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Abstract. Recently, several authors have investigated the problem of determin-
ing optimal constants in the Lp-norm for Hardy-type inequalities. In this work,
we continue this line of research by studying new norms on the classical Cesàro
and Copson function spaces, Cesp(R+) and Copp(R+), respectively. Furthermore,
we establish the sharp constants associated with the corresponding norm equiv-
alences. In particular, we improve a result due to K. Les̀nika and L. Maligranda
(J. Math. Anal. Appl., 424 (2015), 932–951).

1. Introduction

DenoteM+(R+) the class of all nonnegative measurable functions on R+ = (0,∞).
Let f ∈M+(R+). Set

Hf(x) =
1

x

∫ x

0

f(t)dt

and

H∗f(x) =

∫ ∞
x

f(t)

t
dt,

provided that the integrals make sense for a function f on R+. These equalities
define the classical Hardy operator H and its dual operator H∗. The boundedness
of H on Lp(R+), for 1 < p ≤ ∞, follows from Hardy’s inequality (cf. [9, p. 240]):

‖Hf‖Lp(R+) ≤ p′ ‖f‖Lp(R+), (1)

where p′ = p
p−1

if 1 < p <∞, and p′ = 1 if p =∞. Moreover, p′ is the best possible

constant in (1).

However, H is not invertible on Lp(R+) (see [15]), so no constant c(p) > 0 de-
pending only on p exists such that the reverse inequality

‖Hf‖Lp(R+) ≥ c(p) ‖f‖Lp(R+) (2)

holds in general, even for nonnegative functions f ∈ Lp(R+). Note that since H is a
linear injective operator, the functional N(f) = ‖H|f |‖p defines a norm on Lp(R+).
If there were a constant c(p) in (2) to exist for all nonnegative f ∈ Lp(R+), (1)
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and (2) together would imply that N defines a norm on Lp(R+) equivalent to the
standard Lp-norm; however, this is not the case (see [15]). Interestingly, replacing
H by H − I yields an operator that induces a norm on Lp(R+) equivalent to the
standard Lp-norm (see [3]).

The classical Cesàro function spaces Cesp(R+) and the classical Copson function
spaces Copp(R+) are defined, respectively, by

Cesp(R+) =
{
f : ‖f‖Cesp(R+) = ‖H|f |‖p <∞

}
, 1 < p ≤ ∞,

and

Copp(R+) =
{
f : ‖f‖Copp(R+) = ‖H∗|f |‖p <∞

}
, 1 ≤ p <∞.

These spaces are Banach spaces that have been extensively studied; see, for ex-
ample, [1, 5, 10, 14, 18] and the references therein.

Note that (1) together with (2) implies the strict inclusion

Lp(R+) ( Cesp(R+),

for all 1 < p ≤ ∞.

In [5, Theorem 21.1] G. Bennett showed that Cesp(R+) and Copp(R+) coincide for
1 < p <∞. He also derived estimates for the norms of the corresponding inclusion
operators. Moreover, he proved that if 1 < p ≤ 2, then

‖f‖Copp(R+) ≤ (p− 1)1/p‖f‖Cesp(R+),

and if 2 ≤ p <∞, then

(p− 1)1/p‖f‖Cesp(R+) ≤ ‖f‖Copp(R+).

Later, V. Kolyada completed the work started by G. Bennett proving the following
result.

Theorem 1.1. [12, Theorem 1.1] Let 1 < p <∞ and let f ∈M+(R+). If 1 < p ≤ 2,
then

(p− 1)‖f‖Cesp(R+) ≤ ‖f‖Copp(R+) ≤ (p− 1)1/p‖f‖Cesp(R+), (3)

and if 2 ≤ p <∞, then

(p− 1)1/p‖f‖Cesp(R+) ≤ ‖f‖Copp(R+) ≤ (p− 1)‖f‖Cesp(R+). (4)

Moreover, all constants in (3) and (4) are the best possible.

Let Γ : (0,∞)→ R denotes the Euler Gamma function given by

Γ(x) =

∫ ∞
0

tx−1e−tdt.

The following theorem, also due to V. Kolyada [13], extends a result by S. Boza
and J. Soria in [7].

