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Abstract. We study weighted estimates for linear and multilinear integral
operators whose kernels satisfy only size conditions. Extending a theorem of
E. Stein and its refinement by Soria and Weiss, we prove weighted estimates on
Herz and Cesàro type spaces, together with multilinear strong-type and weak-
type analogues. As applications, we derive consequences for a range of rough
singular integral operators and related variants, including linear, oscillatory,
and multilinear settings.

1. Introduction

In 1967, E. Stein [39] proved the following result for power weights: Let

(1.1) Tf(x) =

∫
Rn

K(x, y)f(y) dy

be an integral operator whose kernel satisfies

(1.2) |K(x, y)| ≤ B

|x− y|n
, x ̸= y,

for some constant B > 0. If, for some 1 < p0 < ∞,

(1.3) T : Lp0(Rn) −→ Lp0(Rn),

then

T : Lp0
(
|x|α

)
−→ Lp0

(
|x|α

)
for every

−n < α < n(p0 − 1).

This range coincides precisely with the range for which the power weight |x|α
belongs to the Muckenhoupt class Ap0 , introduced in [33], whose definition will
be recalled in Subsection 3.1. It is worth pointing out that, when the result
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in [39] appeared, Muckenhoupt weights had not yet been introduced in the lit-
erature. It is therefore natural to ask whether the same conclusion holds for
every w ∈ Ap0 . However, such a statement would be much stronger than Stein’s
original statement, since, if such an estimate were true for every w ∈ Ap0 , then
Rubio de Francia’s extrapolation would imply that T is bounded on Lq(Rn) for
every q > 1. Thus the size estimate alone should not be expected to yield the
full Ap0-weighted theory without additional regularity or structural assumptions
on the kernel. In 1994, F. Soria and G. Weiss [38] showed, however, that the
conclusion remains valid for a distinguished subclass of Ap weights satisfying a
dyadic annular comparability condition. To state the result of Soria and Weiss,
for k ∈ Z, set

Ik :=
{
x ∈ Rn : 2k−1 ≤ |x| < 2k

}
, I∗k :=

{
x ∈ Rn : 2k−2 ≤ |x| < 2k+1

}
.

Theorem A ([38]). Let T be given by (1.1), and assume that (1.2) holds. Let w
be a weight satisfying

(1.4) ess sup
Ik

w ≤ C ess inf
I∗k

w, k ∈ Z.

Then the following assertions hold.

(1) If 1 < p0 < ∞, w ∈ Ap0, and (1.3) holds, then

T : Lp0(w) −→ Lp0(w).

(2) If 1 ≤ p0 < ∞, w ∈ Ap0, and

T : Lp0(Rn) −→ Lp0,∞(Rn),

then
T : Lp0(w) −→ Lp0,∞(w).

The purpose of this paper is to continue this line of investigation in two di-
rections. First, we show that the Stein–Soria–Weiss principle extends beyond
weighted Lebesgue spaces, namely to homogeneous Herz spaces and to weighted
Cesàro type spaces. Second, we establish multilinear analogues for operators
satisfying the natural multilinear size condition, and we apply these results to
several classes of rough singular integral operators.

1.1. Herz spaces. We begin with the Herz space extension. Let us recall the
definition of weighted homogeneous Herz spaces.

Definition 1.1. Let α ∈ R, 0 < p, q ≤ ∞, and let w be a weight on Rn. We
define

K̇α,q
p (w) :=

{
f ∈ Lp

loc

(
Rn \ {0}

)
: ∥f∥K̇α,q

p (w) < ∞
}
,

where

∥f∥K̇α,q
p (w) :=

(∑
k∈Z

2kαq
∥∥χIkf

∥∥q

Lp(w)

)1/q

,
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with the usual modification when q = ∞. In the unweighted case w ≡ 1, we
simply write K̇α,q

p (Rn).

Herz spaces were introduced by C. Herz in [28] and many researchers have
contributed to the theory (see, for example, [20, 21, 25]), since they have proved
to be quite useful in several problems in harmonic analysis, such as to characterize
the multipliers on Hardy spaces [5].

Our first result extends Stein’s theorem to the setting of unweighted homoge-
neous Herz spaces.

Theorem 1.2. Let T be given by (1.1), and assume that (1.2) and (1.3) hold for
some 1 < p0 < ∞. Let 0 < q ≤ ∞. If

(1.5) − n

p0
< α <

n

p′0
,

then
T : K̇α,q

p0
(Rn) −→ K̇α,q

p0
(Rn).

Here, p′0 is the conjugate index of p0. In fact, this result will be an immedi-
ate consequence of the following one, which is the corresponding counterpart of
Theorem A.

Theorem 1.3. Let T be given by (1.1), and assume that (1.2) and (1.3) hold for
some 1 < p0 < ∞. If w ∈ Ap0 satisfies (1.4), then for every 0 < q ≤ ∞,

T : K̇0,q
p0

(w) −→ K̇0,q
p0

(w).

We observe that to prove Theorem 1.2, as a consequence of Theorem 1.3, it
will be enough to take the power weight w(x) = |x|p0α and observe that (1.5) is
equivalent to

−n < p0α < n(p0 − 1),

and hence w(x) = |x|p0α ∈ Ap0 . Moreover, for x ∈ Ik, we have |x| ∼ 2k, so∥∥χIkf
∥∥
Lp0 (w)

∼ 2kα
∥∥χIkf

∥∥
Lp0 (Rn)

.

Therefore
∥f∥K̇0,q

p0
(w) ∼ ∥f∥K̇α,q

p0
(Rn).

This proves Theorem 1.2 as a consequence of Theorem 1.3.

1.2. Cesàro spaces: Concerning Cesàro spaces, let us consider the operator

(1.6) Uf(x) := 1

|x|n

∫
|y|≤|x|

|f(y)| dy,

which is a natural n-dimensional Hardy averaging operator. Up to the dimen-
sional normalizing constant, it coincides with the radial averaging operator

f 7→ 1

|B(0, |x|)|

∫
B(0,|x|)

|f(y)| dy.
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This operator was introduced by Faris [18] and sharp Lp(Rn) bounds for this
operator were obtained by Christ and Grafakos [11]. Let us introduce the fol-
lowing spaces which are closely related with the so-called Cesàro spaces (see, for
example, [3, 4, 31, 40]).

Definition 1.4. Given a weight w, the weighted Cesàro space is defined by

Cp(w) =
{
f : Uf ∈ Lp(w)

}
,

with the norm ∥f∥Cp(w) = ∥Uf∥Lp(w).

It is useful to observe that, whenever w ∈ Ap, one has Lp(w) ⊂ Cp(w). Thus,
in situations where the full weighted estimate T : Lp(w) → Lp(w) cannot be
expected from the size condition alone, the Cesàro target space provides a natural
weaker replacement.

We shall also need the following local version

Cp,loc(w) =
{
f : Uf ∈ Lp

loc(w)
}
,

and, for given 0 < r < p, we define

C(r)
p (w) =

{
f : U(|f |r) ∈ Lp/r(w)

}
,

with the norm ∥f∥C(r)
p (w)

=
∥∥U(|f |r)∥∥1/r

Lp/r(w)
.

Let us also define the operator

STf(x) := U
(
Tf

)
(x).

In this context, we establish the following local weighted estimate for T .

Theorem 1.5. Let T be given by (1.1), and assume that (1.2) and (1.3) hold for
some 1 < p0 < ∞. Then,

T : Lp0 logL(w) −→ Cp0,loc(w), ∀w ∈ A1.

More precisely, for every R > 0,(∫
BR

|STf(x)|p0w(x) dx
)1/p0

≲ max
{
1, w(BR)

1/p0
}
∥f∥Lp0 logL(w)

where BR := {x ∈ Rn : |x| < R} denotes the ball of radius R, centered at the
origin.

Here and below, the weighted Orlicz space Lp0 logL(w) is understood in the
sense defined in Subsection 3.4.

Theorem 1.6. Let T be given by (1.1), and assume that (1.2) and (1.3) hold for
some 1 < p0 < ∞. Then, for every p0 < p < ∞,

T : Lp(w) −→ Cp(w), ∀w ∈ Ap/p0 .

As an immediate consequence, we obtain the following result.
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Theorem 1.7. Let T be given by (1.1), and assume that (1.2) holds. If (1.3)
holds for every 1 < p0 < ∞, then, for any 1 < p < ∞

T : Lp(w) −→ Cp(w), ∀w ∈ Ap.

1.3. Multilinear extensions. We now turn our attention to multilinear ana-
logues. Let

(1.7) T
(
f1, . . . , fm

)
(x) :=

∫
(Rn)m

K(x, y1, . . . , ym)

( m∏
j=1

fj(yj)

)
dy1 · · · dym

be a multilinear operator whose kernel satisfies

(1.8)
∣∣K(x, y1, . . . , ym)

∣∣ ≤ B

(|x− y1|+ · · ·+ |x− ym|)mn

for some constant B > 0.
Our first result is the natural multilinear extension of Stein’s power-weight the-

orem under only the multilinear size condition and a single unweighted bound-
edness assumption.

Theorem 1.8. Let T be given by (1.7), and assume that (1.8) holds. Let 1 <
p1, . . . , pm < ∞, and define p by 1/p = 1/p1 + · · ·+ 1/pm. Assume that

(1.9) T : Lp1(Rn)× · · · × Lpm(Rn) −→ Lp(Rn).

Let

(1.10) −n < αj < n(pj − 1), j = 1, . . . ,m.

Then,

T : Lp1(|x|α1)× · · · × Lpm(|x|αm) −→ Lp(|x|α1p/p1+···+αmp/pm).

Theorem 1.8 is recovered as the power-weight special case of the weighted
Lebesgue estimate (1.13) below, which itself follows from the weighted Herz-
space estimate by taking qj = pj, j = 1, . . . ,m. We now establish this weighted
Herz-space estimate, which is the multilinear counterpart of Theorem 1.3.

Theorem 1.9. Let T be given by (1.7), and assume that (1.8) holds. Let 1 <
p1, . . . , pm < ∞, and define p by 1/p = 1/p1+ · · ·+1/pm. Assume that T satisfies
(1.9). Let wj ∈ Apj , j = 1, . . . ,m, satisfy

(1.11) ess sup
Ik

wj ≤ C ess inf
I∗k

wj, k ∈ Z.

Then, for every 0 < q1, . . . , qm ≤ ∞ and 0 < q ≤ ∞ with 1/q = 1/q1+ · · ·+1/qm,
we have

(1.12) T : K̇0,q1
p1

(w1)× · · · × K̇0,qm
pm (wm) −→ K̇0,q

p (ν)

where ν :=
∏m

j=1w
p/pj
j .
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Setting qj = pj, j = 1, . . . ,m, in Theorem 1.9, we have q = p. Since

K̇0,s
s (w) = Ls(w), 0 < s < ∞,

with equality of quasi-norms, the conclusion (1.12) becomes

(1.13) T : Lp1(w1)× · · · × Lpm(wm) −→ Lp(ν).

