CHARACTERIZATION OF THE BOUNDEDNESS OF THE SEGMENT
MULTIPLIER ON REARRANGEMENT-INVARIANT SPACES
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ABSTRACT. Given rearrangement-invariant (r.i.) spaces X and Y, we show that the segment
multiplier, the truncated Hilbert transform, and the discrete Hilbert transform (on the associated
discretized space) are bounded from X to Y simultaneously. Moreover, when X = Y this
boundedness is characterized by a condition on a pair of Boyd-type indices. We also exhibit an
r.i. space on which the segment multiplier is bounded while the (non-truncated) Hilbert transform
fails to be bounded.

Keywords. Segment multiplier, truncated Hilbert transform, rearrangement-invariant spaces, Ba-
nach function spaces.

1. INTRODUCTION

Fourier multipliers are a broad class of operators of great interest in harmonic analysis, and
they include classical objects such as the Hilbert transform and convolutions. In general, given
a bounded function m € L*°(R"), the multiplier operator 7" associated with the symbol m is
defined for a Schwartz function f € S(R™) by the equality

T(€) = m(€)f(€),

where (&) = [p. f(x)e 2" dz denotes the Fourier transform of f (observe that 7" extends
to a bounded operator on L?(R™) by Plancherel’s theorem, with ||T|| ;22 < ||m/o). The
multiplier norm of m is defined as the operator norm of 7". Because the Fourier transform
maps convolutions to pointwise products of functions and vice versa, the operator 7" can also be
expressed as

Tf =i f,

where m denotes the inverse Fourier transform of m in the distributional sense. For an intro-
duction to multipliers, see [8, Section 2.5].

The fundamental groundwork for LP-bounded multipliers was established by Hormander [9],
with some important results found by Mihlin [12] and Marcinkiewicz [11], among others. How-
ever, even in the LP(R™) setting, most multiplier classes remain far from being completely
understood. Thus, sometimes the work is focused on studying the boundedness of particular
examples of multipliers such as, notably, the ball multiplier for dimension n > 2, given by the
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symbol m = xp, the characteristic function of the Euclidean ball in R". If n = 1, the equiva-
lent operator is the segment multiplier, which had already been known to be bounded in LP(R)
when 1 < p < oo since the work done by M. Riesz on the Hilbert transform [13]. However,
this fact could not be translated in the case of yp to any dimension n > 2, and it came as a
surprise when Fefferman proved that the ball multiplier is bounded on LP(R™) only when p = 2
[7]. Due to the simplicity of these symbols, they serve as powerful examples when trying to
gain information on multiplier classes as a whole.

Let us look at the one-dimensional case: define the segment multiplier and the Hilbert trans-
form, respectively, as

st@) = [ D gyan, i@ = |

With these definitions, their multiplier symbols are

xr —

f(y) dy
;W

ms(§) = WX[_i,i}(f)a my (§) = —imsgn(§).

A direct computation yields

mpy(E+52) —mu(€ — &)
ms(§) =i 2 5 zo
so it follows that if H is bounded, S will be as well. Furthermore, adding to the fact that H and
S are bounded on L?(R) for the same range 1 < p < oo, De Carli and Laeng [6] showed that

their operator norms on L” are actually the same,

[ H | 2o—srr = [|S]| o e
This raises the question of whether an analogous relation persists beyond the scale of LP spaces.

We consider the broader class of function spaces called rearrangement-invariant (r.i.) spaces,
which includes every LP as well as other important classes, such as Orlicz spaces and Lorentz
spaces. In the r.i. setting, some of the foundational operators in harmonic analysis have been
studied extensively, including the Fourier transform (see [5] and [4]), the Hardy-Littlewood
maximal operator (see [10] and [14]) and, remarkably, the Hilbert transform, for which Boyd [3]
introduced a pair of indices related to each r.i. space that characterize its boundedness among
several other operators, like the maximal operator. The aim of this paper is to find a suitable
description of the boundedness of the segment multiplier on r.i. spaces, a context where it has
not been studied yet.

In this direction, Theorem 4.25 provides a complete characterization, which also extends to
the boundedness of the truncated Hilbert transform and the discrete Hilbert transform (on an
appropriate sequence space). This result for the segment multiplier is analogous to a charac-
terization on weighted L? spaces, established in a parallel unpublished work by some of the
authors. Additionally, Example 4.26 gives simple examples of r.i. spaces where the segment
multiplier is bounded but the Hilbert transform is not, thanks to the use of Theorem 4.25. All
of these results complement [7] and [6] by expanding the knowledge in dimension n = 1.

The organization of the article is as follows: in Section 2 we state the definitions and proper-
ties needed in the rest of this work. In Section 3 we prove Theorem 3.6, the equivalence between
the boundedness of the segment multiplier and the truncated Hilbert transform on Banach func-
tion spaces under certain conditions. In Section 4 we prove our main result, Theorem 4.13,
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for which we have to define the auxiliary discretized space ¢y (see Proposition 4.2); finally,
Theorem 4.25 provides the aforementioned characterization and, in Example 4.26, we con-
struct elementary r.i. spaces where the boundedness of the segment multiplier and the Hilbert
transform are not equivalent, in contrast to what happens on L?(R).

2. PRELIMINARY DEFINITIONS AND RESULTS

If (R, i) is a measure space and £ C R is a subset, we will denote by x g the characteristic
function of the set . If y 1s the Lebesgue measure over 7 = R", we will denote the measure
of F as |F|.

Throughout this paper, we will write f < ¢ to mean an inequality of the form f < Cg where
C' is a constant independent of any relevant variables. Similarly, the notation f(s) ~ g(s) is
equivalent to having both f(s) < ¢g(s) and g(s) < f(s).

2.1. Banach function spaces. In this section we introduce the main spaces that we will be
working with, as well as their basic properties. Many of these definitions and statements are
taken from [2, Chapter I]. If (R, uu) is a o-finite measure space, denote by M(R) the set of
p-measurable functions f : R — R (or C) and M ™ (R) the subset of non-negative functions in

M(R).

