NEW RESULTS ON FOURIER MULTIPLIERS ON LP:
A PERSPECTIVE THROUGH UNIMODULAR SYMBOLS

MARIA J. CARRO AND ALBERTO SALGUERO-ALARCON

ABSTRACT. The paper focuses on the behaviour of unimodular Fourier mul-
tipliers with exponential growth in the context of weighted LP-spaces. Our
main result shows that much of the general theory of multipliers is approach-
able through the theory of unimodular multipliers. Indeed, we show that
a bounded measurable function m is a multiplier on L? for 1 < p < oo if
and only if €®™ is a multiplier on LP and its multiplier norm admits an
exponential bound of the form e“l!l” for suitable ¢ > 0 and 0 < s < 1. We
then apply this principle to obtain new results related to the boundedness of
homogeneous rough operators, singular operators along curves and oscilla-
tory integrals. A key ingredient in our study is an extension of the classical
Stein’s theorem on analytic families of operators that studies the behaviour
of the derivative operator when 6 — 0.
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1. INTRODUCTION

Given a bounded measurable function m on R", consider, initially on test
functions, the linear operator T}, given by

0 1,0w) = [ m(Fes

where f is the Fourier transform of f. The function m is called the symbol or
multiplier. In fact, if T,, can be extended to a bounded operator on LP(R™)
for a given 1 < p < +o00, we say that m is a Fourier multiplier on LP(R™)
and we write m € M,(R"). It is a classical fact that M,(R"™) is a Banach
space (in fact, a Banach algebra under the pointwise product) with the norm
lm||am, = [|[Tm|lzr—rp. The characterization of M,(R"™) is easy in the cases
p =1 and p = 2, and a completely open problem for the other values of p. In
particular, the Plancherel theorem asserts that My(R™) = L*>®°(R"), and it is
known that M;(R") coincides with the algebra A(R™) of functions which are
the Fourier transform of a finite measure. Although m can be taken complex
valued, we can always consider its real and its imaginary part, and therefore
in this paper we shall always consider m to be real-valued. Our first result in
this context is the following:

Theorem 1.1. Let 1 < p < 00 and 0 < ¢ < /2. The following assertions are
equivalent:

(i) m € M,.
(i1) There exists ¢ > 0 such that for every z with |arg(z)| = ¢, we have

eizm c Mp, HeizmHMp 5 €c|z\'

We observe that (i) trivially implies (i7) even for all z € C. However, the
converse is more subtle and stems from the following relation with the theory
of unimodular Fourier multipliers (that is, multipliers of the form m(¢) = (¢
with A a real measurable function):

Theorem 1.2. Let m be a bounded function and 1 < p < oo. If there exist
s € (0,1) and ¢ > 0 such that

e p, S e, VteR = m e M.



NEW RESULTS ON FOURIER MULTIPLIERS ON L? 3

To frame our previous theorem, let us give a short overview on unimodular
Fourier multipliers. An interesting starting point (chronologically speaking)
for this theory is the Beurling-Helson theorem [2], which asserts that for a real
function ¢,

o If ||e"?]| 4m) = O(1) for every n € Z, then ¢ coincides modulo 27 with
some linear function.

o If [|e¢]| 4y = O(1) for every A € R, then ¢ coincides with some linear
function.

The Beurling-Helson theorem enabled to solve Levy’s problem on the descrip-
tion of the endomorphisms of the algebra A(R™), proving that only trivial
changes of variable are admissible. This motivated to study the class of func-
tions ¢ such that

2) €], = O1),  A€R.

Hormander [24] proved that any ¢ € C? satisfying is linear and conjectured
that C"! suffices, which was later confirmed in [28]. Hence it is natural to wonder
what can be said for a measurable . Several interesting results have been given
in this direction, see [29] for a comprehensive account. In fact, we provide here
a new result in connection with the main theorem in [29] (see Theorem [3.6|and
Corollary in Section .

Unimodular Fourier multipliers also arise in connection to the Cauchy prob-
lem for dispersive equations. For example, the solution u(t, z) of

{z’@tu (A2 =0
u(0, ) = up(x),

can be expressed as u(t,z) = Tpug(z) with m(€) = €. Therefore, the
behaviour of the norm of this “multiplier” when t — +o00 has its own interest
in this theory. Let us mention that the cases o = 1,2 and 3 possess special
interest since they are related to the wave equation, the Schrodinger equation
and the Airy equation, respectively.

In light of the above considerations, if a function m satisfies that e € M,,
for some p # 2 and m is not linear, then necessarily [|e™||y, — 00 when
|A| = +00. On the other hand, it is immediate to prove that

(3) meM, = e e My, |l ™|y, S elllmive ¢ e R,

Therefore, our Theorem can be regarded as a slightly weaker version of
the converse implication. We conjecture, however, that the converse of
(assuming boundedness of m) is false; equivalently, Theorem does not hold
for s = 1. This suspicion is motivated by the fact that Theorem is obtained
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as a consequence of Theorem [2.10, and the latter does not hold for the pa-
rameter s = 1. Nonetheless, our counterexample —see Remark does not
correspond with the above situation.

Our technique is strongly based on an extension of Stein’s theorem on ana-
lytic families of operators (AFO, for short) {7}, [45, [I1I] which analyses the
behaviour of the derivative operator T7. To motivate the main ideas, let us
start with an easy observation. Assume that (7)), is defined in the vertical
unit strip S = {z : 0 < Rez < 1}. Then, under suitable hypothesis on the
boundedness of T}, : LP° — L% and Ty,4 : LP* — L% Stein’s interpolation
theorem applied to {7}, concludes that

Ty s [P/ oy [0/,

where
1 1 1 1 1 1

p(1/2)  2pg - 2p1 q(1/2)  2qo - 2q1
Of course, if (T), is instead defined in S, = {z € C: 0 < Rez < r}, for some
r > 1, and now T}; and T, ;; satisfy the corresponding boundedness conditions,
then an application of Stein’s theorem to the family R, = T,., yields

Tijy = Ry - LPO/CD) —y ai/en),

where now

1 1—& & 1 1-+£ £
2r 2r 2r_|_2_r

p(1/(2r)) Do p’ q(1/(2r)) o o

From here, it seems natural to conjecture that, under hopefully mild conditions,
if the family of operators is defined in

Q={zeC:Rez > 0},

we shall be able to let r — +o00 and conclude that T}/, inherits the same
boundedness property as Tj; that is,

T1/2 [P — [,

This idea has been materialized a number of times to obtain boundedness con-
ditions for homogeneous rough operators [16], Hilbert transforms along curves
[32, 33] and oscillatory integrals [39] on L spaces, as well as to obtain exten-
sions of classical ergodic theorems [35, [36]. However, in all of the cited cases,
the absence of quantitative bounds for the norms of either T}; or T, ;; must be
counterweighted by proving (or assuming) boundedness of the corresponding
collection of operators on L? for every p > 1.

The original approach in this paper is that such hypotheses concerning
boundedness can be substantially weakened if a suitable bound with respect to
t € R is known for Ty and T,y for a > 0. Indeed, our main technical result
essentially states that, if (7)).cq and Ty : LP° — L% and T4y @ LP* — L9 are
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bounded for every « > 0, with the bounds being of exponential order on |[¢|®
for some 0 < s < 1, then not only T}/, but also —and this is the key point for
the applications— the derivative T} /2 is bounded from LP° to L?. Actually, the

result is also true for the succesive derivatives T’ ), However, we shall restrict

to the case n = 1 for simplicity and because all our examples are included in
this case.

Most of our applications bear close relation to the theory of unimodular
multipliers. Before passing to a description of our main results, let us mention
however that our refinement of Stein’s theorem can be applied to much more
general operators than Fourier multipliers and to more general spaces than the
LP-spaces. In the applications, we shall pay special attention to the case of
weighted L,-spaces.

1.1. Homogeneous rough operators. For a given n € N, ¥"~! denotes the
unit sphere of R™. The homogeneous rough operator is defined by

(@ Saf(e) =po. [ W) s =y

where ' = y/|y| and Q € L*(X"~1) satisfies the cancellation property; that is,
Jsn—1 Qy/)do(y') = 0. Boundedness properties of this operator both in L” and
LP(w) when w belongs to a Muckhenhoupt class A, for some 1 < p < 400
(see Section for the definition) have a long history. In the LP case, the
Calderén-Zygmund method of rotations [7] proves that if Q € Llog L(X"1),
then, for every p > 1

(5) Sq: LP —s P,

By contrast, although considerable effort has been devoted to the case of
weighted LP spaces —see e.g. [12], 15, 25] and the references therein—, the theory
is still far from complete. In particular, it is an open question to characterize
the weights v such that, for every Q € L?*(X"!) with the cancellation property,
Sq is bounded on L?(v). As far as we know, the best result in this case is that

Sq : L*(v) — L*(v), Vv € A

The present paper strengthens a connection between the boundedness of
and the asymptotic behaviour of LP-estimates for unimodular Fourier multi-
pliers. Indeed, in [5] it is proved that if m,(£) = e®?¢/lE) with ¢ € C<(¥" 1),
then

1

(6) |t < el 3l e R > 1,

thus solving Problem 15 proposed by V. Maz’ya in [30]. The proof in [5] relies
on the fact that T,,, is essentially a Calderén-Zygmund operator (and hence
bounded on L), and also on a precise estimate provided by A. Seeger [50] on
the weak-type boundedness of the rough operator ({4]).
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Here, we observe that an estimate of the form @ (or even not so precise) for
multipliers of the form e*¢/I€) with a weaker condition in ¢ would imply the
LP-boundedness of the corresponding S operator associated to the multiplier
#(¢') in the case of weighted spaces LP(v). Precisely, assume that Q € L?(X"1)
satisfies the cancellation property. Consider the distribution
Q)

]

K(z)=pw

Y

and the corresponding Fourier multiplier mq/(z) := K (z). Also, let M(L(v))
be the set of functions m such that the operator 7,, in equation is bounded
from L?(v) to L*(v). In this context, we prove the following result:

Theorem 1.3. Fiz v a weight in RY. Then, for every Q € L?(X3) such that
J5s =0 and ||Q||; = 1 we have

(7) So: L*(v) — L*(v),  [[Soll S 1,
if and only if there exists 0 < s < 1 so that for every € as before,
(8) ||6itRemQ||M(L2(U)) 5 €\t|5 cmd ”eitImeHM(Lg(v)) 5 €|t|s‘

Since a characterization of the weights for which holds is still unknown,
we believe that the asymptotic behaviour of unimodular multipliers provides a
new perspective to understand the behaviour of rough operators.