This strong-type estimate is obtained under the assumption 1 < pj < ∞, j =
1, . . . ,m, and hence does not cover endpoint cases in which some pj is equal to 1.
Theorem 1.8 is now obtained by choosing

wj(x) = |x|αj , j = 1, . . . ,m.

The condition (1.10) is precisely equivalent to wj ∈ Apj for each j = 1, . . . ,m.
Moreover, power weights satisfy the dyadic annular comparability condition (1.11).
Thus (1.13) implies Theorem 1.8, since

ν =
m∏
j=1

|x|αjp/pj = |x|α1p/p1+···+αmp/pm .

As another consequence of Theorem 1.9, we obtain the following unweighted
Herz-space estimate.

Theorem 1.10. Let T be given by (1.7), and assume that (1.8) holds. Let 1 <
p1, . . . , pm < ∞, and define p by 1/p = 1/p1+ · · ·+1/pm. Assume that T satisfies
(1.9). Let 0 < q1, . . . , qm ≤ ∞ and 0 < q ≤ ∞ with 1/q = 1/q1 + · · ·+ 1/qm. If

(1.14) − n

pj
< αj <

n

p′j
, j = 1, . . . ,m,

then
T : K̇α1,q1

p1
(Rn)× · · · × K̇αm,qm

pm (Rn) −→ K̇α1+···+αm,q
p (Rn).

Indeed, (1.14) implies

wj(x) := |x|pjαj ∈ Apj , j = 1, . . . ,m.

Moreover,

ν(x) =
m∏
j=1

wj(x)
p/pj = |x|p(α1+···+αm),

Thus, as in the proof of Theorem 1.2,

∥fj∥K̇0,qj
pj

(wj)
∼ ∥fj∥K̇αj,qj

pj
(Rn)

, j = 1, . . . ,m,

and ∥∥T (f1, . . . , fm)∥∥K̇0,q
p (ν)

∼
∥∥T (f1, . . . , fm)∥∥K̇

α1+···+αm,q
p (Rn)

.

Now the conclusion follows from Theorem 1.9.
We also prove the following weak-type counterpart of (1.13), which includes

endpoint cases where some of the exponents pj are equal to 1.
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Theorem 1.11. Let T be given by (1.7), and assume that (1.8) holds. Let 1 ≤
p1, . . . , pm < ∞, and define p by 1/p = 1/p1 + · · ·+ 1/pm. Assume that

(1.15) T : Lp1(Rn)× · · · × Lpm(Rn) −→ Lp,∞(Rn).

If wj ∈ Apj , j = 1, . . . ,m, satisfy (1.11), then

T : Lp1(w1)× · · · × Lpm(wm) −→ Lp,∞(ν)

where ν =
∏m

j=1w
p/pj
j .

For 0 < r < ∞, define

Sr
T

(
f1, . . . , fm

)
(x) :=

(
1

|x|n

∫
|y|≤|x|

∣∣T(f1, . . . , fm)(y)∣∣r dy)1/r

.

Then we have the following local multilinear logarithmic estimate.

Theorem 1.12. Let T be given by (1.7), and assume that (1.8) holds. Let 1 <
p1, . . . , pm < ∞, and define p by 1/p = 1/p1+ · · ·+1/pm. Assume that T satisfies
(1.9). Let 0 < r < p. If wj ∈ A1, j = 1, . . . ,m, then

T : Lp1 logL(w1)× · · · × Lpm logL(wm) −→ C(r)
p,loc(ν)

where ν =
∏m

j=1w
p/pj
j . More precisely, for every R > 0,(∫

BR

∣∣Sr
T

(
f1, . . . , fm

)
(x)

∣∣pν(x) dx)1/p

≲
m∏
j=1

(
max

{
1, wj(BR)

}1/pj∥fj∥Lpj logL(wj)

)
where the implicit constant is independent of R.

We also obtain the following global multilinear weighted estimate.

Theorem 1.13. Let T be given by (1.7), and assume that (1.8) holds. Let 1 <
p1, . . . , pm < ∞, and define p by 1/p = 1/p1+ · · ·+1/pm. Assume that T satisfies
(1.9). Let 0 < r < p. Then, for every qj > pj, j = 1, . . . ,m, with 1/q =
1/q1 + · · ·+ 1/qm, and for every wj ∈ Aqj/pj , j = 1, . . . ,m, we have

T : Lq1(w1)× · · · × Lqm(wm) −→ C(r)
q (ν)

where ν =
∏m

j=1w
q/qj
j .

As a consequence, we have the following result.

Theorem 1.14. Let T be given by (1.7), and assume that (1.8) holds. Let 0 <
r ≤ 1/m be fixed. If (1.9) holds for every 1 < p1, . . . , pm < ∞ and 1/m < p < ∞
with 1/p = 1/p1 + · · ·+1/pm, then for every 1 < q1, . . . , qm < ∞ and 1/m < q <
∞ with 1/q = 1/q1 + · · ·+ 1/qm, and for every wj ∈ Aqj , j = 1, . . . ,m, we have

T : Lq1(w1)× · · · × Lqm(wm) −→ C(r)
q (ν)
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where ν =
∏m

j=1w
q/qj
j .

In Section 2, we explain how these theorems apply to rough singular integrals,
oscillatory rough singular integrals, and multilinear rough singular integrals. In
several cases the usual weighted Ap theory is already known; our point there is not
to improve those results, but to show that they fit into a unified Stein-Soria-Weiss
type mechanism and to obtain Herz and Cesàro space consequences.

Let us briefly explain the main ideas behind the proofs. The basic strategy is
to combine Stein’s original localization argument with weighted estimates for a
radial Hardy-type operator. More precisely, after decomposing the input func-
tions according to the dyadic annuli Ik, the action of the operator is split into a
local part and an off-diagonal part. The local part is controlled by the assumed
unweighted boundedness of T , together with the dyadic annular comparability
condition on the weights. The off-diagonal part is estimated using only the size
condition of the kernel and is dominated by a Hardy-type radial operator

Hf(x) =

∫
Rn

min

{
1

|x|n
,

1

|y|n

}
|f(y)| dy.

Thus the heart of the argument is to obtain suitable weighted estimates for H,
both on Lebesgue spaces and on Herz spaces. This approach also extends nat-
urally to the multilinear setting, where the off-diagonal part is controlled by
products of such Hardy-type operators.

For the Cesàro space estimates, a second idea is used. Since the Cesàro norm
involves a radial averaging of Tf , we first convert this average, by Fubini’s the-
orem, into weighted estimates for T with respect to auxiliary weights built from
the operator H. These auxiliary weights are radially nonincreasing A1 weights
and hence satisfy the dyadic annular comparability condition. This allows us to
apply the Soria–Weiss theorem, or its multilinear analogue proved here, and then
to pass to the desired weighted Cesàro estimates by Rubio de Francia extrap-
olation. In the local endpoint estimates, the logarithmic term arises from the
well-known endpoint behavior of the Hardy-Littlewood maximal operator M : al-
though M is not bounded on L1, its local L1-averages can be controlled by an
L logL-type quantity via the standard rearrangement estimate.

Organization. In Section 2, we present applications of the main results to
rough singular integrals and related variants, first in the linear setting and then
in the multilinear setting. Section 3 collects the necessary preliminary material
on Muckenhoupt weights, extrapolation, weighted weak Lebesgue spaces, and
Lp logL spaces. Section 4 contains the key estimates for the Hardy-type radial
operator. The proofs of the linear results are given in Sections 5–8, including
the Herz space estimate and the local and global Cesàro space estimates. Finally,
Sections 9–13 are devoted to the multilinear theory, including the multilinear Herz
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estimate, the weak-type estimate, and the local and global multilinear Cesàro
space estimates.

2. Applications to rough singular integral operators

We explain how known unweighted boundedness results, together with the size
condition of the kernel, lead through our main theorems to weighted estimates
and Herz space estimates for several classes of rough operators. The examples
below include linear and multilinear rough singular integrals, oscillatory variants,
and operators with radial amplitudes.

Let Ω ∈ L1(Smn−1) satisfy the cancellation condition

(2.1)

∫
Smn−1

Ω(θ) dσ(θ) = 0,

where σ denotes the surface measure on the unit sphere Smn−1. We write

KΩ(y1, . . . , ym) :=
Ω((y1, . . . , ym)

′)

|(y1, . . . , ym)|mn
,

where (y1, . . . , ym)
′ := (y1,...,ym)

|(y1,...,ym)| ∈ Smn−1. Let P be a real-valued measurable

function on (Rn)m+1, and let h be a measurable function on (Rn)m+1. Then we
define the multilinear singular integral operator TP

Ω,h by

(2.2)

TP
Ω,h(f1, . . . , fm)(x) := p.v.

∫
(Rn)m

eiP (x,y1,...,ym)h(x, y1, . . . , ym)

× KΩ(x− y1, . . . , x− ym)
m∏
j=1

fj(yj) dy1 · · · dym.

If h ∈ L∞((Rn)m+1) and Ω ∈ L∞(Smn−1), then the kernel of the operator TP
Ω,h

satisfies the size estimate

(2.3)

∣∣eiP (x,y1,...,ym)h(x, y1, . . . , ym)KΩ(x− y1, . . . , x− ym)
∣∣

≲ ∥h∥L∞((Rn)m+1)∥Ω∥L∞(Smn−1)

1(
|x− y1|+ · · ·+ |x− ym|

)mn .

Thus the size hypothesis in our main theorems is satisfied for this class of opera-
tors. The remaining input needed for our results is the corresponding unweighted
boundedness, which depends on the particular form of P , h, and Ω.

2.1. The linear case m = 1. A frequently studied model is the radial amplitude
case

T P
Ω,hf(x) = p.v.

∫
Rn

eiP (x,y)h(|x− y|)Ω((x− y)′)

|x− y|n
f(y) dy,

where P is a real-valued polynomial on Rn × Rn. This linear family contains
several classical operators, depending on the choices of P and h.
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First, if P ≡ 0 and h ≡ 1, then T P
Ω,h reduces to the classical rough singular

integral

TΩf(x) = p.v.

∫
Rn

Ω((x− y)′)

|x− y|n
f(y) dy.

The study of TΩ goes back to Calderón and Zygmund [7, 8], who introduced
the method of rotations and proved Lp boundedness, 1 < p < ∞, for rough
homogeneous kernels under appropriate assumptions on Ω. In particular, the
classical theory includes the case where Ω is odd and belongs to L1(Sn−1), and
the case where Ω is even and belongs to L logL(Sn−1).

