A WEIGHTED GENERALISATION OF CARLEMAN’S INEQUALITY

SERGI ARIAS AND SALVADOR RODRIGUEZ-LOPEZ

ABSTRACT. In this paper we present a generalisation of the classical inequality of Carleman, which we
obtain by an elementary argument based on log-convexity and Holder’s inequality. As a consequence,
we recover some other classical estimates such as the Pélya-Knopp inequality.

1. INTRODUCTION

The classical inequality by T. Carleman [4]], known as Carleman’s inequality, asserts that given any
non-negative sequence {a, }._, it holds that

Z ay <e Z a.
Equality holds if, and only if, the sequence is identically zero and the constant e is the best possible,
in the sense that it cannot be replaced by any smaller constant.

The sumands on the left hand side of Carleman’s inequality correspond to the geometric mean of
the first n terms in the sequence, which can be rewritten as

1/n
n 1vyn
Hak — eﬁzk:IIOgak_
k=1

In that sense, some authors have provided integral generalizations of Carleman’s inequality, such as
the one obtained by K. Knopp [/13]] (also attributed to G. Pélya), known as the Pélya-Knopp inequality,

which states that
(o) 1 X oo
/ exp{—/ logf(t)dt}dx<e/ f(x)dx (1.1)
0 x.Jo 0

holds for all positive function f. Some years later, L. Carleson [5] obtained a different extension of
the inequality of Carleman, showing that the estimate

=) —m(x) =)
/ e dx < ePt! / xpe_m/(x)dx,
0 0

holds for all convex function m on R = [0, 00) such that m(0) =0, with —1 < p < oo,

Weighted versions of the inequalities of Carleman and Pélya-Knopp have also been studied by
several authors. See, for instance, the works by R. P. Boas [3]], H. P. Heinig [11]], J. A. Cochran and C.
S. Lee [[10], E. R. Love [|144(18]], B. Opic and P. Gurka [[19], L. Pick and B. Opic [[17], A. Ciimeéija and
J. Pecaric [7]], S. Kaijser, L-E.Persson and A. (")berg [12], A. éiimeﬁja, J. Pecari¢ and L-E. Persson
[9], D-C. Luor [[15,/16]] or A. (Vjiimeﬁija, S. Hussain and J. Pecaric [8]].

In this paper, we obtain a generalization of Carleman’s inequality, acting on decreasing functions,
by using an elementary approach. Indeed, the argument used to prove our main theorem is based on
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log-convexity and Holder’s inequality. In this way, we recover some of the classical estimates such as
Carleman’s or the inequalities of Pélya-Knopp and Cochran-Lee [10] (where we realise that, in fact,
turn out to be equivalent).

As a consequence of our main theorem some applications are obtained. For instance, we get in
Corollary|3.7|an estimate for the harmonic mean operator in the cone of positive decreasing functions
on weighted Lebesgue spaces. In addition, we include in Corollary [3.9] an estimate for the Laplace
transform of an average operator, evaluated on decreasing functions. Finally, we also obtain in Corol-
lary an equivalent norm expression for rearrangement invariant spaces, in terms of a log-convex
average of the decreasing rearrangement function.

The paper is organised as follows. In Section 2 we state and prove the main theorem of this article
while in Section 3 we describe its applications. Finally, in Section 4 we extend particular cases of our
result to positive functions.

2. MAIN RESULT

Let us start by introducing the following proposition, which states that a certain average operator
keeps the monotonicity.

Proposition 2.1. Let | be a locally finite Borel measure on R such that for all t, 1[0,t) > 0 and let
f Ry — R be an increasing (resp. decreasing) function. Then the function

1
t—=Tuf / fx)du(x),
wf (1) = o] (x)du(x)
is increasing (resp. decreasing) in R,..

Proof. We shall give the proof for f being an increasing function. The other case is proved similarly
with minor modifications on the argument.

Let 0 < s < . Consider the integral of f(y) — f(x) over the rectangle R = [0, s) X [s,¢) with respect
to the product measure p X p and observe that for 0 < x < s <y < ¢ it holds that f(y) — f(x) > 0.
Hence

[ (0) = £(0)d(x)du(y) > 0

Then Tonelli’s theorem yields
BI05) | TOaR0) = [ FON00dR0) > [ F0du)du0)
=ulsn) [ S
Therefore, adding ([0, s) f[o,s) f(y)du(y) to both sides and operating, this yields

1 1
Tuf0) = o Jo, TR0 = s | 7m0 = T ().

