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Abstract. The paper focuses on the behaviour of unimodular Fourier mul-

tipliers with exponential growth in the context of weighted Lp-spaces. Our

main result shows that much of the general theory of multipliers is approach-

able through the theory of unimodular multipliers. Indeed, we show that

a bounded measurable function m is a multiplier on Lp for 1 ≤ p < ∞ if

and only if eitm is a multiplier on Lp and its multiplier norm admits an

exponential bound of the form ec|t|
s

for suitable c > 0 and 0 < s < 1. We

then apply this principle to obtain new results related to the boundedness of

homogeneous rough operators, singular operators along curves and oscilla-

tory integrals. A key ingredient in our study is an extension of the classical

Stein’s theorem on analytic families of operators that studies the behaviour

of the derivative operator when θ → 0.
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2 MARÍA J. CARRO AND ALBERTO SALGUERO-ALARCÓN
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1. Introduction

Given a bounded measurable function m on Rn, consider, initially on test

functions, the linear operator Tm given by

(1) Tmf(x) =

∫
Rn
m(ξ)f̂(ξ)eixξdξ,

where f̂ is the Fourier transform of f . The function m is called the symbol or

multiplier. In fact, if Tm can be extended to a bounded operator on Lp(Rn)

for a given 1 ≤ p < +∞, we say that m is a Fourier multiplier on Lp(Rn)

and we write m ∈ Mp(Rn). It is a classical fact that Mp(Rn) is a Banach

space (in fact, a Banach algebra under the pointwise product) with the norm

∥m∥Mp = ∥Tm∥Lp→Lp . The characterization of Mp(Rn) is easy in the cases

p = 1 and p = 2, and a completely open problem for the other values of p. In

particular, the Plancherel theorem asserts that M2(Rn) = L∞(Rn), and it is

known that M1(Rn) coincides with the algebra A(Rn) of functions which are

the Fourier transform of a finite measure. Although m can be taken complex

valued, we can always consider its real and its imaginary part, and therefore

in this paper we shall always consider m to be real-valued. Our first result in

this context is the following:

Theorem 1.1. Let 1 ≤ p <∞ and 0 < φ < π/2. The following assertions are

equivalent:

(i) m ∈ Mp.

(ii) There exists c > 0 such that for every z with |arg(z)| = φ, we have

e±zm ∈ Mp, ∥e±zm∥Mp ≲ ec|z|.

We observe that (i) trivially implies (ii) even for all z ∈ C. However, the

converse is more subtle and stems from the following relation with the theory

of unimodular Fourier multipliers (that is, multipliers of the form m(ξ) = eih(ξ)

with h a real measurable function):

Theorem 1.2. Let m be a bounded function and 1 ≤ p < ∞. If there exist

s ∈ (0, 1) and c > 0 such that

∥eitm∥Mp ≲ ec|t|
s

, ∀t ∈ R =⇒ m ∈ Mp.
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To frame our previous theorem, let us give a short overview on unimodular

Fourier multipliers. An interesting starting point (chronologically speaking)

for this theory is the Beurling-Helson theorem [2], which asserts that for a real

function φ,

• If ||einφ||A(R) = O(1) for every n ∈ Z, then φ coincides modulo 2π with

some linear function.

• If ||eiλφ||A(R) = O(1) for every λ ∈ R, then φ coincides with some linear

function.

The Beurling-Helson theorem enabled to solve Levy’s problem on the descrip-

tion of the endomorphisms of the algebra A(Rn), proving that only trivial

changes of variable are admissible. This motivated to study the class of func-

tions φ such that

(2) ||eiλφ||Mp = O(1), λ ∈ R.

Hörmander [24] proved that any φ ∈ C2 satisfying (2) is linear and conjectured

that C1 suffices, which was later confirmed in [28]. Hence it is natural to wonder

what can be said for a measurable φ. Several interesting results have been given

in this direction, see [29] for a comprehensive account. In fact, we provide here

a new result in connection with the main theorem in [29] (see Theorem 3.6 and

Corollary 3.7 in Section 3).

Unimodular Fourier multipliers also arise in connection to the Cauchy prob-

lem for dispersive equations. For example, the solution u(t, x) of{
i∂tu+ (−∆)α/2 = 0

u(0, x) = u0(x),

can be expressed as u(t, x) = Tmu0(x) with m(ξ) = eit|ξ|
α
. Therefore, the

behaviour of the norm of this “multiplier” when t→ +∞ has its own interest

in this theory. Let us mention that the cases α = 1, 2 and 3 possess special

interest since they are related to the wave equation, the Schrödinger equation

and the Airy equation, respectively.

In light of the above considerations, if a function m satisfies that eim ∈ Mp

for some p ̸= 2 and m is not linear, then necessarily ||eiλm||Mp → +∞ when

|λ| → +∞. On the other hand, it is immediate to prove that

(3) m ∈ Mp =⇒ e±itm ∈ Mp, ||e±itm||Mp ≲ e|t| ||m||Mp , t ∈ R.

Therefore, our Theorem 1.2 can be regarded as a slightly weaker version of

the converse implication. We conjecture, however, that the converse of (3)

(assuming boundedness of m) is false; equivalently, Theorem 1.2 does not hold

for s = 1. This suspicion is motivated by the fact that Theorem 1.2 is obtained
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as a consequence of Theorem 2.10, and the latter does not hold for the pa-

rameter s = 1. Nonetheless, our counterexample –see Remark 2.14– does not

correspond with the above situation.

Our technique is strongly based on an extension of Stein’s theorem on ana-

lytic families of operators (AFO, for short) {Tz}z [45, 11] which analyses the

behaviour of the derivative operator T ′
z. To motivate the main ideas, let us

start with an easy observation. Assume that (Tz)z is defined in the vertical

unit strip S = {z : 0 < Re z < 1}. Then, under suitable hypothesis on the

boundedness of Tit : L
p0 → Lq0 and T1+it : L

p1 → Lq1 , Stein’s interpolation

theorem applied to {Tz}z concludes that

T1/2 : L
p(1/2) −→ Lq(1/2),

where
1

p(1/2)
=

1

2p0
+

1

2p1
,

1

q(1/2)
=

1

2q0
+

1

2q1
.

Of course, if (Tz)z is instead defined in Sr = {z ∈ C : 0 < Re z < r}, for some

r > 1, and now Tit and Tr+it satisfy the corresponding boundedness conditions,

then an application of Stein’s theorem to the family Rz = Trz yields

T1/2 = R1/(2r) : L
p(1/(2r)) −→ T q(1/(2r)),

where now

1

p(1/(2r))
=

1− 1
2r

p0
+

1
2r

p1
,

1

q(1/(2r))
=

1− 1
2r

q0
+

1
2r

q1
.

From here, it seems natural to conjecture that, under hopefully mild conditions,

if the family of operators is defined in

Ω = {z ∈ C : Re z > 0},

we shall be able to let r → +∞ and conclude that T1/2 inherits the same

boundedness property as T0; that is,

T1/2 : L
p0 −→ Lq0 .

This idea has been materialized a number of times to obtain boundedness con-

ditions for homogeneous rough operators [16], Hilbert transforms along curves

[32, 33] and oscillatory integrals [39] on Lp spaces, as well as to obtain exten-

sions of classical ergodic theorems [35, 36]. However, in all of the cited cases,

the absence of quantitative bounds for the norms of either Tit or Tα+it must be

counterweighted by proving (or assuming) boundedness of the corresponding

collection of operators on Lp for every p > 1.

The original approach in this paper is that such hypotheses concerning

boundedness can be substantially weakened if a suitable bound with respect to

t ∈ R is known for Tit and Tα+it for α ≫ 0. Indeed, our main technical result

essentially states that, if (Tz)z∈Ω and Tit : L
p0 → Lq0 and Tα+it : L

p1 → Lq1 are
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bounded for every α ≫ 0, with the bounds being of exponential order on |t|s
for some 0 < s < 1, then not only T1/2 but also –and this is the key point for

the applications– the derivative T ′
1/2 is bounded from Lp0 to Lq0 . Actually, the

result is also true for the succesive derivatives T
n)
θ . However, we shall restrict

to the case n = 1 for simplicity and because all our examples are included in

this case.

Most of our applications bear close relation to the theory of unimodular

multipliers. Before passing to a description of our main results, let us mention

however that our refinement of Stein’s theorem can be applied to much more

general operators than Fourier multipliers and to more general spaces than the

Lp-spaces. In the applications, we shall pay special attention to the case of

weighted Lp-spaces.

1.1. Homogeneous rough operators. For a given n ∈ N, Σn−1 denotes the

unit sphere of Rn. The homogeneous rough operator is defined by

(4) SΩf(x) = p.v.

∫
Rn

Ω(y′)

|y|n
f(x− y)dy,

where y′ = y/|y| and Ω ∈ L1(Σn−1) satisfies the cancellation property ; that is,∫
Σn−1 Ω(y

′)dσ(y′) = 0. Boundedness properties of this operator both in Lp and

Lp(w) when w belongs to a Muckhenhoupt class Ap for some 1 ≤ p < +∞
(see Section 3.2 for the definition) have a long history. In the Lp case, the

Calderón-Zygmund method of rotations [7] proves that if Ω ∈ L logL(Σn−1),

then, for every p > 1

(5) SΩ : Lp −→ Lp.

By contrast, although considerable effort has been devoted to the case of

weighted Lp spaces –see e.g. [12, 15, 25] and the references therein–, the theory

is still far from complete. In particular, it is an open question to characterize

the weights v such that, for every Ω ∈ L2(Σn−1) with the cancellation property,

SΩ is bounded on L2(v). As far as we know, the best result in this case is that

SΩ : L2(v) −→ L2(v), ∀v ∈ A1.

The present paper strengthens a connection between the boundedness of (4)

and the asymptotic behaviour of Lp-estimates for unimodular Fourier multi-

pliers. Indeed, in [5] it is proved that if mt(ξ) = eitϕ(ξ/|ξ|) with ϕ ∈ C∞(Σn−1),

then

(6) ||eitϕ(ξ/|ξ|)||Mp ≲ |t|n|
1
p
− 1

2 |, ∀t ∈ R : |t| ≥ 1,

thus solving Problem 15 proposed by V. Maz’ya in [30]. The proof in [5] relies

on the fact that Tmt is essentially a Calderón-Zygmund operator (and hence

bounded on Lp), and also on a precise estimate provided by A. Seeger [50] on

the weak-type boundedness of the rough operator (4).
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Here, we observe that an estimate of the form (6) (or even not so precise) for

multipliers of the form eiϕ(ξ/|ξ|) with a weaker condition in ϕ would imply the

Lp-boundedness of the corresponding SΩ operator associated to the multiplier

ϕ(ξ′) in the case of weighted spaces Lp(v). Precisely, assume that Ω ∈ L2(Σn−1)

satisfies the cancellation property. Consider the distribution

K(x) = p.v.
Ω(x′)

|x|n
,

and the corresponding Fourier multiplier mΩ(x) := K̂(x). Also, let M(L2(v))

be the set of functions m such that the operator Tm in equation (1) is bounded

from L2(v) to L2(v). In this context, we prove the following result:

Theorem 1.3. Fix v a weight in R4. Then, for every Ω ∈ L2(Σ3) such that∫
Σ3 Ω = 0 and ||Ω||2 = 1 we have

(7) SΩ : L2(v) −→ L2(v), ||SΩ|| ≲ 1,

if and only if there exists 0 < s < 1 so that for every Ω as before,

(8) ||eitRemΩ||M(L2(v)) ≲ e|t|
s

and ||eit ImmΩ||M(L2(v)) ≲ e|t|
s

.

Since a characterization of the weights for which (7) holds is still unknown,

we believe that the asymptotic behaviour of unimodular multipliers provides a

new perspective to understand the behaviour of rough operators.

1.2. Singular integrals along a curve. Consider

Kγf(x) = p.v.

∫
R
f(x− γ(t))K(t)dt, x ∈ Rn,

where γ : R → Rn is a curve and K is any kernel K (if K(t) = 1
t
, this is the

Hilbert transform along the curve). The Lp boundedness of this operator has a

long history and it is, in general, a difficult question which was first dealt with

in the 1970’s in a collection of papers by A. Nagel, E. Stein, N. M. Riviére and

S. Wainger [47, 48, 49, 32, 33, 34]. We observe that, formally,

K̂γf(ξ) = mγ(ξ)f̂(ξ),

where

mγ(ξ) = p.v.