Second, if h ≡ 1 but P ̸≡ 0, then T P
Ω,h becomes the oscillatory rough singular

integral

T P
Ω f(x) = p.v.

∫
Rn

eiP (x,y)Ω((x− y)′)

|x− y|n
f(y) dy.

The Lp theory of oscillatory singular integrals with polynomial phases began
with Ricci and Stein [37], who considered smooth Calderón-Zygmund kernels.
For rough kernels, Lp boundedness was obtained by Lu and Zhang [32] under
conditions such as Ω ∈ Lq(Sn−1) for some q > 1, and was later improved to
Ω ∈ L logL(Sn−1) by Jiang and Lu [29].
Third, if P ≡ 0 but h is nontrivial, one obtains

TΩ,hf(x) = p.v.

∫
Rn

h(|x− y|)Ω((x− y)′)

|x− y|n
f(y) dy.

This class was introduced by Fefferman [19], who proved Lp boundedness under
smoothness assumptions on Ω and boundedness of h. Namazi [34] later weakened
the angular regularity assumption to Ω ∈ Lq(Sn−1), q > 1. We also refer to [2, 17]
for further improvements and generalization.

Finally, if both P and h are nontrivial, the available boundedness theory is
more limited. In particular, one cannot at present treat arbitrary real-valued
polynomial phases P (x, y) in the same generality as in the case h ≡ 1. Recently,
Al-Salman and Grafakos [1] obtained Lp boundedness results for this type of
operator under rough assumptions on Ω and h, but for rather special classes of
phases. For example, they consider phases of the form

P (x, y) = |x|γ(x · y) or P (x, y) = |y|γ(y · x), 0 ≤ γ ≤ 1,

under assumptions such as Ω ∈ L logL(Sn−1) and h ∈ L∞(0,∞).

Weighted estimates for rough oscillatory singular integrals have also been stud-
ied, but the available weight classes and the range of phases depend substantially
on the form of the operator.

First, in the classical case P ≡ 0 and h ≡ 1, Duoandikoetxea and Rubio de
Francia [17] showed that if Ω ∈ L∞(Sn−1) satisfies the cancellation condition (2.1)
and w ∈ Ap, then

TΩ : Lp(w) −→ Lp(w).
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More generally, weighted estimates for rough homogeneous singular integrals un-
der weaker integrability assumptions on Ω were obtained by Watson [41] and
Duoandikoetxea [15].

Second, when h ≡ 1 but P ̸≡ 0, weighted estimates in the usual Muckenhoupt
scale are also known in several cases. In particular, sparse domination results for
oscillatory rough singular integrals and their maximal truncations imply weighted
Lp(w) estimates for Ap weights in the corresponding ranges; see, for example,
Chen and Tao [9] and Choudhary, Shrivastava, and Shuin [10]. Thus, in the case
h ≡ 1, the weighted Ap theory is relatively well developed, even in the presence
of polynomial oscillatory factors.

Third, when P = 0 but h is nontrivial, Ojanen [35] proved weighted Lp esti-

mates for rough kernels of the form K(y) = h(|y|)Ω(y/|y|)
|y|n , where h(|y|) is the radial

factor and Ω(y/|y|) is the angular part of the kernel. However, the weights in
Ojanen’s theorem are not simply the usual Muckenhoupt Ap weights; the condi-
tion is formulated in terms of rectangles arising from a stratified covering of a
star-shaped set associated with Ω. Thus, the weighted theory with a nontrivial
radial factor is available, but it is not always expressed in the standard Ap scale.
Finally, when both P and h are nontrivial, the available theory is significantly

more limited. As mentioned above, even the unweighted boundedness of such
operators is presently known only under rather restrictive assumptions on the
phase and the radial factor. In particular, unlike the case h ≡ 1, there seems
to be no general weighted Ap theory for arbitrary real-valued polynomial phases
P (x, y) combined with a nontrivial rough radial factor h. Thus, while the results
of Al-Salman and Grafakos [1] provide useful unweighted input for our theorem,
no corresponding weighted Ap estimates seem to be available at present in this
level of generality.

Consequently, the role of our main theorems should be understood as follows.
In cases where a full weighted Ap theory is already known, such as the classical
case P ≡ 0, h ≡ 1, our conclusions are not meant to improve that theory. Rather,
our theorem gives a uniform mechanism which, from unweighted Lp boundedness
and the size condition of the kernel, yields weighted estimates for dyadically
comparable Ap weights and, more generally, boundedness on the corresponding
Herz scale. Moreover, even if the usual weighted estimate T : Lp(w) → Lp(w) is
not available for w ∈ Ap, our Cesàro space theorem still gives a weaker weighted
conclusion:

T : Lp(w) −→ Cp(w), w ∈ Ap,

provided the corresponding unweighted Ls boundedness is known in the relevant
range. Unlike the Herz space estimate, this Cesàro space conclusion does not
require the dyadic annular comparability condition on the weight. This observa-
tion becomes particularly useful in settings, such as operators with a nontrivial
radial factor, where the usual weighted theory is less complete.
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Theorem 2.1. Let 1 < p < ∞, 0 < q ≤ ∞, and let P (x, y) be a real-valued
polynomial on Rn × Rn. Let Ω ∈ L∞(Sn−1) satisfy the cancellation condition
(2.1). If w ∈ Ap satisfies the dyadic annular comparability condition (1.4), then

T P
Ω : K̇0,q

p (w) −→ K̇0,q
p (w).

Moreover, if

−n

p
< α <

n

p′
,

then
T P
Ω : K̇α,q

p (Rn) −→ K̇α,q
p (Rn).

Theorem 2.2. Let 1 < p < ∞, 0 < q ≤ ∞, and let Ω ∈ L∞(Sn−1) satisfy (2.1).
Let h ∈ L∞(0,∞), and let 0 ≤ γ ≤ 1. Suppose that the phase P is one of the
following two functions:

P (x, y) = |x|γ⟨x, y⟩ or P (x, y) = |y|γ⟨y, x⟩.
Then the following assertions hold.

(1) If w ∈ Ap satisfies the dyadic annular comparability condition (1.4), then

T P
Ω,h : K̇0,q

p (w) −→ K̇0,q
p (w).

Moreover, if

−n

p
< α <

n

p′
,

then
T P
Ω,h : K̇α,q

p (Rn) −→ K̇α,q
p (Rn).

(2) For every w ∈ Ap, we have

T P
Ω,h : Lp(w) −→ Cp(w).

The assertions in part (1) follow from Theorem 1.3, while part (2) follows from
Theorem 1.7, since the corresponding unweighted Ls boundedness, 1 < s < ∞,
follows from the results cited above for these phases and amplitudes.

2.2. The multilinear case m ≥ 2. In contrast with the linear case, there are
very few boundedness results for oscillatory rough singular integrals with a non-
trivial amplitude in the multilinear setting. For this reason, we first focus on the
basic multilinear rough singular integral, corresponding to P ≡ 0 and h ≡ 1.

In this case, the multilinear operator in (2.2) becomes

TΩ

(
f1, . . . , fm

)
(x) := p.v.

∫
(Rn)m

KΩ(x− y1, . . . , x− ym)
m∏
j=1

fj(yj) dy1 · · · dym.

The boundedness theory for TΩ was developed by Grafakos and Torres [26] in the
Calderón-Zygmund setting. In the rough kernel setting, Grafakos, He, and Honźık
[23] proved Lp1×Lp2 → Lp boundedness in the bilinear case when Ω ∈ L∞(S2n−1).
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Further improvements and extensions to the multilinear setting were obtained in
[13, 14, 24, 27].

Weighted estimates for multilinear rough singular integrals have also been stud-
ied by the second author [36] who obtained the following weighted estimate, which
extends the classical linear result of Duoandikoetxea and Rubio de Francia [17]
to the multilinear setting.

Theorem B. [36] Let 1 < p1, . . . , pm < ∞, and let 1/m < p < ∞ be defined by
1/p = 1/p1 + · · ·+ 1/pm. Suppose that wj ∈ Apj , j = 1, . . . ,m. Then we have∥∥TΩ(f1, . . . , fm)

∥∥
Lp(ν)

≲ ∥Ω∥L∞(Smn−1)

m∏
j=1

∥fj∥Lpj (wj),

where ν =
∏m

j=1w
p/pj
j .

The original version in [36] is stated in the multiple-weight setting under general
Lq condition on Ω, as a multilinear extension of Watson [41] and Duoandikoetxea
[15]. Although a weighted Lp theory for TΩ is already available, our main theo-
rems also yield the following Herz space consequences from its unweighted bound-
edness and kernel size estimate.

In view of (2.3), Theorem 1.9 applies.

Theorem 2.3. Let Ω ∈ L∞(Smn−1) satisfy (2.1). Let 1 < p1, . . . , pm < ∞, and
define p by 1/p = 1/p1+ · · ·+1/pm. Let wj ∈ Apj , j = 1, . . . ,m, satisfy the dyadic
annular comparability condition (1.11). Then, for every 0 < q1, . . . , qm ≤ ∞ and
0 < q < ∞ with 1/q = 1/q1 + · · ·+ 1/qm, we have

TΩ : K̇0,q1
p1

(w1)× · · · × K̇0,qm
pm (wm) −→ K̇0,q

p (ν),

where ν =
∏m

j=1w
p/pj
j .

Taking power weights in Theorem 2.3, we obtain the following Herz space
estimates.

Corollary 2.4. Let Ω ∈ L∞(Smn−1) satisfy (2.1). Let 1 < p1, . . . , pm < ∞, and
define p by 1/p = 1/p1 + · · · + 1/pm. Let 0 < q1, . . . , qm ≤ ∞ and 0 < q < ∞
satisfy 1/q = 1/q1 + · · ·+ 1/qm. If

− n

pj
< αj <

n

p′j
, j = 1, . . . ,m,

then

TΩ : K̇α1,q1
p1

(Rn)× · · · × K̇αm,qm
pm (Rn) −→ K̇α1+···+αm,q

p (Rn).

Finally, let us return to the general multilinear operator TP
Ω,h in (2.2). If

h ∈ L∞((Rn)m+1) and Ω ∈ L∞(Smn−1), then the kernel satisfies the multilinear
size condition (2.3). Therefore, once the corresponding unweighted multilinear
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boundedness is available, our results can be applied in the same way. More
precisely, assume that

TP
Ω,h : Lp1(Rn)× · · · × Lpm(Rn) −→ Lp(Rn), 1/p = 1/p1 + · · ·+ 1/pm.

