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Preliminaries



Classical Morrey spaces

Definition (Morrey, 1938)

Let 0 < p <u < oo. The is the set of all
f € L°(R?) such that

el

If | Mup®Y)|:= sup 7

1
' ylPdy | < oo.
z€RY >0 <|Q l‘ r ‘ / (z T)

Remarks

" LU(Rd) = MU,U(Rd) — Mu,p(Rd) — Mu,r(Rd), O<r<p<u<oo



Generalised Morrey spaces

Definition (Mizuhara 1991, Nakai 1994 )

Let 0 < p < o0 and ¢ : (0, c0) — [0, c0) be a function which does not satisfy
@ =0. The is defined to be the set of all
f € L°(R?) such that

1

1f | Mop@®D] = sup som(l If(y)lpdy>p<oo-

z€R,r>0 ‘Q(LU,TN Q(z,r)

Remarks
w f o(t) = ti, 0<p<u< oo, then Mo p(RY) = My p(RY)
in particular, when u = p, then M., ,(R?) = L,(R%)
= If p(t) = 1, then M, ,(R?) = Loo(RY)
» Ifo(t) =77 x0,1)(t), —2 <o <0 then My, (R?) = L7 (R?)
in particular, when o = f;‘f, then M., ,(R?) = £,(R?)



The class G,

Definition
Let 0 < p < o0. By G, is denoted the set of functions ¢ : (0, 00) — [0, )
such that

@ isincreasing and (t)t=%P? s decreasing.



The class G,

Definition
Let 0 < p < o0. By G, is denoted the set of functions ¢ : (0, 00) — [0, )
such that

@ isincreasing and (t)t=%P? s decreasing.

Remarks
- Mwyp(Rd) # {0} = ?1;10)99(15) min(t
If sup p(¢) min(f%,l) < 00, then there exists ¢* € G, such that

t>0
Mv,p(Rd) = M'»o* m(Rd)~

d
r,1) < oo.

d
P

» If ¢ € G, then ¢ satisfies the doubling condition: (1) < ¢(2r) < 27 (1)
1
1 P
11 M~ sup (P (i [ P aw)
PeQ Pl Jp

Q:={Qjr:=279(0,1)*+k): j €Z,k € Z%, ((P)=|P|d side length of P



The class G,

Remarks

= G, CGp, if 0<pr<p<oo

= My p(RY) = Loo(RY) & inf o(t) > 0

» Loo(RY) — ./\/l%p(Rd) & supp(t) >0
t>0

= Let %I;Egp(t) > 0. Then
Moy (RY) = My, 5, (RY) & p1 <ps and ¢1(t) > Cipa(t)

Sawano, Di Fazio, Hakim 2020



The class G,

Examples

= For 0 < u,v < oo,
" e i <1
Pu,v =
t i > 1
belongs to G, for p = min(u,v). In particular:

©(t) = t¥* belongs to G, whenever 0 < p < u < 00,

©(t) = max(1,t¥") and (t) = min(t¥*, 1) belong to G,.
= For0<u<oo,a<0and L >>1, (t) =t¥*(log(L +1))* belongs to G.,.

= Let
—olog(l+1t), 0<t<1,

p(t) = 4 =2
t, 1> 1.

Then ¢ € G4.



Generalised smoothness Morrey
spaces



Generalised Besov-Morrey and Triebel-Lizorkin-Morrey spaces

Definition (Nakamura, Noi, Sawano 2016)
letseR, 0<p<oo, 0<qg<ooand g€y,

(i) The is the set of all
f € S'(R?) such that

TaP ) —(szu nhY | M, ,paRd)nq) -

7=0
(i) When 0 < ¢ < oo, assume further the existence of C, e > 0 so that
p()t=c > Co(r)r=¢, t>r.

The is the set of all
f € S’'(R?) such that

1

1 1€, (R H (Z 29%4) (1, )Y ()7 ) | My p(RY)

< 00.