∫
R
eiγ(s)·ξK(s)ds.

Hence, even if the L2 boundedness of this operator is equivalent to the bound-

edness of mγ, to show the latter usually requires extensions of Van der Corput

lemmata and other non-trivial techniques related to oscillatory integrals.

Our first result in this context is the following. We emphasize here that

although we initially need the kernel K to be integrable, the bound of the

operator will not depend on ||K||1. Therefore, this condition can be avoided

by an approximation argument.
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Theorem 1.4. i) If, for some constant B,

(9) Kγ : L
p −→ Lp, ||Kγ|| ≤ B,

then the functions

(10)

∫
R
eit cos(γ(s)·ξ)K(s)ds and

∫
R
eit sin(γ(s)·ξ)K(s)ds

are in Mp with norm at most Be|t|.

ii) Conversely, if K ∈ L1 and (10) holds with constant less than or equal

Be|t|
s
for some 0 < s < 1 and some universal constant B, then (9)

holds with a constant independent of ||K||1.

We also prove:

Theorem 1.5. Let γ be a curve for which there exists 1 ≤ j ≤ n such that

||γj||∞ <∞ and

p.v.

∫
R
γj(t)K(t) = ∞,

where K is some kernel satisfying that, for every ε > 0,∫
ε<|t|<1/ε

|K(t)|dt <∞.

Then, the family

(11) Kγ,ϵf(x) =

∫
ε<|t|<1/ε

f(x− γ(t))K(t)dt, ε > 0

is not uniformly bounded in L2.

1.3. Oscillatory integrals. To finish, we describe an application of a different

nature. Let us consider the oscillatory integrals of convolution type given by

TRf(x) = p.v.

∫
R

eiR(y)

y
f(x− y)dy,

where R(y) = P (y)/Q(y) is a rational function with real coefficients. In [19], it

was proved that TR is bounded on Lp for every 1 < p <∞ with norm depending

only on the degrees of P and Q but not on its coefficients. In particular, the

family (TtR)t∈R is uniformly bounded on Lp . This type of uniform boundedness

property has been considered in more general cases [17, 18, 38, 37, 1].

Moreover, given two real functions K and Q defined in Rm+n, one can con-

sider the oscillatory integral given by

TK,Qf(x) =

∫
Rn
K(x, y)eiQ(x,y)f(y)dy,

understanding the integral in the sense of principal value and f to be in a test

function space whenever necessary. An interesting problem in this context is
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to study the asymptotic behaviour in t ∈ R of the boundedness in Lp of the

operators {TK,tQ}t (see, e.g. [40, 4, 37, 20, 22, 21]). Clearly, if

HKQnf(x) = p.v.

∫
Rn
K(x, y)Qn(x, y)f(y)dy

satisfies ||HKQn||p ≲ Mn for some constant M > 0, then ||TK,tQ||p ≲ e|t|M .

We provide a weak reciprocal of this result. Although we need to assume an

undesirable boundedness condition on the phase function Q, we shall see in

Section 3.5 that this condition can be deleted on many occasions.

Theorem 1.6. Let K be a kernel satisfying the size condition

(12) |K(x, y)| ≲ 1

|x− y|n
,

and let Q be a bounded real function so that there exist constants c,M > 0 and

0 < s < 1 satisfying that, for every z = α + it ∈ C,

(13) sup
|x−y|<1

∣∣K(x, y)
(
ezQ(x,y) − A(z, x)

)∣∣ ≤M |α|ec|t|
s

<∞,

for some analytic function A(·, x) with |A(z, x)| ≤ M |α|. Let us also assume

that there exists c > 0 so that

TK,tQ : Lp −→ Lp, ||TK,tQ|| ≲ ec|t|
s

.

Then, there exists D > 0 such that

HKQn : Lp −→ Lp

is bounded with constant less than or equal than Dn for every n ∈ N.

1.4. Outline of the paper and notation. The paper is organized as follows.

In Section 2 we shall develop our main result on Analytic families of operators

proving the aforementioned extension of Stein’s theorem. Section 3 is devoted

to the applications to the theory of Fourier multipliers on Lp(v). It contains the

proofs of the results mentioned above as well as some interesting consequences,

variations and improvements. Finally, Section 4 deals with the study of the

endpoint spaces, which is the most technical part of the paper.

Let us introduce some notation for the rest of the paper. Given two Banach

spaces A and B, we write T : A → B to indicate T is bounded from A to B.

Moreover, we write A ≈ B to indicate that they have equivalent norms, A = B

to mean that A ≈ B and that the constants in the equivalence are independent

of θ, and A ≡ B to indicate that A and B are isometrically isomorphic.

We shall write a universal constant C if C = C(θ) remains bounded when

θ → 0. Please keep in mind that any universal constant may change from one

occurrence to the next. As usual, the symbol f ≲ g will indicate the existence

of a positive universal constant C so that f ≤ Cg, and f ≈ g means that f ≲ g

and g ≲ f .
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2. Analytic families of operators: the main technique

Let S = {z ∈ C : 0 < Re z < 1} be the unit strip and A(S) the alge-

bra of S. Let Ā = (A0, A1) be a compatible couple of Banach spaces and

F(Ā) = F(A0, A1) the space of analytic vector functions of the Calderón com-

plex interpolation method [6]; that is, the set of all functions f : S̄ → A0 +A1

such that

(1) f is analytic; that is, for every l ∈ (A0 + A1)
∗, l(f(·)) ∈ A(S),

(2) f(z) ∈ Aj for Re z = j and j = 0, 1,

(3) f(j + i·) is Aj-continuous, and
(4) ∥f∥F(Ā) = maxj=0,1 supt∈R ∥f(j + it)∥Aj <∞.

The classical complex interpolation space (Calderón space) is defined, for

0 < θ < 1, by

Āθ = {a = f(θ) : f ∈ F(Ā)},
with norm ∥a∥Āθ = inf{∥f∥F(Ā) : a = f(θ)}.

In [43], the following interpolation spaces were introduced:

Āδ(n)(θ) = {a ∈ A0 + A1 : ∃f ∈ F(Ā), f (n)(θ) = a},

with the norm

∥a∥δ(n)(θ) = inf{∥f∥F(Ā) : f
(n)(θ) = a},

and

Āδ
(n)(θ) = {a ∈ A0 + A1 : ∃f ∈ F(Ā), f(θ) = a, f (m)(θ) = 0, m = 1, . . . , n},

with the analog norm ∥x∥δ(n)(θ). At this point, we should say that although all

the theory could be developed for the n-th derivative, we shall only discuss the

case n = 1. This will be done to avoid unnecessary complications, since all our

examples will be covered by this particular case.

Remark 2.1 We shall use the following classical facts repeatedly:

• Āδ′(θ) ⊂ Āθ with constant 1.

• Āθ ⊂ Āδ′(θ) with constant 2θ.

The first embedding is clear. To prove the second, let D = {z ∈ C : |z| < 1} be

the unit disc and consider the conformal map φθ : S −→ D such that φθ(θ) = 0.

Explicitly,

φθ(z) = hα

(
eiπz − i

eiπz + i

)
,

where α = eiπθ−i
eiπθ+i

and hα : D → D is a conformal map such that hα(α) = 0. For

our purposes, we need to know that

|φ′
θ(θ)| =

π

2 sinπθ
,
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and hence |φ′
θ(θ)| ≈ 1/θ when θ → 0. Now, if a ∈ Āθ and f ∈ F(Ā) is such

that f(θ) = a, then the function F (z) = φθ(z)
φ′
θ(θ)

f(z) ∈ F(Ā) and F ′(θ) = a.

Therefore,

∥a∥Āδ′(θ) ≤ ∥F∥F(Ā) =
1

|φ′
θ(θ)|

∥f∥F(Ā) ≤ 2θ∥f∥F(Ā),

and taking the infimum over all such f , we obtain the result.

We shall repeatedly use the conformal map φθ, as well as its inverse function

ϕθ = φ−1
θ : D → S. Whenever it is clear we shall simply write φ and ϕ.

The following endpoint spaces will appear in our main theorem:

Definition 2.2 For a given couple (A0, A1), we consider the endpoint spaces

given by

Āδ(0) =

{
a ∈ A0 + A1 : ∥a∥δ(0) = lim

θ→0
∥a∥θ <∞

}
,

Āδ′(0) =

{
a ∈ A0 + A1 : ∥a∥δ′(0) = lim

θ→0

∥a∥δ′(θ)
θ

<∞
}
,

Āδ
′(0) =

{
a ∈ A0 + A1 : ∥a∥δ

′(0) = lim
θ→0

∥a∥δ′(θ) <∞
}
.

Also, if D is a dense set in the Banach space A0 ∩ A1 endowed with the norm

∥x∥A0∩A1 = max(∥x∥A0 , ∥x∥A1), we shall denote by Dδ′(0) the completion of D

with respect to ∥ · ∥δ′(0), and similarly Dδ′(0) and Dδ(0).

Remark 2.3 As a consequence of Remark 2.1, we have that Dδ′(0) ⊆ Dδ(0)

with constant 1, and Dδ(0) ⊆ Dδ′(0) with constant 2.

Observe that neither of the endpoint spaces Āδ(0), Ā
δ′(0), and Āδ′(0) are re-

quired to be complete. Such spaces will be studied for the couples (Lp0 , Lp1)

–for 1 ≤ p0, p1 ≤ ∞– and (Lp(w0), L
p(w1)) –for 1 ≤ p ≤ ∞ and w0, w1 two

suitable weights– in the last section of this paper. Precisely, we shall prove the

following results.

Claim 2.4. For every dense set D in Lp0 ∩ Lp1, it holds that:
(1) The norms ∥ · ∥δ(0) and ∥ · ∥δ′(0) are equivalent to the Lp0-norm on D.

(2) (Lp0 , Lp1)δ(0) ⊆ Lp0 and (Lp0 , Lp1)δ′(0) ⊆ Lp0 up to some universal con-

stant.

Claim 2.5. Let N = {v measurable : v(x) ̸= 0 a.e. x}. If w0 and w1 are two

weights such that w1 ∈ N , then for every dense set D in Lp(w0) ∩ Lp(w1), it

holds that:

(1) The norms ∥ · ∥δ(0) and ∥ · ∥δ′(0) are equivalent to the Lp(w0)-norm on

D.
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(2) (Lp(w0), L
p(w1))δ(0) ⊆ Lp(w0) and (Lp(w0), L

p(w1))δ′(0) ⊆ Lp(w0) up to

some universal constant.

We shall now work with what we call Calderón analytic families of operators

(we direct the interested reader to [11, 8] and the references therein for more

details about these families). To simplify the computations in the applications,

we will slightly modify the classical definition.

Definition 2.6 Let Ā and B̄ be two compatible couples of Banach spaces,

D a dense subset of A0 ∩A1 and L̄ = {Lξ}ξ∈S̄ a family of linear operators such

that

Lξ : D −→ B0 +B1.

We say that L̄ is a Calderón analytic family of operators on D, and we write

L̄ ∈ C(S;D), if the following conditions hold:

(1) For every t ∈ R and j = 0, 1,

Lj+it : (D, ∥ · ∥Aj) −→ (Bj, ∥ · ∥Bj)

is bounded with constant Mj.

(2) For every a ∈ D, the function Lξa ∈ F(B̄).

Moreover, if max(M0,M1) ≤ 1, we say that L̄ is a uniformly bounded Calderón

analytic family on D, and we denote this fact by L̄ ∈ BC(S, D).

The following extension of Stein’s theorem (see [44, 11, 10, 8]) holds. We

include the proof for the sake of completeness:

Theorem 2.7. Let Ā and B̄ be two compatible couples of Banach spaces and

let L̄ ∈ BC(S;D). Then, the derivative operator L′
θ = (Lξ)

′(θ) is bounded from

Dδ′(θ) to B̄δ′(θ) with norm at most 1.

Proof. Let

G(Ā) =
{∑

finite

φjxj : xj ∈ A0 ∩ A1, φj ∈ A(S)
}
,

which is dense in F(Ā) [6]. Therefore, the subspace of F(Ā) given by

GD(Ā) =
{∑

finite

φjxj : xj ∈ D,φj ∈ A(S)
}
,

is also dense in F(Ā) thanks to the fact D is dense in A0 ∩A1. Now let d ∈ D,

ε > 0 and f ∈ F(Ā) such that f(θ) = d, f ′(θ) = 0 and ∥f∥F(Ā) ≤ ∥d∥δ′(θ) + ε.