Then Theorem 1.9 gives

TP
Ω,h : K̇0,q1

p1
(w1)× · · · × K̇0,qm

pm (wm) −→ K̇0,q
p (ν)

for weights wj ∈ Apj satisfying (1.11) and for any 0 < q1, . . . , qm ≤ ∞ with

1/q = 1/q1 + · · ·+ 1/qm, where ν =
∏m

j=1w
p/pj
j .

Similarly, if the corresponding unweighted boundedness is available in the full
range required by Theorem 1.14, then one obtains the corresponding Cesàro space
estimate even without the dyadic annular comparability condition (1.11).

Remark 2.5. Some papers use the term “multilinear oscillatory singular inte-
gral” for operators involving Taylor remainders or higher order commutator-type
structures in the form

TAf(x) = p.v.

∫
Rn

eiP (x,y) Ω(x− y)

|x− y|n+m
Rm+1(A; x, y)f(y) dy,

where Rm+1(A; x, y) is a Taylor remainder. This is different from the m-linear
operator TP

Ω,h considered above. Therefore, for “genuinely multilinear” oscillatory
rough operators with amplitude, the conclusions above should be read as con-
ditional applications of our main results, pending the corresponding unweighted
Lp1 × · · · × Lpm → Lp boundedness theory.

3. Preliminaries

Let M be the Hardy–Littlewood maximal operator, defined by

Mf(x) := sup
B:x∈B

1

|B|

∫
B

∣∣f(y)∣∣ dy,
where the supremum is taken over all balls B ⊂ Rn containing x.

3.1. Ap weights. Let w be a weight on Rn, that is, a nonnegative locally inte-
grable function. For 1 < p < ∞, we say that w ∈ Ap if

[w]Ap := sup
B

(
1

|B|

∫
B

w(x) dx

)(
1

|B|

∫
B

w(x)−
1

p−1 dx

)p−1

< ∞,

where the supremum is taken over all balls B ⊂ Rn. For p = 1, we say that
w ∈ A1 if

[w]A1 := sup
B

(
1

|B|

∫
B

w(x) dx

)(
ess inf
x∈B

w(x)
)−1

< ∞.



WEIGHTED EXTENSIONS OF STEIN’S THEOREM 15

Equivalently,

(3.1) w ∈ A1 ⇐⇒ Mw(x) ≲ w(x) for a.e. x ∈ Rn.

We shall also use the standard notation

A∞ :=
⋃

1≤p<∞

Ap.

It is known that if w ∈ A∞, then there exists δ > 0 such that

(3.2)
w(B′)

w(B)
≲

(
|B′|
|B|

)δ

for all concentric balls B′ ⊂ B.

One of the very useful properties of the Muckenhoupt classes is their connection
with the Hardy–Littlewood maximal operator. More precisely, if 1 < p < ∞ and
w ∈ Ap, then

(3.3) ∥Mf∥Lp(w) ≤ C∥f∥Lp(w).

Moreover, if w ∈ A1, then

∥Mf∥L1,∞(w) ≤ C∥f∥L1(w).

Here the constants depend only on the dimension, the exponent, and the corre-
sponding Muckenhoupt constant of the weight.

The Ap classes also have the following openness property.

Lemma 3.1. Let 1 < p ≤ ∞. If w ∈ Ap, there exists 1 < q < p such that
w ∈ Aq.

We refer to [22] for more details about properties of Ap weights.

3.2. Extrapolation. We recall the following form of Rubio de Francia extrapo-
lation.

Lemma 3.2 ([16]). Let (f, g) be a pair of nonnegative measurable functions.
Suppose that for some 1 ≤ p0 < ∞,

∥g∥Lp0 (v) ≤ φ([v]A1)∥f∥Lp0 (v), for every v ∈ A1,

where φ is a nondecreasing function on [1,∞). Then, for every p0 < p < ∞ and
every v ∈ Ap/p0,

∥g∥Lp(v) ≤ Φ([v]Ap/p0
)∥f∥Lp(v),

where Φ is a nondecreasing function depending only on p, p0, and φ.

We shall also use the following multilinear version, which follows from the
limited range multilinear extrapolation theorem of Cruz-Uribe and Martell [12].
More precisely, it is obtained by taking r−j = 1 and r+j = ∞ in Theorem 1.3 of
[12], together with Remark 1.7 therein.
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Lemma 3.3 ([12]). Let m ≥ 1, and let (f, f1, . . . , fm) be an (m+1)-tuple of non-
negative measurable functions. Suppose that for some exponents 1 ≤ p1, . . . , pm <
∞ with 1/p = 1/p1 + · · ·+ 1/pm,

∥f∥Lp(ν) ≤ C
m∏
j=1

∥fj∥Lpj (wj) for every w1, . . . , wm ∈ A1

where ν :=
∏m

j=1w
p/pj
j . Then, for every q1, . . . , qm with pj < qj < ∞, j =

1, . . . ,m, and 1/q = 1/q1 + · · · + 1/qm, and for every collection of weights
v1, . . . , vm with vj ∈ Aqj/pj , j = 1, . . . ,m, we have

∥f∥Lq(µ) ≤ C
m∏
j=1

∥fj∥Lqj (vj),

where µ :=
∏m

j=1 v
q/qj
j . The constant depends only on the dimension, the expo-

nents, and the relevant Muckenhoupt constants of the weights.

3.3. Weighted weak Lebesgue spaces. For a positive Borel measure µ on Rn

and a measurable function f on Rn, we define the distribution function of f with
respect to µ by

dµf (λ) := µ
(
{x ∈ Rn : |f(x)| > λ}

)
, λ > 0.

For a weight w on Rn, if dµ(x) := w(x) dx, then we write

dwf (λ) := dµf (λ) =

∫
{x∈Rn: |f(x)|>λ}

w(x) dx, λ > 0,

and if w ≡ 1, we simply write d1f (λ) = df (λ) For 0 < p < ∞, the weak Lebesgue
space Lp,∞(µ) consists of all measurable functions f such that

∥f∥Lp,∞(µ) := sup
λ>0

λ
(
dµf (λ)

)1/p
< ∞.

If dµ(x) = w(x) dx, then we write

Lp,∞(w) := Lp,∞(µ).

Concerning this space, we need to recall the following estimate.

Lemma 3.4. [30] Let 0 < p < ∞. Let w be a weight on Rn, and let {fk}k∈Z be a
family of functions whose supports are pairwise disjoint. Then for any 0 < s ≤ p,∥∥∥∑

k∈Z

fk

∥∥∥
Lp,∞(w)

≲

(∑
k∈Z

∥∥fk∥∥s

Lp,∞(w)

)1/s

where the implicit constant depends only on p, s.
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3.4. Lp logL(w) spaces. Let µ be a positive Borel measure on Rn, and let 1 ≤
p < ∞. The space Lp logL(µ) consists of all measurable functions f such that∫

Rn

(
|f(x)|
λ

)p

log

(
e+

|f(x)|
λ

)
dµ(x) < ∞

for some λ > 0. We equip Lp logL(µ) with the Luxemburg norm

∥f∥Lp logL(µ) = inf

{
λ > 0 :

∫
Rn

(
|f(x)|
λ

)p

log

(
e+

|f(x)|
λ

)
dµ(x) ≤ 1

}
.

For a weight w, when dµ(x) = w(x)dx, we write Lp logL(w) = Lp logL(µ) and
it is well known, see for instance [6], that

(3.4) ∥f∥Lp logL(w) ∼
(∫ ∞

0

(
f ∗
w(t)

)p
log

(
e+

1

t

)
dt

)1/p

,

where

(3.5) f ∗
w(t) := inf

{
s ≥ 0 : dwf (s) ≤ t

}
, t > 0

is the decreasing rearrangement of f with respect to the weight w.

4. Key Estimates

We define a Hardy-type radial operator H

(4.1) Hf(x) :=

∫
Rn

min

{
1

|x|n
,

1

|y|n

}
f(y) dy, x ∈ Rn \ {0}.

Clearly,
Hf(x) = Uf(x) + Vf(x)

where U is the Hardy averaging operator as in (1.6) and

Vf(x) :=
∫
|y|>|x|

|f(y)|
|y|n

dy.

Since U is pointwise controlled by the Hardy–Littlewood maximal operator, it
follows immediately, using duality to estimate V , that for 1 < p < ∞ and w ∈ Ap,

(4.2)
∥∥Hf

∥∥
Lp(w)

≲ ∥f∥Lp(w).

The following proposition is an extension of (4.2) to Herz spaces, which is a key
estimate in the proof of Theorem 1.3. The result follows by Rubio de Francia’s
extrapolation theorem at least whenever q ≥ 1. However, we include a direct
proof.

Proposition 4.1. Let 1 < p < ∞ and 0 < q ≤ ∞. Assume that w ∈ Ap. Then
we have

∥Hf∥K̇0,q
p (w) ≲ ∥f∥K̇0,q

p (w).
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Proof. We shall prove that there exists ϵ > 0 such that for each k ∈ Z

(4.3)
∥∥χIkHf

∥∥
Lp(w)

≲
∑
j∈Z

2−ϵ|k−j|∥χIjf∥Lp(w)

where the constant in the inequality is independent of k. Then we can conclude
that

∥Hf∥K̇0,q
p (w) =

∥∥∥{∥χIkHf∥Lp(w)

}
k∈Z

∥∥∥
ℓq

≲
∥∥∥{∥χIjf∥Lp(w)

}
j∈Z

∥∥∥
ℓq
= ∥f∥K̇0,q

p (w).

where we applied Hölder’s inequality if q > 1 or the embedding ℓq ↪→ ℓ1 if q ≤ 1.

Now let us prove (4.3). For each k ∈ Z, let B2k := B(0, 2k) denote the ball of
radius 2k, centered at the origin, so that Ik ⊂ B2k . For x ∈ Ik,

Hf(x) ≤
∑
j∈Z

∫
Ij

min

{
1

|x|n
,

1

|y|n

}
|f(y)| dy ≲

∑
j∈Z

2−nmax{k,j}∥χIjf∥L1 .

This yields that

(4.4)
∥∥χIkHf

∥∥
Lp(w)

≲
∑
j∈Z

2−nmax{k,j}w(Ik)
1/p∥χIjf∥L1 .

Setting σ := w− 1
p−1 and applying Hölder’s inequality, for each j ∈ Z,

∥χIjf∥L1 ≤
∥∥χIjf

∥∥
Lp(w)

σ(Ij)
1/p′ .

Substituting this into (4.4) gives∥∥χIkHf
∥∥
Lp(w)

≲
∑
j∈Z

2−nmax{k,j}w(Ik)
1/pσ(Ij)

1/p′
∥∥χIjf

∥∥
Lp(w)

.