Remarks

d
w Ifp(t) =tuw, 0<p<u< oo, then

Ng’pyq (Rd) = ./\/’,f%q (Rd) classical Besov-Morrey spaces
5;’pyq(Rd) = Si’p,q(Rd) classical Triebel-Lizorkin-Morrey spaces

Moreover, if u = p, then

By (RY) = NppoRY)  and  Fj,(RY) =¢;

p,p,q

(R).
w If p(t) ~ 1, then

S
N‘Papvq

RY =B ,(RY)  and &

¥,P,0

(RY) = Bl oo (RY) = Fi 00 (RY)
w f () = min(t%,l), oc=-% 0<p<u<oo, then

N (RY) = 2% ([,g,]Rd) local Besov-Morrey spaces
= If 1 < p < oo, then
g0

©,p,2

(Rd) = Mso’p(Rd)

assuming that ¢ € G, satisfies the e-condition.



Generalised Besov-type and Triebel-Lizorkin-type spaces

Definition (Haroske, Liu 2023)
letseR, 0<p<oo, 0<qg<ooand g€y,

(i) The is the set of all f € S'(R?)
such that
r a
If | g (R = ( ([ 16,5 @par)? ) o
=jpVO0

(i) When 0 < ¢ < oo, assume further the existence of C, e > 0 so that
pt)t > Co(r)r—=, t>r.

The is the set of all

f € S'(R9) such that
</ 2275‘1\0]‘ \) dx)p<oo.

j=jpVO

I | o (RY)]| == Sup

10



Remarks

1
s 1f o) ==Y for 7 € [0, %} then
BZ:?(Rd) = IZ (RY) classical Besov-type spaces
F;}’f(Rd) = Fsy’;(Rd) classical Triebel-Lizorkin-type spaces

Moreover, if 7 = 0, then
By (RY) = BygRY)  and  F;,(RY) = F;g(RY).
and if 7 = %, then
s, s, 1
Foso,q(Rd) =Fpd (Rd) = By,q (Rd)
In particular,

1
bmo(R?) = F2 ,(R?) = Fy 7 (RY)

11



Elementary embeddings

1 . s 3 S S
Standard notation: A , , denotes either N3 , , or £ , .,

S,p g S,p s,
Ap¢ denotes either By'Z or F,°%, etc.

H o s __ ©s S, 0 __ IS¢
Assumption: When ¢ < co and .A%p,q =E5pq OF Ap® = F¢, assume always
that ¢ € G, satisfies

o)t = Co(r)yr—=, t>r.

for some C,e > 0.

Elementary embeddings:

. A3 (RY) — A8

¥,D,q1 ©,D,q2 (Rd> and Ay (Rd) — A;W (Rd)7 q1 < q2

p,q1 »q2

. Aste (R o A3

¥,P,q1 ¥,P,q2

(RY) and  Aste?(RY) — A5 (RY), >0

Psq1 »q2

12



Atomic and wavelet decompositions

Wavelet decompositions

» For Afw,’q(Rd) Sawano 2008, Rosenthal 2013
= For A;’_g(Rd) Yuan, Sickel, Yang 2010

Liang, Sawano, Ullrich, Yang, Yuan 2012
» For ./\/;71)7(1(}1%(1) Haroske, M., Skrzypczak 2022

[ Atomic decompositions ] ~ { Wavelet decompositions J

(Haroske, Skandera, Triebel 2018)

s d A
A¢7P7q(R )
Nakamura, Noi, Sawano 2016 Haroske, Liu, M., Skrzypczak 2025
s d
A35(R) ~

Haroske, Liu 2023
13



Relations between the different
scales




Comparison between

Let 0 <p <u<oo.

" gsypyq(Rd) = F;’;—(Rd) with 7 = % — % € [0, %[
= NipoRY < Byr(RY) with 7=1_1

proper embedding if 7 > 0 and ¢ < oo, while for 7 =0 or ¢ = 0o, both

spaces coincide:
1
w

S7L_
N p.oo®?) = By “(RY)
and
s d\y _ s dy __ s,0 d
Np,p,q(R ) - Bp,q(R ) - lgp,q(]R )

Yuan, Sickel, Yang 2010
Sawano, Yang, Yuan 2010

14



Comparison between A>% and A’

q ©,p,q

Theorem (Haroske, Liu, M., Skrzypczak 2025)
LetseR, 0<p<oo,0<qg<ooandypceg,.