Definition 2.1. Let p : M (R) — [0, 00| be a functional defined on all non-negative measur-
able functions. We say that p is a Banach function norm if it satisfies the following properties:
(a) Norm properties:
o If f € M, then p(f) = 0if and only if f =0 a.e.
e Forevery f € Mt anda > 0, p(af) = ap(f).

e Forevery f,g € M™, p(f +g) < p(f) + p(9).
(b) Monotonicity: if f, g € M with f < g a.e., then p(f) < p(g).

(c) Fatou property: if { f,}, € M* and f,, * f a.e., then p(f,,)  p(f).
(d) Simple functions: if £ C R with p(E) < oo, then p(xg) < oo.

(e) Holder inequality for characteristic functions: if £ C R with u(E) < oo, then there
exists a constant C'z > 0 such that for every f € M™ the following holds:

| #e)dnta) < Contr)

E

Definition 2.2. Let p be a Banach function norm. The normed vector space defined as
X =X(R) ={f e M(R) : p(|f]) < oo}

is called a Banach function space (shortened to BFES), and the norm of each f € X is

1f [l == p(If])-

In the context of Banach function spaces there is the notion of associate space (or Kothe dual
space), which behaves as the classical dual space while still remaining in the BFS class.

Definition 2.3. Let p be a Banach function norm associated to the BFS X (R), and define for
f € M™(R) the functional

p(f) = Sup{/Rf(x)g(flf) du(z) = g€ M, p(g) < 1}.



4 M. F. BAREA-FERNANDEZ, R. KERMAN, J. LANG, AND J. SORIA

Then, p is a Banach function norm called the associate norm to p, and the associate space is
X' = {f e M : JIf]) < oo}.

2.2. Rearrangement-invariant spaces. In this section, we assume that (R, p) is either a non-
atomic measure space, or a completely atomic space with all of its atoms having equal measure.
The standard examples of these spaces are R with the Lebesgue measure and Z with the count-
ing measure, respectively. The following definitions and properties come from [2, Chapters 11
and III].

Definition 2.4. Let f € M(R). Its distribution function Ay : [0, 00) — [0, 0o] is defined as
M) =p{z e R |f(zx)]>1t}), t=0.
The decreasing rearrangement of f is the function f* : [0, 00) — [0, co] defined as
fr(t) =1inf{s > 0 : A\s(s) < t}, t > 0.

Proposition 2.5 ([2, Proposition IL.1.7]). If f € M(R), its decreasing rearrangement f* is
non-negative, non-increasing, right-continuous and has the following properties:

(a) |f| < |g| a.e. implies f* < g%,

(b) (af)* = lalf*,

(c) foreach f,g € M(R) and ty,t; > 0, (f 4+ g)*(t1 +t2) < f*(t1) + g*(t2),
(d) |f| < liminf, |f,| implies f* < liminf, f,

(e) (|fIP)" = (f*)Pforall0 < p < occ.

Definition 2.6. A BFS X (R) is called rearrangement-invariant (or r.i.) if for any f € X and
g € M(R) with f* = g*, it follows that g € X and || f||x = ||g|| x-

R.i. spaces have a universal representation, given by Luxemburg’s theorem:

Iheorem 2.7 ([2, Theorem 11.4.10]). Let X (R) be an r.i. space. Then, there exists an r.i. space
X (R™) such that

1fllx = 17 lx

When R is non-atomic and has infinite measure, the representation X is unique. Moreover, the
representation also satisfies (X)' = X', with equality of norms.

This representation allows us to study the properties of r.i. spaces in terms of functions over
(0, 00), which is sometimes more convenient. It also serves as a starting point to introduce Boyd
indices, which are discussed in [2, Section II1.5].

Definition 2.8. Let X (R) be an r.i. space over a non-atomic space R of infinite measure, and for
t > 0 let E; be the dilation operator on M(R™) acting as E, f(s) = f(st). Denote the function

hx(t) = ||F 1 I, 5> where X is the Luxemburg representation of X. We define the lower and
upper Boyd indices of X, respectively, as the numbers
log hx(t log hx(t

o<t<1 logt I<t<co logt
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Proposition 2.9 ([2, Proposition I11.5.13]). If X is an ri. space, its Boyd indices can also be

defined as
log hx(t log hx(t
ay = lim 206 xit) X(), ax = lim 206 xAt) X<)
t—0+  logt t—oo  logt
They also have the following properties:
0<ayxy <ax <1, and ax =1—-ax, ax =1-ay.

When defining Boyd indices on completely atomic spaces, the non-uniqueness of the Lux-
emburg representation presents additional problems that require some workarounds in order to
obtain a consistent definition. We give a simplified introduction in the case of r.i. spaces over Z.

Definition 2.10. Let X (Z) be an r.i. space, and denote D the set of non-negative, non-increasing
sequences a = {a, }°° ;. Define the function
hx(m) = sup{[|Epallx : a€ D, [lallx <1}, m>1,

where E¢ is the discrete dilation operator acting as (E%a),, = a,. The lower Boyd index of

X is defined as

log hx(m) _loghx(m)

O+ = SUp — = lim
=X mﬁ logm m—00 logm
and the upper Boyd index can be defined as ax =1 — ay.
Remark 2.11. Note that in the continuous case we define hx(t) as the norm of E 1, while on
the discrete case it is analogous to the norm of E¢.

2.3. Some useful operators. Now, we introduce some operators that will be necessary in the
proofs of the main theorems.

Definition 2.12. For any A € R, denote by 7 the translation operator that acts as
Taf(z) = flz = A).
Note that translations are isometries in r.i. spaces.

Definition 2.13. For s > 0, define the moving average operators:

x+s x
afw = [ age =3 [ o,
X r—sS (1)
vts Af(z)+A_f(z

Remark 2.14. All three of the operators above are convolution operators, and their kernels are,
respectively:

1 1 1
s(t) = —X(=s0) (1), —s(t) =— (1), bs(t) = — —s,9)(t)-

a(t) = xCao®), as) = xeal) bl = 5o e (D)
Proposition 2.15. Let X and Y be BFS over R. If B; : X — Y is bounded for every s > 0,
then for any bounded measurable set E C R, there exists a constant C'p, > 0 such that

Ixe = flly < Cellfllx;

that is, the operator given by f — xg * f is bounded from X to'Y.
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Proof. Let f € X and suppose that £ C [ = (—R, R). Taking the absolute value, we find that

IXE* f| < xB*|f| < xr*|f]|=2RBg|f|.
Taking norms and using monotonicity, ||z * f||y < 2R|Bg||||f|lx- O

Corollary 2.16. Let X and Y be BFS and suppose that B, is bounded for each s > 0. Then, if
f € L*°(R) with bounded support, the convolution operator g — g x [ is bounded from X to
Y.

