WEIGHTED EXTENSIONS OF STEIN’S THEOREM FOR
LINEAR AND MULTILINEAR OPERATORS

MARIA J. CARRO AND BAE JUN PARK

ABSTRACT. We study weighted estimates for linear and multilinear integral
operators whose kernels satisfy only size conditions. Extending a theorem of
E. Stein and its refinement by Soria and Weiss, we prove weighted estimates on
Herz and Cesaro type spaces, together with multilinear strong-type and weak-
type analogues. As applications, we derive consequences for a range of rough
singular integral operators and related variants, including linear, oscillatory,
and multilinear settings.

1. INTRODUCTION

In 1967, E. Stein [39] proved the following result for power weights: Let
(1.1) Tf(z)= [ K(z,y)f(y)dy
Rn
be an integral operator whose kernel satisfies

(1.2) | Kz, y)| < ;T FY,

|z —y|"
for some constant B > 0. If, for some 1 < pg < 00,
(1.3) T:LP(R™) — LP°(R™),
then
T : L (|z|*) — L (|z])
for every
—n < a<n(py—1).

This range coincides precisely with the range for which the power weight |x|*
belongs to the Muckenhoupt class A,,, introduced in [33], whose definition will
be recalled in Subsection 3.1} It is worth pointing out that, when the result
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in [39] appeared, Muckenhoupt weights had not yet been introduced in the lit-
erature. It is therefore natural to ask whether the same conclusion holds for
every w € A, . However, such a statement would be much stronger than Stein’s
original statement, since, if such an estimate were true for every w € A,,, then
Rubio de Francia’s extrapolation would imply that 7" is bounded on L(R™) for
every ¢ > 1. Thus the size estimate alone should not be expected to yield the
full A, -weighted theory without additional regularity or structural assumptions
on the kernel. In 1994, F. Soria and G. Weiss [38] showed, however, that the
conclusion remains valid for a distinguished subclass of A, weights satisfying a
dyadic annular comparability condition. To state the result of Soria and Weiss,
for k € Z, set

I = {:c cR™: 2" < x| < Qk}, I = {:1:‘ cR":2"2 < || < 2k+1}.

Theorem A ([38]). Let T be given by (1.1)), and assume that (1.2)) holds. Let w
be a weight satisfying

(1.4) esssupw < C essinf w, ke Z.
Iy I
Then the following assertions hold.
(1) If 1 < py < 00, w € A,,, and (1.3)) holds, then
T: LP(w) — LP(w).
(2) If 1 <py < 00, w e A, and
T: LP(R") — LPO(R"),
then
T: LP(w) — LPo(w).

The purpose of this paper is to continue this line of investigation in two di-
rections. First, we show that the Stein—Soria—Weiss principle extends beyond
weighted Lebesgue spaces, namely to homogeneous Herz spaces and to weighted
Cesaro type spaces. Second, we establish multilinear analogues for operators

satisfying the natural multilinear size condition, and we apply these results to
several classes of rough singular integral operators.

1.1. Herz spaces. We begin with the Herz space extension. Let us recall the
definition of weighted homogeneous Herz spaces.

Definition 1.1. Let a € R, 0 < p,q < 00, and let w be a weight on R". We
define

Kgaw) = { f € R \{0}) | fllggaquy < 00},

1/q
11l ooy == (ZQkaqHXkaHqu(w)) ;

keZ

where
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with the usual modification when ¢ = oco. In the unweighted case w = 1, we
simply write K79(R™).

Herz spaces were introduced by C. Herz in [28] and many researchers have
contributed to the theory (see, for example, |20, 2], 25]), since they have proved
to be quite useful in several problems in harmonic analysis, such as to characterize
the multipliers on Hardy spaces [5].

Our first result extends Stein’s theorem to the setting of unweighted homoge-
neous Herz spaces.

Theorem 1.2. Let T be given by (1.1), and assume that (1.2)) and (L.3)) hold for
some 1 < py < oo. Let 0 < q<oo. If

(1.5) D cac< E/,
Po Po
then . ‘
T: K3(R") — K 9(R").
Here, pj is the conjugate index of pg. In fact, this result will be an immedi-
ate consequence of the following one, which is the corresponding counterpart of
Theorem [Al

Theorem 1.3. Let T be given by , and assume that and hold for
some 1 < py < oo. If w € A, satisfies , then for every 0 < q < o0,
T: K)9(w) — K (w).

We observe that to prove Theorem [I.2] as a consequence of Theorem [.3] it
will be enough to take the power weight w(z) = |z|P°® and observe that (1.5)) is
equivalent to

—n < poa < n(po — 1),
and hence w(x) = |x[P** € A,,. Moreover, for z € I}, we have |z| ~ 2% so

HX[kaLPO(w) ~ 2ka”Xka||LPO(]R”)'
Therefore
oy ~ 1l kgoqer
This proves Theorem as a consequence of Theorem [1.3]

1.2. Cesaro spaces: Concerning Cesaro spaces, let us consider the operator

(1.6) Uf(r) = ﬁ /| Wy

which is a natural n-dimensional Hardy averaging operator. Up to the dimen-
sional normalizing constant, it coincides with the radial averaging operator

1
_ dy.
S 1B, [z)] S5, @)l dy
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This operator was introduced by Faris [I8] and sharp LP(R™) bounds for this
operator were obtained by Christ and Grafakos [I1I]. Let us introduce the fol-
lowing spaces which are closely related with the so-called Cesaro spaces (see, for
example, [3, 4 B3], 40]).

Definition 1.4. Given a weight w, the weighted Cesaro space is defined by
Cp(w) = {f US € L”(w)},
with the norm || f{lc,w) = US| 2r(w)-

It is useful to observe that, whenever w € A,, one has L”(w) C Cy(w). Thus,
in situations where the full weighted estimate T' : LP(w) — LP(w) cannot be
expected from the size condition alone, the Cesaro target space provides a natural
weaker replacement.

We shall also need the following local version

Cp lOC {f uf € Lloc( )}
and, for given 0 < r < p, we deﬁne
¢ (w) = {f - U(IfI") € L"" (w)}.

. 1/r
with the norm ||fHC](Jr) HU 71 HL/I,/T
Let us also define the operator

St f(z) :=U(Tf)().
In this context, we establish the following local weighted estimate for 7.

Theorem 1.5. Let T be given by (1.1)), and assume that (1.2)) and (L.3)) hold for
some 1 < py < oo. Then,

T : LPlog L(w) — Cpy joc(w), Yw € A;.
More precisely, for every R > 0,

1/po
([ 1sermo de) S max {1 H o e
Br
where Br := {x € R" : |z| < R} denotes the ball of radius R, centered at the
oTiLgin.

Here and below, the weighted Orlicz space L log L(w) is understood in the
sense defined in Subsection B.4]

Theorem 1.6. Let T be given by (1.1)), and assume that (1.2)) and (1.3)) hold for
some 1 < pg < 0o. Then, for every py < p < 00,

T: LP(w) — Cp(w), Vw € Ap/py-

As an immediate consequence, we obtain the following result.
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Theorem 1.7. Let T be given by (L.1)), and assume that (1.2]) holds. If (1.3))
holds for every 1 < py < oo, then, for any 1 < p < 0o

T: LP(w) — Cp(w), Yw € A,.

1.3. Multilinear extensions. We now turn our attention to multilinear ana-
logues. Let

(L7 T(fioeoo, fn)(2) = /( . K(x,yl,...,ym)(Hfj(yj)> dyy - - - dypm

be a multilinear operator whose kernel satisfies

(1.8) }K(:L‘,yl,...,ym)} < ( B

[z — | - =y |)mn

for some constant B > 0.

Our first result is the natural multilinear extension of Stein’s power-weight the-
orem under only the multilinear size condition and a single unweighted bound-
edness assumption.