1.2. Singular integrals along a curve. Consider
Kof(@) = po. [ o =a@)K @O, s eR
R

where 7 : R — R" is a curve and K is any kernel K (if K'(¢) = 1, this is the
Hilbert transform along the curve). The L” boundedness of this operator has a
long history and it is, in general, a difficult question which was first dealt with
in the 1970’s in a collection of papers by A. Nagel, E. Stein, N. M. Riviére and
S. Wainger [47, 48] [49] 32}, 33, [34]. We observe that, formally,

K, £(€) = my(©)£(9),
where

m~ () :p.v./Re”(s)’fK(s)ds.

Hence, even if the L? boundedness of this operator is equivalent to the bound-
edness of m., to show the latter usually requires extensions of Van der Corput
lemmata and other non-trivial techniques related to oscillatory integrals.

Our first result in this context is the following. We emphasize here that
although we initially need the kernel K to be integrable, the bound of the
operator will not depend on ||K||;. Therefore, this condition can be avoided
by an approximation argument.
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Theorem 1.4. i) If, for some constant B,
) K, LI, K| <B,
then the functions
(10) /e”cos(“’(s)'é)[((s)ds and /e”Sin(”(S)'é)K(s)ds
R R

are in M,, with norm at most Bel!l.

i) Conversely, if K € L' and holds with constant less than or equal
Bel'® for some 0 < s < 1 and some universal constant B, then @
holds with a constant independent of || K||1.

We also prove:

Theorem 1.5. Let v be a curve for which there exists 1 < 7 < n such that
1jllec < 00 and

po. [ OK () = oo,

where K is some kernel satisfying that, for every e > 0,

/ K (8)|dt < oo.
e<|t|<1/e

Then, the family
(11) K@= [ fa-a@)K @i >0
e<|t|<1/e

is not uniformly bounded in L?.

1.3. Oscillatory integrals. To finish, we describe an application of a different
nature. Let us consider the oscillatory integrals of convolution type given by

iR(y)
Trf(x) :P-U-/ ‘

R
where R(y) = P(y)/Q(y) is a rational function with real coefficients. In [19], it
was proved that T is bounded on L? for every 1 < p < oo with norm depending
only on the degrees of P and () but not on its coefficients. In particular, the
family (Tigr)¢er is uniformly bounded on LP . This type of uniform boundedness
property has been considered in more general cases [17, 18], 38| 37, [1].

Moreover, given two real functions K and @Q defined in R™*™ one can con-
sider the oscillatory integral given by

Tiof(e) = [ K(r.)e® f)ay,

understanding the integral in the sense of principal value and f to be in a test
function space whenever necessary. An interesting problem in this context is

[z —y)dy,
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to study the asymptotic behaviour in ¢ € R of the boundedness in L? of the
operators {Tx ¢}t (see, e.g. [40] 4, 37, 20] 22], 21]). Clearly, if

Hygnf(z) =pv. | K(z,y)Q"(z,y)f(y)dy

Rn
satisfies ||Hygn|l, < M™ for some constant M > 0, then ||Tk.qll, < elfM.
We provide a weak reciprocal of this result. Although we need to assume an
undesirable boundedness condition on the phase function ), we shall see in
Section that this condition can be deleted on many occasions.

Theorem 1.6. Let K be a kernel satisfying the size condition
1

(12) Kz, 9)| S 77—

[z —y|"
and let Q) be a bounded real function so that there exist constants ¢, M > 0 and
0 < s < 1 satisfying that, for every z = a +1it € C,
(13) sup | K (z,y) (ezQ(x’y) — A(z,2))| < Mol < oo,

lz—y|<1

for some analytic function A(-,z) with |A(z,z)| < M®l. Let us also assume
that there exists ¢ > 0 so that

Tog: P — L7, ||Tkuol] S e
Then, there exists D > 0 such that
Hyggn : LP — L
s bounded with constant less than or equal than D™ for every n € N.

1.4. Outline of the paper and notation. The paper is organized as follows.
In Section [2] we shall develop our main result on Analytic families of operators
proving the aforementioned extension of Stein’s theorem. Section [3|is devoted
to the applications to the theory of Fourier multipliers on L”(v). It contains the
proofs of the results mentioned above as well as some interesting consequences,
variations and improvements. Finally, Section [4] deals with the study of the
endpoint spaces, which is the most technical part of the paper.

Let us introduce some notation for the rest of the paper. Given two Banach
spaces A and B, we write T : A — B to indicate T is bounded from A to B.
Moreover, we write A &~ B to indicate that they have equivalent norms, A = B
to mean that A ~ B and that the constants in the equivalence are independent
of #, and A = B to indicate that A and B are isometrically isomorphic.

We shall write a universal constant C' if C' = C'(f) remains bounded when
6 — 0. Please keep in mind that any universal constant may change from one
occurrence to the next. As usual, the symbol f < g will indicate the existence
of a positive universal constant C' so that f < Cg, and f ~ g means that f < g
and g < f.
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2. ANALYTIC FAMILIES OF OPERATORS: THE MAIN TECHNIQUE

Let S = {# € C: 0 < Rez < 1} be the unit strip and A(S) the alge-
bra of S. Let A = (Ap, A1) be a compatible couple of Banach spaces and
F(A) = F(Ay, Ay) the space of analytic vector functions of the Calderén com-
plex interpolation method [6]; that is, the set of all functions f : S — Ag + 4,
such that

(1) fis analytic; that is, for every I € (Ao + A1)*, I(f(+)) € A(S),
(2) f(2) € Ajfor Re z=j and j =0, 1,

(3) f(j +1-) is Aj-continuous, and

(4) £l 7ea) = maxj—o1 supyeg [|f(J + it)[|a;, < oo

The classical complex interpolation space (Calderén space) is defined, for
0<6d<1, by

Ag={a=f(0): f € F(A)},

with norm |lalLs, = mt{]|fllrx @ = F(O)}.
In [43], the following interpolation spaces were introduced:

Asong) = {a € Ag+ Ay : 3f € F(A), f™(0) = a},

with the norm

lallsen o) = mf{[lFll7cay = f™(0) = a},

and
A0 —fae Ao+ Ay 3f € F(A), f(0) =a, f(0) =0, m=1,...,n},

with the analog norm ||z]|*™ @ . At this point, we should say that although all
the theory could be developed for the n-th derivative, we shall only discuss the
case n = 1. This will be done to avoid unnecessary complications, since all our
examples will be covered by this particular case.

Remark 2.1 We shall use the following classical facts repeatedly:

o AY®) = A, with constant 1.
o Ay C Ag g with constant 26.

The first embedding is clear. To prove the second, let D = {z € C: |z| < 1} be
the unit disc and consider the conformal map ¢y : S — D such that ¢y(0) = 0.
Explicitly,

Tz
e

—1
= h,| = ,
<‘09<Z> (ezwz + Z)

where o = z:z;z and h, : D — D is a conformal map such that h,(«) = 0. For
our purposes, we need to know that

™

[=AG]

" 2sinnb’
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and hence |}(#)| ~ 1/0 when 6 — 0. Now, if a € Ay and f € F(A) is such
that f(f) = a, then the function F(z) = 2 f(z) € F(A) and F'(0) = a.

wy(0)

Therefore,

1
lall 4y, < IFlra) =l lza) <200 fll 7).
Ast 0 F(A) |‘P,9<9)| F(A) F(A)

and taking the infimum over all such f, we obtain the result.

We shall repeatedly use the conformal map ¢y, as well as its inverse function
Py = cp(jl : D — S. Whenever it is clear we shall simply write ¢ and ¢.
The following endpoint spaces will appear in our main theorem:

Definition 2.2 For a given couple (Ag, A1), we consider the endpoint spaces
given by

Asp = {a € Ao+ Ay ol = Tiglall < oo

A — Q|60
Ay(o) = {a € A+ Ar : lalso) = })I_Q%MT” < oo},

A90) — {a € Ag+ A ¢ |a])f© = EHCLH”‘” < oo}.

Also, if D is a dense set in the Banach space Ag N A; endowed with the norm
||| 40na, = max(||z]| 4., [|]| 4, ), we shall denote by D*© the completion of D
with respect to || - [|®), and similarly Dg gy and D).

Remark 2.3 As a consequence of Remark , we have that D¥©) C Ds o)
with constant 1, and Djy € Ds/() with constant 2.

Observe that neither of the endpoint spaces /_15(0), AYO) and 14_15/(0) are re-
quired to be complete. Such spaces will be studied for the couples (L0, L")
—for 1 < po,p1 < oo— and (LP(wy), LP(wy)) —for 1 < p < 0o and wp, w; two
suitable weights— in the last section of this paper. Precisely, we shall prove the
following results.