Since w ∈ Ap, we have σ ∈ Ap′ , and both w and σ belong to A∞, and hence, in
view of (3.2), we can take constants δw, δσ > 0 and Cw, Cσ > 0 such that for all
concentric balls B′ ⊂ B,

(4.5)
w(B′)

w(B)
≤ Cw

(
|B′|
|B|

)δw

,
σ(B′)

σ(B)
≤ Cσ

(
|B′|
|B|

)δσ

.

In addition, the Ap condition implies

(4.6) w(B2l)
1/pσ(B2l)

1/p′ ≤ [w]
1/p
Ap

|B2l | ∼ 2nl, l ∈ Z.

If j ≤ k, then using (4.5) and (4.6),

2−nmax{k,j}w(Ik)
1/pσ(Ij)

1/p′ ≲ 2−nkw(B2k)
1/pσ(B2k)

1/p′2−δσn(k−j)/p′ ∼ 2−δσn(k−j)/p′ .

Similarly, if j > k, then

2−nmax{k,j}w(Ik)
1/pσ(Ij)

1/p′ ≲ 2−δwn(j−k)/p.
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Therefore, by taking

ϵ := nmin

{
δσ
p′
,
δw
p

}
> 0,

the claim (4.3) follows. □

Lemma 4.2. There exists a constant C > 0 such that for every t > 0 and every
weight w ∈ A1,

(4.7)
∥∥χBtMf

∥∥
L1(w)

≤ C[w]A1 max
{
1, w(Bt)

}
∥f∥L logL(w).

Proof. By definition of the decreasing rearrangement in (3.5),∫
Bt

∣∣Mf(x)
∣∣w(x) dx ≤

∫ w(Bt)

0

(
Mf

)∗
w
(s) ds.

We first claim that

(4.8)

∫ w(Bt)

0

(
Mf

)∗
w
(s) ds ≤ max

{
1, w(Bt)

}∫ 1

0

(
Mf

)∗
w
(s) ds.

Indeed, if w(Bt) ≤ 1, then the estimate is immediate. If w(Bt) > 1, since (Mf)∗w
is nonincreasing, we have

1

w(Bt)

∫ w(Bt)

0

(
Mf

)∗
w
(s) ds ≤

∫ 1

0

(
Mf

)∗
w
(s) ds,

which yields (4.8).
Next, we use the standard rearrangement estimate for the Hardy–Littlewood

maximal operator with respect to an A1 weight:(
Mf

)∗
w
(s) ≲ [w]A1

1

s

∫ s

0

f ∗
w(r) dr, s > 0.

Therefore, ∫ 1

0

(
Mf

)∗
w
(s) ds ≲ [w]A1

∫ 1

0

1

s

∫ s

0

f ∗
w(r) dr ds.

By Fubini’s theorem and (3.4),∫ 1

0

1

s

∫ s

0

f ∗
w(r) dr ds =

∫ 1

0

f ∗
w(r) log

1

r
dr ≲ ∥f∥L logL(w).

Combining the above estimates, we obtain∫
Bt

∣∣Mf(x)
∣∣w(x) dx ≲ [w]A1 max

{
1, w(Bt)

}
∥f∥L logL(w),

which proves (4.7). □

Lemma 4.3. If w is a radially nonincreasing weight in A1, then w satisfies
condition (1.4).
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Proof. Fix k ∈ Z, and let x ∈ Ik and y ∈ I∗k . Then |x| ∼ |y| and B(0, |x|) ⊂
B(0, 4|y|). Since w is radially nonincreasing,

w(x) ≲
w(B(0, |x|))

|x|n
,

and thus

w(x) ≲
1

|x|n

∫
B(0,|x|)

w(z) dz ≲
1

|y|n

∫
B(0,4|y|)

w(z) dz ≲ Mw(y).

Since w ∈ A1, we have

Mw(y) ≤ [w]A1 w(y) for a.e. y ∈ Rn,

which yields

w(x) ≲ [w]A1 w(y).

Since this holds for a.e. x ∈ Ik and for a.e. y ∈ I∗k , we conclude that w satisfies
(1.4). □

Lemma 4.4. If w ∈ A1, then Hw is a radially nonincreasing weight in A1

whenever Hw(x) < ∞ at almost every point. Moreover

[Hw]A1 ≲ [w]A1 .

Proof. Clearly Hw is radially nonincreasing and hence

M
(
Hw

)
(x) ≲

1

|x|n

∫
|y|≤|x|

Hw(y) dy

=
1

|x|n

∫
Rn

w(t)

∫
|y|≤|x|

min

{
1

|y|n
,
1

|t|n

}
dydt.

We split the inner integral according to whether |t| ≤ |x| or |t| > |x|. Then the
last expression is bounded by

1

|x|n

∫
|t|≤|x|

w(t) dt+
1

|x|n

∫
|y|≤|x|

(
1

|y|n

∫
|t|≤|y|

w(t) dt

)
dy +

∫
|t|>|x|

w(t)

|t|n
dt.

The sum of the first and third terms is exactly Hw(x). Moreover, since

1

|y|n

∫
|t|≤|y|

w(t) dt ≲ Mw(y) ≲ [w]A1w(y) for a.e. y ∈ Rn,

we have

1

|x|n

∫
|y|≤|x|

(
1

|y|n

∫
|t|≤|y|

w(t) dt

)
dy ≲ [w]A1

1

|x|n

∫
|y|≤|x|

w(y) dy ≤ [w]A1Hw(x).

Combining the above estimates, we conclude that

M
(
Hw

)
(x) ≲ Hw(x) + [w]A1Hw(x) ≲ [w]A1Hw(x),

since [w]A1 ≥ 1. This completes the proof. □
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Lemma 4.5. Let 1 ≤ p < ∞ and w ∈ Ap. Then there exists a constant C > 0
such that for every nonnegative measurable function f and for every R > 0,

Hf(x) ≤ C
[w]

1/p
Ap

w(BR)1/p
∥f∥Lp(w) whenever |x| = R.

Proof. Fix R > 0 and assume |x| = R. We write, by definition,

Hf(x) =
1

Rn

∫
|y|≤R

f(y) dy +

∫
|y|>R

f(y)

|y|n
dy

and estimate the two terms separately.
Case 1. p = 1.
For the local part, since w ∈ A1,

w(BR)

|BR|
≤ [w]A1 ess inf

BR

w.

Hence

1

Rn

∫
|y|≤R

f(y) dy ≲
[w]A1

w(BR)
ess inf

BR

w

∫
BR

f(y) dy

≤ [w]A1

w(BR)

∫
BR

f(y)w(y) dy ≤ [w]A1

w(BR)
∥f∥L1(w).

For the outer part, if |y| > R, then BR ⊂ B(y, 2|y|). Therefore
w(BR)

|y|n
≲

1

|B(y, 2|y|)|

∫
B(y,2|y|)

w(z) dz ≤ Mw(y) ≲ [w]A1w(y)

for a.e. y. Thus∫
|y|>R

f(y)

|y|n
dy ≲

[w]A1

w(BR)

∫
|y|>R

f(y)w(y) dy ≤ [w]A1

w(BR)
∥f∥L1(w).

Case 2. 1 < p < ∞. Let σ := w− 1
p−1 so that for any ball B in Rn,

(4.9)
w(B)

|B|

(
σ(B)

|B|

)p−1

≤ [w]Ap =⇒ σ(B)
p−1
p ≤ [w]

1/p
Ap

|B|
w(B)1/p

.

For the local part, by Hölder’s inequality and (4.9),

1

Rn

∫
|y|≤R

f(y) dy ≤ 1

Rn
∥f∥Lp(w)σ(BR)

p−1
p ≲

[w]
1/p
Ap

w(BR)1/p
∥f∥Lp(w).

On the other hand, we write the outer part as∫
|y|>R

f(y)

|y|n
dy =

∞∑
k=1

∫
Ak

f(y)

|y|n
dy ≤

∞∑
k=1

1

(2kR)n

∫
B

2kR

f(y) dy
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where Ak :=
{
y ∈ Rn : 2k−1R < |y| ≤ 2kR

}
. Using Hölder’s inequality and (4.9),

we have ∫
B

2kR

f(y) dy ≤ ∥f∥Lp(w)σ(B2kR)
p−1
p ≲

[w]
1/p
Ap

w(B2kR)1/p
∥f∥Lp(w).

Since w ∈ Ap ⊂ A∞, there exists δ > 0 such that

w(BR)

w(B2kR)
≲

(
|BR|
|B2kR|

)δ

= 2−knδ =⇒ 1

w(B2kR)1/p
≲

1

w(BR)1/p
2−knδ/p

Therefore, ∫
B

2kR

f(y) dy ≲ 2−knδ/p
[w]

1/p
Ap

w(BR)1/p
∥f∥Lp(w),

which finally implies∫
|y|>R

f(y)

|y|n
dy ≲

[w]
1/p
Ap

w(BR)1/p
∥f∥Lp(w)

∞∑
k=1

2−knδ/p ≲
[w]

1/p
Ap

w(BR)1/p
∥f∥Lp(w),

as desired. This completes the proof. □

Proposition 4.6. Let 1 ≤ p1, . . . , pm < ∞ with 1/p1+ · · ·+1/pm = 1/p. Assume
wj ∈ Apj , j = 1, . . . ,m. Then we have∥∥∥∥ m∏

j=1

H
(
|fj|

)∥∥∥∥
Lp,∞(ν)

≲
m∏
j=1

∥fj∥Lpj (wj)

where ν =
∏m

j=1w
p/pj
j .

Proof. When p1, . . . , pm > 1, the conclusion follows immediately from the embed-
ding Lp(ν) ↪→ Lp,∞(ν), Hölder’s inequality, and the estimate (4.2). For the case
when at least one of pj is equal to 1, we shall give a direct argument based on the
radial monotonicity of the operator H and the weighted pointwise Hardy-type
estimate in Lemma 4.5.

Fix λ > 0 and define

Eλ :=

{
x ∈ Rn :

m∏
j=1

H
(
|fj|

)
(x) > λ

}
.

We observe that
∏m

j=1H
(
|fj|

)
is also radially nonincreasing, and thus Eλ is a ball

centered at the origin, possibly empty or all of Rn. Therefore, it is enough to
consider balls BR ⊂ Eλ. For such R, we have

(4.10)
m∏
j=1

H
(
|fj|

)
(x) > λ for all x with |x| = R.
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Moreover, by Hölder’s inequality,

(4.11) ν(BR)
1/p =

(∫
BR

m∏
j=1

w
p/pj
j (y) dy

)1/p

≤
m∏
j=1

wj(BR)
1/pj .

Using (4.10) and (4.11), for any x with |x| = R,

λν(BR)
1/p ≤

m∏
j=1

(
H
(
|fj|

)
(x)wj(BR)

1/pj
)
.

