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1. Introduction

Let X, Y be quasi-Banach spaces continuously embedded into
S'(R9). We are interested in the bilinear mapping

(f,g)—~f - g, feX,geyY.

Here: X = Af}hql(Rd) and Y = Affz’qz(]Rd), A€ {B,F}.
Contributions by Peetre, Triebel, Zolesio, Maz'ya &
Shaposhnikova, Netrusov, Gulisashvili, Valent, Hanouzet, Franke,

Johnsen, Amann, Nguyen, Holst, ... , Cobos, Ferndndez-Cabrera,
Kihn.
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Multiplier spaces

Definition 1

Let X, Y be quasi-Banach spaces continuously embedded into
S'(R?). A pointwise multiplier for the pair (X, Y) is a distribution
f € S'(RY) such that the (distributional) product f - g exists for
all g € X in S’(RY), belong to Y for all g € X and

sup  ||f - glY| < .
llglXl<1

The collection of all pointwise multipliers of the pair (X, Y) is
denoted by M(X,Y). In case X = Y we will write M(X) instead
of M(X, X).
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2. Besov and Lizorkin-Triebel spaces

A smooth dyadic decomposition of unity:
o € CO(RY), po(€) = Lif [¢] <1, po(€) = 01if [¢] > 3/2.

0i(€) == o271 —po(277¢), E£eRY, jeN.

d i) =1 forall £eR?.
j=0

We define

J
Sif(§) :=F g; FfI(§) and Sf:=) Sf, jeNo.
£=0
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Definition 2
Let 0 < p,g < oo and s € R. Then Bj ,(RY) is the collection of
all f € 8'(RY) such that

o0

s is 1/q
1£185.4(R) o = (D 2L, (RA7) " < oo
j=0

Definition 3
Let 0 < p<o0,0< g<oo0andseR. Then the Lizorkin-Triebel
space F3  (RY) is the collection of all f € S'(R?) such that

s = js 1/q
1175 o (R llgo = || (D2 2%015619) | p(RY) | < o
j=0
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3. Some known characterizations

3.1 The case A5 (R?) — L (RY)

Definition 4

Let A€ {B,F}. Let ¥ € C§°(RY) be nontrivial and nonnegative.
Then A;q,unif(]Rd) is the collection of all f € AZ’,goc(Rd) satisfying

1 1A% g unis (R == sup (- = 2) - F(-) |AS (RO < oo
[S
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Theorem 1
Let 0 < g < oco. Let either0 < p<1lands>d/porl<p<ocoand
s > d/p. Then it follows

M(F; o(RY)) = F3 g umie (RY)

unif

in the sense of equivalent norms.

o Strichartz (Bessel potential spaces H5(R) = F3,(R), 1967)

o Peetre (B ,(R?) = F5 ,(RY), 1976)

e Maz'ya and Shaposhnikova (W(R?), H5(R?), B ,(R?), 1979)
e Franke (general F-case, 1986)

e Triebel (algebra property, 1978, 1983 ).
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The case s > d/p and p # g

Theorem 2
Let 0 < p < g < oo and let eithers > d/p or0 < p < oo, s=d/p and
0<qg<1. Then

M(B; o(R)) = RY)

p—
P,q,unif

in the sense of equivalent norms.

e S. & Smirnov (1999), Nguyen & S. (2018).
e Bourdaud (1988): M(B; ,(R%)) # B;7q7unif(Rd), q < p.

e For g < p see Nguyen & S. (2018).
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32 Thecase 0 <s <d/p

The approach of Maz'ya and Shaposhnikova in case 1 < p < oo:
e C RY, compact:

Cps(e) = inf{[[(1—A)2u|L,|P : ve CCRY),u>1 on e}
s =k+oa keNy, 0<a<l:

Vif(x) = (af;,...,af;) Bi+ ... +B4=k.

1/p
Dpsif(x):= Y / A3V KF(x)[P|| =4 dh)

B: 1B8l=k

Observe

I ILoROI + [ Dps i ILp(RE)| ~ || £1B5 (R
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Theorem 3
Let1 < p<ooand0<s<d/p. Then M(BS ,(RY)) is the
collection of all f € L{°¢(R¥) such that

| f|M(B;,p(Rd))H = | f|LOO(Rd)||
D,k f|L

diam e<1 (Cp,s(e))l/p

e Maz'ya and Shaposhnikova 1979.
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Instead of D, s «f we shall work with the Strichartz function. Let
1 < p <oo. We define

Smmt(x) = [Vau(x)|,  x€R!, meN.