O

Remark 2.2. Notice that if | is the Lebesgue measure in [0,00) then Ty, corresponds to the classical

Hardy operator
1 t
=7 / f(x)dx
0

Definition 2.3. We say that a positive function ® defined on an interval I C R is log-convex if In® is
a convex function. That is, for all s € [0,1] and all x,y € I it holds that

D(sx+ (1 -9)y) < D(x)'D(y)'
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Examples. Here we have some examples of log-convex functions:
(1) If a > 1 the function ¢ is log-convex on (0, o).
(2) The function e * is log-convex on R.
(3) More generally, if ¥ is convex on I C R then the function ®(x) =
(4) If a > 0 the function x~ is log-convex on (0, o).
(5) If ¥ is concave on I C R then the function ®(x) = e~ is log-convex on /. For example
P(x)=e* onRor ¥(x) = [*. e dson [0,0).

e?) ig log-convex on 1.

Definition 2.4. For every non-negative function v on Ry and all s > 1, we define
P, = 2 (15) = inf p(ns,x), iy (,5) = supp(v,5,%).
v(x) x>0 =0
For allt > 0 we also set

p—(v,s,t) = inf p(v,s,x).
0<x<r

Remark 2.5. Observe that in the case where v is increasing and x < t, it follows that
1<p_(vs) <p-(ms,1) < p(v,5,x) < pi(v,s) < oo
We present the main theorem of this paper.

Theorem 2.6. Let it be a locally finite Borel measure on Ry and assume that for allt, 1u[0,t) > 0. Let
M(t) = u[0,t) and suppose that there exists so(M) > 1 such that for all s > so(M) and for all t > 0,

1 < p_(M,s,1). @.1)
Let w: (0,00) — R be such that for all s > so(M),
P+(w;s) < eo. (22)

Let I be an interval of R and let ® : [ — R be a log-convex and decreasing (resp. increasing)
function. Then, for all increasing (resp. decreasing) functions f : Ry — I and for all t > 0, it holds
that z

/ @ (T f(x)) wx)dx < inf (sps(w,s)) / & (f(x)) w(x)dx, 2.3)
0 s>s0(M)
provided the left hand side is finite.

Remark 2.7. By using Proposition we notice that the term ® (Tu f (x)) on the left hand side in
(2.3) is well defined since T, f (x) € I for all x > 0 when f is a monotone function.

Proof of Theorem We shall only prove the case for which ® is decreasing. The other case can be
shown with minor modifications, and thus we leave the details to the reader.

Let s > so(M). Since f is increasing we have that
/ fdu = / fau+ [ fdu= [ fdp+(M(sx) M) F(x)
[0,sx) 0,x) [x,8x) [0,x)
for all x > 0O, from where
(x) M (sx) — M (x)
Tuf(sx) = (sx) Tu(f)(x) Wﬂx)
1 1
= a0+ (1= ) 10

Next, since @ is decreasing and log-convex, it follows that

O (T (£)(53)) < D (T (f) (x)) 707 D (f(x))" 700 2.4)



4 S. ARIAS AND S. RODRIGUEZ-LOPEZ

A change of variables, and yield that, for all 7 > 0 and s > so(M) > 1,
t t/s
I(t) = /0 @ (T (f)(x)) w(x)dx =s A @ (T (f)(sx)) w(sx)dx
t/s
<spy(ns) [ @ (Tu()(59) wx)ds

< 5p0n) [ (T3(7) () P59 @ (£ 7T ().

(2.5)

Since f is increasing then 7y, f(x) < f(x) for all x > 0. Therefore, as & is decreasing, we have that

B(f(x) <@ (Tu(f)(x), 0.
Let us observe that plugging directly in (2.5)) one obtains that, for all s > so(M),

1(t) < spi(w,s)I(1).

In particular, if /(¢) is finite and non zero, this implies that sp (w,s) > 1 for all s > s5o(M).

Using and the fact that 0 < p_(M,s,t) < p(M,s,x) for all 0 < x <, we have that

( D(f(x)) ) S( o(f(x)) ) , O<x<ut.

