SHARP BOUNDS FOR EQUIVALENT NORMS IN THE
CLASSICAL CESARO AND COPSON FUNCTION SPACES
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ABSTRACT. Recently, several authors have investigated the problem of determin-
ing optimal constants in the LP-norm for Hardy-type inequalities. In this work,
we continue this line of research by studying new norms on the classical Cesaro
and Copson function spaces, Ces,(R™) and Copp(Rﬂ, respectively. Furthermore,
we establish the sharp constants associated with the corresponding norm equiv-
alences. In particular, we improve a result due to K. Lesnika and L. Maligranda
(J. Math. Anal. Appl., 424 (2015), 932-951).

1. INTRODUCTION

Denote M (RT) the class of all nonnegative measurable functions on Rt = (0, 00).
Let f € MT(R"). Set

Hiw = [ s

wiw = [ a

provided that the integrals make sense for a function f on R*. These equalities
define the classical Hardy operator H and its dual operator H*. The boundedness
of H on LP(RT), for 1 < p < oo, follows from Hardy’s inequality (cf. [9, p. 240]):

|H fller@ey < 0 [ fllrme), (1)

where p' = p% if 1 <p<oo,andp’ =1if p=o00. Moreover, p’ is the best possible

1
constant in (1).

and

However, H is not invertible on LP(R™) (see [15]), so no constant ¢(p) > 0 de-
pending only on p exists such that the reverse inequality

I H fll oy > () | fl| o) (2)

holds in general, even for nonnegative functions f € LP(R"). Note that since H is a
linear injective operator, the functional N(f) = || H|f|||, defines a norm on LP(R™).
If there were a constant ¢(p) in (2) to exist for all nonnegative f € LP(RT), (1)
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and (2) together would imply that N defines a norm on LP(R™) equivalent to the
standard LP-norm; however, this is not the case (see [15]). Interestingly, replacing
H by H — I yields an operator that induces a norm on LP(R™) equivalent to the
standard LP-norm (see [3]).

The classical Cesaro function spaces Ces,(R™) and the classical Copson function
spaces Cop,(R™) are defined, respectively, by

Cesp(RY) = {f : | fllces,+) = I1H[fIlly < 00}, 1<p< oo,
and
Cop,(RY) = {f : | fllcop, @) = [H'|flll, < 0}, 1<p<oo.
These spaces are Banach spaces that have been extensively studied; see, for ex-
ample, [1, 5, 10, 14, 18] and the references therein.
Note that (1) together with (2) implies the strict inclusion
LP(R") € Ces,(RY),
forall 1 < p < o0.

In [5, Theorem 21.1] G. Bennett showed that Ces,(R™) and Cop,(R™) coincide for
1 < p < co. He also derived estimates for the norms of the corresponding inclusion
operators. Moreover, he proved that if 1 < p < 2, then

| fllcop,®+) < (p— D)YP)| £l cesy ()
and if 2 < p < oo, then
(> — DYP|| llces, (r+) < 1 f 1l cop, ®+)-

Later, V. Kolyada completed the work started by G. Bennett proving the following
result.

Theorem 1.1. [12, Theorem 1.1] Let 1 < p < oo and let f € MHT(R"). If1 <p <2,

then

(0 = DI fllces, @ty < 1 Fllcop, @ty < (0= 1)M7[1Fllces, e+, (3)
and if 2 < p < 0o, then

(P = DY?I fllces, @) < I fllcop, @) < (0 = DI llces,@+)- (4)

Moreover, all constants in (3) and (4) are the best possible.

Let I": (0,00) — R denotes the Euler Gamma function given by

F(x):/ t" e tdt.
0

The following theorem, also due to V. Kolyada [13], extends a result by S. Boza
and J. Soria in [7].

Theorem 1.2. [13, Theorem 1.3] Let 1 < p < oo and let f € MT(R") be nonin-
creaisng function. If 1 < p < 2, then

T 1/p
=0l < 18 £, < () D, )
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and if 2 < p < 0o, then

r 1/p
(j%ug VHfll, < [H*Fllp < (0 — DI, (6)

Moreover, all constants in (5) and (6) are the best possible.

Taking into account that HH* = H*H (see [8, 11]) and that H*f is nonnegative
and nonincreasing for a nonnegative function f, we obtain the following result as a
consequence of Theorem 1.2.