Theorem 1.2. [13, Theorem 1.3] Let 1 < p < ∞ and let f ∈ M+(R+) be nonin-
creaisng function. If 1 < p ≤ 2, then

(p− 1)‖Hf‖p ≤ ‖H∗f‖p ≤
(

Γ(p+ 1)

p′

)1/p

‖Hf‖p, (5)
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and if 2 ≤ p <∞, then(
Γ(p+ 1)

p′

)1/p

‖Hf‖p ≤ ‖H∗f‖p ≤ (p− 1)‖Hf‖p. (6)

Moreover, all constants in (5) and (6) are the best possible.

Taking into account that HH∗ = H∗H (see [8, 11]) and that H∗f is nonnegative
and nonincreasing for a nonnegative function f , we obtain the following result as a
consequence of Theorem 1.2.

Theorem 1.3. Let 1 < p <∞ and let f ∈M+(R+) such that H∗f(x) <∞ for all
x > 0. If 1 < p ≤ 2, then

(p− 1)‖Hf‖Copp(R+) ≤ ‖H∗f‖Copp(R+) ≤
(

Γ(p+ 1)

p′

)1/p

‖Hf‖Copp(R+),

and if 2 ≤ p <∞, then(
Γ(p+ 1)

p′

)1/p

‖Hf‖Copp(R+) ≤ ‖H∗f‖Copp(R+) ≤ (p− 1)‖Hf‖Copp(R+).

Let Cp =
∫ 1

0
| ln(t)+1|pdt. As a consequence of a result initiated in [2], the authors

in [4] obtained the following theorem.

Theorem 1.4. [4, Theorem 1.2]
Let 1 < p < ∞ and let f ∈ M+(R+) be such that H∗f(x) < ∞ for all x > 0. If
1 < p ≤ 2, then

(p− 1)‖f‖Copp(R+) ≤ ‖(H∗ − I)H∗f‖p ≤ C1/p
p ‖f‖Copp(R+), (7)

and if 2 ≤ p ≤ ∞, then

C1/p
p ‖f‖Copp(R+) ≤ ‖(H∗ − I)H∗f‖p ≤ (p− 1)‖f‖Copp(R+). (8)

The constants p− 1 and C
1/p
p are optimal in both (7) and (8).

K. Les̀nika and L. Maligranda [14] also contributed to this line of research by
proving the following inequalities

p′

e
‖f‖Cesp(R+) ≤ ‖Hf‖Cesp(R+) ≤ p′‖f‖Cesp(R+), (9)

for any nonnegative measurable function f and 1 < p ≤ ∞. However, the constant
on the left-hand side of (9) is not optimal for 1 < p < ∞. The sharp constant in
that inequality for this range of p is given in Theorem 2.1.

In the following section, we present Theorem 2.1, which improves (9), together
with an analogous statement for Copp(R+) given in Theorem 2.2. In Section 3, we
give the proofs of these theorems. Finally, we present an application of the main
results of this work in Section 4.



4 A. BEN SAID, S. BOZA, AND J. SORIA

2. Main results

The following theorems represent the main results of this paper.

Theorem 2.1. Let 1 < p <∞ and let f ∈M+(R+). Then the following inequalities
are sharp:

Γ(p+ 1)1/p

(p− 1)
‖f‖Cesp(R+) ≤ ‖Hf‖Cesp(R+) ≤ p′‖f‖Cesp(R+), (10)

and if p =∞ the constants in (10) are, respectively, limp→∞
Γ(p+1)1/p

(p−1)
= 1

e
and 1.

Theorem 2.2. Let 1 ≤ p <∞ and let f ∈M+(R+). Then the following inequalities
are sharp:

Γ(p+ 1)1/p‖f‖Copp(R+) ≤ ‖H∗f‖Copp(R+) ≤ p‖f‖Copp(R+). (11)

Remark 2.3. Let 1 ≤ p ≤ ∞ and let f be an arbitrary measurable function
defined on R+. If 1 < p ≤ ∞, observe that Theorem 2.1 shows, in particular, that
the classical Cesàro function spaces enjoy the following property:

f ∈ Cesp(R+) ⇐⇒ H|f | ∈ Cesp(R+).

Theorem 2.2 confirms that an analogous property holds for the classical Copson
function spaces Copp(R+), with 1 ≤ p <∞; that is,

f ∈ Copp(R+) ⇐⇒ H∗|f | ∈ Copp(R+).