Let us define

H(ξ) =
f(ξ)− e(ξ−θ)

2
d

φθ(ξ)2
,

Then, it is clear that H ∈ F(Ā) thanks to the hypothesis on f . Therefore,

there exists h ∈ GD(Ā) such that ∥H − h∥F(Ā) ≤ ε. If we now consider
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G(ξ) = h(ξ)φθ(ξ)
2 + de(ξ−θ)

2
, we have that G(θ) = d, G′(θ) = 0, G ∈ GD

and ∥G− f∥F(Ā) ≤ ε. Consequently, we have obtained that, for every d ∈ D,

∥d∥δ′(θ) = inf
{
∥g∥F(Ā) : g(θ) = d, g′(θ) = 0, g ∈ GD

}
.

Now, let d ∈ D and set g ∈ GD such that g(θ) = d, g′(θ) = 0 and ∥g∥F ≤
∥d∥δ′(θ)+ε. Let F (ξ) = Lξg(ξ). Then, one can immediately see that F ∈ F(B̄)

and ∥F∥F(B̄) ≤ ∥g∥F(Ā) ≤ ∥d∥δ′(θ) + ε, and since,

F ′(θ) = L′
θg(θ) + Lθg

′(θ) = L′
θd,

we obtain that L′
θd ∈ B̄δ′(θ) and ∥L′

θd∥B̄δ′(θ) ≤ ∥d∥δ′(θ) + ε. Letting ε tend to

zero we obtain the result. □

Our first main result in this context is the following.

Theorem 2.8. Let Ā and B̄ be two compatible couples of Banach spaces. Let

Ω = {z ∈ C : Re z > 0} and set, for every ξ ∈ Ω̄,

Tξ : D −→ B0 +B1

a linear operator such that:

(i) For every t ∈ R,

Tit : (D, ∥ · ∥A0) −→ B0, ||Tit|| ≤M0.

(ii) There exists two constants M and M1 such that, for every t ∈ R and

every α > 0,

Tα+it : (D, ∥ · ∥A1) −→ B1, ||Tα+it|| ≤M1M
α.

(iii) For every λ > 0 and every d ∈ D, Tλξd ∈ F(B̄).

Then,

(a) The operator at the point ξ = 1,

T1 : Dδ(0) −→ B̄δ(0), ||T1|| ≤M0M.

(b) The derivative operator at the point ξ = 1,

T ′
1 : D

δ′(0) −→ B̄δ′(0), ||T1|| ≤M0M(1 + 2|logM |).

Proof. First of all, it is clear that one can assume M0 = 1. Now, fix 0 <

θ < 1 and let us consider the analytic family of operators Rξ = Tξ/θ, where

ξ ∈ S. Then, one can immediately see that the family Lξ = (M θ
1M)−ξ/θRξ ∈

BC(S;D). To prove (a), observe that Stein’s theorem gives us that, regardless

of θ,

Rθ = T1 : (D, ∥ · ∥Āθ) −→ B̄θ

is bounded with constant M θ
1M , and letting θ tends to zero, we clearly have

that

T1 : Dδ(0) −→ B̄δ(0)
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is bounded with constant M .

Now, to show part (b), we apply Theorem 2.3 to obtain that

L′
θ : D

δ′(θ) −→ B̄δ′(θ)

with constant 1. Now, since

L′
θ =

1

θ

1

M θ
1M

(
T ′
1 − log(MM θ

1 )T1

)
,

letting θ → 0 we conclude that for every d ∈ D ,∥∥∥(T ′
1 − logM T1

)
d
∥∥∥
B̄δ′(0)

≤M∥d∥δ′(0),

and so we get our conclusion using part (a) and Remark 2.3. □

For our applications below, we need to improve Theorem 2.8 by considering

Analytic families of operators with exponential growth at the border. To this

end, we first need the following lemma.

Lemma 2.9 Fix s ∈ (0, 1) and consider ψ : R2 → R defined by

ψs(x, y) =
1

π

∫ +∞

−∞

x

x2 + t2
|y + t|s dt.

Then, the following properties hold:

(1) ψs is harmonic.

(2) For every y ∈ R, limx→0+ ψs(x, y) = |y|s.
(3) For every x > 0, ψs(x, y) ≥ |y|s.

Proof. The first two properties are immediate. As for (3), we observe that since

|y + t|s ≥ |y|s whenever yt ≥ 0, we have that for y > 0,

1

π

∫ ∞

−∞

x

x2 + t2
|y + t|s dt ≥ 1

π

∫ +∞

0

x

x2 + t2
|y|s dt = |y|s.

If y < 0, the argument is similar. □

Theorem 2.10. Let Ā and B̄ be two compatible couples of Banach spaces and

set, for every ξ ∈ Ω̄,

Tξ : D −→ B0 +B1

a linear operator such that:

(i) There exist constants M0 > 0, C > 0 and s ∈ (0, 1) such that, for every

t ∈ R,

Tit : (D, ∥ · ∥A0) −→ B0, ∥Tit∥ ≤M0 exp (C|t|s).

(ii) There exists two constants M and M1 such that, for every t ∈ R and

every α > 0,

Tα+it : (D, ∥ · ∥A1) −→ B1, ∥Tα+it∥ ≤M1M
α exp (C|t|s).
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(iii) For every d ∈ D, Tξd ∈ F(B̄).

Then, the operators

T1 : Dδ(0) −→ B̄δ(0), T ′
1 : D

δ′(0) −→ B̄δ′(0)

are bounded with constants depending on M0, M , C and s.

Proof. Let Φs be an analytic function such that ReΦs = ψs –with the notations

of the previous lemma–, and define

Rξ = exp [−C Φs(ξ)] Tξ, ξ ∈ Ω.

Let us check that the family (Rξ)ξ∈Ω satisfies the hypothesis of Theorem 2.8.

Indeed, given t > 0 we have

∥Rit∥(D,∥·∥A0
)→B0 ≤ exp [−Cψs(0, t)] ∥Tit∥ ≤M0,

while for any α > 0 and t > 0,

∥Rα+it∥(D,∥·∥A1
)→B1 ≤ exp[−Cψs(α, t)] ∥Tα+it∥ ≤M1M

α.

Hence, part (a) of Theorem 2.8 ensures that

R1 = exp [−CΦs(1)] T1

is bounded from Dδ(0) to B̄δ(0) with norm less or equal than M0M , and there-

fore,

∥T1∥D̄δ(0)→B̄δ(0)
≤M0MeCψs(1,0).

Additionally, applying part (b) of Theorem 2.4 we obtain that

R′
1 = exp [−CΦs(1)] (T

′
1 − CΦ′

s(1)T1)

is also bounded from Dδ′(0) to B̄δ′(0) with norm at most M0M(1 + 2|logM |).
This fact in tandem with Remark 2.3 yields the conclusion:

∥T ′
1∥Dδ′(0)→B̄δ′(0)

≤ eCψs(1,0)M0M [1 + 2|logM |+ 2C|Φ′
s(1)|] . □

Remark 2.11 The following facts will be important for applications:

(i) It is straightforward to see that the conclusion of Theorem 2.10 also

holds for Tλ+iµ and T ′
λ+iµ for any fixed w = λ + iµ ∈ Ω. Indeed, one

just need to consider T̄ξ = Tλξ+iµ instead of the original family (Tξ)ξ∈Ω.

In other words, under the hypothesis of Theorem 2.10,

Tξ : D0 → B̄0, T ′
ξ : D

δ′(0) → B̄δ′(0)

are bounded for every ξ ∈ Ω. The precise bounds will be needed for

the proofs of Theorems 1.4, 1.5 and 1.6 –see Sections 3.4 and 3.5–. We
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have the bounds

∥Tλ+iµ∥Āδ(0)→B̄δ(0)
≤ A(λ, s)M0M eC|µ|s ,

∥T ′
λ+iµ∥Āδ′(0)→B̄δ′(0)

≤ B(λ, s)M0M(1 + 2|logM |)eC|µ|s ,

where A(λ, s) and B(λ, s) are constants depending only on λ and s.

(ii) Observe that the norms of both T1 and T
′
1 are independent of M1. This

matter will be crucial in the proof of Theorems 1.4 and 1.5 –see Section

3.4.

Remark 2.12 In Theorem 2.10, the dependence of the given bounds for

the norms of T1 : Dδ(0) −→ B̄δ(0) and T ′
1 : Dδ′(0) −→ B̄δ′(0) cannot be made

independent of s ∈ (0, 1). Indeed, it can be easily checked that

ψs(1, 0) =
2

π

∫ +∞

0

ts

1 + t2
dt =

1

π

∫ +∞

0

us−
1
2

1 + u
du =

1

π
Γ

(
1− s

2

)
Γ

(
1 + s

2

)
.

Therefore, when s → 1−, ψs(1, 0) ≈ 1
1−s . The derivative |Φ′

s(1)| exhibits the

same behaviour when s → 1−, since a routine argument via differentiation

under the integral sign yields

|Φ′
s(1)| =

1

π

∫ +∞

−∞

u
s
2
+ 1

2 − u
s
2
− 1

2

(1 + u)2
du ≈ Γ

(
1− s

2

)
Γ

(
5 + s

2

)
.

The following reformulation of Theorem 2.10 may be more suitable for cer-

tain applications –see the proof of Theorem 1.1–. In the sequel, we consider

the principal argument of any complex number in (−π, π].

Theorem 2.13. Let Ā and B̄ be two compatible couples of Banach spaces. Fix

φ ∈ (0, π
2
) and consider

Ωφ = {z ∈ C : |arg(z)| < φ}.

Set, for every w ∈ Ωφ, a linear operator

Tξ : D −→ B0 +B1

such that

(1) There exist constants C > 0 and M0 > 0 such that, for any w ∈ ∂Ωφ,

∥Tw∥ : (D, ∥ · ∥A0) → B0, ||Tit|| ≤M0e
C|w|.

(2) There exist constants M1 and α > 0 so that, for every w ∈ Ωφ such

that Re(w) > α,

∥Tw∥ : (D, ∥ · ∥A1) → B1, ||Tw|| ≤M1e
C|w|.

(3) For every d ∈ D, Twd ∈ F(B̄).
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Then, the operators

T1 : Dδ(0) −→ B̄δ(0), T ′
1 : D

δ′(0) −→ B̄δ′(0)

are bounded with constants depending only on M0 and C.

Proof. The conformal map ρ(z) = zs, where s = 2
π
φ < 1, sends the right

half-plane Ω to Ωφ. Then, for every z ∈ Ω, we define Rz = Tρ(z) and check

that R̄ = (Rz)z∈Ω satisfies the hypotheses of Theorem 2.10. Indeed, using that

|ρ(z)| = |z|s for any z ∈ Ω we obtain the following calculations:

(1) For any t ∈ R, we have:

∥Rit∥A0→B0 = ∥Tρ(it)∥A0→B0 ≤M0 exp |ρ(it)| =M0 exp |t|s.
(2) On the other hand, it can be easily checked that

ρ−1({w ∈ Ωφ : Re(w) ≥ α}) ⊇ {z ∈ Ω : Re(z) ≥ α1/s},
and therefore, for any β > α1/s we obtain the estimation

∥Rβ+it∥A1→B1 = ∥Tρ(β+it)∥ ≤M1 exp (|β + it|s) ≤
≤M1 exp (β

s + |t|s) ≤M1e
β exp |t|s.