Theorem 1.3. Let 1 < p < oo and let f € MT(RT) such that H* f(x) < oo for all
x>0. If1 <p<2 then

I'(p+1)

1/p
) )|wm@mw»

(p — DIIH fllcop,®+) < I1H" fllcop,®+) < (

and if 2 < p < oo, then

T(p+1)\"" .
<—p, > 1H fllcop,@+) < [1H" fllcop,@+) < (2 = DIIH fllcop, @+)-

Let C), = fol |In(t)+1|Pdt. As a consequence of a result initiated in [2], the authors
in [4] obtained the following theorem.

Theorem 1.4. [4, Theorem 1.2]
Let 1 < p < oo and let f € MT(RT) be such that H* f(x) < oo for all x > 0. If
1 <p<2, then

(0 = Dl flcon, @) < I(H* = DH flly < O/ [ flcon, ). )
and if 2 < p < oo, then
Ol cop, ey < INCH" = D flly < (0= D1 llcop, - ®)

The constants p — 1 and C’;/p are optimal in both (7) and (8).

K. Lesnika and L. Maligranda [14] also contributed to this line of research by
proving the following inequalities

/

p
g“f”cesp(]m) < | H fllces,®m+) < P f |l ces, @) 9)

for any nonnegative measurable function f and 1 < p < oo. However, the constant
on the left-hand side of (9) is not optimal for 1 < p < oo. The sharp constant in
that inequality for this range of p is given in Theorem 2.1.

In the following section, we present Theorem 2.1, which improves (9), together
with an analogous statement for Cop,(R") given in Theorem 2.2. In Section 3, we
give the proofs of these theorems. Finally, we present an application of the main
results of this work in Section 4.
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2. MAIN RESULTS

The following theorems represent the main results of this paper.

Theorem 2.1. Let 1 < p < oo and let f € MT(RT). Then the following inequalities
are sharp:

[(p+ 1)Y/r
(p—1)

and if p = 0o the constants in (10) are, respectively, lim, m{%ll))/p = % and 1.

| fllces,@+) < N1H fllcesy®+) < D'l fllces, ®+) (10)

Theorem 2.2. Let1 < p < oo and let f € MT(RT). Then the following inequalities
are sharp:

L(p + D" fllcop,+) < IH* fllcop,@+) < pllfllcop,@+)- (11)

Remark 2.3. Let 1 < p < oo and let f be an arbitrary measurable function
defined on R*. If 1 < p < oo, observe that Theorem 2.1 shows, in particular, that
the classical Cesaro function spaces enjoy the following property:

f € Ces,(R") < H|f] € Ces,(R").

Theorem 2.2 confirms that an analogous property holds for the classical Copson
function spaces Cop,(R*), with 1 < p < oo; that is,

f € Cop,(R") <= H*|f| € Cop,(R™).

3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 2.1. Let let f be a nonnegative function. First, observe that
an application of Tonelli’s Theorem yields

w0 = HHf@) =1 [+ [ i
:i/oxf(t)/ = dudt = / £t ln( )

for all z > 0. Let 1 < p < 2. By using integration by parts we obtain that

o] 1 T 1 T p—1
ey = 1201 =6 [ (3 [ stwan) (3 [ rm (%)) ae

By applying Jensen’s inequality, we have that

(L rom ()™ (¢ row) L rone (2o

for all x > 0. Now, by using Tonelli’s Theorem we get that

/Om f(t)In G)“dt =(p-1) /0 G /Otf(u)du) P2 (;)dt,
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for all x > 0. Therefore,

3

||Hf||Cesp(]R+ 2 p

/0 f(t)dt)pli /0 ) G /0 t f(u)du) In?~2 (f)dtdx
o) [ om) v ()%
/0 t f(u)du) ( /0 t f@)@)pl /t e (;)d:pdt
Frow) [ () ()%