Therefore,

1
p—(M,s,t)

t 1—
< 1(s) 7O ( 0 <1><f<x>>w<x>dx) ,

where the last step follows by Holder’s inequality (notice that p_(M,s,t) > 1 by (2.1))).

chain of inequalities and (2.5)) yield

_(M,s.1)
I(t) < (sp4+(w,s)) M“ /CID t>0,

as long as I(¢) is finite.

(2.6)

2.7)

This last

Observe now that p_(M,s,t) is decreasing as a function of 7 and bounded below by p_(M,s).

Therefore
fp_(M,s,t)= li M,s,;t)=p_(M
infp_(M,s,1) = lim p_(M,s.1) =p-(M,s),
from where we get that
_(M,s,t —(M,s,t —(M

>0 p_(M,S,l) —1 N [%Jroop—(Mvsvt) —1 B p_(M,S) -1
Hence, using the fact sp (w,s) > 1 shown above for all s > so(M), we see that

p—(M,s)

10) < op- (w7 [ (70w
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forall > 0 and s > s5o(M), which yields

p—(M,

10 < _int (s (ns)P ™00 [ @) w10

U

Remark 2.8. Notice that the weight w in Theorem 2.6|is not required to be locally integrable in [0, o)
so that, for instance, we are allowed to set w(x) = 1/x.
If w is supposed to be locally integrable in [0,0) then one can replace the constant sp(w,s) by

W (sr)
q+(w,s,t) ‘= sup
0<r<t/s W(r)
in (2.3), where W (x) = [y w(u)du. This comes from the fact that (see [6, Corollary 2.7]) for all non
negative locally integrable functions F, G it holds that
© h(x)F (x)dx " F(x)dx
sup M — Sup M. (2'8)
ni, w20 Jo h(X)Gx)dx 0 [y G(x)dx
To show this observe that since F is increasing, ®(TyF) is decreasing and positive. Thus taking
F(x) = w(sx)X[0,1/s) (x) and G(x) = w(x)X[o,)(x), the identity in (2.8)) yields that we can substitute

Sp+(W,S) in @ by Q+(W7S7t)'

Next let us give some examples of the measures and weights satisfying the hypotheses of the main
theorem.

Examples 2.9. We present some examples of functions M satisfying condition (2.1).
(1) If M(x) = x%(1+ |logx|)" with a > 0 and y > 0 then
p_(M,5,6) > p_(M,5) = 5%(1 +logs) "

forallt > 0. Since x > 1 +log(x) when x > 1 we see that p_(M,s) > 1 for all s > 1 in the
case ¥ < &, so we can pick so(M) = 1. In the case where ot < Y, so(M) is the unique s > 1
that solves the equation s*/Y = 1+ logs.
In particular, notice that the function M(x) = x, related to the Lebesgue measure on (0, o),
is within that group.
(2) If M(x) =1 — e, and hence du(x) = e~*dx, then by monotonicity

SX st

1—e™ B 1—e"

> 1

_(M.s.t) = inf —
p-(M,s.1) Og)lc<tl—e*x 1—e!

forall s > 1. So we can pick so(M) = 1.

Examples 2.10. We present some examples of weights w satisfying condition (2.2).
(1) If w(x) = x% (1 + [logx|)? with o« > 0 and y > 0 then for all s > 1

wisy)

p+(w,s) = sup = s%(1+1ogs)? < .

x>0 W(x)
In addition, we notice that if we pick M(x) = x then p_(M,s) = s, as seen in the previous
set of examples. Hence under those choices of w and M the constant in (2.3)) becomes

:2{ (sl—i—(x(l _f_logs)y)ﬁ _ 32{eﬁ((l+a)logs—|—y10g(l+logs)) _ el—HX-H/' (2.9)

s—1
(2) If w(x) = e for some A > 0 then p, (w,s) = sup,.ge **+4* = (supx>0 e’}”‘> =1 for
all s > 1.
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Under the extra hypothesis that the log-convex function @ is strictly monotone (and hence invert-
ible), we obtain the following corollary from Theorem where the estimate is now in terms of the
weighted integral of f.

Corollary 2.11. Let w, u, I and ® be as in Theorem 2.6] Assume in adddition that ® : I — R is
strictly monotonic and take p > 0. Then for all t > O the inequality

P—

[ @@ @) s int (o ms) T [rea @0

holds for all decreasing function f : Ry — ®(I), provided the left hand side is finite.