Finally, it is clear that R is an analytic family, since ρ is holomorphic. Hence,

our previous theorem implies that R1 : Dδ(0) → B̄δ(0) and R
′
1 : Dδ′(0) → B̄δ′(0)

with bounds depending only on M0 and C. Since T1 = R1 and T ′
1 = 1

s
R′

1, we

conclude. □

Remark 2.14 (Optimality of Theorems 2.10 and 2.13) Before passing

to applications, let us show that one cannot take s = 1 in Theorem 2.10 –

or, equivalently, φ = π
2
in Theorem 2.13–. Therefore, the above results are

optimal. Let K(x) = 1
x
χ[1,+∞)(x) and consider the convolution operator

T (f)(x) = (f ∗K)(x),

which is well-known to be unbounded from L1 to L1. We define, for a given

z ∈ Ω, the linear operator

Tz(f) =

(
1

Γ(z + 1)

∞∑
j=1

jz−2Kj

)
∗ f

whereKj(x) = K(x)χ[2j ,2j+1](x). Using the following estimate (see [26]), which

is valid for any fixed x ∈ R when |y| → +∞,

1

|Γ(x+ iy)|
≈ e

π
2
|y| |y|

1
2
−x,

we infer that

∥Tit∥L1→L1 ≤
1

|Γ(1 + it)|

∞∑
j=1

1

j2
∥Kj∥L1 ≲ e

π
2
|t|,
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while, on the other hand, letting b = α− [α] and M = (2 log 2)−1,

∥Tα+it∥L1→L2 ≤
1

|Γ(1 + α + it)|

∞∑
j=1

jα−2∥Kj∥L2 =

=
1

|Γ(1 + α + it)|

∞∑
j=1

jα−2 · 2−(j+1)/2 ≲

≲
1

|Γ(1 + α + it)|

∫ +∞

0

tα−2 · 2−t/2 dt ≲

≲
Mα

|Γ(1 + α + it)|

∫ +∞

0

tα−2e−t dt =Mα |Γ(α− 1)|
|Γ(1 + α + it)|

=

=Mα (α− 2)(α− 3) · · · |Γ(1 + b)|
|α + it| |α− 1 + it| · · · |Γ(1 + b+ it)|

≤

≤Mα (α− 2)(α− 3) · · · |Γ(1 + b)|
α(α− 1) · · · |Γ(1 + b+ it)|

≲
Mα

|Γ(1 + b+ it)|
≲

≲Mαe
π
2
|t|.

In light of this, observe that if our Theorem 2.10 could be applied to the

couples Ā = (L1, L1) and B̄ = (L1, L2) and the analytic family T̄ = (Tz)z∈Ω,

then an appeal to Claim 2.4 would yield that T2(f) =
1
2
K ∗ f is bounded from

L1 to L1, which is false.

3. Applications to Fourier multipliers

Let us establish some notation for this section. Given A ≥ 0 and s ∈ (0, 1),

set

M(A; s) = {m measurable : ||eitm||Mp ≤ Ae|t|
s

, t ∈ R}.
Mb(A; s) = M(A; s) ∩ L∞(Rn).

Observe that, if

sup
0≤t<1

||eitm||Mp ≤ A and ||einm||Mp ≤ Ae|n|
s

, n ∈ Z.

then m ∈ M(A2; s). Moreover, m ∈ M(A; s) does not necessarily imply that

m is a multiplier in Lp. We start the section with the proof of Theorem 1.2.

Proof of Theorem 1.2. We can clearly set c = 1 and, hence, m ∈ Mb(A; s) for

some A > 0 and some 0 < s < 1. Let us assume that ∥m∥∞ > 1 (if it were

not the case, we would omit the term ∥m∥∞ in the definition of the following

family of operators) and consider the two analytic families of operators

(14) T±
z f(x) =

∫
Rn
e±z

m(ξ)
∥m∥∞ f̂(ξ)eixξdξ, z ∈ Ω,
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defined on the couple Ā = (Lp, L2) with D a test function space. It holds that

∥T±
it ∥Lp→Lp ≤ Ae

1
∥m∥s∞

|t|s ≤ Ae|t|
s

, ∀t ∈ R,

and

∥T±
α+it∥L2→L2 ≤ eα, ∀t ∈ R, α > 0.

Hence, by Theorem 2.10, there exist constants C+
s and C−

s (depending only on

s) such that

∥T−
1 ∥Dδ(0)→Āδ(0)

≤ AC+
s , ∥(T+

1 )′∥Dδ′(0)→Āδ′(0)
≤ AC−

s .

Now, Claim 2.4 applied to the couple (Lp, L2) asserts that T−
1 and (T+

1 )′ define

multipliers on Lp with

∥T−
1 ∥Lp→Lp = ∥e−

m
∥m∥∞ ∥Mp ≤ AC+

s ,

∥(T+
1 )′∥Lp→Lp =

∣∣∣∣∣∣∣∣ m

∥m∥∞
e

m
∥m∥∞

∣∣∣∣∣∣∣∣
Mp

≤ AC−
s .

Therefore, their composition is also a multiplier on Lp and we have that

1 ≤
∥m∥Mp

∥m∥∞
≤ A2C+

s C
−
s . □

Proof of Theorem 1.1. It is mostly analogous: define the analytic families of

operators as in (14) and apply Theorem 2.13 this time. □

In another direction, the following “interpolation” problem for multipliers is

interesting: given a positive function m ∈ Mp(Rn), under which hypotheses

does it hold that ma ∈ Mp(Rn) for every a > 1? Since the assertion is obvious

for a ∈ N, it is enough to consider 1 < a < 2. We provide a sufficient condition

related to the behaviour of the unimodular multiplier eitm:

Theorem 3.1. Let p ≥ 1. If m is a positive bounded function such that

mit ∈ Mp with ||mit||Mp ≲ e|t|
s
for some 0 < s < 1, then ma(logm)n ∈ Mp

for every a > 0 and every n ∈ N.

Proof. Consider, for z ∈ S, the operator

Tz(f)(x) =

∫
m(ξ)zf̂(ξ)eixξdξ.

Our hypothesis imply that

∥Tit∥Lp→Lp ≲ e|t|
s

while, if α > 0, the boundedness of m yields

∥Tα+it∥L2→L2 ≲ A∥m∥α∞e|t|
s

.

Hence, appealing to Theorem 2.10 and Claim 2.4, we obtain that Ta and (Ta)
′

are bounded from Lp to Lp for every a > 0; in other words, ma and ma logm
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belong to Mp for every a > 0. To obtain the result for n > 1 we just write

ma(logm)n as the product of ma/2(logm)n−1 and ma/2 logm. □

We can also give a couple of necessary conditions for a bounded function m

to be in the class M(A; s), which we believe they are interesting in their own

right.

Proposition 3.2. If m ∈ M(A; s) for some 0 < s < 1, then

1

λ+ im
∈ Mp, ∀λ ∈ R \ {0}

and, in general, for every φ ∈ L1(e|·|
s
) it holds that φ̂(m) ∈ Mp.

Proof. It follows immediately by writing

φ̂(m(ξ)) =

∫
R
φ(x)e−im(ξ)xdx,

and applying Minkowsky integral inequality to obtain

||φ̂(m(·))||Mp ≤
∫
R
|φ(x)| ||e−im(ξ)x||Mpdx ≤ A

∫
R
|φ(x)|e|x|sdx ≲ 1.

For the first part, it is enough to take φ(x) = e−λxχ(0,∞) (if λ > 0) or φ(x) =

−e−λxχ(−∞,0) (if λ < 0). □

The previous proposition, in tandem with Theorem 3.1, yield:

Corollary 3.3. If m satisfies the hypotheses of Theorem 3.1, then

1

λ± i logm
∈ Mp, ∀λ ∈ R \ {0}.

3.1. Local variations. Observe that it is not possible to avoid the bounded-

ness of m in Theorem 1.2, since any Fourier multiplier in Lp is necessarily a

bounded function. However, we can obtain some local results as follows.

First, suppose that m ∈ M(A; s) for some A > 0 and 0 < s < 1, but m is

not bounded. Then, we can partially amend this by considering

m̃(ξ) = m(ξ) mod 2π,

which, since m ∈ M(A; s), it satisfies

∥eim̃n∥Mp ≲ Ae|n|
s ∀n ∈ Z.

Therefore, an application of Theorem 1.2 shows:

Corollary 3.4. If m is a measurable function in the class M(A; s) such that

∃C > 0 : ∥eim̃θ∥Mp ≤ C ∀θ ∈ (0, 1),

then m̃ ∈ Mp.
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Our second approach stems from the well-known fact that, if Q = Q(0, 1)

is the unit cube in Rn and QR = Q(0, R) then –see [28, §1]– χQR ∈ Mp and

∥χQR∥Mp ≤ cp, where cp is independent of R.

Theorem 3.5. If m ∈ M(A; s) is locally bounded, then mχQR ∈ Mp and

∥mχQR∥∞ ≤ ∥mχQR∥Mp ≤ C(A, s)cp ∥mχQR∥∞.

Proof. Since our problem is invariant under dilations, we can assume R = 1.

Let us denote m1 = mχQ and assume that ∥m1∥∞ ≥ 1 (otherwise, we just

omit this term in the next definition of the operators). Now, let us consider

the two analytic families of operators

T±
z f(x) =

∫
Q

e
±z m(ξ)

∥m1∥∞ f̂(ξ)eixξdξ, z ∈ Ω,

on the couple (Lp, L2) as before. We have that

∥T±
it ∥Lp→Lp ≤ Acp e

1
∥m1∥s∞

|t|s ≤ Acp e
|t|s , ∀t ∈ R,

and

∥T±
α+it∥L2→L2 ≲ eα, ∀t ∈ R.

The result now follows from Theorem 2.10 as we have done in the proof of

Theorem 1.2. □

Finally, we specialize to unimodular Fourier multipliers. The following result

was proved in [29, Theorem 3].

Theorem 3.6. Let 1 < p < ∞, p ̸= 2 and let φ : Rn −→ R be a bounded

measurable function satisfying that, for some constant A > 0 and every λ ∈ R,

∥eiλφ∥Mp ≤ A.

Then φ has the following properties:

(a) There exists a closed set E(φ) ⊂ Rn of Lebesgue measure zero such

that m coincides almost everywhere with a linear function on every

connected component of the complement of E(φ); that is, φ(t) = (ai, t)+

bi whenever t ∈ Ii with Rn \ E(φ) =
⋃
i Ii.

(b) The set of all distinct vectors ai is finite.

As an immediate consequence of Theorem 1.2, we have the following corollary

that adds two new properties to the function φ in Theorem 3.6.

Corollary 3.7. If ϕ is a function satisfying the hypothesis of Theorem 3.6,

then φ ∈ Mp and

1 ≤
∥φ∥Mp

∥φ∥∞
≲ A2.
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3.2. Extension to the weighted setting. In this section, we shall be dealing

with the pair (Lp(u), Lp(v)) for which we have studied the endpoint spaces

appearing in our theorem (see Section 4).

In particular, we can (and with the same proof) extend the previous results

for the class of Fourier multipliers on Lp(v); that is, bounded functions m so

that the operator Tm : Lp(v) → Lp(v) whenever v belongs to the Muckenhoupt

class Ap. This class will be denoted by Mp(v).

Let us first recall some facts on weighted theory. Consider the Hardy-

Littlewood maximal operator M defined for locally integrable functions on Rn

by

Mf(x) = sup
Q∋x

1

|Q|

∫
Q

|f(y)|dy,

where the supremum is taken over all cubes Q ⊆ Rn containing x. It is known

[31] that, for every 1 < p <∞,

M : Lp(w) −→ Lp(w) ⇐⇒ w ∈ Ap,

where, by definition, w ∈ Ap if w is a positive and locally integrable function

such that

[w]Ap := sup
Q

(
1

|Q|

∫
Q

w(x)dx

)(
1

|Q|

∫
Q

w(x)1−p
′
dx

)p−1

<∞.

Moreover, if 1 ≤ p <∞,

M : Lp(w) −→ Lp,∞(w) ⇐⇒ w ∈ Ap,

where, by definition, w ∈ A1 if there is C > 0 such that

Mw(x) ≤ Cw(x), a.e. x,

and the infimum of such constants C is denoted by [w]A1 .

In this context, the fundamental result for our purpose is the quantitative

version of the extrapolation theorem of Rubio de Francia [42, 14].

Theorem 3.8. If for some 1 ≤ p0 <∞ and every w ∈ Ap0,

T : Lp0(w) → Lp0(w), ∥T∥ ≤ ψ([w]Ap0 ),

where ψ : (0,∞) → (0,∞) is an increasing function, then for 1 < p < ∞ and

every w ∈ Ap,

T : Lp(w) → Lp(w), ∥T∥ ≤ ψ̃([w]Ap)

with

ψ̃(t) ≲

{
ψ
(
C1t

p0−1
p−1

)
if 1 < p < p0,

ψ (C2t) if p0 < p <∞,

for some constants C1 and C2 depending on p and p0.
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With this tool, we can now extend Theorem 1.2 to the context of weighted

Lebesgues spaces as follows.