3. Proofs of the main results

Proof of Theorem 2.1. Let let f be a nonnegative function. First, observe that
an application of Tonelli’s Theorem yields

H2f(x) = H(Hf(x)) =
1

x

∫ x

0

1

u

∫ u

0

f(t)dtdu

=
1

x

∫ x

0

f(t)

∫ x

t

1

u
dudt =

1

x

∫ x

0

f(t) ln

(
x

t

)
dt,

for all x > 0. Let 1 < p ≤ 2. By using integration by parts we obtain that

‖Hf‖pCesp(R+) = ‖H2f‖pp = p′
∫ ∞

0

(
1

x

∫ x

0

f(u)du

)(
1

x

∫ x

0

f(t) ln

(
x

t

)
dt

)p−1

dx.

By applying Jensen’s inequality, we have that(
1

x

∫ x

0

f(t) ln

(
x

t

)
dt

)p−1

≥
(

1

x

∫ x

0

f(t)dt

)p−2
1

x

∫ x

0

f(t) lnp−1

(
x

t

)
dt,

for all x > 0. Now, by using Tonelli’s Theorem we get that∫ x

0

f(t) ln

(
x

t

)p−1

dt = (p− 1)

∫ x

0

(
1

t

∫ t

0

f(u)du

)
lnp−2

(
x

t

)
dt,
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for all x > 0. Therefore,

‖Hf‖pCesp(R+) ≥ p

∫ ∞
0

(
1

x

∫ x

0

f(t)dt

)p−1
1

x

∫ x

0

(
1

t

∫ t

0

f(u)du

)
lnp−2

(
x

t

)
dtdx

= p

∫ ∞
0

(
1

t

∫ t

0

f(u)du

)∫ ∞
t

(
1

x

∫ x

0

f(t)dt

)p−1

lnp−2

(
x

t

)
dx

x
dt

≥ p

∫ ∞
0

(
1

t

∫ t

0

f(u)du

)(∫ t

0

f(x)dx

)p−1 ∫ ∞
t

1

xp
lnp−2

(
x

t

)
dxdt

= p

∫ ∞
0

(
1

t

∫ t

0

f(x)dx

)p ∫ ∞
t

(
t

x

)p
lnp−2

(
x

t

)
dx

t
dt

= p
Γ(p− 1)

(p− 1)p−1

∫ ∞
0

(
1

t

∫ t

0

f(x)dx

)p
dt =

Γ(p+ 1)

(p− 1)p
‖f‖pCesp(R+).

Now we turn to the case 2 ≤ p < ∞. Let x > 0 and let ϕx : (0, x] → R+ be the
map defined by

ϕx(v) =

(∫ v

0

f(t) ln

(
x

t

)
dt

)p−1

.

By applying the Fundamental Theorem of Calculus we obtain that

ϕx(x) = ϕx(x)− ϕx(0) =

∫ x

0

ϕ′(v)dv

= (p− 1)

∫ x

0

(∫ v

0

f(t) ln

(
x

t

)
dt

)p−2

f(v) ln

(
x

v

)
dv

≥ (p− 1)

∫ x

0

(∫ v

0

f(t)dt

)p−2

f(v) lnp−1

(
x

v

)
dv.

So, we have that

(∫ x

0

f(t) ln

(
x

t

)
dt

)p−1

≥ (p− 1)

∫ x

0

(∫ v

0

f(t)dt

)p−2

f(v) lnp−1

(
x

v

)
dv, (12)

for all x > 0. Now, by using integration by parts and (12) we get that

‖H2f‖pp = p′
∫ ∞

0

(
1

x

∫ x

0

f(u)du

)(
1

x

∫ x

0

f(t) lnp−1

(
x

t

)
dt

)
dx

≥ p

∫ ∞
0

1

xp

(∫ x

0

f(u)du

)∫ x

0

(∫ v

0

f(t)dt

)p−2

f(v) lnp−1

(
x

v

)
dvdx

= p

∫ ∞
0

(∫ v

0

f(t)dt

)p−2

f(v)

∫ ∞
v

1

xp

(∫ x

0

f(u)du

)
lnp−1

(
x

v

)
dxdv.
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In the last equality, we applied Tonelli’s Theorem. Then, using integration by parts
once more, we obtain that

p

∫ ∞
0

(∫ v

0

f(t)dt

)p−2

f(v)

∫ ∞
v

1

xp

(∫ x

0

f(u)du

)
lnp−1

(
x

v

)
dxdv

= p

∫ ∞
0

1

v

(∫ v

0

f(t)dt

)p−1 ∫ ∞
v

1

xp

(∫ x

0

f(u)du

)
lnp−2

(
x

v

)
dxdv

≥ p

∫ ∞
0

1

v

(∫ v

0

f(t)dt

)p ∫ ∞
v

1

xp
lnp−2

(
x

v

)
dxdv.