Theorem 1.8. Let T be given by (1.7), and assume that (1.8)) holds. Let 1 <
Ply- -y Pm < 00, and define p by 1/p=1/p1 + -+ 4+ 1/ppm. Assume that

(1.9) T:LP*(R") x -+ x LP"(R") — LP(R").
Let

(1.10) —n < a; <n(p; — 1), j=1,...,m.
Then,

T - Lp1(|x|°‘1) N, Lp'm(|m|06m) N Lp(|$|a1p/p1+-~~+amp/pm)‘

Theorem [1.8] is recovered as the power-weight special case of the weighted
Lebesgue estimate below, which itself follows from the weighted Herz-
space estimate by taking ¢; = p;, 7 = 1,...,m. We now establish this weighted
Herz-space estimate, which is the multilinear counterpart of Theorem

Theorem 1.9. Let T be given by (1.7), and assume that (1.8) holds. Let 1 <
Ply- -y Pm < 00, and define p by 1/p=1/p1+---+1/py. Assume that T satisfies

(1.9). Letw; € Ay, j=1,...,m, satisfy
(1.11) esssupw; < C ess}jnfwj, ke Z.

Ik k

Then, for every 0 < qi,...,qm <00 and 0 < g <oo with1/q=1/q1+" - +1/qm,
we have

(1.12) T : Kt (wg) x - x K (wn) — Kp(v)

where v = [7*, wé?/pj.
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Setting ¢; = pj, j = 1,...,m, in Theorem [L.9, we have ¢ = p. Since
K% (w) = L*(w), 0<s< oo,
with equality of quasi-norms, the conclusion ((1.12)) becomes
(1.13) T : LP*(wy) X -+ X LP™(w,,) — LP(v).
This strong-type estimate is obtained under the assumption 1 < p; < o0, j =
1,...,m, and hence does not cover endpoint cases in which some p; is equal to 1.
Theorem [1.§] is now obtained by choosing
wj(x) = ||, j=1,...,m.

The condition ([1.10)) is precisely equivalent to w; € A, for each j = 1,...,m.
Moreover, power weights satisfy the dyadic annular comparability condition (|1.11)).

Thus ((1.13) implies Theorem , since

m
Y= H |x|ajp/m — |x|a1/p/p1+~-~+amp/pm'
j=1

As another consequence of Theorem we obtain the following unweighted
Herz-space estimate.

Theorem 1.10. Let T be given by (1.7), and assume that (1.8)) holds. Let 1 <
D1, Dm < 00, and define p by 1/p =1/p1+---+1/pp,. Assume that T satisfies
(1.9). Let 0 < g1y qm <00 and 0 < qg<oo with1/g=1/q + -+ 1/qm. If
(1.14) L oa< j=1,.m,
Dj p;
then
. pror, n Ot G n oyt oum, n
T: KjP™(R™) x - x Kpm 9 (R™) — K 9(R™).

Indeed, (1.14) implies

w;(x) = |z € Ay, j=1,...,m.

Moreover,

v(z) = ij(x)p/m _ [gfpleattan)
=1

Thus, as in the proof of Theorem
”fJ”Kg]’qJ(wJ) ~ ”fj”]'(;‘f’qj(Rn); ] = 1, o, MM,

and
HT(fb B fm)||K27Q(V) ~ HT(fb ey fm)HKglerJramyq(Rn)'

Now the conclusion follows from Theorem [1.9]
We also prove the following weak-type counterpart of (|1.13)), which includes
endpoint cases where some of the exponents p; are equal to 1.
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Theorem 1.11. Let T' be given by , and assume that holds. Let 1 <
D1,y Pm < 00, and define p by 1/p=1/p1 + -+ 1/py. Assume that
(1.15) T:LP*(R") x -+« x LP(R") — LP>(R").
Ifw; € Ay, j=1,...,m, satisfy , then

T: L (wy) X« X LP™(w,,) — LP>(v)
where v =[]}, wﬁ/pj.
For 0 < r < oo, define

1 . 1/r
S (Frve e fon) () = (—n/ T(fr. o )W) dy) |
2™ Jiyi<tai
Then we have the following local multilinear logarithmic estimate.

Theorem 1.12. Let T be given by (1.7)), and assume that (1.8)) holds. Let 1 <
Ply- -y Pm < 00, and define p by 1/p=1/p1+---+1/pp. Assume that T satisfies
(1.9). Let 0 <r <p. Ifw; € Ay, j=1,...,m, then

T: LPlog L(w;) x -+ x LP" log L(w,,) — C\) (v)

where v = [[™, w*'". More precisely, for every R > 0,
Jj=1"7 Yy

</BR 1S5-(frs oo fon) ()]0 (2) d:c) 1p

< H <max {1,wj(BR)} /p]Hfj”L"ﬂ' logL(wj)>
j=1

where the implicit constant is independent of R.
We also obtain the following global multilinear weighted estimate.

Theorem 1.13. Let T' be given by , and assume that holds. Let 1 <
D1, - Dm < 00, and define p by 1/p = 1/p1+---+1/pp,. Assume that T satisfies
. Let 0 < r < p. Then, for every q¢; > p;, j = 1,...,m, with 1/q =
/g + -+ 1/qm, and for every w; € Ag,p,, 5 =1,...,m, we have

T: L% (wy) X -+ X LI (wy,,) — Cé’")(y)
where v =[]}, w?/qj.
As a consequence, we have the following result.

Theorem 1.14. Let T' be given by , and assume that holds. Let 0 <
r < 1/m be fized. If holds for every 1 < p1,...,pm < 00 and 1/m < p < o0
with 1/p = 1/p1+ -+ 1/pp, then for every 1 < qq,...,qm <00 and 1/m < q <
oo with 1/q = 1/q1 + -+ 4 1/¢m, and for every w; € Ay, j=1,...,m, we have

T: L% (wy) X -+ x LI (w,,) — C7(v)
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where v = [[_, w;"™.

In Section 2, we explain how these theorems apply to rough singular integrals,
oscillatory rough singular integrals, and multilinear rough singular integrals. In
several cases the usual weighted A, theory is already known; our point there is not
to improve those results, but to show that they fit into a unified Stein-Soria-Weiss
type mechanism and to obtain Herz and Cesaro space consequences.

Let us briefly explain the main ideas behind the proofs. The basic strategy is
to combine Stein’s original localization argument with weighted estimates for a
radial Hardy-type operator. More precisely, after decomposing the input func-
tions according to the dyadic annuli I, the action of the operator is split into a
local part and an off-diagonal part. The local part is controlled by the assumed
unweighted boundedness of T', together with the dyadic annular comparability
condition on the weights. The off-diagonal part is estimated using only the size
condition of the kernel and is dominated by a Hardy-type radial operator

i) = [ min{ o Al

™ fy|

Thus the heart of the argument is to obtain suitable weighted estimates for H,
both on Lebesgue spaces and on Herz spaces. This approach also extends nat-
urally to the multilinear setting, where the off-diagonal part is controlled by
products of such Hardy-type operators.

For the Cesaro space estimates, a second idea is used. Since the Cesaro norm
involves a radial averaging of T'f, we first convert this average, by Fubini’s the-
orem, into weighted estimates for T" with respect to auxiliary weights built from
the operator H. These auxiliary weights are radially nonincreasing A; weights
and hence satisfy the dyadic annular comparability condition. This allows us to
apply the Soria—Weiss theorem, or its multilinear analogue proved here, and then
to pass to the desired weighted Cesaro estimates by Rubio de Francia extrap-
olation. In the local endpoint estimates, the logarithmic term arises from the
well-known endpoint behavior of the Hardy-Littlewood maximal operator M: al-
though M is not bounded on L', its local L'-averages can be controlled by an
Llog L-type quantity via the standard rearrangement estimate.

Organization. In Section [2, we present applications of the main results to
rough singular integrals and related variants, first in the linear setting and then
in the multilinear setting. Section |3| collects the necessary preliminary material
on Muckenhoupt weights, extrapolation, weighted weak Lebesgue spaces, and
LPlog L spaces. Section [] contains the key estimates for the Hardy-type radial
operator. The proofs of the linear results are given in Sections [5Hg| including
the Herz space estimate and the local and global Cesaro space estimates. Finally,
Sections[9HI3|are devoted to the multilinear theory, including the multilinear Herz
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estimate, the weak-type estimate, and the local and global multilinear Cesaro
space estimates.