Corollary 2.17. Let X and Y be BFS and let s > 0. Then, B, : X — Y is bounded if and only
if both A, and A_ are bounded from X to'Y.

We will also need a result for another kind of averaging operator.

Theorem 2.18 ([2, Proposition I1.4.8]). Let R be a measure space that is either non-atomic or
completely atomic with all atoms of equal measure, and let {E;} ey be a countable family of
disjoint subsets of R, with 0 < ji(E;) < oo for every j € N. Let E = R\ |, Ej, and define the

operator
1

1(E;)

Then, for any r.i. space X over R, the operator V' is bounded on X with norm |V ||x_x < 1.

V() = xp(@)f(z)+)

JjEN

[ dnt) -, ).

3. AN INITIAL CHARACTERIZATION ON BANACH FUNCTION SPACES

In this section, our goal is to prove that, under certain general conditions, the boundedness
of the segment multiplier is equivalent to that of the truncated Hilbert transform on Banach
function spaces (see Theorem 3.6). To this end, we will consider BFS over R. We recall the
definitions of the operators involved.

Definition 3.1. We define the following kernel functions and their associated convolution oper-
ators:

s(t) = S‘tﬂ = Sf=sxf (Segment multiplier)
h(t) =1 = Hf(z)=pv. [ i(fy; dy (Hilbert transform)
he(t) = %XR\(—E,@) (t) = H.f=hexf (Truncated Hilbert transform)

Remark 3.2. Let X and Y be BFS over R. Suppose that B; : X — Y is bounded for any
s > 0. Then, given €,6 > 0, Corollary 2.16 implies that H. — Hs : X — Y is bounded. Thus,
the boundedness of H. and H; are equivalent.

1

Definition 3.3. Let P be the convolution operator with respect to the Poisson kernel, .

Lemma 3.4. Let X,Y C L (R) be Banach spaces, and assume that || - ||y is monotone and

has the Fatou property. Suppose that the operators { Bs}s~1 are uniformly bounded from X to
Y, ||Bs|| < C, with C independent of s > 1. Then, P : X — Y is bounded.

Proof. For j € N, letb; = Xg—j“) be the convolution kernel of Bj, and define g, = >, b;/j?.
Since { B; }; are uniformly bounded, the operator G, f = g¢,,* f is bounded. Moreover, {g,,* f } ,
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is a Cauchy sequence in Y and we can define the operator G'f := lim,, g,, * f. Because of the
Fatou property, we get that

. =1
IGflly <liminf |lgo* flly <C Y 71l

Jj=1

so G is bounded. Using the monotone convergence theorem, we can see that G is the convolu-
tion operator with kernel g = ™%, x(—;;)/25°.
Note that for £ > 1 we can compare

Then, if |z| € (k, k + 1), we can see that

1 1 1
olr) = 2 27 kK41 a2+l
j=k+1

Because both GG and P have positive kernels, we have that

IGFL <G, [PfI< P(fD),

and also, for every non-negative function f, Pf ~ (G f. Hence, we obtain that

I1Pflly < IPUDIy = IGUDIy S 11flxs
so P is bounded from X to Y. O

We need a lemma regarding the interplay of translations and the truncated Hilbert transform.

Lemma 3.5. Let X and Y be BFS such that the translations T}, are bounded on Y for any
k € R, and suppose that the operators {Bs}s~1 are uniformly bounded from X to Y. Then,
givenanyr > 0, k € R, E C R and any bounded sequence {f,}, C X, we have that the
boundedness in 'Y of the following sequences is equivalent:

{Hrfn : XE}n — {Hrfn : XE-i-k}n'

Proof. For any r,s > 0, it is straightforward to check that {||H, f,, - x|y }» is bounded if and
only if {|[H fn - XElly }n is.
For any fixed £ > 0, consider now the kernels

1 1
h?k:(x) = ;XR\(—%,%)(QT), Fk(ﬂﬁ) = Tk

A quick computation gives that for any |z| > 2k we have
1 1 1

r x4tk 2241

where the equivalence constants depend on k. Since P : X — Y is a bounded operator, using
Lemma 3.4, it follows that { Ho f,, - X£} is bounded in Y if and only if {(F} * f,,) - xg}n is.

X]R\(—Qk,%)(x)'

2)
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If we write the convolution with F}, for a function f, we get

&*f@)zzn —igl—dy

z—y|>2k T + k- )

:/ fW) @+/ f(y) dy
lz+k—y|>3k T T k—vy a+2k<y<aotak T T k—vy

fy)
= H r+k)+ / I g
3t ( ) v ssbcycorsn T+ K — 7 Y
f()
=T .H x) + / AV
* Skf( ) z+2k<y<z+4k r+k— Yy Y
Note that the second term can be bounded as
r+4k
/ o f(ky)__y dy' = / S vp— |_f§;y! - dy < 2By(|f)(w+3k) = 2T 5. Br(| f]) (),
r+2k<y<z+ T+

and the operator 71"_s;, By, is bounded.

For the other term, multiplying by the characteristic function of a set £, we obtain the fol-
lowing equality:

Ty Hap f(x) - xp(r) = Hap f(x + k) - Xpar(z + k) = T_p(Hsi f - Xpar)(2).

Taking norms, since translations are isomorphisms, for any set £ and any k£ > 0, we get

1Tk Hsf - xelly = |Haif - Xerilly,
where the constants in the equivalence may depend on k. The same reasoning can be repeated
for the kernels F_ () = —L2 X\ (—2k,2%) ().