s=k+oa 0<a<l:

2 1/2
Ss ku(x Viu(x+0y)=Viu(x)|do| |y| =12 dy
wi) = Y / /Bm'k )~ Veu()]do] Iy )

B: |Bl=k

I ILp(RA + 1 Ssets |ILp(RE) | ~ [ u [HR ~ || w|F5 2R

e Strichartz 1967.
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Theorem 4
Let1 < p<ooand0<s<d/p. Then M(H5(RY)) is the
collection of all f € L{°¢(R¥) such that

I IMCHSR = | F[Loo(R)]
N < sup HSW‘Me)H><OO

diam e<1 (Cp,s(e))l/p

e Maz'ya and Shaposhnikova 1979.
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Thecase p=1land0<s<d

Theorem 5
Let 0 < s < 1. Then M(B;,) is the collection of all f € Ly(R?) such
that f
sup sup r°” (/ / fy) - d+s)| dy dz)
xeRd 0<r<1 B,(x) ly — 2|
is finite.

1 d
o M(B;1(RY)) = Luo(RY) N By 57 (RY).

e Maz'ya, Shaposhnikova 1979 (for all s > 0).
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3.3 Triebel's characterization incase 0 < p <1

Let 1 € C§°(R?) be a non-negative function with
suppy C {y € RY: |y| < d} and

Zzb(x—m)zl forall xeR?.

meZd
Definition 5
A tempered distribution f € &'(R?) belongs to B , . (RY) if
I llgs . p(rey = sup sup || F(277-)y(- —m) g5, (re) < 00

meZ9 jeNy
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Triebel 2003:
Theorem 6

LetO<p<1lands> d(%—l). Then
M(B;p(Rd)) =B

op Se,,rs(]Rd) in the sense of equivalent
quasi-norms.

Further characterizations by:
e Netrusov 1992, 1997 (F-case, 0 < p <1, 0p4 < s < d/p)
® 5. 1999 (F-case, 0 < p < 00, 0pq < s < d/p, use of capacities).
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4. A characterization of M(B{(R?)) by Y. Meyer

Theorem 7

Under some mild restrictions on the wavelet system (1; j «)ij«x we
have the following characterization. The pointwise multiplier space
I\/I(Bgl(Rd)) is the collection of all functions f € L.(RY) such
that

|fl:= sup  sup sup 22| f ik |BY(RY)]] < 0.
i=1,...,29—1 jeN_; kezd

f|| is equivalent to || f [M(BY,(R?))].

Furthermore,

e Y. Meyer (much more general result, 1992); _
e Balazs, Grochenig, Speckbacher (2019): extension to Bil(Rd)
for all s € R.
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The extension to 0 < p < 1 and arbitrary s

Theorem 8

Let 0 < p <1 ands € R. Under some mild restrictions on the wavelet
system (i j k)ij.k we have the following characterization. The pointwise
multiplier space M(B;,p(Rd)) is the collection of all functions

f € Loo(RY) such that

Ci(sad(l_1
IF]] = sup 27 HICTD | £ 4y 4 |B5 L (RY))]

iJ,k

Furthermore,

f|| is equivalent to || f |M(Bs ,(R?)|.

e One condition for all p <1 and all s !
e Li, Sickel, Yang, Yuan (2024).
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Theorem 9
Let p € (0,1] and s, r € R with s > r. Under some mild restrictions on

the wavelet system (v j «)ij.x we have the following characterization.
Then f € M(B;,p(Rd), B/g,p(Rd)) if and only if

f € ByLoc(RY) N B oS (RY) and

I£][* = sup2FIG=N £ g, ;4| BY L(RY)] < .

VR

Moreover, ||f||* is equivalent to ||f [M(B3 ,(R?), By ,(RY))|| with the
positive equivalence constants independent of f.

e Even in the Hilbert space case
M(B2S,2(Rd)a B2r,2(Rd)) = M(Hg(Rd)v Hé(Rd))? s>r,

one has a partial knowledge only, see Maz'ya, Shaposnikova (2009),
Lemarie-Rieusset et al (2007-2013), Gala, Sawano (2010) and Belyaev,
Shkalikov (2017).
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5. Besov-type spaces

Skf(€) == Fer FF(x), xeR¥ keNy.