2. APPLICATIONS TO ROUGH SINGULAR INTEGRAL OPERATORS

We explain how known unweighted boundedness results, together with the size
condition of the kernel, lead through our main theorems to weighted estimates
and Herz space estimates for several classes of rough operators. The examples
below include linear and multilinear rough singular integrals, oscillatory variants,
and operators with radial amplitudes.

Let Q € L}(S™ 1) satisfy the cancellation condition

(2.1) / Q(0)do(6) =0,
S§mn—1
where o denotes the surface measure on the unit sphere S™ 1. We write

Q1,1 ym))
(Y1, ym) [

ro_ (W1yeYm) mn—1
where (y1,...,ym) = oy €S :

function on (R")™*1 and let h be a measurable function on (R")
define the multilinear singular integral operator Tg’ 5 by

TE s (fr oy fo) (@) = Dy, /( A g )

ﬁﬂ(yla cee 7ym) =

Let P be a real-valued measurable

m+1 - Then we

(2.2) .
x Ra(r =y x —ym) [[ filws) dyn -+ dyn:
j=1

If h € L®((R")™"") and Q@ € L>(S™"), then the kernel of the operator ¥,
satisfies the size estimate

‘eiP(J?aylv---vyM)h(l" Yiye - ,ym)ﬁﬂ(x — Y., T — ym)l
(2.3) !
L (Y e P
— — Ym

Thus the size hypothesis in our main theorems is satisfied for this class of opera-
tors. The remaining input needed for our results is the corresponding unweighted
boundedness, which depends on the particular form of P, h, and €.

2.1. The linear case m = 1. A frequently studied model is the radial amplitude
case o "

Tt (@) = . [ e =)= )
where P is a real-valued polynomial on R™ x R™. This linear family contains
several classical operators, depending on the choices of P and h.
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First, if P = 0 and h = 1, then T, (IZ 5 reduces to the classical rough singular

integral
/
Tof@) =p. [ A=) 0
vz =yl
The study of Ty goes back to Calderén and Zygmund [7, 8], who introduced
the method of rotations and proved L” boundedness, 1 < p < oo, for rough
homogeneous kernels under appropriate assumptions on €. In particular, the
classical theory includes the case where (2 is odd and belongs to L'(S"!), and
the case where ) is even and belongs to Llog L(S" ™).
Second, if h = 1 but P # 0, then T{; , becomes the oscillatory rough singular
integral
/
TY f(x) = p.v./ eip(x’y)wuf(y) dy.
The LP? theory of oscillatory singular integrals with polynomial phases began
with Ricci and Stein [37], who considered smooth Calderén-Zygmund kernels.
For rough kernels, L” boundedness was obtained by Lu and Zhang [32] under
conditions such as Q € L%(S"!) for some ¢ > 1, and was later improved to
Q € Llog L(S™™!) by Jiang and Lu [29)].
Third, if P =0 but h is nontrivial, one obtains

Tonf(r) =p.v. / h(|lz — y\)M

n |z —y|"

f(y) dy.

This class was introduced by Fefferman [19], who proved L? boundedness under
smoothness assumptions on 2 and boundedness of h. Namazi [34] later weakened
the angular regularity assumption to 2 € LI(S" 1), ¢ > 1. We also refer to [2, [17]
for further improvements and generalization.

Finally, if both P and h are nontrivial, the available boundedness theory is
more limited. In particular, one cannot at present treat arbitrary real-valued
polynomial phases P(z,y) in the same generality as in the case h = 1. Recently,
Al-Salman and Grafakos [I] obtained LP boundedness results for this type of
operator under rough assumptions on 2 and h, but for rather special classes of
phases. For example, they consider phases of the form

P(J:ay) = |x|’y(l‘y) or P(Z’,y): |y|,y(yl‘)7 OSVS 1,
under assumptions such as 2 € Llog L(S"™!) and h € L*>(0, 00).

Weighted estimates for rough oscillatory singular integrals have also been stud-
ied, but the available weight classes and the range of phases depend substantially
on the form of the operator.

First, in the classical case P = 0 and h = 1, Duoandikoetxea and Rubio de
Francia [17] showed that if Q € L>°(S"!) satisfies the cancellation condition
and w € A,, then

Tqo: LP(w) — LP(w).
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More generally, weighted estimates for rough homogeneous singular integrals un-
der weaker integrability assumptions on {2 were obtained by Watson [41] and
Duoandikoetxea [15].

Second, when A = 1 but P # 0, weighted estimates in the usual Muckenhoupt
scale are also known in several cases. In particular, sparse domination results for
oscillatory rough singular integrals and their maximal truncations imply weighted
LP(w) estimates for A, weights in the corresponding ranges; see, for example,
Chen and Tao [9] and Choudhary, Shrivastava, and Shuin [I0]. Thus, in the case
h =1, the weighted A, theory is relatively well developed, even in the presence
of polynomial oscillatory factors.

Third, when P = 0 but A is nontrivial, Ojanen [35] proved weighted L? esti-

mates for rough kernels of the form K(y) = W, where h(|y|) is the radial
factor and Q(y/|y|) is the angular part of the kernel. However, the weights in
Ojanen’s theorem are not simply the usual Muckenhoupt A, weights; the condi-
tion is formulated in terms of rectangles arising from a stratified covering of a
star-shaped set associated with 2. Thus, the weighted theory with a nontrivial
radial factor is available, but it is not always expressed in the standard A, scale.

Finally, when both P and h are nontrivial, the available theory is significantly
more limited. As mentioned above, even the unweighted boundedness of such
operators is presently known only under rather restrictive assumptions on the
phase and the radial factor. In particular, unlike the case h = 1, there seems
to be no general weighted A, theory for arbitrary real-valued polynomial phases
P(z,y) combined with a nontrivial rough radial factor h. Thus, while the results
of Al-Salman and Grafakos [1] provide useful unweighted input for our theorem,
no corresponding weighted A, estimates seem to be available at present in this
level of generality.

Consequently, the role of our main theorems should be understood as follows.
In cases where a full weighted A, theory is already known, such as the classical
case P = 0, h = 1, our conclusions are not meant to improve that theory. Rather,
our theorem gives a uniform mechanism which, from unweighted LP boundedness
and the size condition of the kernel, yields weighted estimates for dyadically
comparable A, weights and, more generally, boundedness on the corresponding
Herz scale. Moreover, even if the usual weighted estimate T : LP(w) — LP(w) is
not available for w € A,, our Cesaro space theorem still gives a weaker weighted
conclusion:

T: LP(w) — Cp(w), we Ay,

provided the corresponding unweighted L® boundedness is known in the relevant
range. Unlike the Herz space estimate, this Cesaro space conclusion does not
require the dyadic annular comparability condition on the weight. This observa-
tion becomes particularly useful in settings, such as operators with a nontrivial
radial factor, where the usual weighted theory is less complete.
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Theorem 2.1. Let 1 < p < 00, 0 < q < o0, and let P(z,y) be a real-valued
polynomial on R™ x R™. Let Q € L®(S"1) satisfy the cancellation condition
(2.1). If w € A, satisfies the dyadic annular comparability condition (1.4]), then

Y Kg’q(w) — Kg’q(w).

Moreover, if
n n
—; < o< —
then ‘ '
TE + KPY(R™) — K29(R™).

Theorem 2.2. Let 1 <p < oo, 0 < q< oo, and let Q € L>®(S"1) satisfy (2.1)).
Let h € L>*(0,00), and let 0 < v < 1. Suppose that the phase P is one of the
following two functions:

Pa,y) = =[x, y)  or Plx,y) = [y["(y, z).
Then the following assertions hold.
(1) If w € A, satisfies the dyadic annular comparability condition (1.4), then
Ton Kg’q(w) — Kg’q(w).
Moreover, if
n n
_E <a< -
then ' '
Th  Ke9(R™) — K&9(R™).
(2) For every w € A,, we have
Ton : LP(w) — Cy(w).