Thus, assuming that k£ # 0, we have that the following sequences have the same boundedness
or unboundedness with respect to || - ||y:

> {Hapfn - XB+ktn

Recalling how we started the proof, we can deduce that {||H, f,, - xg||y }» is bounded if and
only if {||H, f - XE+k||y }n is, for any k € R. O

We will now prove the characterization on BFS.

Theorem 3.6. Let X and Y be BFS where the translations T, : Y — Y are bounded for any
A € R, that the operators B, : X — Y are uniformly bounded for s > 1 and that there exists
0 > 0 such that Bs : X — X is bounded.

Then, the segment multiplier S : X — Y is bounded if and only if the truncated Hilbert
transform Hy : X — Y is bounded.

We will begin by showing that S is bounded if H is, since the converse is more involved.



BOUNDEDNESS OF THE SEGMENT MULTIPLIER ON R.I. SPACES 9

Proof. Suppose H; is bounded. We can expand the definition of the operator S as follows:

[ sin(z —y) [ sinwcosy — cosxsiny
Sty = [ T p(gay = [ TREEEL_CRII 4 gy

- [ B pgayrsne [ ),
|z—y|<1 |

r—y a—y>1 T —Y
—cosm/ Sy f(y)dy
|

z—y>1 L — Y

= /I - —Singfx__yy)f(y) dy + sinz Hy(cos-f)(z) — cosz Hy(sin-f)(x).

Let us bound each of the three terms in the right-hand side. Note that %‘ < 1. Since the
first term is the convolution with £22y_, ;)(z), it is bounded by Corollary 2.16.

xX
As for the second and third terms, both follow the same reasoning, which we show with the
second one:

[[sin-Hy(cos-f)|ly < |[Hi(cos-f)lly S [lcos-fllx < [ f]lx-
Since we have bounded all three terms, it follows that ||.Sfly < || f||x-

Let us prove the converse by contradiction. Suppose that S is bounded but the operator H;
is unbounded, and hence H, is unbounded for every > 0 (as seen in Remark 3.2). Because of
this, we can find a sequence { f,, }nen € X with || f,||x < 1, for all n, such that

|Hufully — oo 3

Now, if we put f,, = f,7— -, with f;F and f, being the positive and negative parts of f,,, respec-
tively, either {||H1f; ||y }» or {|H1f, |ly}~ is unbounded. Otherwise, the triangle inequality
would imply that { H; f,, },, is bounded in Y. Then, by taking an appropriate subsequence of
the unbounded one, we can assume that the sequence satisfying (3) consists of non-negative
functions.

Now, let r € N with > 4 such that ¢ := 27 /r < §. For 1 <[ < r, define the sets

I'=[(1-1)ele), and J'=[]J@rj+1). (4)
jEz
Now, since the family {J'}]_, is a finite partition of R, we can put f = >";_, fx . With this,
the triangle inequality implies again that there must exist an [y such that {||H1(fnxw0)||y }n is
unbounded. Therefore, by taking another subsequence, we can assume that the functions { f,, },,
satisfying (3) are non-negative and vanish outside of J. From now on, this index [, will be
fixed, so denote
Li=1°  h=Jv=J@r+1) (5)
JEZ

Consider the floor function, |- |, which satisfies |x| < x < |z] + 1 for every x € R. Then,

recalling (2), we can see that for |z| > 2,

1 1

z] =

1
~a241
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Define the convolution operator K with kernel

1
k‘(l’) = Tz T XR\(—2727 (ZE), (6)
7T|_;J \( )
so the previous argument results in
1 1
k(x) — hor < _omon < . 7
k() = han(2)] S xR 2ran(®) € 5 ™

Thus, since the operators { B; } s~ are uniformly bounded, Lemma 3.4 gives that the convolution
with the Poisson kernel is bounded, and so H5, is bounded from X to Y if and only if K is.

Let us see what the image of f,, through K looks like: recalling the definition of J; in (5),
we have

Kiw) = [ W) fn(y)

—2m,27 - dy = = dy.
JIWL%JXR\(Q,Q)(I y) dy Z/(2 Y. (8)

r—y
jez wj+I11)N(|Jz—y|>2m) WL T J

Note that the function y + [£] is constant over the intervals [I7, (I + 1)7), so the function
y = | =] is constant over each (x — (I +1)m, x — [x]. Then, if we require that for each j there
exists an [ so that (27j + I;) C (x — (I + 1)m,x — Ix], the function K f,, would be constant
on the domain of each integral in the series in (8). If we write the interval I; = (a,a + ¢), a
quick computation shows that the inclusion holds if and only if there exists an m € Z such that
z € (mm+ (a+e,a+ )). For such z, it also holds that the function y — X (_ax2m (z — y) is
constant on each 275 + I;.

With this, defining the functions

1
0@ =5 (77 [ 5o
=\l Jomjer,
we have for every = € ., (mm + (a + €,a + m)) the equality K g,(z) = K fu(x).

Let us check that g, € X. Consider the image of f,, under the averaging operator B.: if
r € 2wy + I, we have that

T+e
2eB. fo(x) = / Falt)dt = /2 y Falt) dt = g ().
r—¢€ )11

Hence, ¢, = X, - 2B fn, so noting that 2¢ B.(| f,|) < 20Bs(|f.|), we have that g, € X with
gnllx < 12B: fullx < Cell fullx-
Now, let us start the comparison with the segment multiplier. Since we already know (7), we
can multiply the left-hand side by sin z to get, for |z| > 2,
1
~oap? 4l

sinx sinx
T WL%J

Hence, from the boundedness of the segment multiplier and P it follows that the convolution

sin x

with s, (x) = ) X(—2r,2x)c () is bounded.

Considering the reasoning followed after (8), we know that, if we take y € (27j + [;) and
z € (27l+(a+e,a+m)), then [*=2] = 2(1—j). Put g, ; = ﬁ Janjiz, fn(t) dt foreachn € N
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and j € Z, so that g, = > jez 9nj * Xomj+1,- Thus, we can obtain through some computations

that
gTL,j
n — _—
Kol =2 2. 50=)
jg{lflvl}

Arguing the same way with S, we get

T—a ' I
Sno) = ([ snwar) 3
rmame Je{l-1,1}

The integral on the last term vanishes whenever & = 7m + a + 5. Since we are taking
T € (27rl +(a+¢e,a+ 7r)), this can never happen, so in this interval

/ siny dy
r—a—¢e

Therefore, for any = € (27l + (a + £,a + 7)), |Kgn(z)| & |Srgn(z)| with the same constants
as in the equivalence in (9).