Proof. Applying Theoremto the function ®~! o f we get (2.10) for p = 1.
To obtain (2.10) for the remaining values of p we apply the case p = 1 for the function ¥ = @7,

which satisfies the same conditions as ®, and apply the change of variables g = f p, U

3. APPLICATIONS

3.1. Integral inequalities. By taking u to be the Lebesgue measure on Ry, ®(x) = ¢* with I =R
and w(x) = 1 in Corollary we recover ((I.1) for every positive and decreasing function f such
that f € L'(R). This can be extended to hold for all positive integrable function f (see Section @),
recovering the Pélya-Knopp inequality.

Actually, it happens that the inquality of Pélya and Knopp is equivalent to an inequality of Cochran
and Lee [10, Theorem 1], which is given by

(o] p X _1 &l (o]
/ exp | — / P og f(1)dr | xVdx < e ? / f(x)x"dx,
0 xP Jo 0

where p >0, ¥y € R and f is a positive function in L' (R, x¥dx).

Indeed, (1.1)) follows from the Cochran-Lee inequality as it corresponds to the special case ¥y =0
and p = 1.

To see the converse, we fix ¥ € R, p > 0 and a positive function f in L' (R, x¥dx). Applying (T.1)
to the function f(x!/?)x¥/Pp~1x!/P=1 we get that

oo 1 rx 1 1 (> / 1 r* [1/17_1
/ exp (—/ log f(t p)dt) exp <—/ logt” pdt) exp —/ log dr | dx
0 xJo X Jo X Jo p

ge/ R L — S 3.1)
0
By changing variables we notice that the right hand side in (3.1)) satisfies
e/ f(xPyxv/p dx = e/ f(x)x"dx. (3.2)
0 p 0

Regarding the left hand side in (3.1), we study the three factors appearing in the integrand. On the
one hand, a change of variables yields

U M o pt/0dr ) —exp (2 [ a1
exp (x/o log f(t p)dt> = exp <x/0 P logf(t)dt>, (3.3)

while direct computation gives

exp ()%/Oxlogﬂ/pdl‘) — xY/Pe—Y/P (3.4)
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and

x 1/p—1 1/p—1
exp (l/ logt ) _— e~ /p=1), (3.5)
X Jo p p

Plugging (3.2), (3.3), (3.4) and (3.5) into (3.I) we obtain that

/oo <p /XI/P
eXp —
0 X JO

A last change of variables yields

oo p X 4 m oo
/ exp (2 / 7 og f(1)dt | xYdx < e’ / Fl0)xtdx.
0 xP Jo 0

Note that the constant in the inequality of Cochran and Lee is the same that we would get by taking
w(x) = x¥ from the main theorem when y > —1, albeit only for decreasing and positive functions.

P~ Nog f(¢)dt | x/P e~ (1/P=1=7/P)gx < ¢ / F(x)xYdx.
0

3.2. The discrete case: Carleman’s inequality. Let us start by introducing some notation. For all
non-negative function M on R and all kK € N we define

A(M) =M (k) — M(k—1),

while for all locally integrable weight w in [0,00) we will write W (x) := [ w(u)du
We get the following discrete version of Theorem

Corollary 3.1. Let w, u, M, I and ® be as in Theorem (the case where ® is decreasing). Assume
in addition that the weight w is locally integrable in [0,0). Then, for all decreasing sequence {ay,},
of positive numbers such that 1/a; € I for all i > 1, and all integer N > 1, it holds that

§s>s0(M)

N vk, An(M) 7( N
Z <—)>Ak(W) inf (sp(w,s))? Z (1/ap) Ax(W). (3.6)

Furthermore, if ® is strictly monotone then for all decreasing sequence {ay}, of positive numbers
such that {a, }, C ®(I) and all integer N > 1, it holds that

Z P (Z (@A, (M)> A(W) < inf  (sp4(w,s) (3.7)

M(k) §s>50(M)

Proof. We notice that the function

Z%n ln —

n>1

is increasing in R, and for all integer k£ > 1 it holds that

e
Tuf (k) = = s

We know from Proposition[2.1]that if x € [k — 1,k) then T, f (x) < Ty, f(k). Using this property jointly
with the fact that ® is decreasing we obtain that the inequality

Y. BT (AW < [ BT, (w2
k=1 0
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holds for all integer N > 1. The last inequality and Theorem [2.6|yield that, for every integer N > 1, it
holds that

N Z n B N
Z ( )Ak(W)< inf (sp(w,s))? D(1/ap) A (W).