Therefore

‖Hf‖pCesp(R+) = ‖H2f‖pp ≥ p

∫ ∞
0

1

v

(∫ v

0

f(t)dt

)p ∫ ∞
v

1

xp
lnp−2

(
x

v

)
dxdv

= p

∫ ∞
0

(
1

v

∫ v

0

f(t)dt

)p ∫ ∞
v

(
v

x

)p
lnp−2

(
x

v

)
dx

v
dv

= p
Γ(p− 1)

(p− 1)p−1

∫ ∞
0

(
1

v

∫ v

0

f(x)dx

)p
dv =

Γ(p+ 1)

(p− 1)p
‖Hf‖pp

=
Γ(p+ 1)

(p− 1)p
‖f‖pCesp(R+).

We now consider the case p = ∞. We employ the following inequality, due to
Robbins [17], which holds for all positive integers n:(

n

e

)n√
2πn e

1
12n+1 ≤ n! ≤

(
n

e

)n√
2πn e

1
12n .

Since the function x 7→ x−1/x is strictly increasing on [e,∞), we have that

1(
n
e

)
(2πn)

1
2n e

1
12n2+n

≤ 1

(n!)1/n
≤ 1(

n
e

)
(2πn)

1
2n e

1
12n

,

for all n ≥ 3. Hence,

n− 1(
n
e

)
(2πn)

1
2n e

1
12n2+n

≤ n− 1

(n!)1/n
≤ n− 1(

n
e

)
(2πn)

1
2n e

1
12n

, (13)

for all n ≥ 3. Finally, taking the limit as n→∞ in (13), we get

lim
n→∞

n− 1

Γ(n+ 1)1/n
= e. (14)

Now, if f ∈ L∞(R+) is a nonnegative function, then, by (14) and (9), we have(
lim
n→∞

Γ(n+ 1)1/n

(n− 1)

)
‖f‖Ces∞(R+) =

1

e
‖f‖Ces∞(R+) ≤ ‖Hf‖Ces∞(R+).

Regarding the right-hand side of (10), if Hf /∈ Lp(R+), the inequality holds
trivially. Otherwise, it follows directly from (1).

Let us now examine the optimality of the constant on the left-hand side of (10).
We begin with the case 1 < p <∞. Consider the sequence

fε = χ(1,1+ε), ε > 0.
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After some computations, we obtain that

Hfε(x) =
x− 1

x
χ(1,1+ε)(x) +

ε

x
χ[1+ε,∞)(x),

and

H2fε(x) =

(
x− ln(x)− 1

x

)
χ(1,1+ε)(x)

+
ε(ln(x) + 1)− (ε+ 1) ln(1 + ε)

x
χ[1+ε,∞)(x).

By taking p-norm we have that

‖fε‖pCesp(R+)

‖Hfε‖pCesp(R+)

=
‖Hfε‖pp
‖H2fε‖pp

=

∫ 1+ε

1

(
1− 1

x

)p
dx+

εp

(p− 1)

1

(1 + ε)p−1∫ 1+ε

1

(
1− 1

x
− ln(x)

x

)p
dx+

∫ ∞
1+ε

(
ε(ln(x) + 1)− (ε+ 1) ln(ε+ 1)

)pdx
xp

≥
εp

(p−1)
1

(1+ε)p−1∫ 1+ε

1

(
1− 1

x
− ln(x)

x

)p
dx+

∫ ∞
1+ε

(
ε(ln(x) + 1)− (ε+ 1) ln(ε+ 1)

)pdx
xp

≥ 1/(p− 1)

(1+ε)p−1

εp

∫ 1+ε

1

(
1− 1

x
− ln(x)

x

)p
dx+

∫ ∞
1

(
ln(x) + 1− ln(ε+ 1)

ε

)p
dx

xp

.

Now, on the one hand, by applying L’Hôpital’s rule we get that

lim
ε→0+

1

εp

∫ 1+ε

1

(
1− 1

x
− ln(x)

x

)p
dx = 0,

and on the other hand, by using Dominated Convergence Theorem we obtain that

lim
ε→0+

∫ ∞
1

(
ln(x) + 1− ln(ε+ 1)

ε

)pdx
xp

=

∫ ∞
1

lim
ε→0+

(
ln(x) + 1− ln(ε+ 1)

ε

)pdx
xp

=

∫ ∞
1

lnp(x)

xp
dx =

Γ(p+ 1)

(p− 1)p+1
.