) d

)p1_1 /OOO (% /Otf(x) x)pdt = 1(;5}? 1)) HfHCesp R+)*

Now we turn to the case 2 < p < co. Let z > 0 and let ¢, : (0,2] — R be the

map defined by
v T p—1

By applying the Fundamental Theorem of Calculus we obtain that

Vv
s

I
i

3 3
[ N N N

S I A I B R

I
3
S

e
b

iS]
|
—_

ool = pa(x) — 2(0) = / " (w)dv

—(p—1) /0 (/va(t) In (%) dt)p_Qf(v) In (%)dv
>o-0 [ ([ f(t)dt>p_2f(v> = (£)an

So, we have that

</Ox f(t)In (%) dt>p1 >(p—1) /O‘T (/Ov f(t)dt)pzf(v) P! (%) v, (12)

for all x > 0. Now, by using integration by parts and (12) we get that

1E2 7 = / (5 rwad) (5 [ sy (;) it
p ( p) ( ) F(v) P! (%)dvdm
(oo oG

AV,
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In the last equality, we applied Tonelli’s Theorem. Then, using integration by parts
once more, we obtain that

p/ooo</0vf(t)dt>p_2 flv / (/ f(u du) In?~ 1< >dxdv

o [T rwa)” [T o) (2)asa
zp/ow%</ovf(t)dt)p/v xl P2 (g)dm

Therefore

o0 1 v P [e’s) 1
V2 ey = IH2FIE 2 p / ;( / f(t)dt) [ e (%)dm
<1 [ P o\’ o (x\d
o (o) [2G) 2(5)?“’

([ o=

_Tp+1
- (p ) ||f||Cesp R+

We now consider the case p = co. We employ the following inequality, due to
Robbins [17], which holds for all positive integers n:

n\" 1 n\" 1
- 2mnelntt < pl < [ — 2Tn eten .
e e

1/x

Since the function z — =% is strictly increasing on [e, 00), we have that

1 1 1
< < :
(%)(2wn)ﬁ@m = (nh)tn — (%>(27m)%61%n

for all n > 3. Hence,

n—1 n—1 n—1

< < : (13)
(2)(2an)srermre — (V7T (2) (2mn) e
for all n > 3. Finally, taking the limit as n — oo in (13), we get
-1
lim — 0 = . (14)

n—oo ['(n + 1)1/
Now, if f € L°(R") is a nonnegative function, then, by (14) and (9), we have

[(n+ 1)4/n
( i L+ DY

1
e (= 1) )I|f||cesOo<R+)=E||f\|CeSw(R+)g I H f || cesoo vt

Regarding the right-hand side of (10), if Hf ¢ LP(R"), the inequality holds
trivially. Otherwise, it follows directly from (1).

Let us now examine the optimality of the constant on the left-hand side of (10).
We begin with the case 1 < p < co. Consider the sequence

fe = X(1,14¢), € > 0.
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After some computations, we obtain that

r—1

er(x) =

€
X(11+0(7) + ;X[l—‘re,oo)(x),

and

2 1) = (T o)

e(In(x) +1) — (e + 1) In(1 +¢)

+ X[H—e,oo) (x>

By taking p-norm we have that

||f€||CeSp R+) HHfEHZ
H By ey 2L

/11+6 (1 _ %)”dx + (pe_P Ia +1€)p_1
/11+E (1 _ é B ln(a:))pdx + /OO (e(In(x) +1) — (e + 1) In(e + 1))pd_$

z 1+e€ xP

eP 1
(p—1) (1+e)P~1

> /1lJrE <1 _ % B ln(x))pdx + /100 (e(ln(x) +1) — (e+ 1) In(e + 1))pd_$

+e xP

1/(p—1)

>
— 1+e p 00 p ’
(e / (1 1 ln(m)> i +/ <ln(x) 1o In(e + 1)) dx
¢ 1 T T 1 € P

Now, on the one hand, by applying L’Hopital’s rule we get that

1 1+e 1 1 p
lim—/ (1——— n(x)) do = 0,
e—0t €l Jq x x

and on the other hand, by using Dominated Convergence Theorem we obtain that

im [ <ln(ac)+1— ln(”l))pdm - /100 lim <ln(1‘)+1— m(e“))pdw

e—01 Jq € P e—0+ € xP
/°° InP (x) T(p+1)
1 xP (p—1)Pt+

Therefore, using (10), it follows that

—_ 1\ Hf|P Hf.|P —
0oy MRewn IS A -1y

> sup > sup >
Flp+1) ~ 20520 1H s, ) rooteo [HEfIE = b THESIE = T(p+ 1)

In the case of p = oo we get that

[ H felloo = Hfe(1+¢€) =

and

1 f oo = B2 (14 )
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therefore,
[ fell cesoe @) [H fell o 1 1
sup = =sup=-————=sup(l+e€)c = lim(l+¢)=ce
>0 HHfGHCeSOO(R“') e>0 HH2fe”oo e>0( ) €~>0+< )

This completes the proof that the constant on the left-hand side of (10) is the best
possible for 1 < p < o0.