Now it follows from Lemma 4.5 that the right-hand side is controlled by
m∏
j=1

(
[wj]

1/pj
Apj

∥fj∥Lpj (wj)

)
uniformly in R and x with |x| = R. Taking the supremum over all BR ⊂ Eλ and
using monotone convergence, we have

λν(Eλ)
1/p ≲

m∏
j=1

∥fj∥Lpj (wj) uniformly in λ > 0,

as desired. □

5. Proof of Theorem 1.3

We first observe that the condition (1.3) implies

(5.1)
∥∥χIkT

(
χI∗k

f
)∥∥

Lp0 (Rn)
≤

∥∥T(χI∗k
f
)∥∥

Lp0 (Rn)
≲

∥∥χI∗k
f
∥∥
Lp0 (Rn)

.

We decompose
Tf = Tinf + Toutf,

where

Tinf(x) :=
∑
k∈Z

χIk(x)T
(
χI∗k

f
)
(x), Toutf :=

∑
k∈Z

χIk(x)T
(
χ(I∗k )

cf
)
(x).

and will estimate the two terms separately.

Since
χIkTinf = χIkT

(
χI∗k

f
)
,

we obtain, by (1.4) and (5.1),∥∥χIkTinf
∥∥
Lp0 (w)

≤
(
sup
x∈Ik

w(x)
)1/p0∥∥χIkT

(
χI∗k

f
)∥∥

Lp0 (Rn)

≲
(
inf
x∈I∗k

w(x)
)1/p0∥∥χI∗k

f
∥∥
Lp0 (Rn)

≤
∥∥χI∗k

f
∥∥
Lp0 (w)

≤
∑

|j−k|≤1

∥∥χIjf
∥∥
Lp0 (w)

.
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Clearly, this yields ∥∥Tinf
∥∥
K̇0,q

p0
(w)

≲ ∥f∥K̇0,q
p0

(w).

On the other hand, we observe that for x ∈ Ik and y ∈ (I∗k)
c,

|x− y| ∼ |x|+ |y| ∼ max{|x|, |y|}
and thus, by (1.2), for x ∈ Ik,

(5.2)
∣∣T(χ(I∗k )

cf
)
(x)

∣∣ ≲ H(|f |)(x)
where the operator H is defined in (4.1). Therefore∣∣Toutf(x)

∣∣ ≲ H(|f |)(x)
and it follows from Proposition 4.1 that for all 0 < q ≤ ∞∥∥Toutf

∥∥
K̇0,q

p0
(w)

≲
∥∥H(

|f |
)∥∥

K̇0,q
p0

(w)
≲ ∥f∥K̇0,q

p0
(w).

This completes the proof. □

6. Proof of Theorem 1.5

For x ∈ BR, let us define

UR

(
Tf

)
(x) :=

1

|x|n

∫
|y|≤|x|,|y|<R

∣∣Tf(y)∣∣ dy =: SR
T f(x).

Now we write

SR
T f(x) ≤

1

|x|n
∑

k≤1+log2 R

∫
|y|≤|x|,y∈Ik

∣∣T(χI∗k
f
)
(y)

∣∣χBR
(y) dy

+
1

|x|n
∑

k≤1+log2 R

∫
|y|≤|x|,y∈Ik

∣∣T(χ(I∗k )
cf
)
(y)

∣∣χBR
(y) dy

=: SR,in
T f(x) + SR,out

T f(x).

To estimate the term corresponding to SR,in
T f , we apply Hölder’s inequality,

which yields

SR,in
T f(x) ≲

(
1

|x|n
∑

k≤1+log2 R

∫
|y|≤|x|,y∈Ik

∣∣T(χI∗k
f
)
(y)

∣∣p0χBR
(y) dy

)1/p0

,

and consequently,(∫
BR

∣∣SR,in
T f(x)

∣∣p0w(x) dx)1/p0

≲

( ∑
k≤1+log2 R

∫
y∈Ik

∣∣T(χI∗k
f
)
(y)

∣∣p0χBR
(y)ΓRw(y) dy

)1/p0
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where

(6.1) Γtw(y) :=

∫
|y|≤|x|≤t

w(x)

|x|n
dx for all t ≥ |y|.

Observe that ΓRw is a nonincreasing radial function. Thus, for any y, z ∈ I∗k , we
have

ΓRw(y) ≤
∫
2k−2≤|x|<2k+1

w(x)

|x|n
dx+

∫
2k+1≤|x|<R

w(x)

|x|n
dx ≲ Mw(z) + ΓRw(z).

This implies

(6.2) ess sup
I∗k

ΓRw ≲ ess inf
I∗k

(
Mw + ΓRw

)
.

Therefore, applying condition (1.3), we deduce∫
y∈Ik

∣∣T(χI∗k
f
)
(y)

∣∣p0χBR
(y)ΓRw(y) dy

≤
(
ess sup

Ik

ΓRw
)∥∥T(χI∗k

f
)∥∥p0

Lp0 (Rn)
≲

(
ess sup

Ik

ΓRw
)∥∥χI∗k

f
∥∥p0

Lp0 (Rn)

≲
∫
I∗k

∣∣f(y)∣∣p0Mw(y) dy +

∫
I∗k

∣∣f(y)∣∣p0ΓRw(y) dy.

Summing over k, this yields(∫
BR

∣∣SR,in
T f(x)

∣∣p0w(x) dx)1/p0

≲

(∫
B4R

∣∣f(y)∣∣p0Mw(y) dy

)1/p0

+

(∫
B4R

∣∣f(y)∣∣p0Γ4Rw(y) dy

)1/p0

.

Since w ∈ A1, using (3.1), the first term can be controlled by ∥f∥Lp0 (w), uniformly
in R. Furthermore, by Fubini’s theorem the second term is equal to∥∥∥χB4R

U4R

(
χB4R

|f |p0
)∥∥∥1/p0

L1(w)
.

Since U4R

(
χB4R

|f |p0
)
(x) ≲ M

(
|f |p0

)
(x) uniformly in R, applying Lemma 4.2, the

last expression is bounded by

max
{
1, w(B4R)

1/p0
}∥∥|f |p0∥∥1/p0

L logL(w)
∼ max

{
1, w(BR)

1/p0
}
∥f∥Lp0 logL(w).

Combining these estimates, we conclude that∥∥χBR
SR,in
T f

∥∥
Lp0 (w)

≲ max
{
1, w(BR)

1/p0
}
∥f∥Lp0 logL(w).

On the other hand, in view of (5.2), for y ∈ Ik∣∣T(χ(I∗k )
cf
)
(y)

∣∣ ≲ H
(
|f |

)
(y)
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and thus

SR,out
T f(x) ≲

1

|x|n

∫
|y|≤|x|

χBR
(y)H

(
|f |

)
(y) dy ≲ M

(
χBR

H
(
|f |

))
(x).

Since w ∈ A1 ⊂ Ap0 , we can invoke (3.3) and (4.2) to deduce(∫
BR

∣∣SR,out
T f(x)

∣∣p0w(x) dx)1/p0

≲
∥∥∥M(

χBR
H
(
|f |

))∥∥∥
Lp0 (w)

≲
∥∥H(

|f |
)∥∥

Lp0 (w)
≲ ∥f∥Lp0 (w),

uniformly in R > 0. This concludes the proof. □

7. Proof of Theorem 1.6

Let u ∈ A1, and fix a number α such that 0 < α < n. For each N ∈ N, define
uN(x) := min

{
u(x), N |x|−α

}
, x ∈ Rn.

Then uN(x) ↗ u(x) for almost every x ∈ Rn as N → ∞.
We first claim that uN ∈ A1, uniformly in N . Indeed, it is well known that

|x|−α ∈ A1 whenever 0 < α < n. Hence, for every ball B,

1

|B|

∫
B

uN(x) dx ≤ min

{
1

|B|

∫
B

u(x) dx,N
1

|B|

∫
B

|x|−α dx

}
≤ max

{
[u]A1 ,

[
|x|−α

]
A1

}
min

{
ess inf

B
u, N ess inf

B
|x|−α

}
= max

{
[u]A1 ,

[
|x|−α

]
A1

}
ess inf

B
uN .

Thus uN ∈ A1, and

(7.1) [uN ]A1 ≤ max
{
[u]A1 ,

[
|x|−α

]
A1

}
≲ [u]A1

where the last inequality follows from [u]A1 ≥ 1.
Next we show that HuN(x) < ∞ for almost every x ∈ Rn. Since uN(x) ≤

N |x|−α, we have

HuN(x) ≤ NH
(
| · |−α

)
(x).

For x ̸= 0, by the definition of H,

H
(
| · |−α

)
(x) =

1

|x|n

∫
|y|≤|x|

|y|−α dy +

∫
|y|>|x|

1

|y|n+α
dy ≲ |x|−α.

Hence

(7.2) HuN(x) ≲ N |x|−α < ∞ for a.e. x ∈ Rn.

Therefore, by Lemma 4.4,

HuN ∈ A1 and [HuN ]A1 ≲ [uN ]A1 ≲ [u]A1 uniformly in N.
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Now, using Hölder’s inequality and Fubini’s theorem, we obtain∫
Rn

∣∣STf(x)
∣∣p0uN(x) dx ≤

∫
Rn

(
1

|x|n

∫
|y|≤|x|

∣∣Tf(y)∣∣p0 dy)uN(x) dx

=

∫
Rn

∣∣Tf(y)∣∣p0(∫
|x|≥|y|

uN(x)

|x|n
dx

)
dy

≤
∫
Rn

∣∣Tf(y)∣∣p0HuN(y) dy.

Since uN ∈ A1 and HuN < ∞ almost everywhere, Lemma 4.4 implies that HuN

is a radially nonincreasing weight in A1. Hence, by Lemma 4.3, the weight HuN

satisfies condition (1.4). Then we may apply Theorem A, together with the
assumption (1.3), to obtain∫

Rn

∣∣Tf(x)∣∣p0HuN(x) dx ≲
∫
Rn

∣∣f(x)∣∣p0HuN(x) dx.

By the symmetry of the kernel of H, another application of Fubini’s theorem
yields∫

Rn

|f(x)|p0HuN(x) dx =

∫
Rn

uN(x)H
(
|f |p0

)
(x) dx ≤

∫
Rn

u(x)H
(
|f |p0

)
(x) dx.

Combining the above estimates, we conclude that∫
Rn

∣∣STf(x)
∣∣p0uN(x) dx ≲

∫
Rn

u(x)H
(
|f |p0

)
(x) dx,

with an implicit constant independent of N . Letting N → ∞ and applying the
monotone convergence theorem on the left-hand side, we obtain

(7.3)

∫
Rn

∣∣STf(x)
∣∣p0u(x) dx ≲

∫
Rn

u(x)H
(
|f |p0

)
(x) dx for every u ∈ A1.