Let Jo = U,z 27l + (a + €, a + 7). Recalling that ¢ = 27 /r, the condition r > 4 allows
(a+ ¢, a+ ) to have larger measure than (a, a + ¢). Since the constants on the equivalence (9)
are independent of n, we have that { K g, - X, }» is bounded if and only if {S; g, - X, }n is.

SE 9

On one hand, recalling that ||g,, || x < ||f||x, we have that

1579n - Xnlly < [[Sxgnlly S llgnllx S [[fnllx <1

independently of n, so {S: ¢y, - X, }» is @ bounded sequence in Y.

On the other hand, tracing back our steps, we know that { K'g,, - x J, }» is bounded if and only
if {H; f,, - X, }n is. To obtain a contradiction, let us check that this last sequence is unbounded.

Recall the definition of the sets J! in (4), with the family {J'}/_, being a finite partition of
R. Arguing the same way as in the beginning, we can write H; f, = >_,_, H1f, - xu. Then,
there must exist a particular /; such that {||H; f,, - xju ||y }» is unbounded, or else {||H1 f.||v }n
would be bounded. In particular, there exists a subsequence of {||H; f, - X u ||y }» diverging
to infinity. Because of Lemma 3.5, we know that translating the characteristic function in this
sequence preserves its divergence. Having this in mind, take J3 = | J ez (27T j+(a+e,a+ 25)) ,
so {||H1fn - XJllv}n is unbounded. Since r > 4, 2¢ < 7 and we have J; C Jy. By the
monotonicity of the norm, the divergence of {||H1 f, - XJ;||y }» implies the same behavior for
{HLfn - X lly I

However, from this last fact it follows that {|| K g, - X, ||y }» is unbounded, which is a con-
tradiction. Thus, H; is a bounded operator from X to Y. OJ

Remark 3.7. Note that when proving that H; bounded implies S bounded, we did not use the
hypotheses that 7 : Y — Y or Bs : X — X are bounded operators.

In the diagonal case X =Y, we can state the following corollary:

Corollary 3.8. Let X be a BFS where the translations T\ are bounded for any A € R, and
suppose that the operators { Bs }s~1 are uniformly bounded on X.

Then, S is bounded on X if and only if H; is.
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4. THE MAIN THEOREM

In this section, we prove the main result of the paper, Theorem 4.13, that gives the character-
ization of the boundedness of the segment multiplier. To do this, we will show that r.i. spaces
satisfy the hypotheses on Theorem 3.6, and we will use the richer properties of r.i. spaces to
introduce a new sequence space x, which allows us to establish the connection between the
truncated and the discrete Hilbert transform.

Let us begin with the following definitions that we will use throughout this section:
Definition 4.1. Let X be an r.i. space over R. We define its discretized space as:
lx =Ux(Z) = {(an)nez : Ba = Z anX(n—1n) € X}.
neZ
For a sequence (a,,), € (x, we define its norm as || (an)n /ey = H Y nez M X (n—1.n) Hx

Proposition 4.2. The space (x is an r.i. space.

Proof. All the properties of being a Banach function space are inherited from the norm of X.
To check the r.i. property, it suffices to observe that the decreasing rearrangement of Ba agrees
with that of (a,),, (viewed as a step function on R™"). With this, the norm ||(a,)n|l¢x = ||Ballx
only depends on (Ba)*, and (x is r.i. O

There are two natural operators that relate X to (x.

" . A .
Definition 4.3. Define the pair of operators X — /x L X , that act on functions and
sequences as

J
j—1 JEZ

JEL
Proposition 4.4. The operators A and B are bounded, with AB = I, and | BA||x—x < 1.

Proof. The operator B is trivially an isometric embedding. A is well-defined and bounded if
and only if B A is, by definition of /x. The fact that it is bounded is given by Theorem 2.18. [J

Remark 4.5. Using the operator A, one can prove that ({x)" = (x.

Many other elementary properties of the space ¢y can be obtained easily, so we will only
focus on the ones relevant to our results.

Proposition 4.6. Let X and Y be r.i. spaces. Then,
émezgxﬂgy, and £X+Y:€X—|—Ey.

In particular, {x ;1 = Uxnpe = Ux.

Proof. Observe that the inclusion {x + ¢y C lxy istrivial: if a € x + {y, there exista; € {x
and ay € fy such that a = a; + a9, SO

a=ABa = A(Ba1 + Ba2) € A(X + Y) = EX—i—Y-
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For the other inclusion, similarly, if a € £x.y,then Ba € X +Y. Let f € X and g € Y such
that Ba = f + g. Applying the operator A, we have that
a=ABa=Af+ Ag € lx + ly,

and the equality is proved. Observe that set equality of BFS implies the equivalence of their
norms.

For the intersection, recalling that || f|| x~y = max{|| |/ x, || f||y } and since for any sequence
a its norm is defined as ||al|,, = ||Bal|x, we have that

lallexqy = [[Ballxny = max{|[Bal|x, || Bally } = max{|lalley, lalle, } = [lallexne, -

The last statement follows from the fact that every r.i. space W over Z satisfies /! C W C (*°
(see [2, Theorem I11.6.6]). O

In fact, the space {x also represents the norm of X N L> in the following way:

Proposition 4.7. Let X be an ri. space. Then, f € X N L™ if and only if {f*(k)}32, € {x
and, in this case,

[ llxnzee & ({7 (R)FRZollex-

Proof. Note that we have
DX G-18) = [ lsoX(-10) + BES () }32).
kf

Now, it is clear that f*(k) < fk L) dt, so B({f*(k)}i2,) < BA(f*). Hence, taking
fexXnrLe®,

IF () ouex—HZf om0l + 1B I

S HfHoo + 1 Fllx = ([ fllxnze-

The other inequality follows from

[e.o]

E Xk,k+1)-

O
Corollary 4.8. Let X and Y be ri. spaces. Then, {x C Uy ifand only if X N L>° CY N L.