) s>s50(M)

The inequality in (3.7) is obtained from (3.6)) by the change of variables b, = ®(1/a,). O

By taking particular choices of ® we obtain more concrete estimates.

Corollary 3.2. Let w, u and M be as in Theorem [2.6| and assume in addition that w is locally inte-
grable in [0,00). Then the following estimates are valid for all decreasing sequence {ay }, of positive
numbers.

(i) For all integer N > 1,

N k  An(M) p (Mv
Y [ []a™ | AW) < inf (spi(w,s) ZakAk (3.8)

k=1 \n=1 s>50(M)
(ii) For all integer N > 1 and o0 > 0,
ﬁ _ M) aA(W)< inf (spi(w,s) Za (3.9)
=1 51:1 %’iw) k T s>s0(M) p+ .

Proof. The first inequality is obtained from (3.7) by taking ®(x) = e * and I = R. The second
statement follows by applying (3.6) with ®(x) =x~* and I = (0, o). O

Remark 3.3. We notice that Carleman’s inequality can be derived from (3.8)). Indeed, if we pick L to
be the Lebesgue measure in [0,) and w to be identically 1 then (3.8) and 2.9) yield the inequality

N [k 17k N
Y (H an) <e) a
=1 k=1

for all integer N > 1 and all decreasing sequence {ay}, of positive numbers. Letting N — oo we
obtain the desired inequality, that is,

o e ANV
Z (Han) < €Zak
k=1 k=1

for all positive sequence {a, },. Here we should notice that the left hand side in Carleman’s inequality
attains its maximum when the terms in the sequence are arranged in decreasing order (see SectionH)).

Remark 3.4. Some variations of Carleman’s inequality can be also obtained from Corollary
For instance, let us consider the measure du(t) := oat®~dt, with o0 > 1, so that M(t) = t* and
p—(M,s) = s* (see the first example in Examples[2.9). Then, given B > 0, we can apply (38) for the
weight function

=) kﬁX(kfl,k] (x)
k=1

to obtain that the inequality

0 k a oo
Z (H a, * > kB < inf (spy (w,s)) 5 Z arkP (3.10)
s>1 =1
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holds for all positive decreasing sequence {ay }. Here we notice that (2.2) is satisfied, since

w(sx) 1 (sk+1)P B
P+(w,s) = sup sup =sup —& sup w(sx) | <sup——————=(s+1
+(3) k>1 <k1<x§k w(x) ) k>1 kP <k1<x§k ( )> k=1 kP (s+1)

for all s > 1. This recovers an inequality by E.R. Love for decreasing sequences |18, Theorem 1] (see
also [1, p. 40]), albeit with a larger constant.

Remark 3.5. If we pick U to be the Lebesgue measure in [0,o), w to be identically 1 and o > 0, then

(3.9) yields
1| <e) a;,
anan k:]n

for all integer N > 1 and all positlve decreasmg sequence (ap)p.
For instance, by choosing a, = 1/(n+q)" for fixed real numbers q,v > 0 and letting N — oo we

obtain the inequality
o
oo (o] 1
| <e) >
Z( Ih 1n+q>) Lrare

where the series appearing in the right hand side is the so-called Hurwitz zeta function {(va,q).

3.3. The harmonic mean operator. For a collection of positive numbers ay,...,a; we define its
harmonic mean by the quantity
ko

Zn lan
Let us now generalize the concept of the harmonic mean for a collection of positive numbers to

functions defined on (0, ).

Definition 3.6. Let U be as in Theorem For all function f : (0,0) — R such that 1/f € L] .(du),
we define the harmonic mean operator as

110,x)

Huf(x) = 71—

Jo 7 du(s)

As a consequence of our study we get the following boundedness property on the cone of decreasing
functions in L? (w), the weighted Lebesgue space.

x> 0.

Corollary 3.7. Let w and 1 be as in Theorem[2.6|and set p > 0. Then for all t > O the inequality
t s t
| Aty wi@ds < inf(sps (w)™1 [ FPwds
0 §> 0

holds for all positive decreasing functions f such that 1/ f € Llloc(du), provided the left hand side is
finite.