Definition
Lets € R, p,q € (0,00] and 7 € [0,00). The Besov-type space B;;g(Rd)
is defined to be the set of all f € 8'(RY) such that

1/q
(oo}

£ 1B5:5 (R := sup |P|™7 > [2lISkf IL(P)II]T ¢ < oo
peQ k=max{0,— log, I(P)}

Remark

These Morrey-type smoothness spaces have been introduced by El
Baraka around 2002. Later Sawano, Yang, Yuan, Triebel, Haroske,
Moura, Skrzypczak, Hovemann, Weimar and many others contributed to
the theory of these spaces.
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Spaces of logarithmic smoothness

To describe the outcome we need one more space.

Definition
Let b € R. Then the Besov space with some type of logarithmic
smoothness BYL (R?) is defined to be the set of all f € S'(RY) such

that
£ 1822 (R = sup {(1+ K)P ISifll,_ sy } < o0
keNy

Compare with

IF 18 oo (B9 = stp {2 [|ScFl,_ o)}
keNy
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Theorem 10
Let p € (0,1] and s € (—o0, %). We put op = d(% - 1).
(i) If s € (op, %), then

p,p,unif

s,i_=
M (B3,(RY)) = Loo(R) N By 5 5 (RY).
(i) If s = op, then
sil_s 0.1
M (B;,,(Rd)) = Loo(RY) N B2 4 (RY) N Boloo(RY).
(iii) If p=1 and s € (—o0,0), then

M (B85 1(RY)) = Bt (RY).
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(iv) If p € (0,1) and s € [30p,0p), then
S op—Ss
M (B p(RY)) = By 7 e (RY) N B (RY).

(v) If p€ (0,1) and s € (—o0, 30), then

M (B;,,(Rd)) = BZE(RY).

e Li, Sickel, Yang, Yuan (2024).
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S s=4 s=d(i-1)

P
M(B; ,(RY) =B RY)

pequnif (
P9 p,qunif

M(B; (RY) =

0<p<q< sl s
P=q=00 Lm(Rd)ﬂB P d.(Rd)

p.p,unif

M(B: (RY) = X

p.;p

M(B;,(®Y)
uses capacities

M(B;,(RY) = B (RY)

M(B;,(RY) = M(B,5,(RY) M(B;,(RY) = BE S (RY)

g 1_ s
X =By} " (RY) N BE(RY)
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6. Proofs: paraproducts

f,g € S'(R?), supp FS;f, supp FS;jg C B(0,27*1)\ B(0,271), j € N,

f:iSJ-f and g:iskg
j=0 k=0

Formally we have

I
™
—
]
n
D
1)
oy
_l’_
M8
N
]
n
4
12
&
+

Y. SifSe

2 j=0 Jj=2 k=0 J:k>0, |j—k|<1
= nl(fag)+n3(f7g)+n2(fag)

e Peetre (1976), Triebel (1977), Bony (1981), Y. Meyer (1981) ...
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7. A result of Gulisashvili

Gulisashvili 1984:

Proposition 1
Let p € (1,00) and s € (0, 1]. Then f € M(Bj,(RY), B; .. (RY)) if and
only if f € Lo(R?) and

A(f):= sup |h|™ sup rPs—d sup/ |f(y+h)—f(y)|Pdy < .
heRI\{0} re(0,1) xeRd JB(x,r)

Moreover,

1

where the positive equivalent constants are independent of f.
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A reformulation

Proposition 2

Let p € (1,00) and s € (0, %] Let 7 :=
f € M(Bs,(R), By ..(RY)) if and only i
Moreover,

% and u:=d/s. Then
felo(RHNBT (RY).

p,o0,unif

T I

=N

1 llmnss ey B (o)) ™~ ||fHLOO(Rd)+0<S|lIJﬂp<1 A== (- 4h) = F ()l ycze) -

where the positive equivalent constants are independent of f.

o ByL(RY) = N7, o(RY), where 7:= 2 — £ and u = d/s.

1
p
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Besov-Morrey spaces

Definition
LetseR, 0<p<u<ooand0<qg<oo. The Besov-Morrey space
B;:Z(Rd) is defined to be the set of all f € S'(RY) such that

o0

1/q
IF NG po(RD)| = {Z [2 ||5kf|M5(Rd)||]q} < 0o

k=0

These Morrey-type smoothness spaces have been introduced by Kozono
and Yamazaki 1994.
Let 7 := 1 — 1 Then it holds that

P u
Byt (RY) = N , oo (RY)
and
d T (mod
NS’P’q(R ) — B;’q(R ).
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Theorem 11
Let1<p<o0,0<s<<andu=d/s.
(i) Let 0 < g < 1. Then we have