Therefore, using (10), it follows that

(p− 1)p

Γ(p+ 1)
≥ sup

f≥0,f 6=0

‖f‖pCesp(R+)

‖Hf‖pCesp(R+)

= sup
f≥0,f 6=0

‖Hf‖pp
‖H2f‖pp

≥ sup
ε>0

‖Hfε‖pp
‖H2fε‖pp

≥ (p− 1)p

Γ(p+ 1)
.

In the case of p =∞ we get that

‖Hfε‖∞ = Hfε(1 + ε) =
ε

ε+ 1
,

and

‖H2fε‖∞ = H2fε
(
(1 + ε)

(1+ε)
ε

)
=

ε

(1 + ε)
(1+ε)
ε

,
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therefore,

sup
ε>0

‖fε‖Ces∞(R+)

‖Hfε‖Ces∞(R+)

= sup
ε>0

=
‖Hfε‖∞
‖H2fε‖∞

= sup
ε>0

(1 + ε)
1
ε = lim

ε→0+
(1 + ε)

1
ε = e.

This completes the proof that the constant on the left-hand side of (10) is the best
possible for 1 < p ≤ ∞.

Now, we are going to see the sharpness of the constant p′ on the right-hand side
of (10). In order to do that, we consider the functions fε(x) = xε/p−1/pχ(0,1)(x) and

gε(x) = xε/p
′−1/p′χ(0,1)(x), where 1 < p < ∞ and 0 < ε < 1. A straightforward

computation shows that

H2fε(x) =
1

x

∫ x

0

fε(t) ln

(
x

t

)
dt =

1

x

∫ x

0

tε/p−1/p ln

(
x

t

)
dt

= xε/p−1/p

∫ x

0

(
t

x

)ε/p−1/p

ln

(
x

t

)
dt

x
= xε/p−1/p

∫ 1

0

tε/p−1/p ln

(
1

t

)
dt

= xε/p−1/p 1

(ε/p+ 1/p′)2
,

for all 0 < x < 1. So, by using Hölder’s inequality and (1), we get

‖Hfε‖Cesp(R+)

‖fε‖Cesp(R+)

=
‖H2fε‖p
‖Hfε‖p

≥

∫ 1

0

H2fε(x) · gε(x)dx

‖Hfε‖p‖gε‖p′
≥ 1

p′

∫ 1

0

H2fε(x) · gε(x)dx

‖fε‖p‖gε‖p′

=
1

p′
1

(ε/p+ 1/p′)2p

∫ 1

0

xε/p−1/pxε/p
′−1/p′dx

1
ε1/p

1
ε1/p

′

=
1

p′
1

(ε/p+ 1/p′)2p
→ p′,

as ε→ 0+. In the case when p =∞, we consider the function f = χ(0,1) and an easy
calculations show that

‖H2f‖∞ = ‖Hf‖∞ = 1,

which means

‖Hfε‖Ces∞(R+) = ‖fε‖Ces∞(R+) = 1.

This ends the proof. �

Before proving Theorem 2.2, we require the following inequality, which was inde-
pendently established by G. Bennett [6] and P. F. Renaud [16]:

(p′)1/p ‖f‖p ≤ ‖Hf‖p, (15)

valid for any nonnegative, nonincreasing function f ∈ Lp(R+), with 1 < p < ∞.
The constant (p′)1/p is the best possible.
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Proof of Theorem 2.2. Let 1 ≤ p <∞ and let f be a nonnegative function. First,
observe that an application of Tonelli’s Theorem yields

H∗2f(x) = H∗(H∗f(x)) =

∫ ∞
x

1

u

∫ ∞
u

f(t)

t
dtdudx

=

∫ ∞
x

f(t)

t

∫ t

x

1

u
dudtdx =

∫ ∞
x

f(t)

t
ln

(
t

x

)
dtdx,

for all x > 0.

