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A = (Ap, A1) stands for a Banach interpolation couple.

Definition
ForO0<f<1land0<qg<o0

Jally = (1K (2, )|y 0y
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A = (Ap, A1) stands for a Banach interpolation couple.
Definition

ForO0<f<1land0<g<oo

lallgq = [£"K(t,a)]] .

(0,00), %
For® = 0,1 and q = oo the definition makes sense

(Ao, A1)§ oo = AT
(A07 Al)foo = AlN
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For any other 0 < g < o0,

(Ao, A1)§ oo = (Ao, A1)Y . = {0}

o = = E A
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However there are situations in which interpolation with parameters
6 = 0,1 is desirable.

Example

Consider the couple (L1, L.,) over a finite measure space.

' VK(t, f
e = [ £ 0sae = [ <Dt
0 0
K(t,f) . .
1] Lerp SUP () It (6(t) K(t, O)ll o)

_ -1
10l ey ~ E(0CE)) K (E, )l L0000

= 15 e
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Definition
A measurable b : (0,00) — (0, 00) is slowly varying if Ve > 0

t ~~ t°b(t) increases

t ~> t °b(t) decreases
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Definition
A measurable b : (0,00) — (0, 00) is slowly varying if Ve > 0

t ~ t°b(t) increases
t ~> t °b(t) decreases

Example
Let (Oéo, Oél) € R2.

(1+ [log()) ¢t € (1,50)

feoen)(p) = {(1 T llog(£)) ¢ € (0, 1]
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Definition
Let0< 0 <1,0<q<o0 & b slowly varying.

The space

is defined by the norm

18 = [|EB(OKCE, £ Ao, Al o
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Definition
Let0< 0 <1,0<q<o0 & b slowly varying.

The space

is defined by the norm

18 = [|EB(OKCE, £ Ao, Al o

(Ao, A1)fq.5 is an interpolation space for (Ao, Ay) if

(i) 0<b <1,
(i) § =0 and ||b(t)HLq((1,oo),%)< 00 or
(iil) 0 =1, [|b(®)][] 0,1y, 2) < o© -
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Definition
Let0< 0 <1,0<q<o0 & b slowly varying.

The space

is defined by the norm

18 = [|EB(OKCE, £ Ao, Al o

In the case b = £{®0™1) we talk of logarithmic interpolation.
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The J spaces

Let (Ao, A1) be an interpolation couple and a € Ay N A;

The J-functional

J(t7 a, A07 Al) = max{”a”/\m t“a”Al}
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The J spaces

Definition
f e (Ao,Al)g’%b ifF

f= Z ux (convergence in Ag + A; ) (1.1)
kEZ
where the sequence (uy)kez is in Ap N Ay and

1(27%6(24)J(2%, ur)) ||,y < 00- (1.2)

leszy
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The J spaces

Definition

=00

1Flgs =i { (3 @625 u)?) ).

k=—00

o = = E A
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The J spaces

Definition
k=00
1Flgs =i { (3 (@ "B@)2" u)?) ).
k=—o0

We will assume that b satisfies the condition

e ey 1< o

which guarantees that (Ao, A1){ ,, is intermediate for the couple
(Ao, Ar).
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Main result

’

((A07 Al)lK,q,b) = (Az)v A;.)-]{,oo,l/i'
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Main result

’

((A0> Al)lK,q,b) = (Azb A;.)-]{,oo,l/i'

We need to work with regular couples for (A, A;) to make sense
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Regular couples

Definition

AoﬂAl‘—)A‘—)Ao—l-Al.

A=A A
(Ao, A1) is regular if A§ = Ag and A} = Ay

o 5 = = Q>
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Strategy to identify [(Ao,Al)fq;b}
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’

Strategy to identify [(AO,Al)fq;b}
a)

(Y =

o = = E A
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I

Strategy to identify [(Ao, Al)fq;b}

a) / /
(B =

ﬁ ’
((AO, Al)l q: b) ] Peetre's result
ﬁ /
((AO ,AN)l a B) } J-K equivalence
ﬁ ’
= ((AS,AN)l 1 B) } Compute ((AO’Al)f,q;B)n

!