(i) It holds F3:¢(RY) = €5, (RY) with equivalent norms.

©,p,q
(i) It holds . 4 R
Nw)p)q(R ) = By (RY).
When q = oo, ., ,
NG p,ooRY) = B (RY),

and when q < oo and

lim cp(t)t*% = 00 or lim gp(t)tfg =0

t—0t t—4oco

then N3, ,(RY) is a proper subspace of B3¢ (R).

(i) in Nakamura, Noi, Sawano 2016
15



s |f does not hold, then

0< lim o)t » < lim ga(t)t_% < 00

t—+oo T t—0t

4
P

hence () ~ t%, t >0, and

NS

®,P,q

(RY) = By#(R%) = B3 (R?).

= When ¢(t) := t%, 0 < p < u, previous results are recovered. Indeed,

condition is equivalent to

Hm (t)t» & lim gt r =0 <
im P = P = PN
arri TG > 45460 p=u

16



Both, the behaviour of ¢ near 0 and near oo influence the embedding behaviour
of i, ,(RY) — Bs:2(R).

®,P,q

= Let 0 < u, v <oowith u # v. Let p:=min(u,v). Then

® tu, if t<1
Pu,p(t) =
o £, 0f t>1

belongs to G,, and it holds

lim gp(t)t_% =00 or lim go(t)t_% =0.

t—0+ t—+o0
s let0<p<oo,a<0and L >>1. Then
p(t) = 7 (log(L +1))°
belongs to G,, satisfies the second condition in but not the first one.

17



Embeddings between A°7 and A°

D,q u,p,q

s d s d s d
{ Bp,min(p,q) (R ) — Fﬂp,q(]R ) — Bp,max(p,q) (R ) J

Sickel, Triebel 1995

Extends to A7 (R?) as :

BT (RY) — F37(RY) — BT (RY)

p,min(p,q) p,max(p,q)
Yuan, Sickel, Yang 2010
As for A3 (R9) :

u,p,q
NE R — &5 (RY) = NS (RY)

u,p,q u,p,q0

)

go=00 or p=u A g >max(p,q)

,p,min(p,q)

Sawano 2008

18



S,p S
Extension to A5¥ and A7 |

Theorem (Haroske, Liu 2023)
Let seR, 0<p<oo,0<qg<o0andypecG, Itholds

B R = Fy#(RY) — B?

p,min(p,q) P:q p,max(p,q)

(R).

Theorem (Haroske, Liu, M., Skrzypczak 2025)
Let seR, 0<p<oo,0<q,q <ooandypcd,.

(i) It holds A

,p,min(p,q)

(RY) — &5 (RY).

¢.pa
(i) Assume ) .,
lim o(t)t"» < oo or tilgrnoo p(t)t™» > 0. [o]

t—0t

Th s s J
e gtppq(Rd);)thpqo( d) g QOZmaX(p7C]>

(ii) If [e]is not satisfied, then

g«;pq(Rd)(_}N;ptIo(Rd) < do= .



Embeddings between generalised
Morrey smoothness spaces




Embeddings between generalised Morrey smoothness spaces

Embeddings to be considered:

= N3t g RY) = N2, 0 (RY)

¥1,P1,91 ¥$2,P2,q92

" R 2 €5 0, (RY) < casep 2 po

d ; dy .
" 898911,1)1411 (R) — géza,pqu(R ) case p1 < p2

0 Bsmm(Rd) PN BSZ’“’Z(Rd)

P1,91 P2,92

20



Embeddings between generalised Morrey smoothness spaces

Embeddings to be considered:

s N5 (RY) o N2 (RY)

¥1,P1,91 ¥$2,P2,q92

" R 2 €5 0, (RY) < casep 2 po

s d Se dy .
" gwll,m,ql(R ) = EZ (R?) : case p1 < p2

¥2,P2,92
= Brat(RY) = Bpzgz(RY)

Assumptions:

= |n case of Sgyp’q(Rd) and when ¢ < oo, it is always assumed, even if not
stated explicitly, that ¢ € G, satisfies

e(t)t= > Cp(r)r==, t>r.
for some C,e > 0.