Theorem 3.9. Let m be a bounded function, p0 > 1 and v ∈ Ap0. If there

exists s ∈ (0, 1) such that

(15) ∥eitm∥Mp0 (v)
≤ Ψ([v]Ap0 )e

|t|s , ∀t ∈ R,

for some increasing function Ψ, then necessarily m ∈ Mp(v) for every p > 1

and

1 ≤ sup
m∈M(A;s)

∥m∥Mp(v)

∥m∥∞
= sup

m∈M(A,c;s)

∥m∥Mp(v)

∥m∥∞
≤ A([v]Ap).

where A([v]Ap) is determined depending of the relative position of p0, 2 and p

as follows (the constant C depends on p and p0 and therefore it can be different

in each case):

A([v]Ap) ≤ A



Ψ

(
C[v]

p0−1
p−1

Ap

)
if p < 2 < p0,

Ψ
(
C[v]Ap

)
if p0 < 2 < p,

Ψ

(
C[v]

1
p−1

Ap

)
if p0 < p < 2 or p < p0 < 2,

Ψ
(
C[v]p0−1

Ap

)
if 2 < p0 < p or 2 < p < p0.

Proof. By the Rubio de Francia extrapolation theorem we have that (15) im-

plies the existence of increasing function Ψ̃ so that

∥eitm∥M2(v) ≤ e|t|
s

Ψ̃([v]A2), ∀t ∈ R, ∀v ∈ A2.

Therefore, we can proceed as in the proof of Theorem 1.2 for the couple

(L2(u), L2) to obtain that, for A = Ψ̃([v]A2),

1 ≤ sup
m∈M(A;s)

∥m∥M2(v)

∥m∥∞
= sup

m∈M(A,c;s)

∥m∥M2(v)

∥m∥∞
≤ CsA

2.

where Cs is a constant depending only on s. Now, using Theorem 3.8 again we

obtain the result. □

In the local case, we can also extend Theorem 3.5 since, for every v ∈ Ap,

χQ ∈ Mp(v).

Theorem 3.10. Let m be a locally bounded function and let v ∈ Ap. If there

exists s ∈ (0, 1) such that

∥eitm∥Mp(v) ≤ Ae|t|
s

Ψ([v]Ap), ∀t ∈ R

for some increasing function Ψ, then necessarily mχQ(0,R) ∈ Mp(v) with

∥mχQ(0,R)∥∞ ≤ ∥mχQ(0,R)∥Mp(v) ≤ A([v]Ap)∥χQ(0,1)∥Mp(v)∥mχQ(0,R)∥∞,

with A([v]Ap) as in Theorem 3.9.
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3.3. Homogeneous rough operators. In order to provide the proof of The-

orem 1.3, let us give a brief refresh of definitions and previously known results.

Given Ω ∈ L2(Σn−1), we can expand Ω =
∑∞

j=0 Yj where Yj belongs to the

space of spherical harmonics of order j. Moreover, by the cancellation prop-

erty of Ω we have that Y0 = 0. Then, if we consider the distribution

K(x) = p.v.
Ω(x′)

|x|n
,

it holds that the corresponding Fourier multiplier mΩ(x) := K̂(x) satisfies

(16) mΩ(x) =
∞∑
j=1

i−jγjYj,

where γj ≈ j−n/2 (see [46, Theorem 4.7]).

Definition 3.11 Given s > 0 and n ∈ N, the space Hs(Σn−1) is the subspace

of functions p ∈ L2(Σn+1) such that their spherical harmonic decomposition

p =
∑∞

j=0 Yj satisfies
∞∑
j=0

(1 + j)2s∥Yj∥22 <∞

It is known [13] that, for s ∈ N, the space Hs(Σn−1) coincides with the

Sobolev spaceW s,2(Σn−1) of functions p ∈ L2(Σn−1) whose all weak derivatives

over the sphere up to order s belong to L2, endowed with the norm

∥p∥W s,2 =
s∑
j=0

∥Dj
Σn−1p∥L2(Σn−1).

In fact, ∥p∥W s,2 ≈
∑∞

j=0(1 + j)2s∥Yj∥22. As a consequence, we have that

||mΩ||Hn/2(Σn−1) ≈ ||Ω||2.
In order to avoid convergence problems in what follows, let us define, for a

fixed l ∈ N,

Ωl =
l∑

j=1

Yj.

It is clear that (Ωl)
∞
l=1 converges to Ω in L2(Σn−1), satisfies the cancellation

property and is indefinitely differentiable in Σn−1. Recall also that

∆Yj = −j(j + n− 2)Yj, ∀j > 0,

and that, for a given r > 0, the operator ∆r is defined so that

(−∆)rYj = (j(j + n− 2))rYj, ∀j > 0.
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Lemma 3.12 If n ≥ 2, then, for every l ∈ N,

||Ωl||2 ≈ ||∆n/4

Σn−1mΩl ||2.

As a consequence, if Ω ∈ C∞, then

||Ω||2 ≈ ||∆n/4

Σn−1mΩ||2.

Proof. We have that

||Ωl||22 =
l∑

j=1

||Yj||22 =
l∑

j=1

jnj−n||Yj||22 ≈
l∑

j=1

(j(j + n− 2))n/2j−n||Yj||22

≈

∣∣∣∣∣
∣∣∣∣∣

l∑
j=1

(j(j + n− 2))n/4i−jγjYj

∣∣∣∣∣
∣∣∣∣∣
2

2

= ||∆n/4

Σn−1mΩl ||22. □

We can now give the proof of Theorem 1.3.

Proof of Theorem 1.3. Let us start by mentioning that, as a consequence of

the Sobolev embedding theorem for compact manifolds [23, Theorem 2.6], we

have that

H2(Σn−1) ⊂ W 1,p(Σn−1),
1

2
− 1

n− 1
<

1

p
<

1

2
.

We also have that [23, Theorem 2.7], for every q > n − 1, W 1,q(Σn−1) ⊂
C0(Σn−1). In particular,

(17) H2(Σ3) ⊂ W 1,4(Σ3) ⊂ L∞.

Now, given Ω, let us consider the corresponding multiplier m := mΩ, which

is homogeneous of degree 0. Let us expand m as in (16) and observe that

Re m =
∞∑
k=2

(−1)kγ2kY2k,

Hence we can assume without loss of generality that m is real by applying the

following argument to its real and imaginary parts. Moreover, m ∈ H2(Σ3)

with ||m||H2(Σ3) ≤ ||Ω||2, and hence by (17),

||m||W 1,4(Σ3) ≲ ||Ω||2,

Set Ωl and ml as before and let us consider the homogeneous function eitml ,

which is also indefinitely differentiable on the sphere. Hence if we consider the

multiplier

mt,l := eitml −
∫
Σn−1

eitml(y
′)dσ(y′),
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it is known [46, Chapter IV, Theorem 4.7] that there exists a function Ωt,l ∈
L2(Σn−1) satisfying the cancellation property and such that mt,l = mΩt,l .

Therefore, by hypothesis

TΩt,l : L
2(v) −→ L2(v), ||TΩt,l || ≲ ||Ωt,l||2.

Now, since Ωt,l is indefinitely differentiable, we have by Lemma 3.12

||Ωt,l||22 ≲ ||∆n/4

Σn−1e
itml ||22.

Hence, since n = 4, we have that

∆
n/4

Σ3 e
itml = ∆Σ3eitml = iteitml∆Σ3ml − t2eitml |∇Σ3ml|2.

By (16), we get that

||∆Σ3ml||22 ≲
l∑

j=1

||Yj||22 ≲ ||Ω||22.

On the other hand, by (17),∫
Σ3

|∇Σ3ml|4 ≤ ||ml||4W 1,4(Σ3) ≲ ||ml||4H2(Σ3) ≈ ||Ωl||42 ≲ ||Ω||42 = 1,

and hence, for every |t| ≥ 1,

||Ωt,l||22 ≲ ||∆n/4

Σ3 e
itml ||22 ≲ |t|4.

Consequently,

sup
l∈N

||eitml ||M(L2(v)) ≲ (1 + |t|2) ≲ e|t|
s

,

and the result is obtained by letting l → ∞.

The converse implication follows from an argument similar to the proof of

Theorem 1.2; let us sketch it. Define the corresponding analytic families for

RemΩ and ImmΩ as in (14), and use the hypotheses to verify that the con-

ditions of Theorem 2.10 are satisfied. Then, apply Claim 2.5 to conclude that

mΩ ∈ M2, which is equivalent to the boundedness of SΩ : L2(v) → L2(v) with

∥SΩ∥ ≲ 1. □

Remark 3.13 (i) Observe that we have proved that, for every homoge-

neous function of order 0, mΩ, with Ω satisfying the hypothesis of the

previous theorem, we have

(18)

∥∥∥∥eitmΩ −
∫
Σn−1

eitmΩ(y
′)dσ(y′)

∥∥∥∥
M(L2(v))

≲ max(|t|, |t|2), ∀t ∈ R.

In fact, we have a self-improving condition, since (7) implies a much

better decay in t than the one given in (8). Precisely:

(19) ||eitRemΩ||M(L2(v)) ≲ 1 + |t|2 and ||eitImmΩ||M(L2(v)) ≲ 1 + |t|2.
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(ii) By (5), we have that (18) holds for every v ∈ A1. Therefore, if one

is able to prove (19) for every v ∈ A2, then the Rubio de Francia

extrapolation theorem allows to pass to the weighted boundedness on

Lp(v) for every v ∈ Ap.

3.4. Singular operators on curves. Let us provide now the proofs of The-

orems 1.4 and 1.5. Here we demonstrate the full strength of the derivative

operator technique by making use of Remark 2.11.

Proof of Theorem 1.4. We first deal with (i). If (9) holds, then the function

mγ(ξ) =

∫
R
eiγ(u)·ξK(u) du

clearly satisfies that

sup
t∈R

||mtγ||Mp ≤ B.

From here, it follows that, for every n ∈ Z, the functions

an(ξ) =

∫
R
cos(n(γ(u) · ξ))K(u)du

are in Mp uniformly in n with norm less than or equal to B. Now, using the

identity

(20) (cosx)k =
1

2k

n∑
j=0

(
k

j

)
cos[(k − 2j)x]

the function ∫
R
(cos(γ(u) · ξ))kK(u)du, k ∈ N,

also belongs to Mp with norm at most B. Hence, by a Taylor expansion,

the first function in (10) is a Fourier multiplier on Lp with norm less than or

equal Be|t|. An analogous reasoning provides boundedness in Mp of the second

function in (10).

To show (ii), we shall again proceed with the cosine factor. The work for

the sine factor is analogous. Let us define the AFO

Tzf(x) =

[(∫
R
ez cos(γ(u)·ξ)K(u) du

)
f̂(ξ)

]∨
(x).

Then, by assumption

Tit : L
p → Lp, ||Tit|| ≤ Be|t|

s

,

and if z = α + it we have that∣∣∣∣∫
R
e(α+it) cos(γ(u)·ξ)K(u) du

∣∣∣∣ ≤ eα||K||1,



NEW RESULTS ON FOURIER MULTIPLIERS ON Lp 27

and hence

Tα+it : L
2 → L2, ||Tα+it|| ≲ eα∥K∥1 ≤ eαe|t|

s||K||1.

Applying now our Theorem 2.10, we obtain that T ′
1+it : Lp → Lp with a

constant independent of ∥K∥1. Indeed, Remark 2.11 informs us that

||T ′
1+it||Lp→Lp ≲ Be|t|

s

.

Since the multiplier associated to this operator is given by∫
R
e(1+it) cos(γ(u)·ξ) cos(γ(u) · ξ)K(u) du,

we must now eliminate the factor e(1+it) cos(γ(u)·ξ) to conclude. For this purpose,

we consider a new AFO given by

Szf(x) =

[∫
R
cos(γ(u) · ξ)e(1−z) cos(γ(u)·ξ)K(u) du

]∨
(x)

The above calculations imply that

Sit : L
p → Lp, ∥Sit∥ ≤ Bse

|t|s ,

while

Sα+it : L
2 → L2, ∥Sα+it∥ ≲ ∥K∥L1eα.