We now apply Lemma 3.2 to (7.3) with the pair(
H
(
|f |p0

)1/p0 , STf
)

to obtain that, for every p > p0 and every weight w ∈ Ap/p0 ,

∥Tf∥Cp(w) =
∥∥STf

∥∥
Lp(w)

≲
∥∥∥(H(|f |p0)

)1/p0∥∥∥
Lp(w)

=
∥∥H(|f |p0)

∥∥1/p0

Lp/p0 (w)
,

Since p/p0 > 1 and w ∈ Ap/p0 , (4.2) yields∥∥H(
|f |p0

)∥∥
Lp/p0 (w)

≲
∥∥|f |p0∥∥

Lp/p0 (w)
= ∥f∥p0Lp(w).

Therefore, ∥∥Tf∥∥Cp(w)
≲ ∥f∥Lp(w),

and the result follows. □
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8. Proof of Theorem 1.7

By hypothesis (1.3) holds for every p0 > 1. Let p > 1 and w ∈ Ap. By Lemma
3.1, there exists 1 < t < p such that w ∈ At. Set p0 := p/t. Then 1 < p0 < p and
w ∈ Ap/p0 . Therefore, the desired estimate follows immediately from Theorem
1.6. □

9. Proof of Theorem 1.9

We first note that, by the assumption (1.11)

(9.1) ess sup
Ik

ν ≲
m∏
j=1

(
ess inf

I∗k

wj

)p/pj
.

We define

Tin

(
f1, . . . , fm

)
(x) :=

∑
k∈Z

χIk(x)T
(
χI∗k

f1, . . . , χI∗k
fm

)
(x),

and

Tout

(
f1, . . . , fm

)
(x) := T

(
f1, . . . , fm

)
(x)− Tin

(
f1, . . . , fm

)
(x)

so that

(9.2) T (f1, . . . , fm) = Tin(f1, . . . , fm) + Tout(f1, . . . , fm).

To deal with the first term, we observe that the assumed unweighted bound-
edness (1.9) implies that for each k ∈ Z,

(9.3)
∥∥χIkT

(
χI∗k

f1, . . . , χI∗k
fm)

∥∥
Lp(Rn)

≲
m∏
j=1

∥∥χI∗k
fj
∥∥
Lpj (Rn)

.

Now we write∥∥Tin(f1, . . . , fm)
∥∥
K̇0,q

p (ν)
=

∥∥∥{∥∥χIkT
(
χI∗k

f1, . . . , χI∗k
fm

)∥∥
Lp(ν)

}
k∈Z

∥∥∥
ℓq

and apply (9.1) and (9.3) to obtain∥∥χIkT
(
χI∗k

f1, . . . , χI∗k
fm

)∥∥
Lp(ν)

≤
(
ess sup

Ik

ν
)1/p∥∥χIkT

(
χI∗k

f1, . . . , χI∗k
fm)

∥∥
Lp(Rn)

≲
m∏
j=1

((
ess inf

I∗k

wj

)1/pj∥∥χI∗k
fj
∥∥
Lpj (Rn)

)

≲
m∏
j=1

∥∥χI∗k
fj
∥∥
Lpj (wj)

.
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Therefore we have∥∥Tin(f1, . . . , fm)
∥∥
K̇0,q

p (ν)
≲

∥∥∥{ m∏
j=1

∥∥χI∗k
fj
∥∥
Lpj (wj)

}
k∈Z

∥∥∥
ℓq

≤
m∏
j=1

∥∥∥{∥∥χI∗k
fj
∥∥
Lpj (wj)

}
k∈Z

∥∥∥
ℓqj

where the last inequality follows from Hölder’s inequality, with the usual modifi-
cation when some qj = ∞. Since I∗k = Ik−1 ∪ Ik ∪ Ik+1, for each j = 1, . . . ,m,∥∥∥{∥∥χI∗k

fj
∥∥
Lpj (wj)

}
k∈Z

∥∥∥
ℓqj

∼
∥∥∥{∥∥χIkfj

∥∥
Lpj (wj)

}
k∈Z

∥∥∥
ℓqj

= ∥fj∥K̇0,qj
pj

(wj)
,

and thus

(9.4)
∥∥Tin(f1, . . . , fm)

∥∥
K̇0,q

p (ν)
≲

m∏
j=1

∥fj∥K̇0,qj
pj

(wj)
,

as desired.

Moreover, we observe that if x ∈ Ik and at least one of yj, j = 1, . . . ,m, does
not belong to I∗k , then

m∑
j=1

|x− yj| ∼ max{|x|, |y1|, . . . , |ym|}.

Hence ∣∣Tout

(
f1, . . . , fm

)
(x)

∣∣
≲

∫
(Rn)m

1

max{|x|, |y1|, |y2|, . . . , |ym|}mn

m∏
j=1

|fj(yj)| dy1 . . . dym.

Since

1

max{|x|, |y1|, |y2|, . . . , |ym|}mn
≤

m∏
j=1

min

{
1

|x|n
,

1

|yj|n

}
,

it follows that

(9.5)
∣∣Tout

(
f1, . . . , fm

)
(x)

∣∣ ≲ m∏
j=1

H
(
|fj|

)
(x),

where the operator H is the Hardy-type radial operator, defined in (4.1). Then
Hölder’s inequality yields that∥∥Tout(f1, . . . , fm)

∥∥
K̇0,q

p (ν)
≲

∥∥∥∥ m∏
j=1

H
(
|fj|

)∥∥∥∥
K̇0,q

p (ν)

≤
m∏
j=1

∥∥∥H(
|fj|

)∥∥∥
K̇

0,qj
pj

(wj)
.
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Since wj ∈ Apj and pj > 1, Proposition 4.1 yields∥∥H(|fj|)
∥∥
K̇

0,qj
pj

(wj)
≲ ∥fj∥K̇0,qj

pj
(wj)

, j = 1, . . . ,m.

Therefore

(9.6)
∥∥Tout(f1, . . . , fm)

∥∥
K̇0,q

p (ν)
≲

m∏
j=1

∥fj∥K̇0,qj
pj

(wj)
.

Combining (9.4) and (9.6), we conclude that∥∥T (f1, . . . , fm)∥∥K̇0,q
p (ν)

≲
m∏
j=1

∥fj∥K̇0,qj
pj

(wj)
.

This completes the proof. □

10. Proof of Theorem 1.11

In view of the decomposition (9.2), it suffices to prove

(10.1)
∥∥Tin(f1, . . . , fm)

∥∥
Lp,∞(ν)

≲
m∏
j=1

∥fj∥Lpj (wj)

and ∥∥Tout(f1, . . . , fm)
∥∥
Lp,∞(ν)

≲
m∏
j=1

∥fj∥Lpj (wj).

First of all, Lemma 3.4 yields

(10.2)
∥∥Tin(f1, . . . , fm)

∥∥
Lp,∞(ν)

≲

(∑
k∈Z

∥∥χIkT
(
χI∗k

f1, . . . , χI∗k
fm

)∥∥p

Lp,∞(ν)

)1/p

.

Moreover, using (9.1) and (1.15), for each k ∈ Z we obtain∥∥χIkT
(
χI∗k

f1, . . . , χI∗k
fm)

∥∥
Lp,∞(ν)

≤
(
ess sup

Ik

ν
)1/p∥∥χIkT

(
χI∗k

f1, . . . , χI∗k
fm

)∥∥
Lp,∞(Rn)

≲
m∏
j=1

((
ess inf

I∗k

wj

)1/pj∥∥χI∗k
fj
∥∥
Lpj (Rn)

)

≤
m∏
j=1

∥∥χI∗k
fj
∥∥
Lpj (wj)

.
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Substituting this into (10.2), and applying Hölder’s inequality, we obtain∥∥Tin(f1, . . . , fm)
∥∥
Lp,∞(ν)

≲

(∑
k∈Z

( m∏
j=1

∥∥χI∗k
fj
∥∥
Lpj (wj)

)p
)1/p

≤
m∏
j=1

(∑
k∈Z

∥∥χI∗k
fj
∥∥pj

Lpj (wj)

)1/pj

≲
m∏
j=1

∥fj∥Lpj (wj),

which proves (10.1).
The remaining one follows immediately from the pointwise estimate (9.5) and

Lemma 4.6. Indeed,∥∥Tout(f1, . . . , fm)
∥∥
Lp,∞(ν)

≲

∥∥∥∥ m∏
j=1

H
(
|fj|

)∥∥∥∥
Lp,∞(ν)

≲
m∏
j=1

∥fj∥Lpj (wj).

This completes the proof. □

11. Proof of Theorem 1.12

Fix R > 0. As in the proof of Theorem 1.5, for x ∈ BR we write

SR,r
T

(
f1, . . . , fm

)
(x) = U r

R

(
T (f1, . . . , fm)

)
(x)

where

U r
Rh(x) :=

(
1

|x|n

∫
|y|≤|x|,|y|<R

∣∣h(y)∣∣r dy)1/r

.

Now we write

SR,r
T

(
f1, . . . , fm

)
(x) ≲r S

R,r,in
T

(
f1, . . . , fm

)
(x) + SR,r,out

T

(
f1, . . . , fm

)
(x)

where

SR,r,in
T

(
f1, . . . , fm

)
(x)

:=

(
1

|x|n
∑

k≤1+log2 R

∫
|y|≤|x|

y∈Ik∩BR

∣∣T(χI∗k
f1, . . . , χI∗k

fm
)
(y)

∣∣r dy)1/r

and

SR,r,out
T

(
f1, . . . , fm

)
(x)

:=

(
1

|x|n
∑

k≤1+log2 R

∫
|y|≤|x|

y∈Ik∩BR

∣∣T(f1, . . . , fm)(y)− T
(
χI∗k

f1, . . . , χI∗k
fm

)
(y)

∣∣r dy)1/r

.

We estimate these two terms separately.
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11.1. Estimate of SR,r,in
T . By Hölder’s inequality with p/r > 1,

SR,r,in
T (f1, . . . , fm)(x)

≲

(
1

|x|n
∑

k≤1+log2 R

∫
|y|≤|x|

y∈Ik∩BR

∣∣T(χI∗k
f1, . . . , χI∗k

fm
)
(y)

∣∣p dy)1/p

.

Therefore, by Fubini’s theorem,∥∥χBR
SR,r,in
T

(
f1, . . . , fm

)∥∥
Lp(ν)

≲

( ∑
k≤1+log2 R

∫
Ik∩BR

∣∣T(χI∗k
f1, . . . , χI∗k

fm
)
(y)

∣∣pΓRν(y) dy

)1/p

,

where ΓR is defined as in (6.1). Then Hölder’s inequality yields

(
ΓRν(y)

)1/p ≤ m∏
j=1

(
ΓRwj(y)

)1/pj .
Moreover, in view of (6.2), for each j = 1, . . . ,m,

ess sup
I∗k

ΓRwj ≲ ess inf
I∗k

(
Mwj + ΓRwj

)
.

