’(z)|*™? € A, is equivalent to |®'(x)| € A,/, we also have |®'(z)| €
A, . We have then shown that (4.12) holds for ¢ < p with ¢ sufficiently closed to p.
Reasoning similarly with u; instead of u, it follows that (4.12) holds for ¢ > p with ¢
sufficiently closed to p.

5. APPLICATIONS

In this section we present applications of Theorem 1.4 when the domain is a cone with vertex
at the origin and, more generally, for Schwarz—Christoffel domains.

5.1. The Zaremba problem for cones. We will consider {2 to be a cone with vertex at the
origin and aperture o with 0 < o < 2, as shown in Figures 2.

Corollary 5.1. If Q) is a cone with vertex at the origin and aperture am for some 0 < o < 2,
then the mixed problem (1.1) in Q2 with N given by the left ray and D given by the right ray is
solvable in the following settings:
(a) X =Y = LP(02) for the following values of o and p :
(i) O<a§%and1<p<oo,
(ii) % <a<land1 < p < oo such that p # 2531,
(iii) 1 <a <2and1 < p < 2% such that p # 2531.

(b) X = LP1(0Q),Y = LP>=(0Q) for 3 < o < 2 and p = 2%

200—1"

A different proof for the solvability of the Zaremba problem in a cone, based on sharp in-
vertibility properties for a singular integral operator, is given in [1, Theorem 5] for values of
1 < p < oo such that

(2=2 if 0 <a<i
"o 2
2—« 2c e 1
1—a’ Za—1 lf§<0&<1,
pF£R2 if =1,
2a «@ : 3
ToeT) ol if 1 <a<sy,
o 2o o jfdca<2

\2a—1’2a—3% a—1

Corollary 5.1 improves [1, Theorem 5] by adding the solvability of the mixed problem in a cone
in LP(09) for p = 2=¢ with 0 < o < 1 and in LP*(992) for p = 522 with 1 < o < 2. On the
other hand, for 1 < a < 2, the solvability of the mixed problem in a cone in L?(9f2) given in

Corollary 5.1 is restricted to 1 < p < —%5 with o # 2531 while the range in [1, Theorem 5]

includesallp>ﬁforl<oz§%andallp>ﬁwithp;«réﬁf3 for%<oz<2.

Proof of Corollary 5.1. Let () be a cone with vertex at the origin and aperture am with 0 <
o < 2. Consider ® : R2 — C given by ®(z) = ¢ 2 for some § € R, where we have
chosen the branch cut {iy : y < 0} so that ® is analytic in R2. Note that ®((—o0,0)) = N,
®((0,00)) = D and |®'(x)| = a|z|* ! forz € R\ {0}.

K\ i i \om ar D

FIGURE 2. Cone with aperture am
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Proof of Part (a): We will see under what conditions on « and p, ® satisfies (4.7) or (4.12).
Condition (4.7): Since
|x(I>’(x2)|1_p _ al—p|x|1—p+2(a—1)(1—p) and |<I>’(x)|1_p — Ozl—zv|x|(oc—1)(1—p)7
we must have
(5.1 —1<l—-p+2a—-1)(1-p)<p—1land —1<(a—1)(1—-p)<p—1
We then obtain
e 0<a< % :(5.1) holds for all 1 < p < oo,

e 2 <a<2:(5.1)holdsforl < p < ;2%
Condition (4.12) : Since
2|/ (2)] ' = P DO and [0 ()P = ol gD,
we must have
(5.2) —1<142(a—1)(1—-p)<p—1land —1<(a—1)(1—p) <p—1.
This leads to
e 0 < o < 3 : there is no p such that (5.2) holds,

1 . 2c
e 5 <a<1:(52)holds for ;=% < p < o0,

o 1 <a<2:(5.2)holds for 2521 <p< 5.

From the analysis above we conclude the desired result.

Proof of Part (b): This will follow from Part (b) of Theorem 1.4 if we prove that re = 2231
and (1.4) holds.
For ; < v < 2, we have

7 = inf{q € [1,00) : |z ®'(2?)| € A, and |®'(z)| € A,}
— inf{g € [1,00) : |z ®'(z?)['"7 € Ay and |®'(z)]""7 € Ay}
=inf{ge[l,0):-1<1—-¢d+2(a—-1)(1-¢)<q¢ -1

and — 1< (a—1)(1-¢)<q -1}

2c
200—1717

=inf{ge[l,0):1<¢ <

2a

and therefore rp = 5245
In this case, condition (1.4) holds if and only if

—l<a-1<rp—1land —1<1+4+2(a—1)<rp—1,
which is true since 15 = 2a. g

5.2. The Zaremba problem for Schwarz—Christoffel domains. In this section, we give ex-
amples of the Zaremba problem in domains 2 where the boundary 0f2 is a polygonal curve
with a finite number of line segments. More precisely, {2 is defined by a collection of vertices
Wy, Wa, ... wy—1 € C, w, = 0o and interior angles a7, o, ..., a1, where 0 < a; < 2
for j = 1,--- ,n — 1. The vertices are given in counterclockwise order with respect to the
interior of ). In this case, (2 is called a polygon and we always assume that the polygon makes
a total turn of 27; in particular, this implies

n—1
(5.3) d a;>n-2
j=1

Figure 3 illustrates this type of domain.
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;T
Oy 1T
Q17T Q37T
o
QT
/ AR
FIGURE 3. Unbounded polygon with wq, ..., w,_; € C and w,, = oo