Claim 2.4. For every dense set D in LP° N LP*, it holds that:

1) The norms || - ||lsc) and || - [|¥© are equivalent to the L, -norm on D.
(0) Po
(2) (LPo, LPV)50) € LP° and (LP0, LP*)5 () C LP° up to some universal con-
stant.

Claim 2.5. Let N = {v measurable : v(z) # 0 a.e. x}. If wy and wy are two
weights such that wy € N, then for every dense set D in LP(wy) N LP(wy), it
holds that:

(1) The norms || - ||50) and || - |0 are equivalent to the L, (wo)-norm on

D.



NEW RESULTS ON FOURIER MULTIPLIERS ON L? 11

(2) (LP(wo), L (wn))s(o) € LP(wo) and (LP(wo), LP(w1)) o) € LP(wn) up to
some universal constant.

We shall now work with what we call Calderon analytic families of operators
(we direct the interested reader to [I1, 8] and the references therein for more
details about these families). To simplify the computations in the applications,
we will slightly modify the classical definition.

Definition 2.6 Let A and B be two compatible couples of Banach spaces,
D a dense subset of AgNA; and L = {L¢}¢g a family of linear operators such
that
Le: D — By + Bs.
We say that L is a Calderdn analytic family of operators on D, and we write
L € C(S; D), if the following conditions hold:
(1) For every t € R and j =0, 1,
Ljvie : (D, |- la,) — By, |- 15,)
is bounded with constant M;.
(2) For every a € D, the function Lea € F(B).
Moreover, if max(My, M;) < 1, we say that L is a uniformly bounded Calderén
analytic family on D, and we denote this fact by L € BC(S, D).

The following extension of Stein’s theorem (see [44] 11, 10, §]) holds. We
include the proof for the sake of completeness:

Theorem 2.7. Let A and B be two compatible couples of Banach spaces and
let L € BC(S; D). Then, the derivative operator Ly = (L¢)'(6) is bounded from
DY®) ¢ B(;/(@) with norm at most 1.

Proof. Let

finite

which is dense in F(A) [6]. Therefore, the subspace of F(A) given by

G"(4) = { Y ety x5 € Dog; € A(S)}7

finite

is also dense in F(A) thanks to the fact D is dense in AgNA;. Now let d € D,
e>0and f € F(A) such that f(0) =d, f/(0) =0 and || f||z.a < [|d]|*® +e.

Let us define oy
ey - $@ =

wo(&)? ’
Then, it is clear that H € F(A) thanks to the hypothesis on f. Therefore,
there exists h € G”(A) such that |H —hllzs) < e. If we now consider
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G(€) = h(€)p(&)? + de®9’ we have that G(A) = d, G'(f) = 0, G € GP
and [|G' — f||za) < e. Consequently, we have obtained that, for every d € D,
)" = int { gl : 9(0) = d.g'(6) = 0,9 € G .

Now, let d € D and set g € GP such that g(0) = d, ¢'(8) = 0 and ||g||r <
[d)|%@ +e. Let F(€) = Leg(€). Then, one can immediately see that ' € F(B)
and || Fll s < lollren < I17® + ¢, and since,

F'(0) = Lyg(0) + Log'(0) = Lyd,

we obtain that Ljd € By ) and HLgdHBy(g) < ||d||¥® + e. Letting ¢ tend to
zero we obtain the result. O

Our first main result in this context is the following.

Theorem 2.8. Let A and B be two compatible couples of Banach spaces. Let
Q={z€C:Rez>0} and set, for every £ € Q,

T£ D — BO + Bl
a linear operator such that:
(i) For everyt € R,
T : (D, |- lay) — Bo,  |[Titl| < M.

(i1) There exists two constants M and My such that, for every t € R and
every a > 0,

Tovie : (D, ||+ [la,) — Ba, ([ Torael| < MM
(iii) For every A > 0 and every d € D, Tyed € F(B).
Then,
(a) The operator at the point & =1,
Tl : D(;(O) — B(;(O), ||T1|| S MOM.

(b) The derivative operator at the point £ =1,
T, : D" — Byy,  ||Th]| < MoM (1 + 2[log M]|).

Proof. First of all, it is clear that one can assume My = 1. Now, fix 0 <
¢ < 1 and let us consider the analytic family of operators R¢ = T/, where
¢ € S. Then, one can immediately see that the family Le = (M{M)~¢/°R, €
BC(S; D). To prove (a), observe that Stein’s theorem gives us that, regardless
of 6,
Rog=T1:(D,|lla,) — Bo
is bounded with constant MY M, and letting @ tends to zero, we clearly have
that
T1 : D(S(o) — B(S(())
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is bounded with constant M.
Now, to show part (b), we apply Theorem 2.3 to obtain that

qu : D(S/(e) — B(g/(@)

with constant 1. Now, since

1 1
letting # — 0 we conclude that for everyd € D |
H (Tl’ - logMT1>d‘ < M|Jd|F©
6/ (0)
and so we get our conclusion using part (a) and Remark U

For our applications below, we need to improve Theorem [2.8] by considering
Analytic families of operators with exponential growth at the border. To this
end, we first need the following lemma.

Lemma 2.9 Fix s € (0,1) and consider ¢ : R? — R defined by
1 [T =z
s &Ly = — — t]° dt.
s, y) 7T/_Oo ol Ul
Then, the following properties hold:

(1) v is harmonic.
(2) For every y € R, lim,_,o+ ¥s(x,y) = |y|°.
(3) For every = > 0, ¥(z,y) > |y|*.

Proof. The first two properties are immediate. As for (3), we observe that since
ly +t|* > |y|® whenever yt > 0, we have that for y > 0,

1 [~ = 1 [t =
— t®dt > — dt = |yl|°.
[ s [ a1
If y < 0, the argument is similar. O

Theorem 2.10. Let A and B be two compatible couples of Banach spaces and
set, for every & € (Q,
Tg D — BO + Bl

a linear operator such that:

(i) There exist constants My > 0, C' > 0 and s € (0,1) such that, for every

teR,
Tie : (D, |- lag) — Bo,  ITall < Mo exp (C[t]).
(ii) There ezists two constants M and My such that, for every t € R and

every a > 0,

Togir - (D, |- lla)) — Bi, [ Toaarl] < My M exp (CJE]°).
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(iii) For every d € D, Ted € F(B).
Then, the operators
Ty : Dsoy — Bswy, 11 : D" — By
are bounded with constants depending on My, M, C' and s.

Proof. Let ®, be an analytic function such that Re &5 = 1), —with the notations
of the previous lemma~—, and define

Rf = eXp [_C(I)s(é)] TE? 5 S Q.

Let us check that the family (R¢)..q satisfies the hypothesis of Theorem .
Indeed, given t > 0 we have

[ Rit||(D,)1- 4g)—Bo < €xp [=Cs (0, 1)] | Tie|| < Mo,
while for any o > 0 and ¢ > 0,
[ Raritl (0,14~ B1 < exp[=Cg(er, )] [ Toyarl| < MM
Hence, part (a) of Theorem [2.8 ensures that
Ry =exp [-CP4(1)] T}

is bounded from Dj ) to Bg(o) with norm less or equal than MyM, and there-
fore,

1T Dy 0y sy < MoM e+ H0).
Additionally, applying part (b) of Theorem 2.4 we obtain that
R} = exp [~C®,(1)] (T] — C¥,(1)T1)

is also bounded from D”(©) to By () with norm at most MM (1 + 2[log M]).
This fact in tandem with Remark [2.3] yields the conclusion:

1Tl poror .y < €O MM [1 + 2[log M| + 2C|@/(1)]] - U

Remark 2.11 The following facts will be important for applications:

(i) Tt is straightforward to see that the conclusion of Theorem also
holds for Ty, and T%,,, for any fixed w = XA +ip € Q. Indeed, one

+ip
just need to consider Ty = Ty, instead of the original family (7¢)ecq.
In other words, under the hypothesis of Theorem [2.10),

T€ : D() — BQ, Té . Dél(o) — BJ’(O)

are bounded for every £ € 2. The precise bounds will be needed for

the proofs of Theorems and [I.6] —see Sections 3.4 and [3.5. We
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have the bounds

HTAH#HAJ(O)%BJ(O) < AN, s) My MeCIMIS’
||T//\+m||A5’(OHBy(o) < B(\, s) My M (1 + 2[log M|)e?",

where A(A, s) and B(), s) are constants depending only on A and s.

(77) Observe that the norms of both 7} and 77 are independent of M;. This
matter will be crucial in the proof of Theorems [I.4] and [I.5]—see Section
B.4

Remark 2.12 In Theorem [2.10] the dependence of the given bounds for
the norms of 77 : Dsoy — Bs) and T} : D¥©® — By ) cannot be made
independent of s € (0,1). Indeed, it can be easily checked that

9 [Too s 1 [T 53 1. /1—s 1+s
J(1,0) == dt = = du= ~T r .
¥s(1,0) 71'/0 1+¢2 7'('/0 1ra" 7 ( 2) (2)

Therefore, when s — 17, ,(1,0) &~ 1. The derivative |®,(1)| exhibits the

same behaviour when s — 17, since a routine argument via differentiation
under the integral sign yields

1 +oo , 541 s 1 1— 5
|¢;<1>|:_/ urtz —uamr (L= \p (58
T ) o (14 u)? 2 2

The following reformulation of Theorem [2.10] may be more suitable for cer-
tain applications —see the proof of Theorem [I.I}-. In the sequel, we consider
the principal argument of any complex number in (—, 7].