#
Ao A1 J-K equivalence
) 1,1;a

= (Ao, Al)l,oo;% Duality result
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Peetre’s duality result

Let (E, || ||) be a quasi-Banach space.
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Peetre’s duality result
Let (E, || ||) be a quasi-Banach space.

Ix|[F = inf { 3 lxlle; where x = Zxk}.

k=1 k=1

Definition
Put N = {x € E, st. |x||\ = 0}.

E* is the completion of the quotient space E/N with the
quotient norm induced by || ||*.
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Peetre’s duality result
Theorem (Peetre, 1974)

(B9 = E

!

o = = E A
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Peetre’s duality result

Theorem (Peetre, 1974)
(EYY = E. (2.1)
Example
ForO<p<1
E=Ll,=— E'={0}&E" =L,={0} Haaker 1970
E—tl,— E'—0 &E" =0 —(=1(, Day1940
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Peetre's duality result

Theorem (Peetre, 1974)

(EYY = E. (2.1)

A result for J-spaces

Lemma (Cobos-Besoy)

Let (Ao, A1) be a quasi-Banach couple, 0 < ¢ < 1 and
b e SV(0,00). Then

i
((Ao, Al)il,q,b) = (Ao, Al)il,l,b'
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The Gagliardo completion

Definition (Gagliardo)

X C Y normed spaces.
The relative completion of X in Y is the space XY whose unit ball is

=
BXC,Y = BX
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The Gagliardo completion

Definition (Gagliardo)

X C Y normed spaces.
The relative completion of X in Y is the space XY whose unit ball is

=Y
BXC,Y = BX

Notation
~ _ AGAtAL ~ _ AGA0t+AL
AO - AO 1 — Al
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The Gagliardo completion

Notation
AON — Ag,AO"‘Al f; — A;,Ao—i—Al
- . K(t,f)
lall = fim K(&.) - Nallg = limy ==

Ay and A7 are the Gagliardo completions of Ay and A;.
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Definition
(Ao, A1) is a Gagliardo couple (mutually closed) if

(Ao, A1) = (A7, A7)

o 5 = Q>
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Definition
(Ao, A1) is a Gagliardo couple (mutually closed) if

(Ao, A1) = (A7, AT).

K(t,a; Ao, AL) = K(t, a; A, AY)
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Definition
(Ao, A1) is a Gagliardo couple (mutually closed) if

(Ao, A1) = (A7, AT).

K(t,a; Ao, AL) = K(t, a; A, AY)

Mutually close couples have a role in J-K equivalence theorems
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Equivalence Theorems

J funct

o = = E A
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Equivalence Theorems

AcNAL A~ (Ao,A1)J
J funct

0,q,b

K funct

o = = E A
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Equivalence Theorems

AyN A A~ (Ag, ALj

0,q,b
J funct

AO + Al W (A07 Al)g,q,b
K funct

The question whether these families coincide has been studied
recently.

Joint paper with Grover and Signes
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Equivalence Theorems

We look for the following result
Theorem

Let 0 < g <1 andlet b € SV(0,00) such that

||b(t)||Lq((o,1),%) < o0, ||b(t)||Lq((1,oo),%) = 0.

Then
(AO‘i Al)fq,b = (Ag7 A’]TJ)-II,q,B

B(t) = (Ji b(s)72) " = lls/ab(s) o 0.
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(Ag’ AT)‘ll,q,B — (AO? Al)ﬁq,b

o = = E A
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(Ao, A1) g o = (AT AT o8

For every a € (A, A1)f, , we must find

a:E U

(Z (27mb(2m)J(2", um))")l/q < o0

meZ

Joint paper with Grover and Signes Septiembre, 2025 17 /30



Nilsson's result

Theorem (Nilsson, 1982)

Let A be a mutually closed pair of p-normed quasi-Banach spaces.
Let a € £(A)° and 0 < g < co. Then, there exist a sequence
(ay)vez € Ao N Ay such that

a:E a,

VEZL

(Z (min{1, 57} J(2V7au))q>a < cpq K(t,a), t>0.

v

[

Here ¢, 4 depends only on p and q.