Hence

(11.1)
(
ess sup

Ik

ΓRν
)1/p

≲
m∏
j=1

ess inf
I∗k

(
Mwj + ΓRwj

)1/pj
.

Using now the boundedness (1.9) and (11.1), we obtain(∫
Ik∩BR

∣∣T(χI∗k
f1, . . . , χI∗k

fm
)
(y)

∣∣pΓRν(y) dy

)1/p

≤
(
ess sup

Ik

ΓRν
)1/p∥∥T(χI∗k

f1, . . . , χI∗k
fm

)∥∥
Lp(Rn)

≲
m∏
j=1

(
ess inf

I∗k

(
Mwj + ΓRwj

)1/pj∥∥χI∗k
fj
∥∥
Lpj (Rn)

)

≤
m∏
j=1

Aj,k

where

Aj,k :=

(∫
I∗k

|fj(y)|pj
(
Mwj(y) + ΓRwj(y)

)
dy

)1/pj

, j = 1, . . . ,m.
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Summing in k ∈ Z and using Hölder’s inequality for series, we arrive at∥∥χBR
SR,r,in
T (f1, . . . , fm)

∥∥
Lp(ν)

≲
m∏
j=1

(∑
k∈Z

Apj
j,k

)1/pj

.

Since I∗k ⊂ B4R whenever k ≤ 1 + log2R, and ΓRwj(y) ≤ Γ4Rwj(y), the last
expression is bounded by

m∏
j=1

(∫
B4R

∣∣fj(y)∣∣pjMwj(y) dy +

∫
B4R

∣∣fj(y)∣∣pjΓ4Rwj(y) dy

)1/pj

.

Since wj ∈ A1, using (3.1), for each j = 1, . . . ,m,∫
B4R

|fj(y)|pjMwj(y) dy ≲ ∥fj∥
pj
Lpj (wj)

≲ ∥fj∥
pj
Lpj logL(wj)

uniformly in R.

Also, by Fubini’s theorem,∫
B4R

|fj(y)|pjΓ4Rwj(y) dy =

∫
B4R

U4R

(
χB4R

|fj|pj
)
(x)wj(x) dx.

Since U4R

(
χB4R

|fj|pj
)
(x) ≲ M

(
|fj|pj

)
(x), by Lemma 4.2, the above term is con-

trolled by a constant times

max
{
1, wj(B4R)

}∥∥|fj|pj∥∥L logL(wj)
∼ max

{
1, wj(B4R)

}∥∥fj∥∥pj

Lpj logL(wj)
.

Note that wj ∈ A1 implies that wj induces a doubling measure, and thus

wj(B4R) ≲wj
wj(BR) uniformly in R.

Finally, we conclude that∥∥∥χBR
SR,r,in
T (f1, . . . , fm)

∥∥∥
Lp(ν)

≲
m∏
j=1

(
max

{
1, wj(BR)

1/pj
}
∥fj∥Lpj logL(wj)

)
.

11.2. Estimate of SR,r,out
T . If y ∈ Ik and at least one of zj, j = 1, . . . ,m, does

not belong to I∗k , then

m∑
j=1

|y − zj| ∼ max
{
|y|, |z1|, |z2|, . . . , |zm|

}
.

Since at least one of the variables zj belongs to (I∗k)
c, the size condition gives∣∣T (f1, . . . , fm)(y)− T (χI∗k

f1, . . . , χI∗k
fm)(y)

∣∣
≲

∫
(Rn)m

∏m
j=1 |fj(zj)|

max{|y|, |z1|, . . . , |zm|}mn
dz1 · · · dzm.
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The last expression is bounded by the product of H
(
|fj|

)
(y) over j = 1, . . . ,m,

because
1

max{|y|, |z1|, |z2|, . . . , |zm|}mn
≤

m∏
j=1

min
{ 1

|y|n
,

1

|zj|n
}
.

Hence

SR,r,out
T

(
f1, . . . , fm

)
(x) ≲

(
1

|x|n

∫
|y|≤|x|

χBR
(y)

( m∏
j=1

H
(
|fj|

)
(y)

)r

dy

)1/r

≲

(
M

( m∏
j=1

H
(
|fj|

)r)
(x)

)1/r

.

Since w1, . . . , wm ∈ A1, it follows that ν =
∏m

j=1w
p/pj
j ∈ A1. Finally, using the

Lp/r(ν) boundedness of the maximal operator M in (3.3), Hölder’s inequality,
and (4.2), we obtain∥∥χBR

SR,r,out
T (f1, . . . , fm)

∥∥
Lp(ν)

≲
m∏
j=1

∥∥H(|fj|)
∥∥
Lpj (wj)

≲
m∏
j=1

∥fj∥Lpj (wj).

The desired result follows from the embedding Lpj logL(wj) ↪→ Lpj(wj). □

12. Proof of Theorem 1.13

Let uj ∈ A1, j = 1 . . . ,m, and set

ϱ :=
m∏
j=1

u
p/pj
j .

We first claim the estimate

(12.1)
∥∥Sr

T (f1, . . . , fm)
∥∥
Lp(ϱ)

≲
m∏
j=1

∥∥∥(H(|fj|pj)
)1/pj∥∥∥

Lpj (uj)
.

To prove the claim, we fix 0 < α < n, and for N ∈ N, define
uj,N(x) := min

{
uj(x), N |x|−α

}
, j = 1, . . . ,m.

Then for each j = 1, . . . ,m, uj,N ↗ uj almost everywhere as N → ∞. Moreover,
as in (7.1) and (7.2), each uj,N belongs to A1 uniformly in N , and

Huj,N(x) < ∞ for a.e. x ∈ Rn.

Hence, by Lemma 4.4, for each j = 1, . . . ,m,

Huj,N ∈ A1 and [Huj,N ]A1 ≲ [uj]A1 ,

uniformly in N . In particular, by Lemma 4.3, the weights Huj,N satisfy the
dyadic annular condition (1.11) uniformly in N .
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We also set

ϱN :=
m∏
j=1

u
p/pj
j,N

so that ϱN ↗ ϱ almost everywhere asN → ∞. Since r < p, by Hölder’s inequality
we have

Sr
T

(
f1, . . . , fm

)
(x) ≤

(
1

|x|n

∫
|y|≤|x|

∣∣T(f1, . . . , fm)(y)∣∣p dy)1/p

.

Therefore, by Fubini’s theorem,∫
Rn

∣∣Sr
T

(
f1, . . . , fm

)
(x)

∣∣pϱN(x) dx
≤

∫
Rn

(
1

|x|n

∫
|y|≤|x|

∣∣T(f1, . . . , fm)(y)∣∣p dy)ϱN(x) dx
=

∫
Rn

∣∣T(f1, . . . , fm)(y)∣∣p(∫
|x|≥|y|

ϱN(x)

|x|n
dx

)
dy

≤
∫
Rn

∣∣T(f1, . . . , fm)(y)∣∣pHϱN(y) dy.

By Hölder’s inequality applied to the positive kernel defining H, we obtain

HϱN(y) ≤
m∏
j=1

(
Huj,N(y)

)p/pj .
Consequently, ∫

Rn

∣∣Sr
T

(
f1, . . . , fm

)
(x)

∣∣pϱN(x) dx
≤

∫
Rn

∣∣T(f1, . . . , fm)(y)∣∣p m∏
j=1

(
Huj,N(y)

)p/pj dy.
Since each Huj,N belongs to Apj and satisfies (1.11), we may apply Theorem 1.9
in the setting qj = pj, j = 1, . . . ,m. This gives(∫

Rn

∣∣T(f1, . . . , fm)(y)∣∣p m∏
j=1

(
Huj,N(y)

)p/pj dy)1/p

≲
m∏
j=1

(∫
Rn

|fj(y)|pjHuj,N(y) dy

)1/pj

uniformly in N . Using the symmetry of the kernel of H and Fubini’s theorem,
we have∫
Rn

|fj(y)|pjHuj,N(y) dy =

∫
Rn

uj,N(y)H
(
|fj|pj

)
(y) dy ≤

∫
Rn

uj(y)H
(
|fj|pj

)
(y) dy.
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Thus ∥∥Sr
T (f1, . . . , fm)

∥∥
Lp(ϱN )

≲
m∏
j=1

∥∥∥H(
|fj|pj

)1/pj∥∥∥
Lpj (uj)

,

with a constant independent of N . Letting N → ∞ and using the monotone
convergence theorem, we obtain (12.1).

We now apply Lemma 3.3 to the tuple(
Sr
T (f1, . . . , fm),H

(
|f1|p1

)1/p1 , · · · ,H(
|fm|pm

)1/pm)
.

From (12.1), it follows that for every qj > pj, j = 1, . . . ,m, with 1/q1 + · · · +
1/qm = 1/q, and for every wj ∈ Aqj/pj , j = 1, . . . ,m, we have∥∥Sr

T (f1, . . . , fm)
∥∥
Lq(ν)

≲
m∏
j=1

∥∥∥H(
|fj|pj

)1/pj∥∥∥
Lqj (wj)

=
m∏
j=1

∥∥H(
|fj|pj

)∥∥1/pj

Lqj/pj (wj)
,

where ν :=
∏m

j=1w
q/qj
j . Since qj/pj > 1 and wj ∈ Aqj/pj , the weighted bounded-

ness of H, namely (4.2), yields∥∥H(
|fj|pj

)∥∥
Lqj/pj (wj)

≲
∥∥|fj|pj∥∥Lqj/pj (wj)

= ∥fj∥
pj
Lqj (wj)

, j = 1, . . . ,m.

Finally, ∥∥Sr
T (f1, . . . , fm)

∥∥
Lq(ν)

≲
m∏
j=1

∥fj∥Lqj (wj).

Since ∥∥T (f1, . . . , fm)∥∥C(r)
q (ν)

=
∥∥Sr

T (f1, . . . , fm)
∥∥
Lq(ν)

,

the proof is complete. □

13. Proof of Theorem 1.14

Let 1 < q1, . . . , qm < ∞ and let wj ∈ Aqj . By the openness property of
Muckenhoupt weights, for each j there exists 1 < tj < qj such that wj ∈ Aqj/tj .
Setting 1/t = 1/t1 + · · · + 1/tm, we have r < t < q. By the hypothesis, T is
bounded from Lt1 × · · · ×Ltm into Lt. Applying Theorem 1.13 with pj = tj gives
the desired result. □
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