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Abstract

We verify a conjecture on Triebel-Lizorkin-Lorentz spaces FqSL,,,r (R™) proving that they are
multiplication algebras if s > n/p. We also prove the corresponding conjecture on Besov-Lorentz
spaces B;LP,T (R™). Moreover, we show that in a certain range of parameters the condition
s > n/p is necessary for these spaces to be multiplication algebras.
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1 Introduction

Triebel-Lizorkin spaces F; (R™) and Besov spaces Bj ,(R") play a central role in the theory of
function spaces. They include many well-known spaces of functions and distributions such as Sobolev
spaces, classical Besov spaces, Holder-Zygmund spaces, inhomogeneous Hardy spaces or Lebesgue
spaces. We refer to the books by Triebel [39-41, 44] for the theory of these spaces. The two scales
are important in the theory of partial differential equations.

Spaces F ,(R™) and By ,(R™) have many useful properties. In particular, they are multiplication
algebras provided s > n/p. That is, the product of two elements of F; (R") is again in F}; (R")
if s > n/p, and the same happens with B;’q(]R”). This property is important for applications to
nonlinear heat equations and to Navier-Stokes equations (see the monographs by Triebel [42, 43]).
Necessary and sufficient conditions on Triebel-Lizorkin and Besov spaces have been shown in order
to be multiplication algebras. Contributions to this research are due to Triebel [36, 37], Kalyabin
[22, 23], Nilsson and Franke [17] (see also [39, Remark 2.8.3/3] for references to earlier contributions).



But the scales of spaces ;) (R™) and B, ,(R™) have a weak point: they are not closed by real
interpolation. This is the reason for introducing Lorentz-Sobolev spaces I L, (R"), By Ly (R"),
which are defined by replacing the role of the Lebesgue space L,(R™) by the more general Lorentz
space L, . (R™) in the Fourier-analytical definition of Triebel-Lizorkin and Besov spaces. These spaces
with Lorentz smoothness have been used since the early 1960s in different contexts. See, for example,
the papers by Peetre [26, 27|, Fefferman, Riviere and Sagher [15], Stein [34], Edmunds and Triebel
[14], Caetano [9], Yang, Cheng and Peng [48], Cianchi and Pick [10], Xiang and Yan [46, 47], Almeida
and Caetano [1, 2], Wadade [45], and the more recent papers by Grafakos and Slavikowa [19], Seeger
and Trebels [32], Hobus and Saal [20], Besoy, Cobos and Triebel [6], Besoy, Haroske and Triebel [7],
Besoy and Cobos [5], Sun, Yang and Yuan [35] and Feichtinger, Sun, Yang and Yuan [16].

Besoy, Cobos and Triebel [6, Theorem 5.5] used the characterization by interpolation of Triebel-
Lizorkin-Lorentz spaces and the bilinear interpolation theorem for the real method to show that
F; Ly -(R™) is a multiplication algebra if s > n/p, 0 < r < min(1,q) and r < p. For Besov-Lorentz
spaces they derive in [6, Theorem 7.2] that ByL,,(R") is a multiplication algebra if s > n/p,
0 < g <r<Tlandr < p. They conjecture in [6, Conjectures 5.6 and 7.3] that spaces F; L, -(R") and
B;LP,T(R”) are multiplication algebras provided that s > n/p without any condition on r and g.

A step forward in the direction of these conjectures has been taken by Besoy and Cobos [5,
Theorems 6.5 to 6.7]. This time they base the arguments on the description of Besov-Lorentz
spaces as approximation spaces and on the bilinear interpolation theorem for the complex interpo-
lation method. After their results, it remains open the case p < r for both spaces By Ly, (R™) and
F7 Ly -(R™), and also the case 0 < ¢ < 1 and g < r for spaces F; L, (R").

The goal of the present paper is to prove both conjectures of [6]. As for the Triebel-Lizorkin-
Lorentz spaces, we follow a direct approach based on the method of paramultiplication. This method
has been used by Peetre [27, Chapter 7] and Triebel [37, 2.6]. It is important in microlocal analysis
and in the theory of Calderén-Zygmund singular integral operators (see [33, Remark 2.2/2] and [31,
pp. 257-258] for detailed references). Our arguments are a combination of interpolation results and
ideas developed by Triebel [37, 2.6.2], [39, 2.8.2 and 2.8.3] and Franke [17]. Sharp embeddings between
spaces with Lorentz smoothness obtained by Seeger and Trebels [32] are important in our arguments
as well. We also show that condition s > n/p is necessary for Fj L, .(R™) to be a multiplication
algebra at least for a certain range of parameters.