Joint paper with Grover and Signes Septiembre, 2025 18 /30



(Ao, ALK, = Z(A)?
Proposition

||b||Lq((1,oo),§) =00 (AO;Al)fq,b C (Ao = Al)o

de. = 00 in many results.

This has force the hypothesis ||b||L (o0, &)
q ,O0 7?
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1l ag azysc =

~Y
1,9,B

J,0

1/q

(Z (27%B(29)J(2", uk))")

o = = E A
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1/q

”aH(AN AN)I 5 (Z (2ikB(2k)J(2k? uk))q)

- (Z(zk/oz b(s)" f_/( uk))CI)l/q
~ (3 (minf1.27 927 m5(27) (2, w)?)
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lallag age (kez o)
B ;Z(zk/oz b(s)* % s(2*,w)) ")
< (Y2 map2myak(2me)e 1/q
_<in e
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Theorem

Let 0 < g <1 andlet b € SV(0,00) such that
Then

||b(t)HLq((o,1),$) < o0 ||b(t)||Lq((1,oo),d—;) = 0.

(A07 Al)fq,b = (Agv AT)-ll,q,B

o = = E A
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Theorem

Let 0 < g <1 andlet b € SV(0,00) such that
Then

||b(t)HLq((o,1),$) < o0 ||b(t)||Lq((1,oo),d—;) = 0.

(A07 Al)fq,b = (Agv AT)-ll,q,B

o = = E A
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Remark

In case ||b(t)||Lq((17oo),%) < 00, Cobos and Segurado proved by means
of a counterexample that, the space (Ao, Al)f .» does not have a
J-representation.

They used the non-regular couple ({1, () to build their
counterexample.
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Remark
In case ||b(t)||;,((1,00),2) < 00, Cobos and Segurado proved by means

of a counterexample that, in general, the space (Ay, A1), does
not have a J-representation.

They used the non-regular couple ({1, () to build their
counterexample.

Reason for this obstruction If ”b(t)||L,,((1,oo),%) < o0 it cannot be

assure that
(A07 Al)fq;b C (Ag + AT)O‘

Therefore, Nilsson's theorem cannot be applied.

Joint paper with Grover and Signes Septiembre, 2025 21/30



Remark

However, if as an additional hypothesis we ask the couple (Ao, A1) to
be regular, we have the following facts:

Q (A5, AY) is a regular couple too.

Q (A7, AT)E . p C Ao+ AL = (Ao + AL
In these conditions, we can apply Nilsson's theorem and repeat the
arguments of Thm. 2.8 to obtain the following result.
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Remark

However, if as an additional hypothesis we ask the couple (Ao, A1) to
be regular, we have the following facts:

Q (A5, AY) is a regular couple too.

Q (AONvAer){fq,b CA +A = (Ao aF Al)o.
In these conditions, we can apply Nilsson's theorem and repeat the
arguments of Thm. 2.8 to obtain the following result.

Theorem

Let (Ao, A1) be a regular Banach couple, 0 < q <1 and let
b € SV(0, 00) such that ||tY/9b(t)||q,01) < oc. Then, we have with
equivalence of quasi-norms

(AO’ Al){(,q,b = (A0N7 AT)‘ll,q,B
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Theorem

Let (Ao, A1) be a regular Banach couple, 0 < q <1 and let
b € SV(0,00) such that ||tY/9b(t)|q,01) < oc. Then, we have with
equivalence of quasi-norms

(AO‘i Al)lK,q,b = (Ag7 AT)E(,q,B

A different insight
Theorem

Let (Ao, A1) be a regular Banach couple, 0 < q < 1 and let
b € SV(0, 00) such that [|b(t)||, (01)2) < co. Then, we have with
equivalence of quasi-norms

(AOJ Al)K

= (A7, AY):
1,q,(t%Bq(t))l/q ( 0571 )1,q,B

v
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Duality results

Lemma

Let (Ao, A1) be a regular couple and let b € SV(0,00) a slowly

varying function.
K

_ R
(Al,l,b) =A 1,00,1/b"
Here, b(t) = b(3) for t € (0, 0).
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Duality results

Main result

Theorem
Let (Ao, A1) be a regular couple, 0 < g < oo and b € SV(0, o)
satisfying that, for t > 0, fot bq(s)% < 00. Then,

’

((Ao, Al)fq,b) = (A2)7 All){,oo,l/é‘

S

1/
a(t) = t%(fot b(s)q§> q, t >0, isin SV(0,00).
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|dea of the proof.