If p = 1, Tonelli’s Theorem again yields

‖H∗f‖Cop1(R+) = ‖H∗2f‖1 =

∫ ∞
0

∫ ∞
x

f(t)

t
ln

(
t

x

)
dtdx =

∫ ∞
0

f(t)

t

∫ t

0

ln

(
t

x

)
dxdt

=

∫ 1

0

ln

(
1

x

)
dx ·

∫ ∞
0

f(t)dt =

∫ ∞
0

f(t)dt =

∫ ∞
0

f(t)

t

∫ t

0

dxdt

=

∫ ∞
0

∫ ∞
x

f(t)

t
dtdx = ‖H∗f‖1 = ‖f‖Cop1(R+).

Now, let us assume that 1 < p ≤ 2. Then by using integration by parts we get

‖H∗f‖pCopp(R+) = ‖H∗2f‖pp = p

∫ ∞
0

(∫ ∞
x

f(u)

u
du

)(∫ ∞
x

f(t)

t
ln

(
t

x

)
dt

)p−1

dx.

By taking into account Jensen’s inequality we get that(∫ ∞
x

f(t)

t
ln

(
t

x

)
dt

)p−1

≥
(∫ ∞

x

f(t)

t
dt

)p−2 ∫ ∞
x

f(t)

t
lnp−1

(
t

x

)
dt,

for all x > 0. Therefore,

‖H∗2f‖pp ≥ p

∫ ∞
0

(∫ ∞
x

f(u)

u
du

)p−1 ∫ ∞
x

f(t)

t
lnp−1

(
t

x

)
dtdx

= p

∫ ∞
0

f(t)

t

∫ t

0

(∫ ∞
x

f(u)

u
du

)p−1

lnp−1

(
t

x

)
dxdt,

where we have used Tonelli’s Theorem in the last equality. Now, by applying inte-
gration by parts we get∫ ∞

0

f(t)

t

∫ t

0

(∫ ∞
x

f(u)

u
du

)p−1

lnp−1

(
t

x

)
dxdt

= (p− 1)

∫ ∞
0

(∫ ∞
t

f(u)

u
du

)
1

t

∫ t

0

(∫ ∞
x

f(u)

u
du

)p−1

lnp−2

(
t

x

)
dxdt

≥ (p− 1)

∫ ∞
0

(∫ ∞
t

f(u)

u
du

)p
1

t

∫ t

0

lnp−2

(
t

x

)
dxdt

= (p− 1)Γ(p− 1)‖H∗f‖pp = Γ(p+ 1)‖f‖pCopp(R+).

Thus

‖H∗f‖pCopp(R+) = ‖H∗2f‖pp ≥ Γ(p+ 1)‖H∗f‖pp = Γ(p+ 1)‖f‖pCopp(R+).
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Now we turn to the case 2 ≤ p < ∞. Since f is a nonnegative function we get
that the function H∗f is nonnegative and nonincreasing. Then, combining (15) with
the left-hand side of (6), we obtain

(p′)1/p‖f‖Copp(R+) = (p′)1/p‖H∗f‖p ≤ ‖HH∗f‖p ≤
(

p′

Γ(p+ 1)

)1/p

‖H∗2f‖p

=

(
p′

Γ(p+ 1)

)1/p

‖H∗f‖Copp(R+),

from which it is follow that

Γ(p+ 1)1/p‖f‖Copp(R+) ≤ ‖H∗f‖Copp(R+).

This completes the proof of the left-hand side of (11).

Let 1 < p < ∞. Concerning the right-hand side of (11), if H∗f /∈ Lp(R+), the
inequality holds trivially. Otherwise, it follows directly from the fact that

‖H∗‖p = p, (16)

for 1 < p <∞ (cf. [9, p. 244]).

To see the optimality of the constant on the left-hand side of (11) we consider the
sequence of nonnegative functions fε given by fε = χ[1,1+ε), where 0 < ε < 1. Then

H∗fε(x) =

{
ln(1 + ε), if 0 < x ≤ 1,
ln
(

1+ε
x

)
, if 1 < x < 1 + ε,

and

H∗2fε(x) =

{
ln(1 + ε) ln

(
1
x

)
+ 1

2
ln2(1 + ε), if 0 < x ≤ 1,

1
2

ln2
(

1+ε
x

)
, if 1 < x < 1 + ε.