Dricoll-Trefethen [10, Theorem 2.1] proved that given a polygon ) as described above, if
® : R% — Q is a conformal mapping with ®(co) = wy,, then

(5.4 d(z) = A+ B/ (€ —a)™ 7t (€= mp)* TN,

[ZQ,Z]
where A, B € C, z is a suitably chosen point in R? or its boundary, [z, z| is the straight
line segment from z; to 2, x1,...,2,—1 € Rwith 2y < -+ < x,1 and ®(z;) = w; for
j=1,...,n— 1. A mapping of this form is called a Schwarz—Christoffel transformation and
we say that §2 is a Schwarz—Christoffel domain. We have
(5.5) |®'(2)| = |Bl|lx — z1]* Mo — 2o |z — @y |

Before stating the main result in this section (Corollary 5.4), on the solvability of the Zaremba
problem in a Schwarz—Christoffel domain, we present two lemmas to determine the classes of
weights to which |z ®(2?)| and |®'(x)| belong.

Lemma 5.2 ([6, Section 5.1], [7, Lemma 2.12]). Let 51, B2, ..., Bm € (—1,00), 1, 29,..., 25 €
R be such that 1 < 19 < --- < x); and
w(x) = |z — 2| |z — 2] - |z — xpy [PV

Then w € Af with

M
q:max{1761+17/82+17BM+171+ZB]}

j=1
and w ¢ Af whenever p < q.

Lemma 5.3. Let ® be a Schwarz—Christoffel transformation as given in (5.4) with x1 < x93 <
< xpqand0 < o; <2forg=1,--- ,n—1
(a) |®'(x)| € AR with

n—1
(5.6) qo:max{l,ozl,ozz,...,an_l,2—n—I—Zozj}
j=1

and w ¢ AZ} whenever p < qq.
(b) If £1 > 0, then |z ®'(2*)| € A with

n—1

(5.7) ¢ =max{2,4—2n+2> a;}

j=1

and w ¢ AZ} whenever p < q.
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(c) If x1 = 0, then |z ' (2*)| € AR with
(5.8) q2 = max{1, 2, ag, - - - ,an_1,4—2n+22aj}

and w ¢ AZ} whenever p < qs.

Proof. Part (a) follows directly from (5.5) and Lemma 5.2. For parts (b) and (c), we have

n—1
@ @' (2%)] = Bl [ [ o = v/@5|% a4+ /],
7=1

and
n—1
2@ (@?)] = [Bllaf* 7 [ | = y/alo e + vl
=2

respectively. The desired results then follow by applying Lemma 5.2 and recalling that o; < 2
forj=1,---,n—1. Il

We next state and prove the main result of this section:

Corollary 5.4. Let Q be a Schwarz—Christoffel domain as in Fig 3 with ® : R — Q given
by (5.4), where 0 < x1 < x5 < --- < x,_1. Consider the mixed problem (1.1) with N =
®((—00,0)) and D = ®((0, 00)).
(a) If ©1 > 0 then

max{2,4 —2n +23 7", Laj}

max{2,4 —2n +23 7" ot -1

The mixed problem (1.1) is solvable in X =Y = LP(OQ) with 1 < p < r¢ and in
X = L' (09Q) with Y = L' (dQ).
(b) If v1 = 0 then

Tre =

max{1,2aq, ag, -+, an_1,4 =20+ 237" )
max{1,2a, ag, - - ,&n,1,4—2n+22j 104]}—1

e —

The mixed problem (1.1) is solvable in X =Y = LP(0Q) with1 < p < r¢ and, ifre < po,
in X = L™Y(0Q) with Y = L™®>(99).

Proof. We first note that, by (2.3), we have

(5.9 rp = inf{q € (1,00) : [z ®'(z%)] € A¥ and |®'(z)| € 4,}.
and
(5.10) rp =inf{q € (1,00) : [z ®'(z%)] € A and |®'(z)| € A}

Using (5.3), we obtain
n—1 n—1
(5.11) 2-n+Y a;<4-2m+2) a;

Let qo, ¢1 and g- be as in the statement of Lemma 5.3.

Proof of Part (a): We have to prove that 7 = ¢y, |z ®'(2?)| € AZ and |®'(x)| € A,/ ; then
the desired result follows from Theorem 1.4.
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By (5.11) and since a; < 2for j = 1,--- ,n — 1, we have ¢y < ¢;. This inequality and the
inclusions (2.3) along with Part (a) of Lemma 5.3, Part (b) of Lemma 5.3 and (5.9) give
(5.12) D' ()] € Ay, |z (x)] € AY, 1o =aqu.

Proof of Part (b): We have to prove that r;, = go, |z ®'(2?)| € AZ?& and |®'(7)| € A,/ ; then
the desired result follows from Theorem 1.4.
By (2.3), we have

Py = inf{g € (1,00) : |®'(z)| € AF}.
This and Part (a) of Lemma 5.3 imply that p}, = ¢o. Then, the hypothesis r4 < pe give
(2)] € Ay,
The inequality (5.11) leads to ¢y < ¢o. This inequality and the inclusions (2.3) along with

Part (a) of Lemma 5.3, Part (c) of Lemma 5.3 and (5.10) give
(5.13) 0 (z)] € AR, |z (x)] € AR, 1 = o

g

Remark 5.5. Assume rg < oo; then the condition |®(x)| € A, is not possible in Part (b) of
Corollary 5.4 if r = pe. Indeed, this implies that |®'(x)| € Ay, which may only happen if
Pp = 1.
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