With the help of the discretized space, we define a new class of indices for any r.i. space
derived from Definition 2.10.

Definition 4.9. Let X (R) be an r.i. space and /y its discretization. The discrete Boyd indices
of X are defined as the Boyd indices of /x,

C_ZX = %X’ EX = @X.
Proposition 4.10. The discrete indices of an r.i. space X satisfy

0<ay<dy<dy<ax<Ll
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Proof. Recall the definitions of the continuous and discrete dilation operators, denoted respec-
tively as B\ f(z) = f(Az) and (E%a),, = an, for any function f and sequence a = (ay,),. If
a = {a, }nen is a non-negative, non-increasing sequence, we want to compare the real function
(Eda)* to E,,(a*), form € N.

We have that E%a = {au }nen, s0 its rearrangement is (E4a)* = 37 GmnX(n-1.1)- On
the other hand, we have that

Em < Z anX(n—l,n)) = Z anEmX(n—l,n) = Z anX(%,%)
n=1 n=1 n=1
Suppose z € (%=1, ), for some n > 1. It is clear that E,a*(z) = a,. In the case that
n & mN, we have the inclusion (%, ) C (|2 | | 2] 4+ 1), and then (EY,a)*(x) = Gy 2 |41)-

Now, notice that m(|n/m] + 1) > n, so, because a is non-increasing,
(Ema) () = a2 | 1m < an = Epa”(2).
In the case that n = ml for some [ € N, we have z € (I — =,1) C (I — 1,1). Thus,
(ELa)*(2) = am = an = Epa*(2).

Then, when we consider the norms for these operators and recalling the h functions from
Definitions 2.8 and 2.10, we see that

Ed
b (m) = sap { | Bl

Tl . |lallex <1, a positive and non—increasing}
X

E k
< sup {% . |lallex <1, a positive and non-increasing}
allex

< |[Emll = hx(m).
The result follows from this inequality and the definition of Boyd indices. 0

Let us show how these indices might behave.

Example 4.11. lior any 1 < p < o0, it is straightforward that /;» = (P, so the discrete indices
of LPared;, = dr = é, which coincide with its regular Boyd indices.

Consider 1 < p < ¢ < oo and the space L” + L9 with norm
1fllLr+re = inf{llgll, + [|2llg : f=g+h, g€ LP, he L}

This space is r.i. and it has indices a;,, 7 = 1/q and @r»41« = 1/p. Note that Af € ¢, for
any f € L". When discretizing the space, if f = f; + f, for some f; € L” and f, € L9, then
Af, € 7 C 09, s0 Af € (9. Therefore, since it is easy to see that /? C (7,4, we have the
equality {7, 1« = ¢9, and the discrete indices are both
- 1 1 _
dipype =dprype = E < 1_7 = OLptLa-

Let us define the discrete Hilbert transform, as it plays a key role in the proof of our main

result, Theorem 4.13.
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Definition 4.12. Let a = (ay)rez be a sequence. Its discrete Hilbert transform is the sequence

‘Ha with general term
— aj
(Ha), = g Rt

PETRL

if the series converges.

With all the relevant definitions introduced, we state the main theorem of this section:

Theorem 4.13. Let X (R) and Y (R) be r.i. spaces. Then, the following are equivalent:

(a) the segment multiplier S : X — Y is bounded,
(b) the truncated Hilbert transform H, : X — Y is bounded,
(c) the discrete Hilbert transform H : {x — (v is bounded.

Proof. We will split the proof of the theorem into several lemmas. We start by proving that, un-
der any of the conditions in the statement, the operators B, are bounded from X to Y uniformly
ons > 1.

Lemma 4.14. Let X be an r.i. space, and g € L'. Then, if Gf = gx f, the operator G : X — X
is bounded with |G| xx < ||g]-

In particular,

By||x—x < 1forevery s> 0.

Proof. Note that G is bounded on L? for every 1 < p < oo, with ||G||r—rr = |lg][1- In
particular, we have it for p = 1, co. Because of [2, Theorem II1.2.2], we know that G : X — X
is bounded and ||G|| xx < max{||G||p1rt, [|Glre—r=} = |l9]1- O

Note that, using Holder’s inequality, the r.i. property of || - || x, and [2, Theorem IL.5.2], we
obtain that

1 [ots 1 1
B,f(z)| = _/ dy| < — T—8,T+8 4 =T .
B @I =55 [ 0] < sl = Tl

Thus, we obtain that B, : X — X N L is bounded, and the constant is uniform over s > 1.

Lemma 4.15. Let X be an r.i. space, and f be a function that satisfies
f@) =0 = (z—[=])f([z]) + (& = [=])f([=] + 1). (11)

Then, f € X ifand only if {f(j)};ez € Ux and, in this case, ||f||x =~ ||{f;}illex-

Proof. 1t is immediate that |f(z)| < [f(|z])| + |f(|z] + 1)|. Since translations are bounded
in r.i. spaces, this pointwise estimate implies that f € X if {f(j)}; € ¢x. we obtain that

{f(j)}; € tx implies f € X.
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To get the other implication, denote r(z) = x — |x| and consider the sequence Af: its j-th
term is

A= [ fayds= [ (= r@)f(la)) + r@)f(a] + D) da

[ = s - vt [ @)

:f(j—1)/01(1—ar)dx+f(j)/01xdx:f<j_1;+f(j).