Hence S1 is bounded from Lp to Lp. Therefore, its associated multiplier∫
R
cos(γ(u) · ξ)K(u) du

belongs to Mp. The same procedured can be applied to the sine function, and

so Theorem 1.4 follows inmediately. □

Proof of Theorem 1.5. Let us take the contrapositive route and assume that

the family (11) is uniformly bounded. Set, for each fixed ε > 0, the AFO

Tz(f) =

(∫
ε<|u|<1/ε

ezγj(u)eiγ(u)·ξ̄K(u) du

)
f̂ ,

where we use the standard notation ȳ = (y1, · · · , yj−1, yj+1, · · · , yn). By as-

sumption, the family of multipliers

mγ,ε(ξ) =

∫
ε<|u|<1/ε

eiγ(u)·ξK(u) du

is uniformly bounded by some constant A, say. Therefore, writing (t, ξ̄) =

(ξ1, ..., ξj−1, t, ξj+1, ..., ξn) and using the fact that mγ,ε is continuous, we have

||Tit||L2→L2 = ∥mγ,ε(t, ·)∥∞ ≤ A, ∀t ∈ R.
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On the other hand,

∥Tα+it∥L2→L2 ≤
∣∣∣∣∫
ε<|u|<1/ε

eαγj(u) eiγ̄(u)·(t,ξ̄)K(u) du

∣∣∣∣ ≤
≤ eα∥γj∥∞

(∫
ε<|u|<1/ε

|K(u)| du
)
.

Consequently, by Theorem 2.10 and Remark 2.11

T ′
1+itf =

(∫
ε<|u|<1/ε

γj(u)e
(1+it)γj(u)eiγ(u)·ξ̄K(u) du

)
f̂ ,

is L2-bounded with a constant independent of ε. We now proceed as in the

previous theorem to eliminate the exponential factor e(1+it)γj(u). This way we

obtain that, taking ξ = 0,∣∣∣∣∫
ε<|u|<1/ε

γj(u)K(u) du

∣∣∣∣ ≲ Ae||γj ||∞ ,

and letting ε→ 0 we obtain the result. □

To conclude, observe that our Theorem 1.5 provides a necessary condition

for the boundedness of the corresponding maximal operator (cf. [27]):

Corollary 3.14. Under the hypothesis of Theorem 1.5, the maximal operator

Mγf(x) = sup
ε>0

∣∣∣∣∫
ε<|u|<1/ε

f(x− γ(u))K(u) du

∣∣∣∣
is unbounded from L2 into L2.

3.5. Oscillatory integrals. We provide the proof of Theorem 1.6. To allevi-

ate notation, we consider the following definition:

Definition 3.15 Given s ∈ (0, 1), we say that {TK,tQ}t satisfies the s-property
on Lp if there exists c > 0 so that

TK,tQ : Lp −→ Lp, ||TK,tQ|| ≲ ec|t|
s

.

Proof of Theorem 1.6. For simplicity, we shall assume c = 1 and by linearity,

we can assume that ||Q||∞ = 1. Let us define the AFO

Qzf(x) = Tzf(x)− A(z, x)T0f(x),

where

Tzf(x) = p.v.

∫
Rn
K(x, y)ezQ(x,y)f(y)dy, Re z > 0.

By hypothesis, there exists M0 > 0 such that

Tit : L
p −→ Lp, ||Tit|| ≤M0e

|t|s , ∀t ∈ R,
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and hence

Qit : L
p −→ Lp, ||Qit|| ≤ 2M0e

|t|s , ∀t ∈ R,
On the other hand, let us write

Qzf(x) = p.v.

∫
|x−y|>1

K(x, y)ezQ(x,y)f(y)dy

+ p.v.

∫
|x−y|<1

K(x, y)(ezQ(x,y) − A(z, x))f(y)dy

− A(z, x)

∫
|x−y|>1

K(x, y)f(y)dy.

It is immediate to see that, for every α > 1,

Qα+it : L
1 −→ L∞, ||Qα+it|| ≤ (eα + 2Mα)e|t|

s ≤ (e+ 2M)αe|t|
s

and so an appeal to Theorem 2.10 and Claim 2.4 yields

Q′
1+it : L

p −→ Lp, ||Q′
1+it|| ≤ BsM0(e+ 2M)2e|t|

s

,

with Bs depending only on s. Set k = supt,x |A′(±1+it, x)|. Then, the operator

p.v.

∫
Rn
Q(x, y)eQ(x,y)K(x, y)eitQ(x,y)f(y)dy = Q′

1+itf(x) + A′(1 + it, x)T0f(x)

is bounded from Lp to Lp with norm less than or equal to BsM0(e+2M)2(1+

k)e|t|
s
.

Now, in the case n = 1, we define the AFO

Qz,1f(x) = p.v.

∫
|x−y|>1

Q(x, y)eQ(x,y)K(x, y)e−zQ(x,y)f(y)dy

+ p.v.

∫
|x−y|<1

Q(x, y)eQ(x,y)K(x, y)(e−zQ(x,y) − A(−z, x))f(y)dy

− A(−z, x)
∫
|x−y|>1

Q(x, y)eQ(x,y)K(x, y)f(y)dy.

Then, it holds that

Qit,1 : L
p −→ Lp, ||Qit,1|| ≤ BsM0(e+ 2M)2(1 + k)e|t|

s

.

while

Qα+it,1 : L
1 −→ L∞, ||Qα+it|| ≤ e(eα +Mα)e|t|

s ≤ e(e+ 2M)αe|t|
s

,

Therefore, we obtain thatQ1,1 : L
p −→ Lp with ||Q1,1|| ≤ B2

sM0(e+2M)3(1+

2k). Since

Q1,1f(x) = p.v.

∫
Rn
K(x, y)Q(x, y)f(y)dy − A(−1 + it, x)T0f(x),

the result follows with constant less than or equal to B2
sM0(e+ 2M)4(1 + 2k).
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In the case n = 2, we take

Q′
1,1f(x) = −p.v.

∫
Rn
K(x, y)Q(x, y)2f(y)dy − A′(−1 + it, x)T0f(x),

with ||Q′
1,1|| ≤ B2

sM0(e+ 2M)4(1 + 2k) and hence

||HKQ2|| ≤ B2
sM0(e+ 2M)4(1 + 3k).

By induction, we get that

||HKQn|| ≤ Bn
sM0(e+ 2M)4n(1 + (n+ 1)k),

and the result follows. □

Remark 3.16 (a) Observe that Theorem 1.6 does not hold if Q is un-

bounded, as the simple example K(y) = 1
y
and Q(y) = y shows. How-

ever, as we shall see in the next corollary, we can, essentially, reduce to

this case by considering sinusoidal phases.

(b) Let us analyze condition (13) in some particular cases. Assume that

K(x, y) = 1
x−y and Q(x, y) = φ(x − y) with φ bounded and derivable

at 0. Then, if we take A(z, x− y) = ezφ(0), we have that

sup
|x−y|<1

∣∣K(x, y)
(
ezQ(x,y) − A(z, x)

)∣∣ = sup
|y|<1

∣∣∣∣1y (e±zφ(y) − ezφ(0)
)∣∣∣∣

= sup
|y|<1

∣∣∣∣φ(y)− φ(0)

y
e±zφ(0)

e±z(φ(y)−φ(0)) − 1

φ(y)− φ(0)

∣∣∣∣ ,
and (13) follows. In n dimensions, if φ is radial and its radial part is

bounded and derivable at 0, the result also easily follows. The general

idea is thatA(z, x) is of the form ezTn(Q(x,·)(0) where Tn denotes a suitable

Taylor polynomial of order n.

The following result allows to reduce to the case of bounded phases on certain

occasions.

Corollary 3.17. Let K be a kernel satisfying (12) and such that there exists

M > 0 satisfying

sup
|x−y|<1

∣∣K(x, y)
(
ez sinQ(x,y) − A1(z, x)

)∣∣ ≤M |α|e|t|
s

<∞, z = α + it.

and

sup
|x−y|<1

∣∣K(x, y)
(
ez cosQ(x,y) − A2(z, x)

)∣∣ ≤M |α|e|t|
s

<∞, z = α + it.

for some analytic functions Aj(·, x) with |Aj(z, x)| ≤M |α|.
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(i) If {TK,t sinQ}t and {TK,t cosQ}t satisfy the s-property for some 0 < s < 1,

then

TK,Q : Lp −→ Lp.

(ii) If {TK,tQ}t satisfies the s-property with s = 1, then so do {TK,t sinQ}t
and {TK,t cosQ}t.

(iii) If {TK,t sin rQ}t and {TK,t cos rQ}t satisfy the s-property for some 0 <

s < 1 uniformly in r ∈ R, then {TK,tQ}t satisfies the uniform bound

in t ∈ R. Consequently, {TK,t sin rQ}t and {TK,t cos rQ}t satisfy the s-

property for s = 1 uniformly in r ∈ R.

Proof. Item (i) follows easily from Theorem 1.6, since it asserts that HK sinQ

and HK cosQ are bounded in Lp and

TK,Q = HK cosQ + iHK sinQ.

To prove (ii), we appeal once again to the formula (20). Hence

HK(cos Q)n = Re

(
1

2n

n∑
k=0

(
n

k

)
TK,(n−2k)Q

)
.

Now, by hypothesis, there exists A > 0 such that ||TK,(n−2k)R|| ≤ Ae|n−2k|,

which in turn implies

∥HK(cos Q)n∥ ≤ 1

2n

n∑
k=0

(
n

k

)
A|n−2k| =

=
1

2n

[n/2]∑
k=0

(
n

k

)
An−2k +

1

2n

n∑
k=[n/2]+1

(
n

k

)
A2k−n ≤ Dn,

where D = A2+1
A

. Therefore, since

TK,t cosQ =
∞∑
n=0

(it)n

n!
HK(t cosQ)n ,

we obtain that ||TK,t cosQ∥ ≤ eD|t| and thus {TK,t cosQ}t satisfies the 1-property.
A similar reasoning works for {TK,t sinQ}t. Finally, item (iii) follows by arguing

as in (i) and (ii) keeping track of the constants. □

Remark 3.18 If R = P/Q is a rational function and, for some 0 < s < 1,

||TK,t sinR|| ≤ Ce|t|
s

and ||TK,t cosR|| ≤ Ce|t|
s

with C only depending on the grades of P and Q and not on the coefficients,

then ||TK,R|| is also independent on the coefficients of P andQ and thus ||TK,tR||
satisfies the 1-property uniformly on t ∈ R. In such a case, an application of

Corollary 3.17 asserts that {TK,t cosR}t and {TK,t sinR}t satisfy the 1-property.
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4. The endpoint spaces: the technical part

The purpose of this section is to give a proof of Claims 2.4 and 2.5.

4.1. The couple (Lp0 , Lp1). Let us start recalling a few items which will be

useful for us here. As usual, given θ ∈ (0, 1), define p(θ) by the equality

1

p(θ)
=

1− θ

p0
+

θ

p1

with the obvious interpretation if p1 = ∞. It is well-known that (Lp0 , Lp1)θ =

Lp(θ). Hence, a standard convergence argument yields:

Proposition 4.1. Let D be a dense subset of Lp0 ∩ Lp1. Then the norms

∥ · ∥δ(0) and ∥ · ∥p0 agree on D. In particular, the inclusion (Lp0 , Lp1)δ(0) ↪→ Lp0

is bounded.

Concerning the Schechter interpolation spaces, we have that, for a given

θ ∈ (0, 1):

• [9, Theorem 2.4] A function f belongs to the space (Lp0 , Lp1)δ
′(θ) if and

only if f(1 + |log f |) ∈ Lp(θ), and

∥f∥δ′(θ) ≈


∥f∥p(θ) +

θ|p1 − p0|
(1− θ)p1 + θp0

∥∥∥∥f log |f |
∥f∥p(θ)

∥∥∥∥
p(θ)

if p1 <∞,

∥f∥p(θ) +
θ

1− θ

∥∥∥∥f log |f |
∥f∥p(θ)

∥∥∥∥
p(θ)

if p1 = ∞.

• [9, Theorem 2.7] Consider the space

Mψθ =

{
f : f =

f0
θ

+ f1 log
|f1|

∥f1∥p(θ)
; f0, f1 ∈ Lp(θ)

}
,

endowed with the norm

∥f∥Mψθ
= inf{∥f0∥θ + ∥f1∥θ}.