Proof. The statement follows by applying Corollary with ®(x) = 1 /x. O

Remark 3.8. We observe that 7, f > f for all positive decreasing function in (0,00) such that 1/ f €

10C(du) Hence we deduce from the previous Corollary that, given w and | as in Theorem it
holds that

H%ﬂuf”Lp(W) ~ ”f”LP(w)
for all p > 0 and all positive decreasing function f in (0,o0).
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3.4. The Laplace transform. Let s be a complex number and let f be a function defined on R . We
define the Laplace transform of f by

LU16) = [ e ar

Corollary 3.9. Let u, I and ® be as in Theorem[2.6|and set p > 0. Then it holds that
(M b)
Z@(m(@ o)) < (int 57T ) 217](4),
s>50(M)

for all decreasing function f : R, — ®(I) and all A > 0, provided the left hand side is finite.

Proof. The statement follows by applying Corollary for the weight w(x) = e (look at the
second example in Examples[2.10)) and letting t — oo in (2.10). O

3.5. Rearrangement invariant spaces. In this section we will denote by (R, V) a totally o-finite
measure space which is nonatomic and V(R) = oo.

Let us start by recalling some basic definitions related to rearrangement invariant function spaces.
We follow mainly the exposition in [2]].

Definition 3.10. Let f : R — C be a measurable function and (X, ||-||x) be a Banach function space
over (R, V).
o We define the distribution function of f by
de(s) :==v{xeR:|f(x)|>s}, s>0.
e The decreasing rearrangement of f, denoted by f*, is the function defined on [0,) as
f5(@t) :=inf{s > 0:dp(s) <t}
o We say that X is a rearrangement-invariant function space if whenever f belongs to X and g

is a measurable function in (R, V) such that dy = d,, then g belongs to X and ||f||xy = ||g||x-
e Consider on X the norm given by

1fllxr:= sup [ [f(x)g(x)|dv(x).
lgllx<1/R
We call X" = (X, ||-||x+) the associate space of X.
Let us first recall some properties satisfied by the decreasing rearrangement function f*.
Proposition 3.11. ([2, Propositions 1.7 and 1.8 in Chapter 2]) Let u be a measure in R such that

(R, 1) is a totally o-finite measure space and set f for a measurable function.

P1 f* is a non-negative, decreasing and right continuous function on [0, o).
P.2 The functions f and its decreasing rearrangement f* are equimeasurable, in the sense that
their distribution functions coincide.

P.3 We have that
| 1wt = [
Ry

We shall also state without proof, some important properties of rearrangement invariant spaces that
will be helpful for our study. The proof can be found in [2, Chapter 2, Section 4].

Proposition 3.12. Assume that X is a rearrangement-invariant space over (R, V).

(1) It holds that N
Ifllx= sup [ f"(x)g"(x)dx. (3.11)

Igllxr <10
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(2) (Holder’s inequality) If f € X and g € X' then

| @s a7l sl G.12)

(3) (Luxemburg representation theorem) There exists a rearrangement-invariant space (X, ||-||x)
over (Ry,|-|), where |-| denotes the Lebesgue measure on R, such that for all f € X

1Al =11 x- (3.13)

(4) For every function f in X, its decreasing rearrangement [* is the unique non-negative, de-
creasing and right continuous function on [0, ) which satisfies (3.13).

The following corollary is a consequence of our main theorem.

Corollary 3.13. Let 1, I and ® be as in Theorem[2.6] Assume in addition that ® : I — R is strictly
monotonic and let f : Ry — ®(I) be a decreasing function. Then, for all non negative decreasing
function g it holds that

/ "o (T (@7'f) (x)) g(x)dx < inf s% / ) f(x)g(x)dx. (3.14)
0 s>s50(M) 0
In particular, for all rearrangement-invariant Banach function space X it holds that
p—(M.s)
1l < [|@ (T (@) | < _inf 57 BT £l (3.15)

forall f € X such that f*: Ry — ®(I), provided the middle term is finite.
Proof. We apply 2.8) with F = ®(T, (P10 f)), G= f and h = g to get that

/qu><Tu<<I>“f)<x>)g<x)dxs( Lot ) | s

r>0 fO

Next we know by Corollary that
o @ ) @)e o e

sup < inf sP-Ms
>0 forf(x)dx 5>50(M)

from where (3.14) is deduced.
To see (3.15) let us start by proving that the right hand side of the inequality holds. Indeed, we use