The assertions in part (1) follow from Theorem [1.3] while part (2) follows from
Theorem [L.7] since the corresponding unweighted L* boundedness, 1 < s < oo,
follows from the results cited above for these phases and amplitudes.

2.2. The multilinear case m > 2. In contrast with the linear case, there are
very few boundedness results for oscillatory rough singular integrals with a non-
trivial amplitude in the multilinear setting. For this reason, we first focus on the
basic multilinear rough singular integral, corresponding to P =0 and h = 1.
In this case, the multilinear operator in becomes
m

‘Ig(fl,...,fm)(x) = p.v./(n)mﬁg(a:—yl,..., H (y;) dyr - - - dym.

The boundedness theory for T was developed by Grafakos and Torres [26] in the
Calderén-Zygmund setting. In the rough kernel setting, Grafakos, He, and Honzik
[23] proved LP* x LP> — L? boundedness in the bilinear case when Q € L>(S**1).
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Further improvements and extensions to the multilinear setting were obtained in
[13), 14, 24, 27].

Weighted estimates for multilinear rough singular integrals have also been stud-
ied by the second author [36] who obtained the following weighted estimate, which
extends the classical linear result of Duoandikoetxea and Rubio de Francia [17]
to the multilinear setting.

Theorem B. [30] Let 1 < py,...,pm < 00, and let 1/m < p < oo be defined by
L/p=1/pr+ -+ 1/pm. Suppose that w; € Ay, j =1,...,m. Then we have

Hzﬁ<f17 ce fm)HLp(V) 5 ||Q||L°°(Sm"*1) H “fjHij(wj)’

Jj=1
where v =[], wﬁ’/pj.

The original version in [36] is stated in the multiple-weight setting under general
L9 condition on €2, as a multilinear extension of Watson [41] and Duoandikoetxea
[15]. Although a weighted LP theory for T, is already available, our main theo-
rems also yield the following Herz space consequences from its unweighted bound-
edness and kernel size estimate.

In view of (2.3)), Theorem applies.

Theorem 2.3. Let Q € L>®(S™ ) satisfy (2.1). Let 1 < py,...,pm < 00, and
definep by 1/p = 1/p1+---+1/pp. Letw; € Ay, j=1,...,m, satisfy the dyadic
annular comparability condition . Then, for every 0 < qq,...,q¢m < 00 and
0<qg<oowithl/q=1/q + -+ 1/qm, we have

‘ZQ . Kgith(wl> NERED 4 Kz?;gm(wm> —_— KS’(I(V)’
where v =[]/, w;?/pj.

Taking power weights in Theorem [2.3] we obtain the following Herz space
estimates.

Corollary 2.4. Let Q € L>®(S™ 1Y) satisfy 2.1). Let 1 < p1,...,pm < 0o, and
define p by 1/p = 1/p1+ -+ 4+ 1/pm. Let 0 < q1,...,¢n < 00 and 0 < ¢ < o0
satisfy 1/¢ = 1/qu + -+ 1/qm. If

n n .

—— <o <, 7=1...,m,

pj p;

then
. CQL,q1 (TR Qi qm, (TR s+, n
To o Ko (R™) x - x Ko (R™) — K7 4R™).

Finally, let us return to the general multilinear operator ‘Ig,h in (2.2). If
h € L®((R™)™1) and Q € L>®(S™ 1), then the kernel satisfies the multilinear
size condition (2.3). Therefore, once the corresponding unweighted multilinear
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boundedness is available, our results can be applied in the same way. More
precisely, assume that

Thn LP(R™) x -+ x LP(R™) — LP(R™), Ip=1/pr+ -+ 1/pm.
Then Theorem [I.9] gives
ggh : Kgiql(wl) X oo X Kggm(wm) — Kg’q<l/)
for weights w; € A, satisfying and for any 0 < qq,...,¢, < oo with
1/g=1/q1 + -+ 1/gn, where v = []_, wé’/pj.
Similarly, if the corresponding unweighted boundedness is available in the full

range required by Theorem [I.14] then one obtains the corresponding Cesaro space
estimate even without the dyadic annular comparability condition ({1.11]).

Remark 2.5. Some papers use the term “multilinear oscillatory singular inte-
gral” for operators involving Taylor remainders or higher order commutator-type
structures in the form

. O(r —
Tuf(z) = pov. / (e =Y oA ) F ) dy,

n |z — y|rtm

where R,,11(A;z,y) is a Taylor remainder. This is different from the m-linear
operator ‘3:57,1 considered above. Therefore, for “genuinely multilinear” oscillatory
rough operators with amplitude, the conclusions above should be read as con-
ditional applications of our main results, pending the corresponding unweighted
LPr x -+ x [P» — [P boundedness theory.

3. PRELIMINARIES

Let M be the Hardy—Littlewood maximal operator, defined by

where the supremum is taken over all balls B C R" containing x.

3.1. A, weights. Let w be a weight on R", that is, a nonnegative locally inte-
grable function. For 1 < p < oo, we say that w € A, if

s, = swp (g [ wtode) (o [ i) d) <o,

where the supremum is taken over all balls B C R"”. For p = 1, we say that
w € Al if

wl 5= sup (|—;|/Bw(x) dx) (essinfu(s)) " < oo
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Equivalently,
(3.1) weA <= Mwk) Sw) forae zeR"

We shall also use the standard notation
A= | A
1<p<oo
It is known that if w € A, then there exists § > 0 such that
w(B) _ (1B) : :
(3.2) ——= < (— for all concentric balls B C B.
w(B) | B|

One of the very useful properties of the Muckenhoupt classes is their connection
with the Hardy—Littlewood maximal operator. More precisely, if 1 < p < oo and
w € Ap, then

(3.3) 1M fllzr) < CllFlleo -

Moreover, if w € Ay, then

[ M fllzreeqwy < CllfllLtw)-

Here the constants depend only on the dimension, the exponent, and the corre-
sponding Muckenhoupt constant of the weight.
The A, classes also have the following openness property.

Lemma 3.1. Let 1 < p < oco. If w € A,, there exists 1 < q < p such that
w € A,.

We refer to [22] for more details about properties of A, weights.

3.2. Extrapolation. We recall the following form of Rubio de Francia extrapo-
lation.

Lemma 3.2 ([16]). Let (f,g) be a pair of nonnegative measurable functions.
Suppose that for some 1 < py < o0,

gl < @(Wla)lfllzrow), — for every v e Ay,

where ¢ is a nondecreasing function on [1,00). Then, for every py < p < oo and
every v € Ap/po,

g1l o) < D([v]a, ), ) Lo,

where ® is a nondecreasing function depending only on p, pg, and .

We shall also use the following multilinear version, which follows from the
limited range multilinear extrapolation theorem of Cruz-Uribe and Martell [12].
More precisely, it is obtained by taking r; = 1 and r;r = 00 in Theorem 1.3 of
[12], together with Remark 1.7 therein.
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Lemma 3.3 ([12]). Letm > 1, and let (f, f1, ..., fm) be an (m+1)-tuple of non-
negative measurable functions. Suppose that for some exponents 1 < py,...,pm <
oo with 1/p=1/p1+ -+ 4+ 1/pm,

[fllzrw) < CH 1 fill2rs ;) for every wy, ... wn € Ay
j=1

where v =[]}, wf/pj. Then, for every qi,...,qm with p; < q; < 00, j =
L,....m, and 1/q = 1/q1 + -+ + 1/qm, and for every collection of weights
Uiy U with v; € Agip, 7= 1,...,m, we have
[ fllzaguy < CH 1 £ill 295 (o)
j=1
where = H;nzl v?/qj. The constant depends only on the dimension, the expo-

nents, and the relevant Muckenhoupt constants of the weights.