5,p,q,unif(]Rd) n LOO(Rd) — M(B;,q(Rd)) .
(ii) Let 1 < g < co. Then we have
Lip,q,unif(Rd) N LOO(Rd) — M( ;,I(Rd)7 B;,q(Rd)) :

(iii) Let 0 < g < o0 and s’ > s. Then we have

s’ 1

Bp,;z;lgif(Rd) = Nj,p,oo,unif(Rd) N LOO(Rd) — M(B;,q(Rd)) .
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Thank you very much for your attention !
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The definition of the product

Let 0 < r < R < co. Let g € C§°(RY), po(&) = 1if €] <1, o(£) =0
if €] > R. Then, for f € S’(R9), we put

F(x) = F o2 )FFO(x), xR j €N,
For all f € S'(R) it follows

f= lim Sf (weak convergence).
j—o0

Definition 6
Let wo and @p be as above. Let f, g € S'(R?). Then we put

f.g:=limSr.Sg,

j—oo

provided the limit exists in §’(R?) for all admissible pairs (¢, $o) and is
independent of the pair (o, po) chosen.
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The algebra property

Theorem 12

(i) F54(R?) is an algebra if and only if either s > d/p or s = d/p and
0<p<l.

(ii) B ,(R?) is an algebra if and only if either s > d/p or 0 < p < o0,

s=d/pand0<qg<1.

° 1< p<oo, qg=2: F5,(RY) = H3(RY) Strichartz 1967.

e 0 < p,q< oo BS (R?) Peetre 1970.

e 0 < p,q < o0o: B-case and some results for F-spaces Triebel 1978.
o1 < p,g<oo: F-case Kalyabin 1980.

e [-case: Franke 1986.
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I :{{CM}#GW: Cu>0 and Y C;;<1}.

peZd

Yu(x) = Y(x — p), x €RY.

Definition 7
Let0<p,q§ooands>dmax(0,%71). Let m > s, me N. The

class M (R?) is the collection of all g € L{°¢ such that

M3 (R == sup {HchmiL H

{C.}et}
o0 q/p11/q
+ X (22 s ¥ clspwolr) | <o
k=0 Ihl<2=%  czq
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Theorem 13
Let0 < g< p<ooandlets>d/p. Then

M(B; 4(R)) = Mj 4(R?)

in the sense of equivalent norms.

e Nguyen & S. (2018).
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The work of Y.V. Netrusov 1992, 1997

Theorem 14
Let0<p§l,0<q§ooands>dmax<%—1,%—1>. Then

I\/I(F;,q(]Rd)) is the collection of all f € L.(RY) such that there
exists a representation

f=> f, suppFfC B(0,2,)
Jj=0
supp Ff; C B(0,21)\ B(0,271), j € N, convergence in S'(RY)

and

sup
PcQ,|P|<1 |,D|p a

( Z 0Js4| | ) (L,,(P)H < o0

j=I(P)
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The work of Y.V. Netrusov

Theorem 15
Let0<p<1andd (% - 1) < s <d/p. Then M(BS (RY)) is

the collection of all f € Loo(RY) such that there exists a
representation

o0
f:Zf}, supp Ffy C B(0,2,)
j=0

supp Ff; C B(0,2/1)\ B(0,2/71), j € N, convergence in S'(RY)
and

1 . dt 1/p
sup </ 2’5”[ sup / |1§-(X)]”dx} P ) < 00.
ieNg \ J2-i-1 x€Rd J B(x,t) t
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The work of Y.V. Netrusov

Theorem 16
Let0<p<1land0<s=d/p. Then M(B5 . (RY)) is the
collection of all f € Lo, (RY) such that there exists a representation

szﬁ-, supp Ffy C B(0,2,)
j=0

supp Ff; C B(0,2t1)\ B(0,271), j € N, convergence in S'(RY)
and

Lo dr\ /P
sup </ 2"P('sup / |f;i(x)|Pdx) InP t> < 00.
i€Np 2—i=2 x€RI J B(x,t) t
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S. 1999
Theorem 17
Let0<p<oo,0<q§ooands>dmax<%—1,c17—l). Then

M(F3 ,(R9)) is the collection of all f € Lo(RY) such that

(IA <Zﬁ° 29| 5;f (x)|qu) p/qu)l/"

fll:= sup < 00.
l Acrd open cap(A, FS,q(Rd))l/p
diam A<1
Furthermore, || f |M(F£ ,(R?))|| is equivalent to ||| + || f [ Loo(R?)].

o Assume that 0, 4 < s < d/p. Then

s,%—i
M(F;,q(Rd)) — Fp,q,un[;f(Rd)
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