Theorem 2.13. Let A and B be two compatible couples of Banach spaces. Fix
v € (0,%) and consider

’ 2
Q, ={z € C:larg(z)| < ¢}
Set, for every w € Q_W a linear operator
Tg D — BO —+ Bl

such that
(1) There exist constants C > 0 and My > 0 such that, for any w € 08,

ITull = (D]l llag) = Bo, [Tl | < Mo,

(2) There exist constants My and o > 0 so that, for every w € €, such
that Re(w) > a,

ITull = (D) lay) = Br,  ||Toll < Myet,
(3) For everyd € D, T,,d € F(B).
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Then, the operators
T : D(g(o) — Bg(o), TII : D‘S/(O) — B&’(O)

are bounded with constants depending only on My and C'.

S

Proof. The conformal map p(z) = 2%, where s = %gp < 1, sends the right
half-plane €2 to Q,. Then, for every z € Q, we define R, = T}y and check
that R = (R.),cq satisfies the hypotheses of Theorem Indeed, using that
|p(2)| = |2|* for any z € 2 we obtain the following calculations:

(1) For any t € R, we have:
HRitHAo%Bo = HTP(it)HAOﬁ‘BO < Myexp ‘p(Zt)’ = Myexp ‘tls'
(2) On the other hand, it can be easily checked that
p'{w € Q, : Re(w) > a}) D {z € Q: Re(z) > a'/*},
and therefore, for any 8 > a!'/* we obtain the estimation
| Rs+itll a8, = 1Tprin | < Myexp (|8 +it]*) <
< My exp (8% 4 [t]*) < Mie exp|t]*.
Finally, it is clear that R is an analytic family, since p is holomorphic. Hence,
our previous theorem implies that R; : Dj) — Bsy and R] : DY) B (o)

with bounds depending only on My and C'. Since T} = R; and 1] = %R’l, we
conclude. Il

Remark 2.14 (Optimality of Theorems [2.10| and [2.13]) Before passing
to applications, let us show that one cannot take s = 1 in Theorem —
or, equivalently, ¢ = 7 in Theorem [2.13}. Therefore, the above results are
optimal. Let K(2) = £ x[1 10)(#) and consider the convolution operator

T(f)(z) = (f * K)(z),
which is well-known to be unbounded from L; to L;. We define, for a given
z € , the linear operator

T.(f) = (ﬁ jzljz_2Kj> * f

where K(z) = K () X2 2+1) (7). Using the following estimate (see [26]), which
is valid for any fixed x € R when |y| — +o0,

e ey
[Tz + iy)| ’
we infer that
1 =1 .
ITillzi ey < sy D S 1 S €31,
IT'(1 + it)| =
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while, on the other hand, letting b = o — [a] and M = (2log2)~ !,

1 o0
Ta i < jo—2 K —
e S iere=n DA L
1 N o o
= ja=2  9—(j+1)/2
—\r<1+a+zt>yzj 2 s
T s t/2
S t=. 275 dt S
~M M1 +a+it |/
M~ +oe INa—1
/ T 2 ftdt Me | (Oé )| —
|F(1—|—a+zt | IT'(1+ o +it)|

(a0 —2)(a—3)--- [T (1 +b)]
la+it] |a — 1 +at|--- [T (L + b+ at)| —

(@=2)(a—3) LA+ _  M*  _
ala—1)--TA+bo+it) ~|TA+b+it) ~
< M3,

In light of this, observe that if our Theorem could be applied to the
couples A = (L', L) and B = (L', L?) and the analytic family T = (T}).cq,
then an appeal to Claim [2.4] would yield that T5(f) = 1K « f is bounded from
Lq to Ly, which is false.

«

< M

3. APPLICATIONS TO FOURIER MULTIPLIERS

Let us establish some notation for this section. Given A > 0 and s € (0, 1),
set

M(4; 5) = {m measurable : ||e"™|[, < A", t € R}.
My(A; s) = M(A;s) N Lo (R™).
Observe that, if

sup |[e"™||p, <A and |[e™™||m, < Ae", n e Z.
0<t<1

then m € M(A?;s). Moreover, m € M(A;s) does not necessarily imply that
m is a multiplier in LP. We start the section with the proof of Theorem

Proof of Theorem[1.9. We can clearly set ¢ = 1 and, hence, m € M,(4;s) for
some A > 0 and some 0 < s < 1. Let us assume that ||m|« > 1 (if it were
not the case, we would omit the term ||m||s in the definition of the following
family of operators) and consider the two analytic families of operators

(14) T f(x) :/ ST f(e)ed,  zeq,
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defined on the couple A = (LP, L?) with D a test function space. It holds that
ITE | oo < AeTiE < At we e R,
and
1T il ez <e®,  VtER, a>0.

Hence, by Theorem there exist constants C} and C; (depending only on
s) such that

”T17HD5(0)—>A5(0) S AC;? H(T]ijHDé/(O)*)A&/(O) S AC;

Now, Claim 2.4 applied to the couple (L?, L?) asserts that 7} and (7}") define
multipliers on L” with

I zosre = lle” 05 || 1, < ACY,

_m
elmls

(T oo e =

<AC;.
Mp
Therefore, their composition is also a multiplier on L? and we have that

Il

|,

< < A*Cfo;. O

[l o
Proof of Theorem[1.1] Tt is mostly analogous: define the analytic families of
operators as in ((14)) and apply Theorem this time. d

In another direction, the following “interpolation” problem for multipliers is
interesting: given a positive function m € M, (R"), under which hypotheses
does it hold that m* € M, (R") for every a > 17 Since the assertion is obvious
for a € N, it is enough to consider 1 < a < 2. We provide a sufficient condition
related to the behaviour of the unimodular multiplier e

Theorem 3.1. Let p > 1. If m is a positive bounded function such that
m' € M, with ||m*||pm, < ell” for some 0 < s < 1, then m*(logm)" € M,
for every a > 0 and every n € N.

Proof. Consider, for z € S, the operator

T.(f)@) = [ m(&)*f(e)ede.
Our hypothesis imply that
| Titll oo S e
while, if a > 0, the boundedness of m yields

| Tositl 2z < Alm) e

Hence, appealing to Theorem and Claim we obtain that 7, and (7,)’
are bounded from LP to L? for every a > 0; in other words, m® and m®logm
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belong to M, for every a > 0. To obtain the result for n > 1 we just write
m®(logm)" as the product of m®?(logm)"~! and m®?logm. O

We can also give a couple of necessary conditions for a bounded function m
to be in the class M(A;s), which we believe they are interesting in their own
right.

Proposition 3.2. If m € M(A;s) for some 0 < s <1, then

1
A+1im

eM,  VreR\{0}

and, in general, for every p € L'(el") it holds that (m) € M,,.

Proof. 1t follows immediately by writing

wmgnzéw@wmww%

and applying Minkowsky integral inequality to obtain

IBm (Dl < [ I e llagde < 4 [ lota)le do 5 1.
For the first part, it is enough to take ¢(z) = e *x(000) (if A > 0) or () =
—e MY (—oo0) (if A < 0). O

The previous proposition, in tandem with Theorem [3.1] yield:

Corollary 3.3. If m satisfies the hypotheses of Theorem[3.1], then
1

WEMW V)\ER\{O}

3.1. Local variations. Observe that it is not possible to avoid the bounded-
ness of m in Theorem [1.2] since any Fourier multiplier in L? is necessarily a
bounded function. However, we can obtain some local results as follows.

First, suppose that m € M(A;s) for some A > 0 and 0 < s < 1, but m is
not bounded. Then, we can partially amend this by considering

Fi(€) = m(€) mod 2r
which, since m € M(A;s), it satisfies
€™ | a, S A" vn € Z.
Therefore, an application of Theorem shows:
Corollary 3.4. If m is a measurable function in the class M(A;s) such that
3C > 0: ™|, <C VO €(0,1),
then m € M,,.
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Our second approach stems from the well-known fact that, if @ = Q(0,1)
is the unit cube in R” and Qg = Q(0, R) then —see [28, §1]- xq, € M, and
Ixorllm, < ¢, where ¢, is independent of R.

Theorem 3.5. If m € M(A;s) is locally bounded, then mxq, € M, and
ImXQrllse < lmxqrllamg, < C(A, s)ep [mxqrll-

Proof. Since our problem is invariant under dilations, we can assume R = 1.
Let us denote m; = myg and assume that ||m;|l.c > 1 (otherwise, we just
omit this term in the next definition of the operators). Now, let us consider
the two analytic families of operators

me) .o
T f(x) = / Tl f(e)etde,  zeQ,
Q
on the couple (L?, L?) as before. We have that
1T osir < Acy e < Acye”,  wieR,
and

||To:zt+it||L2—>L2 < e, Vt € R.

The result now follows from Theorem [2.10] as we have done in the proof of
Theorem [1.2 U

Finally, we specialize to unimodular Fourier multipliers. The following result
was proved in [29, Theorem 3].

Theorem 3.6. Let 1 < p < oo, p # 2 and let o : R — R be a bounded
measurable function satisfying that, for some constant A > 0 and every A € R,

1€™4] a4, < A

Then ¢ has the following properties:

(a) There exists a closed set E(¢) C R"™ of Lebesgue measure zero such
that m coincides almost everywhere with a linear function on every
connected component of the complement of E(p); that is, p(t) = (a;, t)+
b; whenever t € I; with R™ \ E(y) =, L.

(b) The set of all distinct vectors a; is finite.

As an immediate consequence of Theorem[1.2] we have the following corollary
that adds two new properties to the function ¢ in Theorem [3.6]

Corollary 3.7. If ¢ is a function satisfying the hypothesis of Theorem
then ¢ € M,, and

Il o

= lelle ™
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3.2. Extension to the weighted setting. In this section, we shall be dealing
with the pair (LP(u), LP(v)) for which we have studied the endpoint spaces
appearing in our theorem (see Section .