3.3. Weighted weak Lebesgue spaces. For a positive Borel measure 4 on R”
and a measurable function f on R", we define the distribution function of f with
respect to u by

df(N) = p({z e R" : | f(2)] > \}), A> 0.
For a weight w on R", if du(z) := w(z) dz, then we write

dy(A) == df(\) = / w(x) dr, A >0,
{zeR™: |f(z)|>A}

and if w = 1, we simply write d}(\) = ds()\) For 0 < p < 0o, the weak Lebesgue
space LP*°(u) consists of all measurable functions f such that

I llzr iy += sup A (A (1) " < oo.
A>0
If du(z) = w(zx) dx, then we write
LP>®(w) = LP*(p).
Concerning this space, we need to recall the following estimate.

Lemma 3.4. [30] Let 0 < p < co. Let w be a weight on R™, and let { fi}rez be a
family of functions whose supports are pairwise disjoint. Then for any 0 < s < p,

H Zf’“‘ L) <Z kaHSprw))l/s
kEZ keZ

where the implicit constant depends only on p, s.
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3.4. L?log L(w) spaces. Let u be a positive Borel measure on R”, and let 1 <
p < 0o. The space LPlog L(p) consists of all measurable functions f such that

/n (M)plog (e + @) du(z) < o

for some A > 0. We equip L”log L(x) with the Luxemburg norm

| f1lr10g L(uy = inf {)\ >0 /n (V(—/\x)l)plog (e + &;)') du(z) < 1}.

For a weight w, when du(z) = w(z)dz, we write LPlog L(w) = L?log L(p) and
it is well known, see for instance [0], that

1/p

(3.4 I leriesor ~ ([ (oto)tog (e4 1) )

where

(3.5) fo(t) == inf{sZO:d}”(s) <t}, t>0

w

is the decreasing rearrangement of f with respect to the weight w.

4. KEY ESTIMATES

We define a Hardy-type radial operator H

(1 1 .
an  wufe= [ winfon cobiman sern o)
Clearly,

Hf(z) =Uf(x)+Vf(z)
where U is the Hardy averaging operator as in and

Vf(x):= / |f(—yn)| dy.

ly|>|x| ||

Since U is pointwise controlled by the Hardy-Littlewood maximal operator, it
follows immediately, using duality to estimate V), that for 1 < p < oo and w € A,,

(4.2) [ ] oy S 1l

The following proposition is an extension of (4.2]) to Herz spaces, which is a key
estimate in the proof of Theorem [I.3] The result follows by Rubio de Francia’s
extrapolation theorem at least whenever ¢ > 1. However, we include a direct
proof.

Proposition 4.1. Let 1 <p < oo and 0 < ¢ < 0co. Assume that w € A,. Then
we have

||Hf||K2»q(w) 5 ||f’|Kg’q(w)'
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Proof. We shall prove that there exists ¢ > 0 such that for each k € Z
—elk—j
(43) HXIkaHLp(w) 5 22 | ]|||lef||LP(w)
JET
where the constant in the inequality is independent of k. Then we can conclude
that

1P iy = [ v e

S [hes Flisen } e

where we applied Holder’s inequality if ¢ > 1 or the embedding ¢4 < ¢! if ¢ < 1.

1a

@ Hf”f(g’q(w)'

Now let us prove (4.3)). For each k € Z, let By := B(0,2%) denote the ball of
radius 2*, centered at the origin, so that I, C Box. For z € I,

Hf(z) < Z/ min {M% ﬁ}!f(y)\ dy S 27 Ry fllp

jez Y1 JEZ.

This yields that

(4'4) HXIkaHLP(w) 5 Z 2inmaX{kJ}w<Ik‘>l/pHlef”Ll'
JEZ

Setting o := w7 and applying Holder’s inequality, for each j € Z,
Ixz fller < HXIJ'fHLP(w)U(Ij)I/p‘
Substituting this into (4.4]) gives

HXIkaHLP(w) 5 Z 2—nmax{k’,j}w<[k)1/P0([j)1/p/

JEZ

ijfHLp(w)‘

Since w € A,, we have 0 € A, and both w and o belong to A, and hence, in
view of (3.2]), we can take constants d,,d, > 0 and C,, C, > 0 such that for all
concentric balls B’ C B,

w(B') B\ o(B') B1\*
(4.5) —= < Cw< , <, .
w(B) | B| o(B) | B|
In addition, the A, condition implies
(4.6) w(By) P (By) " < [w]{?|Bu| ~ 2, €L
If 7 <k, then using (4.5)) and (4.6)),
g mmax{bibyy (1)U (L)Y < 2 By ) VP (B )M 2 o=l /o', g-dan(k=i)/p’
Similarly, if 7 > k, then
2 rmextbdby (1) Po (1;)7 < 27 0um U=/,
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N
€:=nminq —,— » >0,
pp

the claim (4.3)) follows. O

Therefore, by taking

Lemma 4.2. There exists a constant C' > 0 such that for every t > 0 and every
weight w € Ay,

(4.7)

‘XBth”Ll(w) < C[w]Al max {1,w(Bt)}||f||LlogL(’w)

Proof. By definition of the decreasing rearrangement in (3.5)),

w(Bt) .
/‘Mf )| w(z da:</0 (Mf), (s)ds

We first claim that

w(By) 1
(4.8) /0 (Mf):(s) ds < max {1,w(Bt)}/O (Mf);(s) ds

Indeed, if w(B;) < 1, then the estimate is immediate. If w(B;) > 1, since (M f)%
is nonincreasing, we have

w(Bi) 1
wEy e [ oee

which yields (4.8]).
Next, we use the standard rearrangement estimate for the Hardy—Littlewood
maximal operator with respect to an A; weight:

(M) (s / 1 5> 0.

/01 (Mf) )ds < [w / / fo(r)drds.

By Fubini’s theorem and ,

11 s . 1 . 1
|5 [ rards= [ gawos e 1o
o $Jo 0 r

Combining the above estimates, we obtain
/ M f )] () do S fioLa, m {1, 0B} 1 i 0
which proves . [l

Lemma 4.3. If w is a radially nonincreasing weight in Ay, then w satisfies

condition (|1.4)).

Therefore,



20 MARIA J. CARRO AND BAE JUN PARK

Proof. Fix k € Z, and let © € I and y € I;. Then |z| ~ |y| and B(0,|x|) C
B(0,4]y|). Since w is radially nonincreasing,

_ w(B(0,]z)

and thus
1

1
< _/ w(z)dz < —/ w(z)dz S Mw(y).
1Z[™ J (0,ja)) Y™ o)

Since w € A;, we have

w(x)

Mul(y) < [ula, w(y) for ae. y € R™,

which yields
w(z) S fwla, w(y)-
Since this holds for a.e. € I and for a.e. y € I}, we conclude that w satisfies

). 0

Lemma 4.4. If w € Ay, then Hw is a radially nonincreasing weight in Ay
whenever Hw(z) < oo at almost every point. Moreover

[Hw]Al S [w]Al‘

Proof. Clearly Hw is radially nonincreasing and hence

1
M(Hw) () < Hw(y)d
(H0)@) 5 e [ Al dy

1 1 1
= / w(t) / min {—, —} dydt.
|z|™ Jgn ly<|z| ly|™" [t

We split the inner integral according to whether |t| < |z| or |[t| > |z|. Then the
last expression is bounded by

1 1 1
—/ w(t)dt+—/ (—/ wl(t) dt)dy+/ wit) gy
2™ Jit< el 21" Jiyi<ial \ Y™ Ji<py) R

The sum of the first and third terms is exactly Hw(z). Moreover, since

1
/ w(t)dt < Mw(y) S [w]a,w(y) for ae. y € R",
[t1<]y]

ly|™
we have

# /|ys|z (ﬁ /|ts|y| o) dt) WS [w]m# /y|s|m| oy = fwla ).

Combining the above estimates, we conclude that
M (Hw)(z) S Hw(z) + [w]a, Hw(z) S [w]a, Hw(z),
since [w]4, > 1. This completes the proof. O
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Lemma 4.5. Let 1 < p < oo and w € A,. Then there exists a constant C' > 0

such that for every nonnegative measurable function f and for every R > 0,
[w]l/p

)1/p||f||Lp whenever |x| =

Hf(z) <C

w(B
Proof. Fix R > 0 and assume |z| = R. We write, by definition,

i =g [ sware [ {0l

y|>R ’y‘

and estimate the two terms separately.