Now, we are going to see the sharpness of the constant p’ on the right-hand side
of (10). In order to do that, we consider the functions f.(z) = zP~/Px1)(z) and
ge(x) = 2PV x o1 (x), where 1 < p < oo and 0 < € < 1. A straightforward
computation shows that

1 T
H? fo(x / fe(t) ( ) ——/ t/P=HP In <f)dt
z Jo t
x ¢/p—1/p 1
we/pl/p/ (E) In <§) @ — xe/pl/p/ te/P=1/p 1 (1) dt
0o \Z& t) x 0 t

_r
(e/p+1/p)*

for all 0 < x < 1. So, by using Holder’s inequality and (1), we get

H € € H26 € ',L.
|H fllewye _ IH2El / Jelw) - gl / Je(@) - ge(a)d
Flloon  IHA, IIHfsllpllgellp Z 0 bl
1
e/p—1/p e/p’—l/p’d
T €T X
o
v (efp+ 1/p)>
1 1 ,
TPty

as € — 0. In the case when p = oo, we consider the function f = x (1) and an easy
calculations show that

1 flloo = [1H flloo = 1,
which means
[H fellcesoo @+) = [ fellcesoe @ty = 1.
This ends the proof. ([l

Before proving Theorem 2.2, we require the following inequality, which was inde-
pendently established by G. Bennett [6] and P. F. Renaud [16]:

@) £l < H fllp- (15)

valid for any nonnegative, nonincreasing function f € LP(RY'), with 1 < p < oo.
The constant (p')'/? is the best possible.
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Proof of Theorem 2.2. Let 1 < p < oo and let f be a nonnegative function. First,
observe that an application of Tonelli’s Theorem yields

H*?f(z) = H*(H*f /001/ /) L dtdudz

= / &/ —dudtdr = / f— In (—) dtdx,
" t J, u " t x
If p =1, Tonelli’s Theorem again yields

187 e = 121 = [ [0 (Datae = [T L [ (L) v
[ Qe [0 [ v [ e

f(t) *
_ / | Lt = a1 = 1 oo

Now, let us assume that 1 < p < 2. Then by using integration by parts we get

1 g = 1251 = [ (2 ([ (D) e

By taking into account Jensen’s inequality we get that

< f(t) t ot fE) N f) [t
([ ()a) = ([ FPa) [P ()
for all x > 0. Therefore,

sz [ [ ) /f Dot (4 ara
:p/ooo@/ot(/x fTudu> P! <;>dmdt,

where we have used Tonelli’s Theorem in the last equality. Now, by applying inte-
gration by parts we get

/Om@/ot (/:O @du)pl In?~! (é)dwdt
=(-1) /OOO (/too #m)%/ot (/OO @m)p_llnﬂ (i)dm
>(p—1) /Ooo (/t @du)pl /tlnp2 (é)daﬁdt

(0= DT = DIH I =T + DI NCop, @

for all z > 0.

dt

o0

Thus

" f [ op, ey = 2 f G = Do + DIHf1I} = Tp + DIl fllee, @+)-
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Now we turn to the case 2 < p < oo. Since f is a nonnegative function we get
that the function H* f is nonnegative and nonincreasing. Then, combining (15) with
the left-hand side of (6), we obtain

1/p
N1/p — (/\1/P H* < |HH* < p H*Z
()Pl fllcop, ey = () IH fllp < [1HH fll, < NCES)) L fllp

p/ 1/p
e
<F(p+ 1)) 1 lcop, a0

from which it is follow that
L(p+ 1)V fllcop,@y < IH* Fllcop,z+)-
This completes the proof of the left-hand side of (11).