Concerning Besov-Lorentz spaces, we follow a different approach. We first show that the descrip-
tion of B; Ly, .(R™) as approximation spaces modeled on F3 L, .(R™) (see [5, Theorem 6.1]) still works
for r = oo and 0 < p < 1. For this purpose, we introduce the local Hardy-Lorentz spaces hp o in
Section 3 and establish some of their properties. Then we prove the conjecture for Besov-Lorentz
spaces. We base the arguments on our achievement in spaces F; L, (R™) and a new characterization
of spaces B(‘;LP,T(R”) as approximation spaces. We also show that condition s > n/p is necessary for
B;LP,T(R”) to be a multiplication algebra at least for a certain range of parameters. At this point our
results are based on duality. For this reason, we describe in Section 3 the dual space of Bj L, ,(R™)

for some values of the parameters.

2 Preliminaries

By a quasi-Banach couple A = (Ag, A1) it is meant two quasi-Banach spaces Ay, A; continuously
embedded in some Hausdorff topological vector space.
Let a € Ag + Ay and t > 0. Peetre’s K-functional is defined by

K(t,a) = K(t,a; Ao, A1) = inf{||ao|| 4, + t]lailla, : @ =ao+ai,a; € A;,j =0,1}



For 0 < 6 < 1and 0 < r < oo, the real interpolation space (Ag, A1)a,» consists of all those a € Ag+A4;

having a finite quasi-norm
o0 B Tdt 1/T
el = ([ K Cars)

(the integral should be replaced by the supremun when r = co0). The space (Ao, A1)g,- is a Banach
space provided Ay and A; are Banach spaces and 1 < r < oo. Otherwise (A, A1)s, is a quasi-Banach
space.

Assume (By, B1) is another quasi-Banach couple and let T be a linear operator such that 7' :
Aj; — Bj is bounded for j = 0,1, with norm ||T'|[4; B,. Then T": (Ag, A1)s,r — (Bo, B1)e,r is also
bounded with

1Tl oAyt 1o < T S 1T 5,
This interpolation property still holds for sublinear operators if the couple in the target is formed
by quasi-Banach spaces of measurable functions with the lattice property (that is, if |f| is smaller
than |g| almost everywhere, then the quasi-norm of f is smaller than the quasi-norm of g) (see, for
example, [24] or [2]). We refer to the books by Bergh and Lofstrom [4], Triebel [38], Bennett and
Sharpley [3] and Brudnyi and Krugljak [8] for further details on the real interpolation method.

If ¢ < oo then Ag N Ay is dense in (Ag, A1)g,4- We put A3 for the closure of 49N Ay in Aj, and
(Ao, Al);,oo for the closure of Ag N A; in (Ao, 41)9,00-

Subsequently, if 1 < g < co we put 1Jr l/ =1.I0<qg<1, weset ¢ =oc.

Concerning duality, note that the dﬁal S%ace of a quasi-normed space is either {0} or a normed
space. If (Ap, A1) is a Banach couple such that Ag N A; is dense in Ay and A;, then we have with
equivalent norms

(AO,Al)gﬁq = (A, Aoy I 0<g<oo (1)
and
(Ao, 41)5.0)" = (A, Ao (2)
(see [4, 28, 38]).
Let Ngo = NU {0}, s € R, 0 < ¢ < oo and let A be a quasi-Banach space. We write [5(A) for the

space of all sequences (ax)ren, € A having a finite quasi-norm

1/q
(Z 2’“qnaknq>

(with the usual modification if ¢ = c0). If A = C, we simply write 3.

I(ax

Extending [38, Theorem 1.18.2] and [4, Theorem 5.6.1] to quasi-Banach spaces A, it turns out
that with equivalent quasi-norms we have

(50 (A),151(A)), . = 1(A). (3)

7 7q1

Here 0 < g, q1,7 < 00, —00 < 80 # 51 <00, 0< 0 <1and s =(1—6)sy+ 0s;.

Given n € N, we write R™ for the Euclidean n-space endowed with the Lebesgue measure and
put |z| for the norm in R™.

If A is a quasi-Banach space and 0 < p < oo, we put L, (A) = L,(R", A) for the usual vector-valued
L,-space in the sense of the Bochner integral. We write L,(R") if A = C.

Let 0 < p < o0 and 0 < r < oo. The Lorentz space L, (A) = L, (R™, A) is formed by all

(equivalence classes of) strongly measurable functions from R"™ into A which have a finite quasi-norm

sy = ([T or®)™



(the integral should be replaced by the supremum if » = oo) . Here f* is the non-increasing

rearrangement of f defined by
fr(t) =inf{s > 0: {z e R" : [[f(x)[la > s}| <t}

where |IW| stands for the Lebesgue measure of the set W (see [3, 4, 13]). If p = r, then L, ,(A4) =
L,(A). We write Ly, (R") when A = C.