To isolate f(j), we consider the function r - f. Note that |r - f| < |f] and, if we compute the
image through A, it results in

At = [ @ de = [ @ - @) e + (e + 1) da

— [ @G- ndes [ rpsds
=G =1) [ a(l=a)det 5G) [ a*de = 516G 1)+ 370)

With this, we can put f(j) = 6(A(r - f)); — 2(Af);. Assuming that f € X, we get that
I{fG)Ysezllex < 6IIAG - Flllex + 2l Af llex < 6l - fllx + 2[fllx < 8[If[|x-

With the previous lemma, we can obtain:

Lemma 4.16. Let X and Y be r.i. spaces. Then, the following are equivalent:
(i) {x C ly.
(ii) Bs: X — Y is bounded uniformly on s > 1.
(iii) A_y : X — Y is bounded, where A_1 is the operator in (1).
Proof. Observe that |A_; f| < A_;|f| < 2By|f|, soitis clear that (ii) implies (iii).
For x € [m — 1,m), let us compute A_; Ba(x):

m—1 x
A_Ba(x / Zajxj 1.5)( dy—/ am_ldy~|—/ oy, dy

Ljez -1 m—1
= Qpm-1(m — ) + ap(z — (Mm — 1))
= A_1Ba(|z])(1 = (z — |2])) + A1 Ba(|z] +1)(z — [z]).
Thus, A_;Ba satisfies (11). Since A_1Ba € Y, we obtain that {A_yBa(j)};ez € ly, but
A_1Ba(j) = a;. Hence, {x C ly.

Assume now that /x C /y, which is equivalent to X N L>*° C Y N L* by Corollary 4.8.
Recall that B; : X — X N L* uniformly on s > 1. Then, for any f € X we have that

[Bsflly < [IBsfllvare S [1Bsf llxnree S I1fl|x-
That is, B; : X — Y is bounded uniformly on s > 1. U
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Now, we are going to establish that the boundedness of any of the three operators implies the
uniform boundedness of { B, }s~1.

Lemma 4.17. Let X and Y be r.i. spaces. Assume one of the following:

(a) S: X — Y is bounded,
(b) H : X =Y is bounded, or
(c) H :lx — Uy is bounded.

Then, gx g gy.

Proof. Suppose that H : {x — (y is bounded. Then, by [1, Theorem 3], C' : {x — ly is

bounded, where
I |
= — E a;, n >1,
n
j=1

and (Ca),, = 0 forn < 0. Since a* < Ca, we have
lalle, < Calley < Nlalleys

and the inclusion follows.

The other two implications are proved by adapting the proof of [2, Proposition II1.4.10], and
using Corollary 4.8. Suppose that H; : X — Y is bounded, and let f € X N L*°. Define
g(x) = f*(—=) for x < 0 and g(z) = 0 otherwise. Then, for x > 1, we have

REMCO /f Vdy > f* ().

Hig(x) =
19(x) i L 0$+y

Then,

| fllvare = 1 f*llynpe < ”f*X(O,l)HYﬁLOO + Hf*X(l,oo)HYmLoo S e + [[Higlly
S I e +llgllx = 17 e + [1fllx = ([ f [l xnzes
Finally, suppose that S : X — Y is bounded, and let D = J,;.,(27j + [§,5)). For

f € X N L*®, define hy(x) = f*(—=x) forx € —D and hy(z) = O elsewhere. Then, for
r€2mrm+ (%, %),

673
*(y)xp(y)sin(z + y) / f /
Shy( dy >
1 / r+y :U+y f XD
2r(m—1)+7%
=2 7 ()Xo () dy.
T Jo

Now, define the function

ha(y) = if* (w

+ 2 € 2mj + [0, 2r)
12 12 6) Y= Tminem

This function is decreasing in [0, co) and satisfies

2mm 2r(m—1)+%
/ ha(y) dy = / P ()xoly) dy,
0 0
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so we obtain that

1 2mm 27rm T

X

In other words, denoting D; = D N 27, oo), we have arrived at the inequality

Sha(@)xp, (v Z £ (2mm + 2) Xawm13.5)(@) =: f(2).
To finish the proof, we observe that

7 * * T *
ISmally 2 1)y = ||BB({r (2em+T)} ||, = 15 X@rs g oollvars,
S0, since f*x(wﬂ%) €Y N L™, it follows that f € Y N L. O

Remark 4.18. Because translations are isometries on r.i. spaces, Lemma 4.14 holds and we
have checked that B, : X — Y is uniformly bounded for s > 1 in any of the three cases, the
hypotheses of Theorem 3.6 are satisfied. Hence, Theorem 3.6 gives the equivalence between
(a) and (b).

The remainder of this proof will be focused on establishing that (b) is equivalent to (c). To
show this, we recall another operator that will be useful.

Definition 4.19. We denote as K the convolution operator with kernel ﬁ X(~1,1)-

Note that this operator (modulo some dilation) was already introduced in (6), in the proof of
Theorem 3.6.

Lemma 4.20. Let X and Y be ri. spaces such that B, : X — Y is bounded uniformly on
s > 1, and recall the operators A and B introduced in (10). Then, the following are equivalent:

(i) Hy : X = Y is bounded,
(ii) K : X =Y is bounded,
(iii) KBA : X — Y is bounded.

Proof. Recalling inequality (7) for |z| > 1, since we know that the operator P is bounded from
X to Y, the equivalence between (i) and (ii) holds.

To get the equivalence between K and K BA, we aim to study their difference, K BA — K.
First, note that if f € X and n € Z, then we have that

Kf(n)z/L (n—vy dy—/ > —xml )f(n—y)dy

R jzo0, 1
> /“ >
= f(n—y)dy = /
o1 017 (12)
— Z Z /n : BAf(y
Jj#0,—1 J#0,— 1

= KBAf(n).
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Now, let us compare evaluations of K f at two close points. Considering x € R with |z| > 2
and 0 < h < 1, we have
1 1 lz+h| — |z 1 1
k(x+h) —k(x)] = — — = < ~ :
[ ) (@)l lx| |z +h] lz||lx+h] ~ |x|lx+h] 22+1
On the other hand, since k € L, if |z| < 2 we have that
1

241

|k(z +h) = k(z)| S

Therefore, we obtain that
(K f(z+h) — Kf(z)| < ([k(y +h) = k)] = | f)(z) S P(f)(z).
With this estimate, we can move on to bound the difference K BAf — K f. Recalling that
KBAf(n) = K f(n) (see (12)) and noting that |x] + 1 — z € (0, 1], we now have
|[KBAf(z) — Kf(z)| = |[K(BAf — f)(z)|

= |K(BAf = [)(z) = K(BAf — f)(lz] +1)]
S P(IBAS — f)(z) = P(|(BA—I) f])(z).