Case 1. p=1.
For the local part, since w € Ay,
< |wl 4, essinf w.
|BR| —_ [ ]Al BR,
Hence
1

[ swas W intw [ fy) dy
ly|<R

w(BRr) Br Br

u[;w]Al B fy)w(y)dy < wla, £ 1] £t )

(Br) w(Br)
For the outer part, if |y| > R, then By C B(y,2|y|). Therefore
w(Br) _ /
S z)dz < Muw(y) S [w]a,w(y)
lyl" y72ly| [ Jowam .

for a.e. y. Thus

[t )dysffg [ e iy < e,

y|>R |y| w<BR)

Case 2. 1 <p< 0. Let 0 := w71 so that for any ball B in R",

w(B) (a(B)\"" p=1 1p Bl
4.9 — < = B)r» < ,
ag M (D) <t o(B)'F < i
For the local part, by Holder’s inequality and (4.9)),
1/p
1 p—1 [w]4
o f()dy<—\|fH v (Br) " S — i | f o
Rr ly|<R Lr(w) U)(BR>1/p Lp(w)
On the other hand, we write the outer part as
(v) dy
A;|>R ly[" Z A Iyl” By
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where Ay, := {y € R" : 2)"'R < |y| < 2¥R}. Using Hélder’s inequality and (4.9)),
we have
o el
dy < P(w B pT S ———5 P(w
/ )y < Wl (BT S o el

Since w € A, C A, there exists > 0 such that

5
w(BR) < |BR| :2—kn5 — 1 < 1 2—kn5/p
w(Byrg) ~ \|Bargl w(Bak )P ~ w(Bg)'P

Therefore,

[ ]1/p
/ Fly)dy < 2- kné/pw<B o

which finally implies

1/p 0o 1p
f(y) [w] 4 s [w] ]
=~ dy S ———2— || fllzr(w gknd/p < e _\gyl
/w o S w2 o
as desired. This completes the proof. -

Proposition 4.6. Let 1 < py,....py, < 00 with 1/p1+---+1/p, = 1/p. Assume
wj € Ap,, 7 =1,...,m. Then we have

f[%(m

m
S Tz ()
J=1

P (v

where v = Hlep/pj

Proof. When py,...,p, > 1, the conclusion follows immediately from the embed-
ding LP(v) < LP>(v), Holder’s inequality, and the estimate (£.2). For the case
when at least one of p; is equal to 1, we shall give a direct argument based on the
radial monotonicity of the operator H and the weighted pointwise Hardy-type
estimate in Lemma (4.5

Fix A > 0 and define

By {x R ﬁly(m\)(@ . A}.

We observe that [[7", H (1f;]) is also radially nonincreasing, and thus E) is a ball
centered at the origin, possibly empty or all of R”. Therefore, it is enough to
consider balls Br C E). For such R, we have

(4.10) ﬁ?—l(|f]|)(x) >\ for all z with |z| =
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Moreover, by Holder’s inequality,

1/p m
(4.11) v(Bg)'/" = ( Hw”/”f dy) < H {(Bg)/"s.

Using (4.10) and (4.11)), for any = with |z| =
v(Bg) l/p < H ( |fg .(BR)I/pj)

Now it follows from Lemma [4.5] that the right-hand side is controlled by
1
TT (w21 ill s o))
j=1
uniformly in R and x with |z| = R. Taking the supremum over all By C F) and
using monotone convergence, we have

A (BEy)YP < H | fillzri (w,y  uniformly in A > 0,

as desired. 0

5. PROOF OF THEOREM [L.3|
We first observe that the condition implies
61 T O )l gy < NT Oz P o gny S Iz £l o eny-
We decompose
Tf = irmf + Toutf7
where
Tinf(x Z xr, () T (xr: f) (2), Towf = Z x5 () T (x ) f) ().
kEZ kEZ

and will estimate the two terms separately.

Since
xoTnf = x5, T (xz: f),
we obtain, by (1.4)) and (5.1)),

1/po
e Tinln gy = (50 00 et Ot ) o

] 1/po
< ( inf w(x ) ||X1 fHLpo Rr) = HXI fHLpo (w) = Z HXIJ‘fHLPo(w)

z€l];
li—k|<1
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Clearly, this yields

|

On the other hand, we observe that for x € I and y € (I})¢,

ﬂnf”j(gbq(w) 5 ||f||Kg(’)q(w)’

|z —y| ~ |z + |y| ~ max{|z], [y}
and thus, by (1.2)), for = € I,
(5.2) T (xp)-f)(@)] S HfD (=)
where the operator H is defined in (4.1)). Therefore
|Toutf(a:)’ S H(’f‘)(:ﬂ)
and it follows from Proposition [4.1] that for all 0 < ¢ < oo
1o Wiy S IHASD N 000y S 1 k000

This completes the proof. 0

6. PROOF OF THEOREM

For x € Bpg, let us define

Un(TS)(x) = —

EE

/ T f(y)| dy =: ST f(x).
ly|<|z|,|ly|<R

Now we write

Sﬁf(x)ﬁlx% 3 /| o IO D)0 )

k<l-+log, R
1

2]

/||<| |vel T (xapye ) W) xBa () dy

k<l+log, R
= 57" f (@) + 57" f(x).
To estimate the term corresponding to Sﬁ’in f, we apply Holder’s inequality,
which yields

. 1 1/po
Sjl?’m ) < | — T (xrx P Br(y)d ;
i) ( 3 / I T (e y)

||
k<l+log, R

and consequently,

(/BR S5 f () [P () dx) 1/
(L3

k<l+log, R

1/po
/EI ‘T<X1gf>(y)‘pOXBR(y)FRw(y) dy>
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where

(6.1) Tw(y) = /|

y<lzi<t 2"

w(z)

dx  for all ¢t > |yl

Observe that ['pw is a nonincreasing radial function. Thus, for any y, z € I}, we
have

Crw(y) §/2 wlz )d —I—/2 Mdaz:fJMw(z)—|—FRw(z).

b2 |gjcoktt |T[" kt1<<r | T["

This implies

(6.2) esssup ['gw < essllnf (Mw + FRw>
I*

Therefore, applying condition (|1.3)), we deduce
| 170 W)l x0T rw(w) dy
yEl}

< (ess o P |7 e ) ooy % (5590 i) e

S [ 1P arey+ [ 1) T dy

Summing over k, this yields

(/BR SR f () [P () dm) 1/
S </B4R £ )| Muw(y) dy) /o + ( /B ’ | F @) T arw(y) dy) 1/”0_

Since w € Ay, using (3.1)), the first term can be controlled by || f|| Lo (), uniformly
in R. Furthermore, by Fubini’s theorem the second term is equal to

» 1/po
“XB4RU4R(XB4R|J"\ %) L)

Since Usr (X Byp| fI70) (x) < M (| f]P°) (x) uniformly in R, applying Lemma , the
last expression is bounded by

max {1, w(Bar) 7 H[[F]| /00y ~ max {1, w(Br) % H|f o0 0 Lo

Combining these estimates, we conclude that
1XBaST ™" fl| oo ) S maX{l w(Br)' "} £ 1| 70 10g 1)
On the other hand, in view of (5.2)), for y € I,
\T(xa;)cf) )| < H(f1)w)
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and thus
SE @ S e [ NG d S M (o, 107 @)
AR ES

Since w € A; C A,,, we can invoke (3.3) and (4.2) to deduce

( /B SR £(2) () dx) i |7 (ema 0D,

S HH(’fDHLpo(w) 5 HfHLpo(w)7
uniformly in R > 0. This concludes the proof. U

7. PROOF OF THEOREM
Let u € Ay, and fix a number « such that 0 < a < n. For each N € N, define
uy(z) := min {u(z), N|z|~*}, r e R".