= We will always assume, without loss of generality, that (1) = @2(1) =
20



Embedding N?' (R?) — N2

#1,P1,491 ©2,P2,92

(R7)

Theorem (Haroske, M., Skrzypczak 2022)
Lets; eR, 0 <p; <00, 0<¢q; <ooandy; €Gy,,i=12 Let
o =min(1, B). It holds

S d S d
N@ivplyih (R ) = ng,m,% (]R )
if, and only if,
p2(27")
sup ———— < 0 1
v<0 P1(277)2
and
{2j<sgfsl) o 991(2*j)971}. €t
jeN
where

1 11 27"
*:(_> and aj:SUPL,)v J € No.
q @ o/, v<i p1(277)8

The embedding is never compact.

21



d_
Let ;(t) =t¥, 0 <p; <w; <00, i=1,2. Then N3 . . (R?) = NI

UisPisdi

(RY).

> & Sup%<oo = sup2_y(i_”§1)<oo

v<0 ¥1(277)e v<0

u . U U
& —1§g:mln(1,&) = Uy < Uy AN —1§—2

U2 D2 b1 b2

vy P1(277)8 g

em=c i i(sg—sq4+-d — d
. PN {za(sz—m)aj @1(27])971}V €l o {23( A=Gndres uz)}‘ € Ly
J J

S1 — S2 1 1 81—52_ 1 1

— — — | or ——=——— A <
d U1 u2 d U1 U2 n =

=

Haroske, Skrzypczak 2012

22



Embedding &°!

©1,P1,q1

S d d d d
[ N‘Pivpl,miH(PlytZl)(R ) = 5;11,171,111 <R ) = 8222)172,112 (R ) - N;z,pzﬁoo(R ) }
sup 222D

v<0 p1(27v)e
d d =
5;11 »P1,491 (R ) = 52‘224’27(12 (R ) =
{QJ(SQ*SI) a; s01(2*3')971} € los

JEN

. ©2(27") _ 92(279)
If >py: o=min(l,2) =1 «a; =su > .
prEp (o) =1 e =sb 0 Z i (2)

then @)
p2(27"
sup < 0
, J v<o P1(277)
2o B £ R =
{2“52*5”7@2(2 ',)} € oo
p1(277) jEN

23



Embedding &5 (R%) — »(R?) : case p; > po

¥1,P1,91

Theorem (Haroske, Liu, M., Skrzypczak 2025)
Let 0 </ps <p1 <0, 5, €R, 0<¢q; <00, p; €Gp,, fori=1,2. It holds

ES R = €2 (R

¥$1,P1,q91 $2,P2,q2

if, and only if,

©2(27")
sup ——— < 0 1
v<0 £1(27)
and
277)
gitsa—en) $2(277) } €l 3
{ 991(2 j) jEN
with

51 > 8o or s1=5 A q <@

The embedding is never compact.

24



da
Let pi(t) =t¥, 0 <p; <w; <00, i=1,2 Then &, . (RY) =&, . (RY).
Case [p2 < p1
Uy . p1
> & —<p=min(l,—)=1 <« up < ug
U2 D2
(s d _ d — 1 1
. = {23<52 s1+: ,52>} ct, o 721t 1
J d Ui U2
S1— S8 1 1
Deled - [ .
d U u
S1— 8 1 1
= 2 = — —— A wu; <u or
d U7 U

Haroske, Skrzypczak 2014

25



Embedding &5 (R%) — »(R?) : case p; > po

¥1,P1,491

Corollary (Haroske, Liu, M., Skrzypczak 2025)
Let 0 </ps <p1 <0, 5 €R, 0<¢q; <00, p; €Gp,, fori=1,2. It holds

S R = €2 (RY)

¥$1,P1,q91 $2,P2,92

if, and only if,

and

with

26



Case p; < po

Definition
Let 0 < p < 0. By is denoted the set of the increasing functions
¢ : (0,00) = [0,00) such that

o(t)t~%P is decreasing in (0,1).