Let 1 < p < oo. Concerning the right-hand side of (11), if H*f ¢ LP(R"), the
inequality holds trivially. Otherwise, it follows directly from the fact that

I1Hlp = p, (16)
for 1 < p < oo (cf. [9, p. 244]).

To see the optimality of the constant on the left-hand side of (11) we consider the
sequence of nonnegative functions f. given by fc = X[1,14¢), where 0 < e < 1. Then

. [ In(1+4e), if O0<z<1,
er(x)_{ln(lJrG), if 1<z<l+e,

and
In(l1+e)ln (L) +im*(1+e¢), if O0<z<l1
*2 — T 2 9 = 9
H™ fe(x) {%1112(1;“), if 1<z<l+e
Therefore
1+e€ 1+€
. In?(1 + € +/ lnp( )dm
LA e ) :
H*2 . p 1 1 1 D 1 1+e 1
121l lnp(l—l—e)/ <ln (—) —{——ln(1—|—6)> da:—l——/ ln2p( +€>dw
0 x 2 2° Jy x

1

>
- ! 1 1 P 1 ! 1 ’
/ <111 <—> + = In(1+ e)) dx + z—Pi/ In% <—) dx
0 x 2 In”(1+€) Ji/a40) T

for all 0 < € < 1. Now by applying L'Hopital’s rule we get that

1
/ In% (—)dm ) )
) 1/(14e T ) In?(1+¢€)(1+¢)2 I (146
1 [1t<) = lim il = lim —————=
e—0+ Inf(1 + ¢) 0+t pln” (1 +€)(1+€)"t ot p(l+e)

On the other hand, by using Dominated Convergence Theorem we obtain that

! 1\ 1 ? ! 1\ 1 P
lim <ln (—) + —In(1+ e)) dx = / lim <1n (—) + —In(1+ e)) dx
=0t Jo x 2 g €0t x 2

=T(p+1).

= 0.

Hence
1 I ell@op, e y |2y

— > lim 1m .
r@+n—ﬁwwﬂvmm ey eor IH2L] = T(p+ 1)
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Thus
”fGHCop ]_

lim ,
=0+ || H* [ ||c(,p - Tp+1)

for all 1 < p < co. This concludes the proof that the estimate on the left-hand side
of (11) is the best possible for 1 < p < 0.

Now, let us see the optimality of the constant on the right-hand side of (11) for
1 < p < o0o. In order to do that, we are going to consider the sequence of functions
fol@) = a7</P= Py o (2) and g.(z) = =P~y o) (x), where 0 < € < 1. Let
1 <x < oo, then

00 00 —e/p—1/p—1
H?f(z) = / e/ (3>dt = g~/P7/p / (f) In (3> a
= z = x T/ x

o —€/p—1
= x—G/p—l/p/ t—e/p=1/p=1 In(t)dt = p /Pl _ Jfe(@) ‘
1 (e/p+1/p)*  (¢/p+1/p)?
Now, by using (16) and Holder’s inequality, we obtain

* * * H*Z e\T) - g\ T dx
5 sy 124l - 116, ] ek

[ fellcop,ry — NH*fll, = p Nfells [ fellpllgell
—e—1
1 /1 x dx 1 » .
= = = 2
p(e/p+1/p) Sy ple/p+1/p)?  1+e
as € — 07. This concludes the proof. ([l

4. APPLICATIONS
Let 1 < p < o0, and let
”|'|||Cesp(R+) : CGSP(R+) - [07 OO)
defined by

I f llces, @ty = [[H fllces, @+

Since || - [|ces,(r+) is a norm on Ces,(R") and H is an injective linear operator,
it follows that [-||ces,®+) defines a norm on Ces,(R™), which, by Theorem 2.1, is

equivalent to the standard norm || - [|ges,(r+) on the classical Cesaro function space
Ces,(R™).

An analogous construction holds for the Copson function spaces Copp(R*)7 with
1 <p<oo. Let

Illcop, @+) : Cop,(R™) — [0, 00)

given by
I llcop, @+) = 1" fllcop, +)-
Since || - [|cop,(r+) is @ norm on Cop,(R) and H* is an injective linear operator,
the functional N(-) = [|-[lcop,®+) defines a norm on Cop,,(R*), which, by Theorem

2.2, is equivalent to the standard norm | - [|cop, (&+)-
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