Then, (Lp0 , Lp1)δ′(θ) ≈ Mψθ , that is to say, (Lp0 , Lp1)δ′(θ) and Mψθ are

isomorphic with constants independent of θ.

Theorem 4.2. Let 1 ≤ p0, p1 ≤ +∞, and let D be a dense subset of Lp0 ∩Lp1.
Then:

i) The norms ∥ · ∥δ′(0) and ∥ · ∥p0 are equivalent on D.

ii) The inclusion (Lp0 , Lp1)δ′(0) ↪→ Lp0 is bounded.

Proof. Item (i) was shown in [9, Theorem 2.5], and it actually follows directly

from the above considerations.

To show (ii), let f ∈ (Lp0 , Lp1)δ′(0), choose (θk)
∞
k=1 any decreasing sequence

in (0, 1) converging to 0 and let pk = p(θk), which clearly converges to p0. We

can assume without loss of generality that f ̸= 0 and that f ∈ Mψθk
for all
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k ∈ N –eliminating finite terms from the sequence (θk)
∞
k=1 if necessary–. Now,

given ε > 0, for every k ∈ N there is a decomposition

(21) f =
f0,k
θk

+ f1,k log
|f1,k|

∥f1,k∥pk
such that

∥f∥Mψθk
≤ ∥f0,k∥pk + ∥f1,k∥pk ≤ ∥f∥Mψθk

+ εθk

Hence

lim sup
k

∥f0,k∥pk + ∥f1,k∥pk
θk

≤ lim sup
k

∥f∥Mψθk

θk
+ ε <∞.

In particular,

(22) lim sup
k

∥f1,k∥pk
θk

<∞,

hence limk ∥f1,k∥pk = 0, and an application of Fatou’s lemma yields

(23) lim inf
k

|f1,k| = 0 a.e.

Now, observing the decomposition

f1,k log
|f1,k|

∥f1,k∥pk
= f1,k log |f1,k|+ f1,k log

θk
∥f1,k∥pk

+
f1,k
θk

θk log
1

θk
,

it is easy to deduce by means of (22) and (23) that

lim inf
k

(
f1,k log

|f1,k|
∥f1,k∥pk

)
= 0 a.e.

But this fact, in tandem with (21), implies that

lim inf
k

f0,k
θk

= f a.e.,

and therefore∫
|f(x)|p0 dx ≤

∫
lim inf

k

∣∣∣∣f0,k(x)θk

∣∣∣∣pk dx ≤ lim inf
k

∫ ∣∣∣∣f0,k(x)θk

∣∣∣∣pk dx ≤

≤ lim sup
k

(
∥f0,k∥pk
θk

)pk
≤ lim sup

k

(
∥f0,k∥pk + ∥f1,k∥pk

θk

)pk
=

=

[
lim sup

k

(
∥f0,k∥pk + ∥f1,k∥pk

θk

)]p0
≤

≤

[
lim sup

k

∥f∥Mψθk

θk
+ ε

]p0
< +∞.

In other words, f ∈ Lp0 , and letting ε→ 0, we obtain that

∥f∥p0 ≤ lim sup
θ→0

∥f∥Mψθ

θ
≈ ∥f∥δ′(0). □
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4.2. The couple (C, λC). To obtain the desired information regarding the

endpoint spaces for the couple (Lp(u), Lp(v)) we need to start with the very

simple one. It is well-known that, for the classical Calderón interpolation

spaces,

(C, λC)θ ≡ λθC.

Our purpose is to analyze the Schechter interpolation spaces Āδ′(θ) and Ā
δ′(θ)

for this couple.

To do so, let us recall a few standard facts. Given f ∈ F and 0 < θ < 1, it

is known [3, Lemma 4.3.2] that

∥f(θ)∥θ ≤ exp

(∑
j=0,1

∫ +∞

−∞
log ∥f(j + it)∥j µj(θ, t) dt

)
,

where µj, j = 0, 1, are the Poisson kernels on the strip. From the above

inequality plus Jensen’s inequality (twice) it follows that for every p ≥ 1,

∥f(θ)∥θ ≤
(

1

1− θ

) 1−θ
p
(
1

θ

) θ
p

[ ∑
j=0,1

(∫ +∞

−∞
∥f(j + it)∥pj µj(θ, t) dt

)] 1
p

.

Therefore, we define Fθ,p = F endowed with the norm

∥f∥Fθ,p =

[ ∑
j=0,1

(∫ +∞

−∞
∥f(j + it)∥pj µj(θ, t) dt

)] 1
p

.

Observe that, for 1 ≤ p ≤ q <∞, F ⊆ Fθ,q ⊆ Fθ,p. Now, if we let

Āθ,p = {x ∈ A0 + A1 : ∃f ∈ Fθ,p : f(θ) = x}

endowed with the norm

∥x∥Āθ,p = inf{∥f∥Fθ,p : f(θ) = x},

then Āθ,p = Āθ. The corresponding Schechter spaces Āδ′(θ),p and Āδ
′(θ),p are

defined in an analogous manner.

We now introduce the following auxiliary norms based on [41]. Given (u, v) ∈
C× C, we define

|(u, v)|(p)(C;λC)θ = inf{∥F∥Fθ,p(C,λC) : F (θ) = u, F ′(θ) = φ′(θ)v}.

If λ = 1, we shall simply write |(u, v)|(p)θ . An adaptation of [41, §3A] yields:

Proposition 4.3. |(u, v)|(∞)
θ ≤ 1 if and only if |u|2 + |v| ≤ 1. Consequently,

|(u, v)|(∞)
θ =

1

2

(
|v|+

√
|v|2 + 4|u|2

)
.
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Proof. Given F ∈ F(C,C) = A(S) with ∥F∥F(C,C) ≤ 1, the Schwarz-Pick

lemma applied to F ◦ ϕ yields that, for every z ∈ D,

(1− |z|2)|F ′[ϕ(z)]ϕ′(z)| ≤ 1− |F [ϕ(z)]|2,

and if we substitute z = 0,

|F ′(θ)| ≤ |φ′(θ)|(1− |F (θ)|2).

Hence, if F (θ) = u and F ′(θ) = φ′(θ)v, then |u|2 + |v| ≤ 1. Conversely, let

(u, v) ∈ C× C with |u|2 + |v| ≤ 1. Assume first that |u|2 + |v| = 1, and let

(24) Ψ : D → D, Ψ(z) =


v
|v|z + u

1 + ū v
|v|z

if v ̸= 0

u if v = 0,

which is a holomorphic function satisfying Ψ(0) = u and Ψ′(0) = v. Observe

that, if v ̸= 0, Ψ is just the composition of the rotation z 7→ v
|v|z with a

conformal map from D into itself that takes 0 to u. Then, F = Ψ◦φ ∈ F(C,C)
satisfies F (θ) = u, F ′(θ) = φ′(θ)v and ∥F∥F(C,C) ≤ 1. Therefore, ∥(u, v)∥(∞)

θ ≤
1. Now, if |u|2 + |v| < 1, then there is λ > 1 such that |λu|2 + |λv| = 1. Hence

∥(λu, λv)∥(∞)
θ ≤ 1 and so ∥(u, v)∥(∞)

θ ≤ λ−1 < 1. □

Let us now consider the case λ ̸= 1.

Proposition 4.4. Let p ∈ [1,+∞). Given (u, v) ∈ C× C, then

|(u, v)|(p)(C;λC)θ = λθ|(u,w)|(p)θ

where w = v + log λϕ′(0)u.

In particular,

|(u, v)|(∞)
(C;λC)θ =

λθ

2

(
|v + log λϕ′(0)u|+

√
|v + log λϕ′(0)u|2 + 4|u|2

)
Proof. The map

Fθ,p(C, λC) → Fθ,p(C, λC) , F (z) 7→ G(z) = λzF (z)

defines a linear isometry in such a way that if F (θ) = u and F ′(θ) = φ′(θ)v,

then G(θ) = λθu and G′(θ) = φ′(θ)λθ[v + log λϕ′(0)u] = φ′(θ)λθw. Hence it

follows that

|(u, v)|(p)(C;λC)θ = inf{∥F∥Fθ,p(C;C) : F (θ) = u, F (θ) = φ′(θ)v} =

= inf{∥G∥Fθ,p(C;λC) : G(θ) = λθu, G′(θ) = φ′(θ)λθw} =

= λθ|(u,w)|(p)θ .



36 MARÍA J. CARRO AND ALBERTO SALGUERO-ALARCÓN

In particular, for the case p = ∞, Proposition 4.3, yields

|(u, v)|(∞)
(C;λC)θ = λθ|(u, v)|(∞)

θ =

=
λθ

2

(
|v + log λϕ′(0)u|+

√
|v + log λϕ′(0)u|2 + 4|u|2

)
. □

Theorem 4.5. The following holds:

i) (C, λC)δ′(θ) ≡ h(λ, θ)C, where

h(λ, θ) =


λθ

|log λ|
if |log λ| ≥ π

sinπθ
,

λθ
2π sin πθ

π2 + |log λ|2(sinπθ)2
if |log λ| < π

sin πθ
.

ii) (C, λC)δ′(θ) ≡ H(λ, θ)C, where

H(λ, θ) =
λ sin πθ

π

(
|log λ|+

√
π2

sin2 πθ
+ |log λ|2

)
.

Proof. Applying Proposition 4.4, one gets

∥1∥δ′(θ) = inf{∥F∥F(C,λC) : F
′(θ) = 1} =

= inf
u∈C

inf{∥F∥F(C,λC) : F (θ) = u, F ′(θ) = 1}

= |ϕ′(0)| inf
u∈C

inf{∥F∥F(C,λC) : F (θ) = u, F ′(θ) = φ′(θ)} =

= |ϕ′(0)| inf
u∈C

∥(u, 1)∥(∞)
(C;λC)θ =

=
λθ

2
|ϕ′(0)| inf

w∈C

[
|1 + w|+

√
|1 + w|2 + 4|φ′(θ)|2

|log λ|2
|w|2

]
.

All that is left is to solve the above extreme problem, which is equivalent to

the following (easier) one:

inf
a∈R

[
|1 + a|+

√
(1 + a)2 +Ma2

]
=


√
M if 0 ≤M ≤ 1,

2M

M + 1
if M > 1,

where

M =
4|φ′(θ)|2

|log λ|2
=

π2

(sinπθ)2|log λ|2
.

This suffices to show (i). The proof of (ii) is analogous, using the fact that

∥1∥δ′(θ) = ∥(1, 0)∥(∞)
(C;λC)θ . □

We now prove that Āδ(θ),p = Āδ′(θ) for the simple couple Ā = (C, λC).
Actually, this is true for a general couple, but we only need this particular
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case. Our next result make use of the Hardy spaces on the disk HP (D), which
consist of holomorphic functions f : D → C such that, for 1 ≤ p <∞,

∥f∥p = sup
0≤r<1

(∫ 2π

0

f(reiθ)
dθ

2π

) 1
p

< +∞,

and, for p = ∞,

∥f∥∞ = sup
|z|<1

|f(z)| <∞.

Proposition 4.6. For any p ≥ 1,

i) (C, λC)δ′(θ),p = (C, λC)δ′(θ).
ii) (C, λC)δ′(θ),p = (C, λC)δ′(θ).

Proof. Recall that Proposition 4.4 provides the identities

∥1∥δ′(θ) = |ϕ′(0)| inf
u∈C

|(u, 1)|(∞)
(C;λC)θ , ∥1∥δ′(θ) = |(1, 0)|(∞)

(C;λC)θ ,

and for any (u, v) ∈ C× C, Proposition 4.3, in its turn, yields:

|(u, v)|(p)(C;λC)θ = λθ|(u,w)|(p)θ , w = v + log λ · ϕ′(0)u.

Now, observe that the very definition of the Poisson kernels on the strip implies

that F ∈ F(C,C) precisely when F ◦ φ ∈ Hp(D), and ∥F∥Fp,θ = ∥F ◦ φ∥Hp(D).

This yields

|(u, v)|(p)θ = inf{∥G∥Hp(D) : G(0) = u, G′(0) = v}.

We now combine this information appropriately. Applying the Cauchy inte-

gral formula to any G ∈ H1(D) such that G(0) = u and G′(0) = v we obtain

that

|(u, v)|(∞)
(C;λC)θ =

λθ

2

(
|w|+

√
|w|2 + 4|u|2

)
≲ λθmax{|u|, |w|} ≤ λθ|(u,w)|(1)θ =

= |(u, v)|(1)(C;λC)θ .