Then uy(z) / u(z) for almost every z € R” as N — oc.
We first claim that uy € A;, uniformly in N. Indeed, it is well known that
|z|~* € A; whenever 0 < a < n. Hence, for every ball B,

i g e
U <min{ — [ u(x)dr,N— r|"%dx
\B\/ v {rB| e Ny f el

< — . . 3 —Q
< max{[u]Al, [|z| ]Al}mln{essBlnfu, NessBmf|x] }

= max {[u]Al, [\x|’°‘}A1} essBinfuN.

Thus uy € Ay, and

(7.1) funla, < max {[ula,, [lo] ], } S lula,

where the last inequality follows from [u]4, > 1.
Next we show that Huyx(xz) < oo for almost every z € R™. Since uy(z) <
N|x|~*, we have
Huy(z) < NH(]-[7%)(2).
For x # 0, by the definition of H,
1

1
H(|- | <x>:—/ |y\—ady+/ dy < |
(-17) %" Jyy)<al sl 1917+
Hence

(7.2) Hun(x) S N|z| ™ <oo  for ae. ze€R"™
Therefore, by Lemma [1.4]
Huy € Ay and [Hun]a, < [un]a, S [u)a, uniformly in N.
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Now, using Holder’s inequality and Fubini’s theorem, we obtain

[ Isrroruaes [ (G [ s i)u
_ /R |Tf(y)|p0(/x|>yl “(ZU('? dx) dy

/|Tf )P Hu (y) dy.

Since uy € A; and Huy < oo almost everywhere, Lemma [£.4] implies that Huy
is a radially nonincreasing weight in A;. Hence, by Lemma the weight Huy
satisfies condition ((1.4). Then we may apply Theorem , together with the
assumption , to obtain

/ T f ()" Huy (z) do S /Rn | f(2)|" Huy (z) do

By the symmetry of the kernel of H, another application of Fubini’s theorem
yields

[ r@p ) s = [

]Rn

n

@A) @) do < [ ule)H(17) (e da
Combining the above estimates, we conclude that

| s uste)de 5 [ a@m(m) @ s

with an implicit constant independent of N. Letting N — oo and applying the
monotone convergence theorem on the left-hand side, we obtain

(7.3) /Rn | St f ()| u(z) de < /Rn w(@)H(|f[")(z)dz  for every u € A;.

We now apply Lemma to (7.3) with the pair
(R(11)"™, Sef)

to obtain that, for every p > py and every weight w € A, /,,
ITflleyar = 157 | gy S || PN = [HALE) [0
Since p/po > 1 and w € Ay /p,, (4.2) yields
||H(|f‘p0)||LP/Po(w) 5 |Hf|p0||Lp/Po(w) = ”f”i%(w)

Therefore,
1Tl e,y S N ll2ry.
and the result follows. =
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8. PROOF OF THEOREM

By hypothesis ((1.3)) holds for every py > 1. Let p > 1 and w € A,. By Lemma
, there exists 1 < t < p such that w € A;. Set py := p/t. Then 1 < py < p and
w € Ap/p,- Therefore, the desired estimate follows immediately from Theorem

[L.6l O

9. PROOF OF THEOREM [1.9]

We first note that, by the assumption ((1.11))

m

p/p;
< i )
(9.1) esslfup vs Jl_[l <essI}:1nf wj) :
We define
En(flw--vfm)(x) = ZXIk(x)T(XI;fh cee >X1,’;fm)($),
kEZ
and

Tout(fl,...,fm)(x) = T(fl,...,fm)(x) —Tin(fl,...,fm)(x)
so that

(9.2) T(fr, s fm) =T f1y- oy fn) + Towe(frs oy fin)-

To deal with the first term, we observe that the assumed unweighted bound-
edness ([1.9) implies that for each k € Z,

m

(9.3) HkaT(XI?Sfl’ e 7X172fm)HLp(Rn) S H Hszifj”LPj(Rn)‘
j=1

Now we write

‘ 7ﬁin(fh ceey fm)HKSaQ(V) - )’{‘}XIkT(XI,:f17 s 7X[£fm) HLP(V)}

and apply and to obtain

Y
“XIkT(XI;fl>'"7XI;€‘fm)HLp(V) < <€SSISUPV> pHXIkT(XI;fb--->Xf;;fm)HLp(Rn)

k
m ) 1/p;
ST ((ogrm) el
j=1

IS

keZ\lta

=

HXI;fJ'HLPj(wj)'

<.
Il
-
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Therefore we have

m

Hﬂn(fla Tt fm>HK2’q(y) S H{ ]T[l HXI;fjHij(wj)}
j=

keZlta

< H H{“Xfifj||ij(wj)}k€Z
j=1

where the last inequality follows from Holder’s inequality, with the usual modifi-
cation when some ¢; = oo. Since I} = [,y U [ U Iy, for each j =1,...,m,

H{”XI fJHLpJ }keZ @ H{HXI’“fjHij(wj)}kez

093

= 15l g2,

09
and thus
(9'4) HTin(fb ct fm)HKgaq(V) S 1_[1 ”fJ'HKE;_qj(w],y
j:
as desired.
Moreover, we observe that if x € I, and at least one of y;, j = 1,...,m, does
not belong to I}, then
Z ‘x - yj| ~ max{]m\, |y1‘7 SRR |ym‘}
j=1
Hence
‘Tout(fla s 7fm)(l')‘
1 m
5/ | fiy)ldyr - .. dy
()™ maX{lﬂfL|y1|,|y2|,~--,|ym|}m”]l_[1 Y
Since

| (o |
min
max{|x|,|y1|,|y2|,...,|ym|}m” H |l‘| |yj|n

it follows that
(9.5) ‘ out(fl;--'v ‘ HfH |f]
J=1

where the operator H is the Hardy-type radial operator, defined in (4.1]). Then
Holder’s inequality yields that

HTout(flv T ’fm)HKS’q(”) 5

L1xs0],,,,, =Tt

-0,q; :
j=1 Kp;”? (w;)
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Since w; € A, and p; > 1, Proposition {.1] yields

HH ’fJ H OqJ( <Hf]” Oq] jzlaam

(w;)’

Therefore

(96) HTout(fla s 7fm)||['(2vq(,/) S r[ Hfj”f(g;qj(w )
j=

Combining (9.4) and (9.6), we conclude that

m

HT(fl, - ,fm)”Kg,q(V) 5 ]i[ Hfj”}'(;)fj(wj)
j=

This completes the proof.

10. PROOF OF THEOREM [L11]
In view of the decomposition ({9.2)), it suffices to prove

(10.1) T Fo) |, §H||fg||mw]
and

||Tout(f17 sy fm)HLp,oo(V) S H Hfj”LpJ'(wj)'
j=1
First of all, Lemma yields

1/p
102) [Tt il S (S IOl )

keZ

Moreover, using (9.1)) and ([1.15]), for each k € Z we obtain

Ixn. T (xs: fr, - ;Xl,jfm)”L,,,w(y)

1/p
< (esslsup u) “XIkT<XI,jf17 e ,Xlgfm) HLp,oo(Rn)

k

- 1/p;
< H ((esslgnfwj) JHXI;;fjHij(Rn))
<[ Ixihill,
=1

3
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Substituting this into (10.2]), and applying Hélder’s inequality, we obtain

|Tin(f1»--'7 HLPOO(V) < <Z (H HX[*fJ”LpJ > ) 1/p

keZ j=1

1/]33
I hvislie,)
7j=1

k€EZ

m
H ||f]||L”J (wj)»
7j=1

which proves (|10.1)).
The remaining one follows immediately from the pointwise estimate (9.5 and
Lemma [4.6] Indeed,

m

N EAGED

j=1

ol Five ol S

S TTI 2 o)
j=1

This completes the proof. 0

Lp:>o(v)

11. PROOF OF THEOREM [1.12)
Fix R > 0. As in the proof of Theorem for © € Br we write

SE (oo s f) (@) = UR(T(frv- - fn)) (@)

1 . 1/r
Uph(z) = (—n/ |h(y)] dy) :
%" Jiyi<tel <R
Now we write

S (Fryeoes ) (@) S SE (i fin) (@) + SEP(fry o fon) (@)

where

where

Sﬁ’r’in (fl, ce fm) (;(;)
1/r
= (# Z /|y§|x |T(Xlzf17...,XI;fm)(y)’Tdy)

k<l+log; R” yel,NBr

and

Sj]?,r,out (f17 Cey fm) (l‘)
1 , 1/r
. (|x|n 2 / ey [T ) ) = T fre X fn) W) dy) .

k<l+log, R yelxyNBr

We estimate these two terms separately.
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11.1. Estimate of Si"™. By Hélder’s inequality with p/r > 1,
R,r,in
ST (fhafm)(x)

1 , 1/p
S(WI” 2 /|ys|z [T Ccri frs s xai fin) (9)] dy) '

k<l+logy R yelNBR

Therefore, by Fubini’s theorem,
HXBRSII“%’T’in(flv R fm) HLP (v)

1/p
5( 3 /WR\T xﬁfl,...,xf,:fm)<y>}”r3u<y>dy) ,

k<l4log, R

where I'g is defined as in (6.1). Then Hoélder’s inequality yields
(FRI/ H FR’LU] l/pj.