In particular, we can (and with the same proof) extend the previous results
for the class of Fourier multipliers on LP(v); that is, bounded functions m so
that the operator T, : LP(v) — LP(v) whenever v belongs to the Muckenhoupt
class A,. This class will be denoted by M, (v).

Let us first recall some facts on weighted theory. Consider the Hardy-
Littlewood maximal operator M defined for locally integrable functions on R"
by

Q3
where the supremum is taken over all cubes () C R"™ containing . It is known
[31] that, for every 1 < p < o0,

M : LP(w) — LP(w) <<= weA,

Mf(x) = supﬁ /Q F)ldy,

where, by definition, w € A, if w is a positive and locally integrable function
such that

i oy ) () <

Moreover, if 1 < p < o0,
M : LP(w) — LP®(w) <= weA,
where, by definition, w € A; if there is C' > 0 such that
Muw(z) < Cw(z), ae. z,

and the infimum of such constants C' is denoted by [w]4,.
In this context, the fundamental result for our purpose is the quantitative
version of the extrapolation theorem of Rubio de Francia [42, [14].

Theorem 3.8. If for some 1 < py < oo and every w € A,
T:LP(w) = L™(w), [T < ¢([w]a,,),

where ¥ : (0,00) — (0,00) is an increasing function, then for 1 < p < oo and
every w € A,,

T: LP(w) = LP(w), ||T| < d([w]a,)
with )
5 Citm 1) if 1<p<po,
W)S{w( 1 ) Z'f p<po
Y (Cat) if po<p < oo,
for some constants Cy and Cy depending on p and pyg.
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With this tool, we can now extend Theorem to the context of weighted
Lebesgues spaces as follows.

Theorem 3.9. Let m be a bounded function, po > 1 and v € A,,. If there
exists s € (0,1) such that

(15) €™ | My (v) < \If([v]Apo)e‘”s, Vi € R,

for some increasing function U, then necessarily m € M,(v) for every p > 1
and
1< sup M: sup MSA([U]A ).
meM(4s)  |[Mloo meM(Aes) ||Mlo !
where A([v]a,) is determined depending of the relative position of po, 2 and p
as follows (the constant C' depends on p and py and therefore it can be different
in each case):

( po—1
v <C[v]jp_1 if p<2<po,
1 (O[U]Ap) if po<2<np,

A([v]a,) <A

1

‘I’(C[U]f‘pl) if po<p<2orp<p<2,
\D(C[v}ﬁfp_l> if 2<po<por2<p<p.

Proof. By the Rubio de Francia extrapolation theorem we have that im-
plies the existence of increasing function ¥ so that

€™ latsy < e W([e]a),  VEER, Vo€ Ay,

Therefore, we can proceed as in the proof of Theorem for the couple
(L?(u), L?) to obtain that, for A = ¥([v]4,),

\

1< sup Il Moy su Hm”ﬂ<cs,42_
meM(A;s) ||mHoo meM(A,c;s) ”m”OO

where Cj is a constant depending only on s. Now, using Theorem [3.8| again we
obtain the result. O

In the local case, we can also extend Theorem since, for every v € A,
Xq € Mp(v).

Theorem 3.10. Let m be a locally bounded function and let v € A,. If there
exists s € (0,1) such that

He“mHMP(U) < Aelﬂs‘ll([v]Ap), VteR
for some increasing function W, then necessarily mxoo,r) € Mp(v) with

Imxq.mlle < llmxeo.mllrm,w < A([v]a,)lIxewn lrwllmxeo.m e
with A([v]a,) as in Theorem 3.9,
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3.3. Homogeneous rough operators. In order to provide the proof of The-
orem [I.3] let us give a brief refresh of definitions and previously known results.
Given Q € L*(X"'), we can expand Q = >3 Y; where Y belongs to the
space of spherical harmonics of order j. Moreover, by the cancellation prop-
erty of {2 we have that Yy = 0. Then, if we consider the distribution

K(z) =

it holds that the corresponding Fourier multiplier mq(x) := K (z) satisfies

(16) ma(x) = i7Y;,
j=1

where v; &~ j7/2 (see [46, Theorem 4.7]).

Definition 3.11 Given s > 0 and n € N, the space H*(X,,_1) is the subspace
of functions p € L?(X"™!) such that their spherical harmonic decomposition
p=>_1-,Y; satisfies

D (L 5)* Yl < oo
7=0

It is known [I3] that, for s € N, the space H*(X"!) coincides with the
Sobolev space W*2(X"!) of functions p € L*(X"!) whose all weak derivatives
over the sphere up to order s belong to L?, endowed with the norm

S
Ipllws2 = > 1D apllz2mn-)-
In fact, ||pllws2 ~ 3 2220(1+7)*[|Y;]3. As a consequence, we have that

[Imall /21y = [[Q]2-

In order to avoid convergence problems in what follows, let us define, for a
fixed [ € N,

l
Q= Z Y;.
It is clear that (£2;)7°, converges to Q in L2(X"71), satisfies the cancellation
property and is indefinitely differentiable in ¥"~!. Recall also that
AY; = —j(j+n—2)Y;, Vi>0,
and that, for a given r > 0, the operator A" is defined so that
(CAYY; = (jG+n—2)Y;, Vj>0,
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Lemma 3.12 If n > 2, then, for every [ € N,

1]l ~ [JA%E ma >
As a consequence, if 2 € C*°, then

19]]2 & [|AYLimolfo.

Proof. We have that

l
1013 =Y 11115 = Z] J ”||Y||2~Z( (7 +n—2)"27"Y13
j=1

2

n/4
= [|AY g, |2 O

l
Z (+n—2))"*i Y, et

2

We can now give the proof of Theorem [1.3]

Proof of Theorem[1.3. Let us start by mentioning that, as a consequence of
the Sobolev embedding theorem for compact manifolds [23, Theorem 2.6], we
have that

1 1 1
H* (3 c whe(snt), 3 T no1<, %

We also have that [23, Theorem 2.7], for every ¢ > n — 1, Whe(xn 1) C
CO(x" 1. In particular,

(17) H*(3?*) ¢ WH(2?) C L™,

Now, given (2, let us consider the corresponding multiplier m := mgq, which
is homogeneous of degree 0. Let us expand m as in and observe that

Re m = Z(_1>k72kY2k7

Hence we can assume without loss of generality that m is real by applying the
following argument to its real and imaginary parts. Moreover, m € H?(33)
with ||m||g2(s3) < |2|]2, and hence by (17),

[Imllwraes) S 1]z,

Set € and m; as before and let us consider the homogeneous function %™
which is also indefinitely differentiable on the sphere. Hence if we consider the
multiplier

My = eitml _/ ztml dO_( )
' yn—1
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it is known [46, Chapter IV, Theorem 4.7] that there exists a function €; €
L*(X" 1) satisfying the cancellation property and such that m,; = me,,-
Therefore, by hypothesis

To,, : L*(v) — L*(v),  |To,|l S (190l

Now, since € is indefinitely differentiable, we have by Lemma [3.12]

190]2 < JAYE ettm[2,

Hence, since n = 4, we have that

4 A o A
Agé M = Ayse™ = jte™ Agsmy — 2™ | Vysmy |

By , we get that

l
A3 S IV S 11913
j=1

On the other hand, by

/ Tl < flmllln sy < lmllbes = )14 < Q)14 = 1.

and hence, for every |t| > 1,

1902 S AT ™ |2 < [t

Consequently,

sup e™™ || a2y S (L +]t7) S e

and the result is obtained by letting | — oo.

The converse implication follows from an argument similar to the proof of
Theorem [1.2} let us sketch it. Define the corresponding analytic families for
Remg and Immg as in , and use the hypotheses to verify that the con-
ditions of Theorem [2.10] are satisfied. Then, apply Claim to conclude that
mq € My, which is equivalent to the boundedness of Sq : L*(v) — L?(v) with
1Sall S 1. O

Remark 3.13 (i) Observe that we have proved that, for every homoge-

(19)

neous function of order 0, mq, with €2 satisfying the hypothesis of the
previous theorem, we have

eitmg _/ zth dO’( )
yn—1

In fact, we have a self-improving condition, since implies a much
better decay in ¢ than the one given in . Precisely:

< max(|t], [t*), vVt e R.
M(L?(v))

e ™ | przy S T+ [P and  |[e™™ ™| yrzwy S 1+ [t
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(it) By (B]), we have that holds for every v € A;. Therefore, if one
is able to prove for every v € A,, then the Rubio de Francia
extrapolation theorem allows to pass to the weighted boundedness on
LP(v) for every v € A,.

3.4. Singular operators on curves. Let us provide now the proofs of The-
orems and [I.L5] Here we demonstrate the full strength of the derivative
operator technique by making use of Remark [2.11]

Proof of Theorem[1.7} We first deal with (7). If (9) holds, then the function

() = [ e ) du
clearly satisfies that
sup |[muy [|m, < B.
teR

From here, it follows that, for every n € Z, the functions

an(€) = / cos(n(y(u) - ) K (u)du

are in My, uniformly in n with norm less than or equal to B. Now, using the
identity

(20) (cosx)* = Q%Z (f) cos|(k — 27)x]

the function
/ (cos(v(u) - ) K (w)du, k€N,
R

also belongs to M, with norm at most B. Hence, by a Taylor expansion,
the first function in is a Fourier multiplier on L? with norm less than or
equal Bel. An analogous reasoning provides boundedness in M,, of the second

function in .