Let

—Uge and  a=|JG

p>0 p>0
For ¢ € QII)OC, let 1
=sup{p: ¢ € G, }.

Remarks
= G, CGY p>0

" 0<ry,<ooorr,=o00
27



Case p; < po

Lemma

Let p € G'o°,

(i) Ifr, < oo, then ¢ € g}gC, i r,=max{p: ¢ € G}
(ii) r, = oo if, and only if, ¢ = const on (0,1).

Examples

= For 0 < u,v < 00,
© it <1
Pu,v =
v i >

belongs to G, for p = min(u,v) and r,, , = u.

= Let

Lolog(1+t), 0<t<1,

p(t) = 4 =2
t, £> 1.

Then ¢ € Gg and r, = d.

28



Embedding &% (R?) — »RY) : case p; < p,

¥1,P1,491

Theorem (Haroske, Liu, M., Skrzypczak 2025)

Let 0 <[p1 <p2 <0, 5, €R, 0<¢q <00, p; €Gp,, fori =1,2. Let
o= <1.

(i) It holds s .
59011 sP1, Ch( ) 5@2 P2,q2 (Rd)
if
©2(2")
sup < 00 1
P ()
and

{2J(52 siti-(1-0)) J}, €l
jJjeN
(i) If holds, then |1 | is satisfied and
{2]'(52731)0[%)01(27]')971}. € goc @

jeN

29



Embedding &7 : case p; < P9

1,P1,91

Theorem (cont.)

(iii) Assume that
_d
: 2
}gl(l) p1(t)t 1 < e < oo,

then and @ are equivalent, that is, the embedding holds if, and
only if,

sup 2(2") < 00

veN, P1(27)8
j(s2—s1479-(1-0))
{2 2—s1t aj}jeN €l

(iv) The embedding is never compact.

and

30



Embedding &°!

©$1,P1,91

The following examples satisfy condition :

td/v i <1
Sﬁu,v(t) = d .
tivoif > 1

= For 0 < u,v < o0,

which belongs to G, for p = min(u, v) and such that r,, = u.

= Belonging to Gy and with r, = d:

o(t) = @log(lth), 0<t<l,
t t>1.

31



d_
Let p;(t) =t¥, 0 <p; <wu; <00, i=1,2 Then &S, . (RY) =& (RY).

UisPi594
Case \p1 <p2 N1y, =w m\/

U U
1] e B2 o EEEE
() D2 U2 b2

~>  Qj = sup 74102( ~ ) = supzud(%it) = 27d(%7%)
v P1(27Y)8 g

j(s2—s —CL @ —
L[ & {2ore,)

(s —59— 4 4 d
€l & {2 dlen=ee “1+“2)} € loo
JEN

jEN
o Sims 11
d Tur o u2
S1 — S 1 1 S1 — S 1 1
Q<1m#>——— or =2 L ) uy < u2
d U U2 d Ul U2

Haroske, Skrzypczak 2014 5,



Proof of (i): suff. condition for the embedding

Proposition
Let —00 <51 <859 <00, 0<0<1,0<gq <00, 9 €G,,, fori=0,1.

(i) Let 0 < po,p1 < oo and put

1 1-0 0
o + —, S9:=s1(1—0)+ sef and = 0,8
0 o o 2 1( )+ s0 P2 =¥1 Po-

Then for any f € S'(R%) and any 0 < q < oo,
IF1Ep282 RN < ell FIFgLE RO FIEp o (RTI°.

p2,9 P1,91 Po.9q0

Sickel 2013
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Proof of (i): suff. condition for the embedding

Proposition
Let —oo < 51 <s9<00,0<0<1,0<q <00, €0, fori =0,1.