Therefore

‖H∗fε‖pp
‖H∗2fε‖pp

=

lnp(1 + ε) +

∫ 1+ε

1

lnp
(

1 + ε

x

)
dx

lnp(1 + ε)

∫ 1

0

(
ln

(
1

x

)
+

1

2
ln(1 + ε)

)p
dx+

1

2p

∫ 1+ε

1

ln2p

(
1 + ε

x

)
dx

≥ 1∫ 1

0

(
ln

(
1

x

)
+

1

2
ln(1 + ε)

)p
dx+ 2−p

1 + ε

lnp(1 + ε)

∫ 1

1/(1+ε)

ln2p

(
1

x

)
dx

,

for all 0 < ε < 1. Now by applying L’Hôpital’s rule we get that

lim
ε→0+

∫ 1

1/(1+ε)

ln2p

(
1

x

)
dx

lnp(1 + ε)
= lim

ε→0+

ln2p(1 + ε)(1 + ε)−2

p lnp−1(1 + ε)(1 + ε)−1
= lim

ε→0+

lnp+1(1 + ε)

p(1 + ε)
= 0.

On the other hand, by using Dominated Convergence Theorem we obtain that

lim
ε→0+

∫ 1

0

(
ln

(
1

x

)
+

1

2
ln(1 + ε)

)p
dx =

∫ 1

0

lim
ε→0+

(
ln

(
1

x

)
+

1

2
ln(1 + ε)

)p
dx

= Γ(p+ 1).

Hence
1

Γ(p+ 1)
≥ lim

ε→0+

‖fε‖pCopp(R+)

‖H∗fε‖pCopp(R+)

= lim
ε→0+

‖H∗fε‖pp
‖H∗2fε‖pp

≥ 1

Γ(p+ 1)
.
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Thus

lim
ε→0+

‖fε‖pCopp(R+)

‖H∗fε‖pCopp(R+)

=
1

Γ(p+ 1)
,

for all 1 < p <∞. This concludes the proof that the estimate on the left-hand side
of (11) is the best possible for 1 < p <∞.

Now, let us see the optimality of the constant on the right-hand side of (11) for
1 < p <∞. In order to do that, we are going to consider the sequence of functions
fε(x) = x−ε/p−1/pχ[1,∞)(x) and gε(x) = x−ε/p

′−1/p′χ[1,∞)(x), where 0 < ε < 1. Let
1 ≤ x <∞, then

H∗2fε(x) =

∫ ∞
x

t−ε/p−1/p−1 ln

(
t

x

)
dt = x−ε/p−1/p

∫ ∞
x

(
t

x

)−ε/p−1/p−1

ln

(
t

x

)
dt

x

= x−ε/p−1/p

∫ ∞
1

t−ε/p−1/p−1 ln(t)dt =
x−ε/p−1/p

(ε/p+ 1/p)2
=

fε(x)

(ε/p+ 1/p)2
.

Now, by using (16) and Hölder’s inequality, we obtain

‖H∗fε‖Copp(R+)

‖fε‖Copp(R+)

=
‖H∗2fε‖p
‖H∗fε‖p

≥ 1

p

‖H∗2fε‖p
‖fε‖p

≥ 1

p

∫ ∞
0

H∗2fε(x) · gε(x)dx

‖fε‖p‖gε‖p′

=
1

p(ε/p+ 1/p)2

∫ ∞
1

x−ε−1dx

1
ε1/p

1
ε1/p

′
=

1

p(ε/p+ 1/p)2
=

p

1 + ε
→ p,

as ε→ 0+. This concludes the proof. �

4. Applications

Let 1 < p ≤ ∞, and let

|||·|||Cesp(R+) : Cesp(R+)→ [0,∞)

defined by

|||f |||Cesp(R+) = ‖Hf‖Cesp(R+).

Since ‖ · ‖Cesp(R+) is a norm on Cesp(R+) and H is an injective linear operator,
it follows that |||·|||Cesp(R+) defines a norm on Cesp(R+), which, by Theorem 2.1, is
equivalent to the standard norm ‖ · ‖Cesp(R+) on the classical Cesàro function space
Cesp(R+).

An analogous construction holds for the Copson function spaces Copp(R+), with
1 ≤ p <∞. Let

|||·|||Copp(R+) : Copp(R+)→ [0,∞)

given by

|||f |||Copp(R+) = ‖H∗f‖Copp(R+).

Since ‖ · ‖Copp(R+) is a norm on Copp(R+) and H∗ is an injective linear operator,

the functional N(·) = |||·|||Copp(R+) defines a norm on Copp(R+), which, by Theorem

2.2, is equivalent to the standard norm ‖ · ‖Copp(R+).
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