To show (7i), we shall again proceed with the cosine factor. The work for
the sine factor is analogous. Let us define the AFO

Vv
5w = |( [eemonwa) fo) o,
R
Then, by assumption
Ty:LP — L7, ||Tu|| < B,
and if z = o + it we have that

[ et @) du| < K],
R
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and hence

T - L* — L2, [ Toit|| < €| K [|1 < el

K||1-

Applying now our Theorem [2.10, we obtain that 77 ; : LP — LP with a

constant independent of ||K||;. Indeed, Remark informs us that
T el e S Bel

~Y

Since the multiplier associated to this operator is given by
[ et costs w) - K (u)
R

we must now eliminate the factor e(1t®) cs(v(w)€) to conclude. For this purpose,
we consider a new AFO given by

Y

S f(x) = [/ cos(v(u) - €)e! OO K (u) du| ()
R
The above calculations imply that
Sip: LP — LP,  ||Sul < Byel",

while
Sevit : L* — L [ Saticll S 1K |[zre®.

Hence S is bounded from LP to LP. Therefore, its associated multiplier

/R cos(y(u) - €)K () du

belongs to M,. The same procedured can be applied to the sine function, and
so Theorem [1.4] follows inmediately. O

Proof of Theorem[1.5 Let us take the contrapositive route and assume that
the family is uniformly bounded. Set, for each fixed € > 0, the AFO

T.(f) = ( / e eTEK () du) f.
e<lu|<1/e

where we use the standard notation § = (y1,- -+ ,¥j—1,Yj+1, " ,Yn). By as-
sumption, the family of multipliers

mee©= [ R ) du
e<|u|<1/e

is uniformly bounded by some constant A, say. Therefore, writing (¢,£) =
(&1, &1, &4, .-, &) and using the fact that m., . is continuous, we have

it||L2—L2 = [|[Mye\l; ) |loo = A, .
| T3] [[me () [loo < A Vi€ R
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On the other hand,

HTaJritHLQﬁL? < <

/ £ (-0 (1) g
e<lu|<1/e

< elhllee (/ | K (u)) du) _
e<|ul<1/e

Consequently, by Theorem [2.10] and Remark [2.T]]

ﬂwf=</ wwwmmww’<1a>m0f
e<|u|<1/e

is Lo-bounded with a constant independent of e. We now proceed as in the
previous theorem to eliminate the exponential factor e+ (% This way we
obtain that, taking £ = 0,

/ () K (1) i
e<|u|<1/e

and letting € — 0 we obtain the result. U

Yjlloo
< Aellillee

To conclude, observe that our Theorem provides a necessary condition
for the boundedness of the corresponding maximal operator (cf. [27]):

Corollary 3.14. Under the hypothesis of Theorem[1.5, the maximal operator

Mﬁhﬂzwp/;Kqu—vw»wau

e>0

is unbounded from L* into L*.

3.5. Oscillatory integrals. We provide the proof of Theorem [I.6] To allevi-
ate notation, we consider the following definition:

Definition 3.15 Given s € (0,1), we say that {Tk . }+ satisfies the s-property
on LP if there exists ¢ > 0 so that

TK,tQ Y L — Lp, ||TK,tQ|| 5 €C|t‘s

Proof of Theorem[1.6. For simplicity, we shall assume ¢ = 1 and by linearity,
we can assume that ||@||- = 1. Let us define the AFO

Q.f(x) =T.f(x) — Az, 2)To f (x),
where

T.f(z) =po. | K(x,y)e* @Y f(y)dy, Rez > 0.

]Rn
By hypothesis, there exists My > 0 such that

Ty:LP — L7, ||Tul| < Mo, Wt € R,
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and hence
Qu:LP — L7, ||Qull < 2Moel", Vt € R,
On the other hand, let us write

Q.f(x) = po. / K (2,4)e*2@) £ () dy

|lx—y|>1

fpe [ K@ - AG o) 0

A [ K

It is immediate to see that, for every o > 1,
Qatit : L' — L%, ||Qaparll < (¢ +2M)el™ < (e + 2M) ™
and so an appeal to Theorem and Claim [2.4] yields
Qryu: L' — L7, Q4 < BsMo(e + 2M )%™,
with B, depending only on s. Set k = sup, , |A’'(£1+it, z)|. Then, the operator

pv. [ Qz,y)e? VK (2,y)e" Y f(y)dy = Q1,0 f(x) + A'(1 + it, 2)To f (x)
Rn

is bounded from L” to LP with norm less than or equal to BsMy(e +2M)?*(1 +
kel
Now, in the case n = 1, we define the AFO

Q.1f(x) = p.v./ Q(z, y)eQ(z’y)K(x, y)e*ZQ(w’y)f(y)dy

|e—y|>1

+ po. / Q(z,y)e? "V K (w,y)(e 790 — A(—z,2)) f (y)dy
lz—y[<1

A=) [ Qe K ) sy

Then, it holds that
Qity : LV — L7, |Qiea|| < BeMo(e +2M)*(1 + k)ell”.
while
Qaitn : L' — L™, [|Qait]| < e(e® + Ma)e‘ﬂs <e(e+ 2M)‘3‘e|t|s7
Therefore, we obtain that Q11 : LP — LP with ||Q1.1]|| < B2My(e+2M)3(1+
2k). Since

Q11f(x) =p.v. K(z,y)Q(x,y) f(y)dy — A(—1 +it, )Ty f (x),

R
the result follows with constant less than or equal to B2My(e + 2M)*(1 + 2k).
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In the case n = 2, we take
Qu1f(z) = —p.v. K @y)Q, )’ fy)dy — A' (=1 +it, 2)To f (x),

with [|Q1,|] < BZMy(e +2M)*(1 + 2k) and hence
\|Hgoz|| < BEMo(e + 2M)*(1 + 3k).
By induction, we get that
| Hiqnll < B My(e + 2M)™" (1 + (n + 1)k),
and the result follows. OJ

Remark 3.16 (a) Observe that Theorem does not hold if @ is un-
bounded, as the simple example K (y) = % and Q(y) = y shows. How-
ever, as we shall see in the next corollary, we can, essentially, reduce to
this case by considering sinusoidal phases.

(b) Let us analyze condition in some particular cases. Assume that
K(z,y) = z—iy and Q(z,y) = ¢(x — y) with ¢ bounded and derivable
at 0. Then, if we take A(z,r —y) = ¢**()| we have that

sup ‘K(x,y) (ezQ(z’y) — A(zw))! = sup

L o) _ =)
(e )

e lyl<1 Y
e Sup Mei'z@(o) eiz(<ﬂ(y)_§0(0)) o 1 ‘ |
i<t Y p(y) — »(0)

and follows. In n dimensions, if ¢ is radial and its radial part is
bounded and derivable at 0, the result also easily follows. The general
idea is that A(z, z) is of the form e*»(Q@)(©) where T}, denotes a suitable

Taylor polynomial of order n.

The following result allows to reduce to the case of bounded phases on certain
occasions.

Corollary 3.17. Let K be a kernel satisfying and such that there exists
M > 0 satisfying

| Su\p ‘K(xa y) (ezst(x’y) - Al('z?m)” < M‘a|6‘t|s < o0, z =+t
z—y|<1

and

sup | K (z,y) (excosQew) As(z,2))| < Mlelt” < oo, z = o +it.
lz—y|<1

for some analytic functions A;(-,x) with |A;(z, )| < M.
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(1) If {Tktsnqtt and {Tk tcos g}t Satisfy the s-property for some 0 < s < 1,
then
Tggq: LV — LP.

(11) If {Tk .o} satisfies the s-property with s = 1, then so do {Tktsno
and {TK,tcosQ}t'

(110) If {Tktsinrg}t and {Tkicosrq}e salisfy the s-property for some 0 <
s < 1 uniformly in r € R, then {Tk.q}e satisfies the uniform bound
int € R. Consequently, {Tkisnrg}t and {Tk icosrq}e Satisfy the s-
property for s = 1 uniformly in r € R.

Proof. Ttem (i) follows easily from Theorem since it asserts that Hg ging
and Hg o5 are bounded in L” and

Tk = Hrcos@ + 1 Hgsing-
To prove (it), we appeal once again to the formula (20]). Hence

n

1 n
H(cos @i = Re (2—n Z (k) TK,(n—%)Q) .

k=0

Now, by hypothesis, there exists A > 0 such that ||Tk m-2rr|| < Ael"=2,
which in turn implies

1 < (n —
| H i (cos @y || < Q—nz (k) A2k _

k=0
1 W 1 = n
— An—2k il A2k—n < D"
on (k) + on Z (k) - ’
k=0 k=[n/2]+1

2 .
where D = %. Therefore, since

= (it)"
TK,tcosQ = Z (n? HK(tcosQ)”a

n=0

we obtain that [Tk ;cosqll < e 1t and thus {T'k tcos}+ satisfies the 1-property.
A similar reasoning works for {Tk ;sing }+- Finally, item (%ii) follows by arguing
as in (i) and (i) keeping track of the constants. O

Remark 3.18 If R = P/(Q is a rational function and, for some 0 < s < 1,
||TK,tsinRH S Oems and ||TK,tcosR|| S C«€|t|5

with C' only depending on the grades of P and ) and not on the coefficients,
then ||Tk r|| is also independent on the coefficients of P and @) and thus ||Tk ¢z
satisfies the 1-property uniformly on ¢ € R. In such a case, an application of
Corollary asserts that {Tk tcos r}t and {Tk ¢sin g} satisfy the 1-property.
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4. THE ENDPOINT SPACES: THE TECHNICAL PART
The purpose of this section is to give a proof of Claims and [2.5]

4.1. The couple (LPo, LP'). Let us start recalling a few items which will be
useful for us here. As usual, given 6 € (0, 1), define p(6) by the equality

1 1-0 0
p(0) Po P1
with the obvious interpretation if p; = oo. It is well-known that (L, LP1), =
L*®) Hence, a standard convergence argument yields:

Proposition 4.1. Let D be a dense subset of LP> N LP'. Then the norms
| [ls) and || - |lp, agree on D. In particular, the inclusion (LF°, LP*);q < LP°
s bounded.