(i) Let 0 < p1 < oo and put

1 1-6 _
— o= s So 1= (1 — 9)51 =F 9807 Y2 = SD} 0808
b2 b1

Then for any f € S'(R%) and 0 < q < oo,

IF 1202 RN < cll FIES g RIS L R

p2,9 P1,91

33]



Proof of (i): suff. condition for the embedding

Proposition
Let —oo < 51 <sp<00,0<0<1,0<¢q <00, €0, fori=0,1.

(ii) Let 0 < p1 < oo and put

1 1-6 _
— = , So:=(1—0)s1 +0sy, 2= ap% 04,08.
b2 b1

Then for any f € S'(R%) and 0 < q < oo,

IF1Fp202 RN < cll FIES S RO I L (R

P2,9 P1,91

Lemma
Let se R, 0<p<oo, 0<qg<o0andypecG,withr, <oo. Then
g d
5 pa(RY) = FS2(RY) — Foo 02 (RY).

®,P,q

33]



On the proof of (i)

Assume the following conditions hold

p2(2") j(s2—s1+ (1))
sup < oo and {2 } €l .
veNy @1(21/)9 Y JEN >

Clearly [ 5] implies

d 9—J
sy <8 ——(1—p) and sup?’ sz s+ 7o (1- 0))Lﬁﬁ) < 0.
Foq jEN p1(277)e
First we assume that @2 = 7. Then r,, = or,, and taking 1 — 6 :=p < 1,
Sp = 81 — ‘—i, it holds
fop
1 1-6 d
— = . (1—0)s1+0sg=s1——(1-0)
D2 D1 For

The proposition and the Lemma yields,

IF1Fpze2 RO < cll FIES 4 ROIITOUFIFS o RO < CIFIFEHRD]

p2,92 Pp1,91 p1,91

34



Proof of (i): suff. condition for the embedding

In the general case we take s3 = s1 — ri(l — p) and use the following
P1
factorisation

Foog (RY) = Fafl(RY) — Fi2g2(RY)

35



Embedding &3 (RY) —

¥1,P1,91

Corollary (Haroske, Liu, M., Skrzypczak 2025)
Let0 <p; <00, 5 €R, 0<q <00, p; €Gp,, fori=1,2. Let
0 = min(1, ;%) and a; = sup % j € Ng. Then

s s d
58011 sP1, th( ) gsﬂi P2,92 (R )
if, and only if,
21/
sup p2(2")

< 00,
veNy SDI(QV)Q

and

j(s2—s1t7-(1-0)
{2 1 a; }jeN & oo

where in case of py < ps we assume, in addition,

d

lim @1 (t)t 1 < ¢ < oo,

t—0

. 36
and in the case p; > pa we assume q; < qo when s; = ss.



Embedding B3 ¥ (RY) —

P1,q1

Corollary (Haroske, Liu, M., Skrzypczak 2025)

Let 0 <p; <00, €R, 0<¢q <oo0andp; €Gp,,7i=1,2. Let

o=V . .
Qj = Sup, < 7;912((2,V))Q, j € Ny, and 0 = min (1, %

(i) It holds
Byiat (RY) = Bpé2(RY)
i p2(2")
sup < 00 1
R @)
and

{2](82 51) oy s01(27 Jye- 1}
(ii) lf holds, then is satisfied and

{QJ(SZ Doy 1(27 ] o 1}J€N

jEN

(iii) The embedding is never compact.
37



On bounded smooth domains?

Theorem (Haroske, M., Skrzypczak 2026)
Let s; € R, 0 <p; <00, 0< g <00, and p; € G, fori =1,2. Let

. ©2(27Y) .
=min(1,2) and o; = sup ——>, j € Ny. It holds
0 ( p2) 7 ogng)j @1(2_V)Q J 0

N2 (@) = N2, () (1)

U1,P1,91 u2,p2,92
if, and only if,

. . 1 1 1
23(s2=81) 9y (279 9_1} € Uy where = < = ) (2
{ ie1(27) jeNg q* e o), @)

Moreover, (1) is compact if, and only if, (2) holds with £, replaced by cq if
q* = oo, which means that

2j(527sl)a ) 301(27'7)0

JW—W if ¢ <q.

38
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