Finally, the inequalities

|(u, v)|(1)(C;λC)θ ≲ |(u, v)|(p)(C;λC)θ ≲ |(u, v)|(∞)
(C;λC)θ

follow easily from the fact that F ⊆ Fθ,p ⊆ Fθ,1 for every p > 1. □

We now focus on the case p = 2, which is particularly simple.

Theorem 4.7. The following holds:

i) (C, λC)δ′(θ),2 ≡ h2(λ, θ)C, where

h2(λ, θ) = λθ
2 sinπθ
π(

1 +
∣∣2 sinπθ

π
log λ

∣∣2) 1
2

.
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ii) (C, λC)δ′(θ),2 ≡ H2(λ, θ)C, where

H2(λ, θ) = λθ

(
1 +

∣∣∣∣2 sinπθπ
log λ

∣∣∣∣2
) 1

2

.

Proof. It is a simple exercise to see that

|(u, v)|(2)θ =
√
|u|2 + |v|2.

Now we use again the reasoning of Proposition 4.4 to obtain

|(u, v)|(2)(C;λC)θ = λθ
(
|u|2 + |v + log λϕ′(0)u|2

) 1
2 ,

and then proceed as in the proof of Theorem 4.5 to obtain

∥1∥(C,λC)δ′(θ),2 = |ϕ′(0)| inf
u∈C

λθ
(
|u|2 + |1 + log λϕ′(0)u|2

) 1
2 =

= λθ
|ϕ′(0)|(

1 + |log λϕ′(0)|2
) 1

2

.

] The second isometry follows similarly:

∥1∥(C;λC)δ′(θ),2 = |(1, 0)|(2)(C;λC)θ = λθ
(
1 + |log λϕ′(0)|2

) 1
2 . □

4.3. The couple (Lp(w0), L
p(w1)). We finally obtain the desired information

regarding the endpoint spaces for the couple (Lp(w0), L
p(w1)), where w1 ∈ N .

The identification of the space (Lp(w0), L
p(w1))δ(0) bears no difficulty if we

recall that for any θ ∈ (0, 1) we have

(Lp(w0), L
p(w1))θ = Lp(w1−θ

0 wθ1).

Hence it is easy to obtain the following result.

Proposition 4.8. If D is a dense subset of Lp(w0) ∩ Lp(w1) and w1 ∈ N ,

then the norms ∥ · ∥δ(0) and ∥ · ∥Lp(w0) are equivalent on D. In particular, the

inclusion (Lp(w0), L
p(w1))δ(0) ↪→ Lp0 is bounded.

Remark 4.9 In order to proceed with the identification of (Lp(w0), L
p(w1))δ′(θ)

and (Lp(w0), L
p(w1))

δ′(θ) for θ ∈ (0, 1), we need some precisions concerning the

measurability of certain functions. Let us denote M the underlying measure

space of the spaces Lp(w0) and L
p(w1).

(1) Given u(x) and v(x) two measurable functions, there is a function

F1(z, x) such that:

• For every z ∈ S, x→ F1(z, x) is measurable.

• For every x ∈ M, z → F1(z, x) ∈ F(C,C), with F1(θ, x) = u(x),

F ′
1(θ, x) = φ′(θ) v(x) and ∥F1(·, x)∥F(C;C) ≤ |(u(x), v(x))|(∞)

θ .
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Indeed, let µ(x) = |(u(x), v(x))|(∞)
θ = 1

2
(|v(x)| +

√
|v(x)|2 + 4|u(x)|2)

and set U(x) = u(x)/µ(x), V (x) = v(x)/µ(x). Then, F1(z, x) = µ(x) ·
Ψ(φθ(z), x), where

Ψ : D×M → C, Ψ(ξ, x) =


V (x)
|V (x)|ξ + U(x)

1 + U(x) V (x)
|V (x)|ξ

if V (x) ̸= 0

0 if V (x) = 0,

is the corresponding map given in (24).

(2) Then, since in Proposition 4.4 it is proved that, for any u, v ∈ C,

|(u, v)|(∞)
(C;λC)θ = λθ|(u,w)|(∞)

θ

where w = v+ϕ′(0) log λu, we conclude that if u(x), v(x) and λ(x) are

three measurable functions, there exists a function F2(z, x) such that

• For every z ∈ S, x→ F2(z, x) is measurable.

• For every x ∈ M, z → F2(z, x) ∈ F(C;λ(x)C), with F2(θ, x) =

u(x), F ′
2(θ, x) = φ′(θ)v(x) and such that ∥F2(·, x)∥F(C;λ(x)C) ≤

|u(x), v(x)|(∞)
(C;λC)θ .

We just need to apply the previous remark to the functions ũ(x) =

λ(x)θu(x) and ṽ(x) = λ(x)θ
(
v(x)+φ′(0) log λ(x)u(x)

)
to obtain a func-

tion F̃1(z, x) and then consider F2(z, x) = λ(x)−z F̃1(z, x).

(3) Finally, in Theorem 4.5 it is shown that if λ(x) is measurable, then

h(λ(x), θ) = ∥1∥(C;λ(x)C)δ′(θ) ≥ ϕ′(0)|(u(x), 1)|(∞)
(C;λ(x)C)θ

for every measurable function u(x). Therefore, there exists a function

F (z, x) such that

• For every z ∈ S, x→ F (z, x) is measurable.

• For every x ∈ M, z → F (z, x) ∈ F(C, λ(x)C), with F ′(θ, x) = 1

and ∥F (·, x)∥F(C;λ(x)C) ≤ h(λ(x), θ).

By the same token, using that

H(λ(x), θ) = ∥1∥δ′(θ) = ∥(1, 0)∥(∞)
(C;λC)θ ,

we infer the existence of a function F (z, x) such that

• For every z ∈ S, x→ F (z, x) is measurable.

• For every x ∈ M, z → F (z, x) ∈ F(C, λ(x)C), with F (θ, x) = 1,

F ′(θ, x) = 0 and ∥F (·, x)∥F(C;λ(x)C) ≤ H(λ(x), θ).

Theorem 4.10. Let p ∈ [1,+∞). Then

• (Lp(w0), L
p(w1))δ′(θ) = Lp

(
w0 h

(
w

1/p
1

w
1/p
0

, θ

)p)
.
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• (Lp(w0), L
p(w1))

δ′(θ) = Lp
(
w0H

(
w

1/p
1

w
1/p
0

, θ

)p)
.

In particular, for p = 2,

• (L2(w0), L
2(w1))δ′(θ),2 ≡ L2

(
w0 h2

(
w

1/2
1

w
1/2
0

, θ

)2
)
.

• (L2(w0), L
2(w1))

δ′(θ),2 ≡ L2

(
w0H2

(
w

1/2
1

w
1/2
0

, θ

)2
)
.

Proof. During the proof, we shall write λ(x) = w1(x)1/p

w0(x)1/p
, and λ(x) = 0 if w0(x) =

0. Let us prove the first equality. By Remark 4.9, there is a function F ∈
F(C;λ(x) C) such that F (z, ·) is measurable for every z ∈ S, F ′(θ, x) = 1,

and ∥F∥F(C;λ(x)C) ≤ h(λ(x), θ). Therefore, given f ∈ Lp(w0 h(λ, θ)
p)), if one

considers G(z, x) = f(x)F (z, x), one can easily see that G ∈ F(Lp(w0), L
p(w1))

with ∥G∥F(Lp(w0),Lp(w1)) ≤ ∥f∥Lp(w0 h(λ,θ)p), and that G′(θ, x) = f(x). Hence

f ∈ (Lp(w0), L
p(w1))δ′(θ) and

∥f∥(Lp(w0),Lp(w1))δ′(θ)
≤ ∥f∥Lp(w0 h(λ,θ)p).

For the converse, observe that if F ∈ F(Lp(w0), L
p(w1)), then an application

of Fubini’s theorem yields

∥F∥Fp,θ =
(∫

M
∥F (·, x)∥pF(C;λ(x)C)θ,pw0(x) dx

) 1
p

.

Hence,

∥f∥(Lp(w0),Lp(w1))δ′(θ)
≥ ∥f∥(Lp(w0),Lp(w1))δ′(θ),p

=

= inf
F ′(θ,x)=f(x)

(∫
M

∥F (·, x)∥pF(C;λ(x)C)θ,pw0(x) dx

) 1
p

≥

≥
(∫

M
inf

F ′(θ,x)=f(x)
∥F (·, x)∥pF(C;λ(x)C)θ,pw0(x) dx

) 1
p

=

=

(∫
M

∥f(x)∥p(C;λ(x)C)δ′(θ),pw0(x) dx

) 1
p

≳

(⋆)

≳

(∫
M

|f(x)|pw0(x)h(λ(x), θ)
p dx

) 1
p

= ∥f∥Lp(w0 h(λ,θ)p).

where the step marked with (⋆) holds by virtue of Proposition 4.6 and Theorem

4.5. The remaining identities are proved in a similar fashion. □

We finally arrive to the desired result concerning the endpoint spaces:
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Theorem 4.11. Let p ∈ [1,+∞) and D be a dense subset of Lp(w0)∩Lp(w1),

where w1 ∈ N . Then

i) The norms ∥ · ∥δ′(0) and ∥ · ∥Lp(w0) are equivalent on D.

ii) The natural inclusion (Lp(w0), L
p(w1))δ′(0) ↪→ Lp(w0) is bounded.

Proof. Let us write once again λ(x) = w1(x)1/p

w0(x)1/p
and λ(x) = 0 if w0(x) = 0. To

check (i), it is enough to observe that, since w1(x) ̸= 0 a.e.(x), then

lim
θ→0+

w0H(λ, θ)p = w0 a.e.(x).

Hence, if d ∈ D, the previous theorem asserts that

∥d∥δ′(0) = lim sup
θ→0+

∥d∥δ′(θ) ≈ lim
θ→0+

∥d∥Lp(w0H(λ,θ)p) = ∥d∥Lp(w0).

The proof of (ii) follows an analogous argument. First, appealing again to

the fact that w1(x) ̸= 0 a.e(x), we obtain that

lim
θ→0+

w0
h(λ, θ)

θ
≈ w0 a.e.(x).

Now, given f ∈ (Lp(w0), L
p(w1))δ′(0), there exists a decreasing sequence (θk)

∞
k=1

converging to 0 in such a way that f ∈
⋂∞
k=1(L

p(w0), L
p(w1))δ′(θk) and

lim
k

∥f∥(Lp(w0),Lp(w1))δ′(θk)

θk
= ∥f∥(Lp(w0),Lp(w1))δ′(0)

.

This implies that

∥f∥Lp(w0) =

(∫
M

|f(x)|pw0(x) dx

) 1
p

≲

≲

(∫
M

lim inf
k

1

θk
|f(x)|pw0(x)h(λ(x), θk)

p dx

) 1
p

≤

≤
(
lim inf

k

∫
M

1

θk
|f(x)|pw0(x)h(λ(x), θk)

p dx

) 1
p

≤

≤
(
lim sup

k

∫
M

1

θk
|f(x)|pw0(x)h(λ(x), θk)

p dx

) 1
p

=

= lim sup
k

1

θk
∥f∥Lp(w0h(λ,θk)p) ≲

≲ ∥f∥(Lp(w0),Lp(w1))δ′(0)
,

where the last step is guaranteed by our previous theorem. This is enough to

conclude.

□
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Remark 4.12 The arguments given in this section can be improved to

show that, for the couples Ā = (Lp0 , Lp1) and Ā = (Lp(w0), L
p(w1)) for

1 ≤ p0, p1, p ≤ ∞ and w1 ̸= 0 a.e., the completion of all the endpoint spaces

coincides with the base space A0. However, observe that this does not improve

the situation regarding the applications of the paper, since for a function m to

be in Mp, we require that Tm maps Lp to Lp, and not a space isomorphic to

Lp to a space isomorphic to Lp.

Therefore, we believe that a deeper study of the endpoint spaces Āδ
′(0) and

Āδ′(0) for a general interpolation couple Ā is in order. In particular, it seems

reasonable to ask under which hypotheses it can be ensured that the completion

of the endpoint spaces is isomorphic to A0.
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