Concerning the Schechter interpolation spaces, we have that, for a given
6 € (0,1):
e [9, Theorem 2.4] A function f belongs to the space (L0, LP*)¥®) if and
only if f(1+ [log f|) € L@ and

Olp1 — pol |/ :
f + og if p; < oo,
I Rl e e Y P
LA ~ / /]
- Hf”p(@ ()
e [0, Theorem 2.7] Consider the space
f f
My, = {f f =g+ hilog Hf‘luﬂwﬁ fo fre "%
p

endowed with the norm

1f11az,, = nt{ [l follo + I1.f1llo}-
Then, (LP0, LP)5 9y = My,, that is to say, (LP°, LP')s g and My, are
isomorphic with constants independent of 6.

Theorem 4.2. Let 1 < py,p; < +00, and let D be a dense subset of LPO N LP*.
Then:

i) The norms || - | and || - ||p, are equivalent on D.
it) The inclusion (LP°, LP')g ) < L is bounded.

|5’(0)

Proof. Ttem (i) was shown in [9, Theorem 2.5], and it actually follows directly
from the above considerations.

To show (ii), let f € (L, L)y, choose (0));Z; any decreasing sequence
in (0,1) converging to 0 and let py = p(fy), which clearly converges to pg. We
can assume without loss of generality that f # 0 and that f € My, for all
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k € N —eliminating finite terms from the sequence (6;)72; if necessary—. Now,
given € > 0, for every k € N there is a decomposition

o) ;_ Jor [fr

O ||f1,k||pk
such that

+ firl

1AW ry, < W foslloe + 1 Frallpe < 1 fllag, + 2O
Hence

[malp
lim su + HkaHPk < limsup—%+€< 00.
k O k k
In particular,
(22) lim sup ———+ < oo,
k Ok
hence limy, || f1 x|lp, = 0, and an application of Fatou’s lemma yields
(23) limkinf |fix] =0 a.e.
Now, observing the decomposition
0 1
firlog =5 = fiilog | fiul + fixlog ——— fl =0y log ——
11l "o O’

it is easy to deduce by means of and that
limkinf (flk: log e ) =0 a.e.

1.l
But this fact, in tandem with , implies that
hmkmf Jor =f ae.,
and therefore
Pk
/|f )P dx < /hmmf Jor(@) | dx < liminf/ forlx) dx <
Qk k Qk

Pk Dk
< limsup (Hfoéknpk) < limsup (”fOJchk + Hfl,k“pk) —
k k

k O
oy (Mol Dal ]
Lk O -
W, T
< |limsup ———= +¢| < 4o0.
Lk Ok

In other words, f € LP°, and letting ¢ — 0, we obtain that

I/ HMW,

1 llpo < limsup ~ || flls(0) O
6—0
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4.2. The couple (C,\C). To obtain the desired information regarding the
endpoint spaces for the couple (LP(u), LP(v)) we need to start with the very
simple one. It is well-known that, for the classical Calderén interpolation
spaces,

(C,\C)y = \C.

Our purpose is to analyze the Schechter interpolation spaces 14_15/(9) and A%
for this couple.

To do so, let us recall a few standard facts. Given f € F and 0 < 0 < 1, it
is known [3, Lemma 4.3.2] that

+o0
1£(0)]lo < exp ( > / log |[f(j + it)[l; 1;(6, ) dt) ,
j=0,17—°

where 5, j = 0,1, are the Poisson kernels on the strip. From the above
inequality plus Jensen’s inequality (twice) it follows that for every p > 1,

1

I£6)l < (ﬁ) (b)Y [ S ([ i+t dt)] "

7=0,1

Therefore, we define 5y, = F endowed with the norm

1fll7,, = [Z </+Ool|f(j+it)||§uj(0,t) dt)r.

j=0,1 N/ =0
Observe that, for 1 <p < g < oo, F C Fyp, C Fpy,p. Now, if we let
Agp={x € Ao+ A :3f € Fo,: f(0) =z}
endowed with the norm
|2/l 4,,, = mf{|[ fll 7, : F(0) =},

then 121971, = Ay. The corresponding Schechter spaces A(;/(g),p and AY P are
defined in an analogous manner.

We now introduce the following auxiliary norms based on [41]. Given (u,v) €
C x C, we define

(1,0 ocy, = E{IF 17, e : F(0) = w. F'(6) = #'(6)u}.
If A =1, we shall simply write |(u, v)|ép). An adaptation of [41] §3A] yields:

Proposition 4.3. |(u,v)\é°°) < 14f and only if |u]* + |v| < 1. Consequently,

o 1
0)I§™ =5 (1ol + VP +4JuP)
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Proof. Given F' € F(C,C) = A(S) with [[F|rcc) < 1, the Schwarz-Pick
lemma applied to F o ¢ yields that, for every z € D,

(1= [z F[o(2)]¢ (2)] < 1 = [Flo(2)]P,
and if we substitute z = 0,
[E'(O)] < [/ (O)|(L = [F(0)]*).

Hence, if F'(f) = u and F'(0) = ¢/(0)v, then |u]* + |v] < 1. Conversely, let
(u,v) € C x C with |ul* + |v] < 1. Assume first that |u|? + |[v| = 1, and let

%z—i—u

v
— U
—|—u|v|z

1 if v#0
u ifv=0,

(24) VDD, Uz)=

which is a holomorphic function satisfying ¥(0) = v and ¥’(0) = v. Observe
that, if v # 0, ¥ is just the composition of the rotation z — ﬁz with a
conformal map from ID into itself that takes 0 to u. Then, F' = Wop € F(C,C)
satisfies F(0) = u, F'(0) = ¢'(0)v and || F|| rc.c) < 1. Therefore, ||(u,v)]|$ <
1. Now, if |u]* + |v| < 1, then there is A > 1 such that | u|* +|\v| = 1. Hence
(A, M) |5 < 1 and so ||(u, 0) ]| < A < 1. O

Let us now consider the case A # 1.
Proposition 4.4. Let p € [1,400). Given (u,v) € C x C, then

[, 0)| P sy, = M) (10, w) |

where w = v + log A\¢'(0)u.
In particular,
) _ A
,0)| @A), = 5 (10 +1og A&/ (0)ul + /[o + Tog A ¢/ (O)ul? + 4JuP)

Proof. The map

Fop(C,AC) = Fy,(C,AC) , F(2) = G(z) = N F(2)

defines a linear isometry in such a way that if F(#) = w and F'(0) = ¢'(0)v,
then G(0) = Nu and G'(0) = ¢’ (0)N°[v + log A ¢’ (0)u] = ¢'(9)\w. Hence it
follows that
() (Eorey, = W Fll7, 0 : F(O) = u, F(0) = ¢ (B)v} =
= f{lC5, e : G(O) = Nu, G(60) = &/ (O)N'w} =
= Xl w)]”
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In particular, for the case p = oo, Proposition [4.3], yields

[, 0) ey, = N (u,0)|§) =
0

<]v+log)\¢ (0)u| + /|v + log A ¢/ (0 )u\2—|—4\u]2>. O

Theorem 4.5. The following holds:
Z) (C, /\C)g/(g) = h(x\,@)@, where

0
A if [log A| >
) |log A sm7r9
h(X,0) = :
0 2m sin w6 if log A[ <
72 + |log A|?(sin 76)? & sin 7T9
i) (C,\C)"® = H()\,0)C, where

Asin 6 2
H(\0) = - <|log Al + \/sin2 3

Proof. Applying Proposition one gets

11|50y = inf{[| F|| rcac) : F'(0) = 1} =
— lltrelélnf{HFHf((c,)\(c) : F((g) =u, F/(Q) = 1}

= [6/(0)] inf inf{|Fllrcac) : F(8) = u, F'(6) = ¢/(6)} =

! : (c0)
= [¢'(0)] 11}6% I (u, 1)”(@ AC)g

+ |log )\|2> :

4l¢'(0)?
\1+w[+\/\1+w]2 “ N |w|?

All that is left is to solve the above extreme problem, which is equivalent to
the following (easier) one:

_ X0 int
9 el

VM fo<M<I1,

inf [|1+a|—|—\/(1—|—a)2—|—Ma2]: oM
acR if M >1,
M+1
where
_ AP O1? m?

~Jlog A2 (sin7h)2[log A2
This suffices to show (). The proof of (ii) is analogous, using the fact that
LI = (1, 0) [ EAcy, - O

We now prove that Asg), = Ase for the simple couple A = (C,AC).
Actually, this is true for a general couple, but we only need this particular
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case. Our next result make use of the Hardy spaces on the disk HF (D), which
consist of holomorphic functions f : D — C such that, for 1 < p < oo,

27 0 de %
£l = s ([ fre) )" < +oo,
0<r<1 0 T

and, for p = oo,
| flloe = sup | f(2)] < o0

|z]<1

Proposition 4.6. For any p > 1,
i) (C,\C)"@» = (C,\C)*®,
i) (C, )‘C)(S'(@)»P = (C, )‘C>5'(9)'

Proof. Recall that Proposition [.4] provides the identities
1Hls0) = 16/O)] inf (n, DIihey, 17 =11, 0[5,
and for any (u,v) € C x C, Proposition , in its turn, yields:
(1, 0)[P ey, = Nl w)| P, w = +logA- ¢ (0)u

Now, observe that the very definition of the Poisson kernels on the strip implies
that F* € F(C,C) precisely when F oo € H?(D), and ||F||%,, = | F o || gr ).
This yields

[(u, v)[§” = nf{| G| o) : G(0) = u, G'(0) = v}.