Now, observe that all of the operators involved on the right-hand side are bounded. Hence, we

conclude that the difference operator K BA — K is always bounded from X to Y. From this, it
is clear that K is bounded if and only if K BA is. 0

The following steps aim to connect the boundedness of K B A to that of the discrete Hilbert
transform H.

Lemma 4.21. Let X be an r.i. space, and let f € X be in the image of the operator B; that is,
f=2"e21iX(i-1.j)- Then, the function K f satisfies

Kf(z) = (&= [)Ef(lz] + 1)+ (1 = (z = [z]) Kf([x]). (13)
Proof. Let us find an alternative expression for the operator K. If g € X is arbitrary, we have
1 1
Kg(z) = / —X(-1,0)(y)g(x —y) dy = / > =xGa+nW)glx —y) dy
R V] R 201 J
1 [Iit+! 1 [2=J
=Y o sewa= X 5[
jro—17 i jro—1 7 Jae=i=1
1 QC—j \_JPJ _j
=S ) swar [ gwa).
jzo—1 lz]—j z—j—1

Now, if we plug in the function f, we get

z—j [z]—j
Kfr)= Y %( /L foydy+ [ f(y)dy)

j#0,~1 @l=i z=j-1

= > g = L)+ g - (= (@ = L),
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In particular, for n € Z, evaluating K f at n yields

anjl

J#0,—1

With this, we can write

Kf(z)=(x—|z]) ) fmj (1= (z—le])) D ijjl

J7#0,— e J#0,— 1
= (&= [e)Ef(lz] + 1)+ (1 = (& = [2]) K f(l=]),
which is the desired equality. 0

Lemma 4.22. Let X be an r.i. space, and let f € X. Then, the operator K and the discrete
Hilbert transform H satisfy the following equalities:

Kf(k) = (HA )k + (Af)ksr,
(Hg)e = KBg(k) — gr+1-
Proof. In the proof to Lemma 4.21 we have seen that

BTN

j#0,—1
If we compute the k-th term of HAf, we get

(HAP =3 5 (A % /

J7#0
We see that both series are very similar, with the only difference being that K f is missing
the term for j = —1. Adding it, we obtain the first conclusion:
k+1
(HAf)e = K f(k) — fy)dy

k

The second conclusion follows directly from putting f = Bg in the first equality and recalling
that AB = I,,. O

Now, we can state the last lemma needed for the equivalence.

Lemma 4.23. Let X and Y be ri. spaces such that B, : X — Y is bounded uniformly on
s > 1. Then, the operator KBA : X — Y is bounded if and only if the discrete Hilbert
transform H : {x — Uy is bounded.

Proof. Suppose that K BA is bounded. Then, because of Lemma 4.21 we know that for any
f € X, KBAf can be expressed as in (13), so Lemma 4.15 can be used for K BAf, giving

IKBAf|ly = [{KBAf(G)};lley-
Now, given any sequence g € {x, we can see that K Bg = K BA(Bg). Thus, by Lemma 4.22,

(Hg)r = KBg(k) — gx41 = KBA(Bg)(k) — (T-19)-
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Taking norms and considering that {x C (v, it follows that
[Hglley < [{KBA(Bg)(k)}rlley + 1T-19lle, = |KBA(Bg)|ly + |T-19lley
S IByllx + llgllex = 2l gllex

so H is bounded from /x to {y.
Analogously, suppose that H is bounded. Then, for any f € X, Lemma 4.22 gives

LK F(R)elley < (IHASf ey + 1T-2Af lley S NASllex S 1S llx-
Therefore, putting BA f in place of f, we have that

IKBAf|ly = [{EBAf(k)}illey S 1BASlIx < I f1x-
Hence, K BA is bounded from X to Y. U

Joining together Lemma 4.20 and Lemma 4.23, we can see that the boundedness of H; is
equivalent to K BA which is, in turn, equivalent to 7{. Thus, the equivalence between (b) and
(c) is proved, and the proof of Theorem 4.13 is complete. 0

Remark 4.24. Observe that S : X — Y is bounded if and only if S : Z — W is, where Z and
W are any r.i. spaces with /; = {x and /y; = (v, because both statements are equivalent to the
boundedness of H : {x — ly.

In particular, considering Proposition 4.6, we can find that the following are equivalent:

(1) S: X — Y is bounded,
2)S: X+L'—>YNL®is,and
3)S: XNL*® =Y + L'is.

The same can be said for H;.

Theorem 4.13 gives an equivalence in the non-diagonal case of the boundedness of three
different operators. Furthermore, when we look into the diagonal case when X = Y, we can
use the previously known characterization for H by the Boyd indices of the space to extend it
to the following result:

Theorem 4.25. Let X (R) be an r.i. space, and let dy,dx be its discrete Boyd indices. Then,
the following are equivalent:

(a) S is bounded on X,

(b) S: X + L' — X N L>®isbounded,
(c) Hy is bounded on X,

(d) Hy: X + L' — X N L is bounded,
(e) H is bounded on (x,

() 0 <dy <dx <1

Proof. The equivalences (a)-(e) are Theorem 4.13 for X = Y and Remark 4.24. The equiva-
lence between (e) and (f) is given by the result [1, (47)]. ]

To end this section, we will use this last theorem to find r.i. spaces where the segment mul-
tiplier is bounded but the Hilbert transform is not. This stands in stark contrast to the result
proved by De Carli and Laeng [6] for classical LP spaces, and shows that in the r.i. setting the
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behavior of S and H is very different. To show that our space actually satisfies these properties,
we make use of the indices computed in Example 4.11.

Example 4.26. Consider the space (L' + L?)(R), for some 1 < p < oo. Then, we know that
Q1410 = 1, so the Hilbert transform is not bounded on L' + LP. On the other hand, as seen in

Example 4.11,

1 —
0 < C—iL1+Lp = Z_) - dLl+Lp < 1,

and, by Theorem 4.13, the segment multiplier is bounded on L' 4 L?. By duality, the same
result holds for the intersection space (L? N L>°)(RR).
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