3.11)), (3.14)), (3.12) and (3.13)) to get that

1 (T (@' £) () g = sup [ @ (T (@ F) () g (¥)dx

gl <170
p—(M,s) 0
S( inf sl’(MvV)‘) sup fH(x)g" (x)dx
s>s50(M) lgllgr<1 0

¢ p?(MS
= inf 7
(Lot 55 ) 7l

To show that the left hand side of (3.13) holds we notice that
DTy (D' f4)] > . (3.16)
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Hence we use (3.11)), (3.16), (3.12)) and (3.13) to get that
Ifllx= sup [ f"(x)g"(x)dx

lgllgr<170
< sup O(Ty (@' f)(x))g" (x)dx
lgllg<170

< ||@(Tu (@' )] ‘Tup [rul™
g

< [|@(Tu (@ ')k

Remark 3.14. In the proof of the corollary we have implicitly used the identity
@ (T (@ o)) =@ (T (@ o).

although the function ® (Tu (CID_1 of *)) might not be right continuous. However, the identity is still

satisfied. Indeed, we notice that the function ® (Tu (dD_l of *)) is monotone and, therefore, it has at
most a countable amount of discontinuities. More precisely, it is continuous in R \ E, where E is a
set of measure zero. Then we can construct a non-negative, decreasing and right continuous function
WY which equals ® (T, ( ( y *)) almost everywhere. For instance, we set

Y(x):= {q)(T“ (q)_lf*) (x)) ifx¢E,

lim, .+ ® (T, (@' f*) (v)) ifx€E.

Then W* =W since VY is decreasing and right continuous, and we deduce that
| @ @@ o r)) et = [ ¥
_/ (T (@71f%) (x)) " (x)dx.

Remark 3.15. Note that, in the previous result, no extra assumption on the space X is needed. This
contrast, with the boundedness of the maximal function f**(t) =t=! [J f*(s)ds, which requires the
upper Boyd index of X to be strictly smaller than 1 (See e.g. 2, Theorem 5.15].

4. SOME EXTENSIONS TO POSITIVE FUNCTIONS

In this section we want to illustrate how the main result of our paper can be extended to some
families of non-negative functions, and in particular, how we can recover the well known inequality
of Pdlya and Knopp.

The following result gives some equivalent formulations of the main theorem of this paper when
®(x) = €*, w is identically one and u is the Lebesgue measure in R, . We write T instead of 7}, for
the Lebesgue measure.

Proposition 4.1. The following two statements are equivalent.
I) The inequality

oo

| exp(Tlog ) <e [ fls
0

0
holds for all decreasing function f : Ry — (0,0).
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II) The inequality

oo

| ew@ogfit)dx<e [ ruods
holds for all function f: Ry — (0,00).
Proof. Let us prove the equivalence by showing that[[)] =

First of all, we notice that it is enough to show [[)] for all positive bounded function. Indeed, if f is a
positive function and is satisfied for all bounded functions from the increasing sequence (fy,)n>1 =
(f X{7 ()] gn})nz 1, then the inequality would be deduced for f by using the Monotone Convergence
Theorem.

Furthermore, we can show [II)| by reducing the study to positive bounded functions of the form
f: R4 — (0,1]. Indeed, we notice that the inequality in [II)| is homogeneous, in the sense that for
a given A > 0, the inequality holds for a positive function f if, and only if, it is satisfied for A f.
Therefore, if f is a positive bounded function and [I) is satisfied for f/| f]|.., then the homogeneity
of the inequality yields the desired result for f.

So let us check that [IT)|is satisfied for all positive bounded functions of the form f : R, — (0,1],
assuming that[[)]is valid. To do so we show first that the inequality

[1ogrmdr < [rogs )y @
0 0

holds for all x > 0.
By applying Tonelli’s Theorem we notice that

X x rl ds 1 ds
—/ logf(y)dy=/ / —dy=/ {0 <y<x, f(y) <s} — (4.2)
0 0 Jf(y) § 0 S
is satisfied for all x > 0. Next we see that for all x > 0 and all 0 < s < 1 we have that
{0 <y<x, f(y) <s} =x—[{y: Xoqf() >s}|
and applying Proposition we get that
{y>0: 209/0) >s} = [{y>0: (X)) >s}| <Hx>y>0: ff()>s}.  (4.3)

Combining them we obtain that

{0 <y <x, f) <s}H = {0 <y<x, f(y) < s} (4.4)
By plugging this last estimate in (4.2)) we deduce that