((A0>A1 1qb) ( Ay aAT)f,q,B)ﬁ
= (A7, AD) 16
= (A5, AT )11
= (Ao, A1)T1 s
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|dea of the proof.

((A07A1 1qb> ( AOaAN)qu)
= (A 07A1N)1,1,B
( ON:AN)fla
= (Ao, A1)

Now,

/ !/

[ ates] = [ (A0 A0tes) ]

!

= [(AoaAl)fl,a]
= (A;b A;){,m,l/ﬁ‘
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’

(Ao,Al) /oo, al)] Theorem 4.3, Cobos-Besoy

The case aooq+1 > 0.

d /g | ¢ootl/a=1(t) in (0,1)
o (Oéoaoo)q ~ ’
a(t) = tdt(/é ()5 ) {eam+1/q—1(t) in (1, 00).
Then,

!

[(A07 A1)1 ,q, 00> a1)i| (A0> A )1 ,00,{{(—cco—1/q+1,a0—1/q+1)

(A0= A )1 ,00,((—a0c—1/q,00—1/9) [4, Thm. 3.5].

This recovers the case i) of [1, Thm. 4.2].
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(Ag, A1)K Theorem 4.3, Cobos-Besoy

1 eao al)]

The case a, +1/g =0
In this case b(t) = £(@=1/a)(t). Then, after coefficients adjustment

N\ aot+l/a(¢) if )
B(t) = (/ ?)/ {ggl/q )() ﬁiig(l);)v)

{eaoﬂ/q 1 if t € (0,1)

t
at) = 00 e(t) 7 if t € (1, 00).

’

[(A07 Al)iq,b] (AO7 A )1 00, (1,10 =1/9) gp(1-1/4,0)(¢)

(A07A )1005(0 —ag—1/9)gp(—1/q,0)

This is the case ii) of [1, Thm. 4.2].
T P e



’

(Ao,Al)fq g(aom)] Theorem 4.3, Cobos-Besoy

The case a,q+1 < 0.
Finally, for the case a, +1/g < 0 we have the equivalence

(eott/a(t) if t € (0,1)
B(t)w{l if t € (1,00)
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’

(Ag, A1)K ] Theorem 4.3, Cobos-Besoy

1,q,0(0:1)

The case a,q+1 < 0.

Hence,

d (ootl/a=1(t) if t € (0,1)
B(t) ~ {0 if t € (1, 00)
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’

(Ao,Al)fq E(%al)] Theorem 4.3, Cobos-Besoy

The case a,q+1 < 0.

Thus, using that K(t, f; Ay + A1, A1) = K(t, a; Ag, A1) for t € (0, 1]

(Ao, A)f 1, = (Ao, A1 13(0,1).2
= (Ao + A1, A1)1 1, 0,1 00+ 1/a-1
= (Ao + A1, A1)y 1, pleot1/a-1.0)

for any a € R, o # 0.
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’

(Ao,Al)fq e(%al)] Theorem 4.3, Cobos-Besoy

The case a,qg+1 < 0.

Therefore, choosing v + 1 < 0 to apply [4, Thm. 5.10], we obtain
that

’ ’

|:(A07 Al)fl,ai| = |:(A0 + A17 Al)flyg(aowtl/qfl,a)]
= AN (AN AL AL (1 a0-1/q) [4 Thm. 5.10].

This recovers case iii) of [1, Thm. 4.2].
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Thm. 3.1 from Opic and Grover 2025
If we assume the additional hypothesis

”b”Lq((o,oo),%) =00

we can identify the dual of (Ao, A1)f, , as a K-space for the couple
(Ap, A). Actually,

[(Ao, Al)fq,bi| =

= (A Ag)({,oo,l/a [6, Thm. 3.1] (3.1)

This recovers Theorem 3.1 in [6] for the case g = 1.
Ty
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