We now combine this information appropriately. Applying the Cauchy inte-
gral formula to any G € H'(D) such that G(0) = u and G’(0) = v we obtain
that

. P\ 1
w0, = 5 (W + VieP+aful) $ 3 max{ful, fwl} < 3|(u, w)l” =

1
= (1, 0)|{Ercy,-

Finally, the inequalities
1 00
(,9)l{acy, < 1w 0)Eaey, < 10w 0)[Ee,
follow easily from the fact that 7 C Fy, C Fy, for every p > 1. O
We now focus on the case p = 2, which is particularly simple.

Theorem 4.7. The following holds:
i) (C,AC)s(9),2 = ha(A,0)C, where
ha(X, 0) = \? a T
(14 22252 1og A[*)




D=

2sin 7wl

Hy(X,0) = )\ (1 + log A
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i) (C,\C)" 2 = H,(\,0)C, where
2)
Proof. 1t is a simple exercise to see that
[, 0)[§ = Vul? + o,

Now we use again the reasoning of Proposition [£.4] to obtain
[, 0)|(Erey, = A (Jul? + [v + log A ¢/ (0)ul?) >
and then proceed as in the proof of Theorem to obtain
1
1tlcaises = 19/(O)] inf X (Juf* + |1 +log A&/ (0)u]”)* =
e 1000)
= T
(1+ [logA¢/(0)[2)

| The second isometry follows similarly:

N|=

1| €O 02 = |(1,0) @), = A7 (1 + [log A ¢/ (0)[?) O

4.3. The couple (LP(wy), LP(w;)). We finally obtain the desired information
regarding the endpoint spaces for the couple (LP(wy), L*(w;)), where w; € N.
The identification of the space (LP(wy), LP(w1))s0) bears no difficulty if we
recall that for any 6 € (0,1) we have

(LP(wo), LP(w1))g = LP (wy~"wy).
Hence it is easy to obtain the following result.

Proposition 4.8. If D is a dense subset of LP(wy) N LP(wy) and wy € N,
then the norms || - [|s@) and || - || rwo) are equivalent on D. In particular, the
inclusion (LP(wo), LP(w1)) 5y = L7 is bounded.

Remark 4.9 In order to proceed with the identification of (LP(wy), LP(w1))s (o)
and (LP(wo), LP(wy))?® for § € (0,1), we need some precisions concerning the
measurability of certain functions. Let us denote M the underlying measure
space of the spaces LP(wy) and LP(wy).
(1) Given u(x) and v(z) two measurable functions, there is a function
Fi(z,z) such that:
e For every z € S, x — Fi(z,x) is measurable.
e For every © € M, z — Fi(z,2) € F(C,C), with Fy(0,z) = u(x),
F{(0,2) = ¢'(0) v(x) and | R, 2) | reey < [(u(@), ()5
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Indeed, let pu(z) = |(u (x),v(x))|f9°° = 2(|v(z)| + VIv(@)? + 4fu(z)?)
and set U(x) = u(z)/pu(x), V(z) = v(z)/u(x). Then, Fi(z,z) = p(z) -
U(pg(z),x), where

if V(z)#0

U:DxM—C, UEx)=1{1+0(x)
0 if V(z) =0,

is the corresponding map given in ([24]).
(2) Then, since in Proposition it is proved that, for any u,v € C,

[, 0)lEe), = A (1, w)]§

where w = v+ ¢'(0) log A u, we conclude that if u(z), v(z) and \(x) are
three measurable functions, there exists a function Fy(z,z) such that
e For every z € S, © — Fy(z, z) is measurable.
e For every x € M, z — Fy(z,x2) € F(C; AN(x)C), with Fy(0,z) =
u(x), F5(0,2) = ¢'(0)v(r) and such that ||Fy(-, )| rca@e) <
[u(z), v(@)|Erc),-
We just need to apply the previous remark to the functions u(z) =
Az)’u(z) and §(z) = A(z)? (v(z)+¢'(0) log M(z) u(z)) to obtain a func-
tion Fy(z, ) and then consider Fy(z,z) = A(z)~* Fi(z, z).
(3) Finally, in Theorem [4.5| it is shown that if A(z) is measurable, then

hA@),0) = [licpweryy, = ¢ O) @), Do,

for every measurable function u(z). Therefore, there exists a function
F(z,x) such that
e For every z € S, x — F(z,z) is measurable.
e For every z € M, z — F(z,z) € F(C,\(z)C), with F'(§,z) =1
and || F(-, 2)l|rcawe) < hA(),6).
By the same token, using that

H(\(2),0) = [|1]”® = ||(1, 0)” (C)\(C)g

we infer the existence of a function F'(z,z) such that
e For every z € S, x — F(z, ) is measurable.
e For every z € M, z — F(z,z) € F(C,\(z)C), with F(0,z) = 1,
F/(0,2) = 0 and [[F(-, )| Fea@o) < H(A®),0).

Theorem 4.10. Let p € [1,+00). Then

wl/P p
o (LP(wo), LP(w1))s ) = L7 (woh (#,0) )
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1/p

o (LP(wp), LP(w))Y®) = L» (wo H (Z—/ e)p).

0

In particular, for p = 2,

w2 2
b (L2(w0),L2(w1))5,(9)72 =L? (wo ho (ﬁ,@) )

0

0

, 1/2 2
o (L*(wp), L*(wy))® @2 = L? <w0 Hy (%,9) -

Proof. During the proof, we shall write \(x) = Zé(z)ig, and \(z) = 0 if wy(z) =
0. Let us prove the first equality. By Remark there is a function F' €
F(C; M) C) such that F(z,-) is measurable for every z € S, F'(0,z) = 1,
and ||F||rca@e) < MA(2),0). Therefore, given f € LP(wo h(A,0)P)), if one
considers G(z,z) = f(x)F(z,x), one can easily see that G € F(LP(wy), LP(w,))
with ||G||]:(Lp(w0)7Lp(w1)) < ||f||LP(th()\76)p), and that G'(6,2) = f(x). Hence
[ € (LP(wo), LP(w1))g () and

11l ez woy.Lr s < NNl ro nrop):

For the converse, observe that if F' € F(LP(wy), LP(wy)), then an application
of Fubini’s theorem yields

1
1P = ([ IFCoBcac,, unlo)do )

Hence,

1 2o wo).on)ysrey = N llezrwo).Loi)s ey, =

= F/(O,izl)lif(x) </M ”F(, ‘T>Hz])‘-(<(3;>\(;r)€)g,pw0(x) dI)

2 inf F(-, )% wo(x)dr | =
N </MF'(6,x)f(:c) ” ( )Hf(C,A(x)C)e,p 0() )

_ P S
([ W Mes, mole)de)” 2

(*) P
> (/ rf<x>|pwo<x>hu<x>,9>”df> = |1l o wo nr01%)
M

where the step marked with (x) holds by virtue of Proposition and Theorem
[4.5] The remaining identities are proved in a similar fashion. O

B =

v

3 =

We finally arrive to the desired result concerning the endpoint spaces:
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Theorem 4.11. Let p € [1,+00) and D be a dense subset of LP(wo) N LP(wy),
where wy € N. Then

i) The norms || - | and || - || Lowe) are equivalent on D.

i) The natural inclusion (LP(wo), LP(w1))s o) = LP(wo) is bounded.

Proof. Let us write once again \(x) = % and A(z) = 0 if wo(x) = 0. To

check (i), it is enough to observe that, since wy(z) # 0 a.e.(x), then
lim wy H(A, 0)P =wy a.e(x).
ei>0+ o H(A,0) 0 (z)

Hence, if d € D, the previous theorem asserts that

dllF© — Al ® ~ 13 d|| 10 (w = ||d|| 16w -
" = timsup [ = Lo nycr o = 5

The proof of (ii) follows an analogous argument. First, appealing again to
the fact that wy(z) # 0 a.e(x), we obtain that

h(X,0
li R e.(x).
Jm wo — woy a.e.(x)
Now, given f € (LP(wp), LP(w1))s(0), there exists a decreasing sequence (6y,)72

converging to 0 in such a way that f € Mrey (LP(wo), LP(w1))s o,y and

”f”(Lp(wo)7Lp(w1))5'(9k)

im o = I e wo) Lot

This implies that

1wy = ( [ >da:) <

3=

IA

1 p p
hmmf 9—k|f( x)|Pwo(z)h(N(x), k) dx)

S

IN

<

<(/,
< (it [ P07 ) <
(

lim sup/ — | f (@) Pwo(x)h(A(x), O )P dx) -

_ hmksup _HfHLP (woh(\0p)P) S

SJ ||f||(Lp(wo)pr(wl))s'(o)’

where the last step is guaranteed by our previous theorem. This is enough to
conclude.
O
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Remark 4.12 The arguments given in this section can be improved to
show that, for the couples A = (LP LP') and A = (LP(wy), LP(w;)) for
1 < po,p1,p < o0 and wy # 0 a.e., the completion of all the endpoint spaces
coincides with the base space Ag. However, observe that this does not improve
the situation regarding the applications of the paper, since for a function m to
be in M,,, we require that 7;, maps L” to L, and not a space isomorphic to
LP to a space isomorphic to LP.

Therefore, we believe that a deeper study of the endpoint spaces A% and
14_15/(0) for a general interpolation couple A is in order. In particular, it seems
reasonable to ask under which hypotheses it can be ensured that the completion
of the endpoint spaces is isomorphic to Ap.
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