X 1 d X
~ [Togst)avz [ o<y <x ) <sHS = - [Tog s ()ay
0 0 s 0

where in the last identity one should notice that f* < 1 when || f||., < 1. Hence (#.1) follows.
Using (@.1)) jointly with the monotonicity of the exponential function and the integral, applying

to f* and Proposition we deduce that
| e (liog 1) dx < [ exp(Tliogs*](x)

< e/ooof*(x)dx: e/ooof(x)dx.
U

Remark 4.2. We notice that Theorem follows from Theorem [2.6| by letting t — oo (notice that
the constant in (2.3)) does not depend on t). Hence, using the formulation in Theorem we obtain

(L.1) for all positive functions f.
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Remark 4.3 (Changing the measure). By slightly modifying the argument above, changing the Lebesgue
measure by du(t) = u(t)dt with u strictly positive, locally integrable on [0,%) and continuous on
(0,00), one can show that for all x > 0 and for all f : Ry — (0,00) such that ||f||., < 1 it holds that

X U(x) N
[ togrutiav [ tog(hia
0 0

Here (f)} denotes the non-increasing rearrangement of f with respect to the measure L and U (x) :=
Jo u(s)ds. Thus, applying Corollary the previous observation and|P.3|in Proposition vield

o “(x) o
| e (1 I (logf(y))u(y)dy>dx£e || Feouar

X Jo

where U~ (x) denotes the inverse of the strictly increasing function U. A change of variables, and
the homogeneity of the expression yields

[ e (gt ([ vonsonaar) s <e [~ oo,

forall f:Ry — (0,00).
This, in particular, recovers Cochran-Lee’s inequality with u(x) = px?~!.

Remark 4.4 (Changing the function ®). Assume that ® : R — R, is a strictly increasing, continuous
and log-convex function, such that ®(0) > 0, lim;_, o (1) = 0. Then, for all positive f : R, — (0,00)
such that || f||.. < ®(0), then

( /cb dy) <c1>( /cb ())dy>. (4.5)

Indeed, for all x > 0, by @.4), it holds that
D(0)
- [fertuone = [ [T e e [0 <y < 0) <o
0 0

_/Ocp—

So, multiplying by —1 /x both sides, and using the monotonicity of ®, [@d.5)) follows. Therefore we can
deduce that

Saf(x) ( PR )dy) (4.6)
satisfies, for all f: Ry — C, with || f||., < ®(0)

Sof(x) < Sof"(x), x> 0.

Moreover, given any weight w € L. ([0,00)) satisfying the hypotheses in Theorem 2.6 E we can apply
Corollaryuto get that for all f € Al (w) with || f]|.. < ®(0) it holds that

. sx)\ =T
50l < in (500250 ) ™ Ul

x>0 W(x)
where A'(w) denotes the weighted Lorentz space given by
Al(w) = {f :Ry = C: fis measurable and | f||z1(,,) / fr(s)w(s)ds < —i-OO}.

We can apply this argument to functions of the type
l‘2k+l

P(t)=¢€ k € N.
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In the case of ®(x) = €*, the homogeneity on the expression, allows one to remove the assumption

/1l < 1.

Remark 4.5. One can obtain a similar result for power functions of the type ®(t) =t~ * with a > 0.
Lets start by considering the case o« = 1. Note that, in this case, for a given function f > 0 we have

that
/Oxf(ls // /ztzs_/ {0<s<x: ()<t<f()}]?2t

= (dg(l)—dg(Zt))?—zt:/O (dgr (1) — dge (21)) ;it

g"(s)
——/ Ho<s<ux: > <t<g ()Hﬂ
L |
= / 5
0 g*(s)
where g = X 0.x)f- Therefore, since g*(t) < f*(t) it follows that
| L | * o1
i ds > / ——_ds,
/0 O O WO
from where inequality @.3) holds for ®(t) =t~.

For the general case o0 > 0, note first that if we write rq = (1+ a)"/* then one has that for all
s>0

s |
—a % dr.

s/ra
So arguing as the case for a = 1 we deduce that inequality (4.5) holds for ®(t) =t~
Then Corollary2.11yields that the average operator

Saf(x) = (717" @)

where i denotes the harmonic mean operator of Definition [3.6]associated to the Lebesgue measure
of (0,00), satisfies that, for all non-negative function f

Saf(x) < Saf*(x), x> 0.
Therefore, for every weight w as in Theorem and for any f € AY(w) it holds that

_ w(sx)
<
ISy < i (Siilé N
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