Moreover, in view of (6.2), for each j =1,....m

?

esssup I'pw; < ess]*inf <ij + Fij>.

Iy k

Hence
1/p n 1/p;
(11.1) (esssupFRy> < Hessinf (ij —i—Fij) :
Iy b
Using now the boundedness ([1.9)) and ((11.1]), we obtain
» 1/p
(/ T (X121 X2z ) @) TRV () dy)
I:NBr

1/p
< (ess sup FRV> HT(XI;;fl, e aXI;fm) HLP(Rn)

AN

i Es i Eg

1/p;
(essmf Muw; +FRw3) HXI;fjHij(Rn))
.A

where

1/pj
A= ([ 16@P (w0 + Drst) ay) L a= 1
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Summing in k£ € Z and using Hélder’s inequality for series, we arrive at
. 1/p;
T, 1n pj
X5SE o HMWNII<Z}@O .
kEZ

Since I} C By whenever k < 1+ log, R, and ['gw;(y) < I'ypw;(y), the last
expression is bounded by

m

H(/Bm )| Mwj(y) dy + /Bm | £5) [P T () dy) Upj.

j=1
Since w; € Ay, using (3.1), for each j =1,...,m,

/B |fj(y)|ijwj( ) Yy S ||f]| LP3 (w;) ~ ||f]| LP3 log L(w;) uniformly in R.
4R

Also, by Fubini’s theorem,

L|mwmhw@@=/'mﬂmﬁmm@MMMw

Bsr

Since Usr (X5, | fi177) (2) S M (|f;|P7)(z), by Lemma , the above term is con-
trolled by a constant times

. »
max {1, w;(Bug) }|| f;]" HLlOgL(wJ_) ~ max {1, w;(Bsr) }|| ;|7 log L)’
Note that w; € A; implies that w; induces a doubling measure, and thus
w;(Bsr) Sw; wj(Br) uniformly in R.

Finally, we conclude that

"XBRSCZ}?’T7in<f1) BRI fm)‘ Lo() S H (max {17 wj(-BR)l/pj}HfjHij logL(wj)>'

7=1
11.2. Estimate of S&"™°". If y € I, and at least one of zi, 7 =1,...,m, does
not belong to I}, then
> ly =zl ~max {lyl. |z1], |z2l; -, |zl }-
j=1

Since at least one of the variables z; belongs to (I})¢, the size condition gives
T(fry- s f) W) = T(Xaz frs - Xz o) ()]
< / Hj:1|fj(zj)| dzy - dz,
(R

n)7n maX{‘y’, |Z]_’, ey ’Zm’}mn
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The last expression is bounded by the product of H(]fJD (y) over j = 1,...,m,
because

1 <ﬁ , { 11 }
<||min{—, —%.
maX{|y|7|Zl|7|22|""7|Zm|}mn j=1 ‘y|n |Z]|n

Hence

S e S)@) £ (i [ v (LT 0) ) "

< (M(li%(ﬁﬂ) <x>)m.

Since wy,...,w,, € Ay, it follows that v = H;n:l wﬁ)/pj € A;. Finally, using the
LP/"(v) boundedness of the maximal operator M in (3.3)), Hélder’s inequality,

and (4.2), we obtain
||XBRS$’T70ut(f17 ) fm)HLP(y) 5 H HH<|f]|)||LPJ (wy) S H ||fj||ij(wj)'
j=1 j=1
The desired result follows from the embedding L’ log L(w,) < L (w;). O

12. PROOF OF THEOREM [L.13|

Let uj € Ay, j=1...,m, and set

0= Huﬁ/pj

j=1

We first claim the estimate
m
r 1/ i
(12.1) 1S5 CFrs s fon)l| gy S H H (1f51P7)) " Piay
To prove the claim, we fix 0 < o < n, and for N € N, define
ujn(z) := min {u;(z), N|z| "}, j=1,...,m

Then for each j =1,...,m, u; y / u; almost everywhere as N — oo. Moreover,

as in (7.1]) and , each u; y belongs to A; uniformly in N, and
Hu; n(z) < 00 for a.e. z € R".
Hence, by Lemma {4.4] for each j =1,... m,
HU/]”N € A and [Huj,N]Al < gl ay s

uniformly in N. In particular, by Lemma [£.3| the weights Hu;y satisfy the
dyadic annular condition ((1.11)) uniformly in N.
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We also set

H up/ Pj

so that oy 7 0 almost everywhere as N — 00. Since r < p, by Holder’s inequality
we have

1

il i) < (o [ T ) d)

]

Therefore, by Fubini’s theorem,

/Rn {S;(fl"'-afm)(xﬂpg]\,(x) dr

< [ (Gp [ 7 )0 ) onta) s
/ T (fi, s fm) W)[ </|z|>|yglj\;—(|f)dx)dy

< /R T ) () Mo () .

By Holder’s inequality applied to the positive kernel defining H, we obtain
Hon(y) < [T (Huyw ()",
j=1

Consequently,

- ‘S}} (fl, . ,fm) (x)‘pgN(w) dx

/ .
< [ 170 F) O T] ()™ .
Rn Jale
Since each Hu; y belongs to A, and satisfies (1.11]), we may apply Theorem
in the setting ¢; = p;, 7 = 1,...,m. This gives

(/Rn T(fro o f) W) TT (i ()™ dy) 1/p

j=1

) H( S— )dy> 1/p;

uniformly in N. Using the symmetry of the kernel of A and Fubini’s theorem,
we have

(NPT Hu; & (y) dy =
[P = [

n n

wyn H (1P () dy < / (Y H () (9) dy
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Thus

LP3 (uy)]

HS;(fl,...,fm)HLp(gN) HH% iz ’p] 1/pg

with a constant independent of N. Lettlng N — oo and using the monotone
convergence theorem, we obtain ((12.1)).

We now apply Lemma [3.3] to the tuple

(S;(fl, e 7fm)77-[(‘f1’p1)1/p1, . ’%(’fm’pm)lmm)

From ([12.1), it follows that for every 4 > D J =1,....m, with 1/q1 + -+ - +
1/qm = 1/q, and for every w; € Ay, /p,, j=1,...,m, we have

- H 1AL s,

(BT A1 H “H(\fj‘zoj)l/pj
j=1

where v = [, wQ/q’ Since ¢;/p; > 1 and w; € Ay, /,, the weighted bounded-

ness of H, namely (4.2 , yields
HH(’fj|pj)Hqu/T’j(wj) S H‘fjlijqu/Pj( Hf]HLqJ j=1...,m.

Finally,
1S Cfrs s folll oy S LTI -
7j=1

Since
EATAR P =27 O )
the proof is complete. O

13. PROOF OF THEOREM [I.14]

Let 1 < qi,...,qn < o0 and let w; € A,. By the openness property of
Muckenhoupt weights, for each j there exists 1 < t; < g; such that w; € Ay, ;-
Setting 1/t = 1/t; + -+ + 1/t,,, we have r < t < ¢. By the hypothesis, T is
bounded from L' x ---x L' into L!. Applying Theorem with p; = t; gives
the desired result. O
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