Applying the real method to a couple of Lebesgue spaces one obtains Lorentz spaces: If 0 < pg <
p1(p — po)

, then with equivalent quasi-norm we have
p(p1 — po)

p<pr <ooandf=

(Lpo (A); Lp, (A))g,r = Lp,r(A) (4)

(see [4, Theorem 5.2.1] or [38, p. 134 and Remark 5 on p. 135]). We refer to [3, 4, 13, 18, 21, 38] for
other properties of Lorentz spaces.
Note that for 0 < p < 00,0 < 7 < 0o and A > 0 we have

IF Oy @y = APl f Il o) - ()

The dual spaces of Lorentz spaces can be found, for example, in [18, Theorem 1.4.17]. In particular,
we have
i) Ly R") if1<p,q < oo,

(prq(Rn)) =

Lyo@®R") ifl<p<ooand0<gqg<1.

3 Function spaces of Lorentz-Sobolev type

We write S(R™) for the Schwartz space of all complex-valued rapidly decreasing infinitely differen-
tiable functions on R™ and S’(R™) for its topological dual, the space of all tempered distributions.
For f € S8'(R") , we put Ff = f for its Fourier transform and F~1f = fV for the inverse Fourier
transform.

Let g € S(R™) such that

wo(z) =1 if |z] <1 and po(x) =0 if |x| > 3/2.

For k € N, we put
() = po(2772) — o (27F 1 z) = 1 (27" ).

The sequence (¢r)ken, is a smooth dyadic resolution of unity, Z vr(x) =1 for all z € R™.
k=0
The Triebel-Lizorkin-Lorentz space F; Ly -(R™) is formed by all distributions f € &'(R") having

a finite quasi-norm

1]

0o 1/q
FiLpr(R™) = (Z 2ksq|(<ﬂkf)v|q>

k=0
Lyp,r(R™)
The Besov-Lorentz space By L, (R") is defined as the collection of all distributions f € S’'(R™) such

that the quasi-norm

I1£1

oo 1/q
By ) = (Z 2’fsq||<sokf>V|qu,,,(Rn)>

k=0
is finite.
Note that if p = 7 then F;L, ,(R") coincides with the classical Triebel-Lizorkin space F}; ,(R"),
and Bj L, ,(R") is the classical Besov space B,  (R").



As was shown in [5, Proposition 2.3], we have
S(R™) — F;Lp’r(Rn), B;LP)T(RR) — §'(R")

where — means continuous embedding.

The spaces with Lorentz smoothness arise by real interpolation between classical spaces. Namely

fors e R,0< q,r <00,0<pg#p <00,0<8<1and % = 11;09 + 1%, with equivalent quasi-norms
we have the following
(Fpo.gR") o (R™) g = FgLp r(R™) (6)

(see [6, Theorem 3.6] and [38, Theorem 2.4.2/(c)].
Let —00 < 59,81 < 00, 0 <0 < 1,0 < go,q1 < 00,0 < pg #p1 <o0,s=(1—-0)sg+ sy,
1

L1204 90 apnd L =120 9 then we have the following with equivalent quasi-norms
q q0 q1 p Po P1

(B3 .0 (R™), B3, (R™)),

Po,q0 P1,91

a BSLP,Q(Rn) (7
(see [6, Theorem 6.5] and [38, Theorem 2.4.1/(c)]; see also [2, Theorem 4.10]).

Furthermore, the following interpolation formula holds.

Theorem 3.1. Let —co < 59 # 81 < 00,0 <0 <1, s =(1—-0)sg+0s1,0 < p < oo and
0< qo,q1,q,7 < 00. Then with equivalent quasi-norms we have

(3o Ly (R"), F2 Ly o (R™),, = By L (R") (®)

)

Proof The result is known for r < oo (see [6, Theorem 6.7]). Assume r = oco. Pick 0 < 7; < min(p, q;),
j =0,1. By [5, Theorem 5.3] we have

BiLp,oo(R™) = (B3 Lp,oo(R™), B} Lp,oo (R™)) . = (B3 Lp,oc(R™), B3 Lp,oo(R™)) g -

Now the result follows having in mind the embeddings
B”S—Z vaoo(Rn) — F;;vaoo(Rn) — BgéLp7OO(Rn)7 .] = 07 17

(see [32, Theorems 1.1 and 1.2]).
O

By means of these interpolation formulae, it was shown in [6] how to transfer a number of
properties of the usual Triebel-Lizorkin and Besov spaces to Lorentz-Sobolev spaces. Next we continue

this research.

Lemma 3.2. Let —0c0 < s < 00 and 0 < p,q,r < oo. Then S(R™) is dense in F; Ly, .(R™) and in
BZLP7T(R”).

Proof Take 0 < pg <p <p1 <ooand 0 <6 <1with 1 =18+ & By (6) we have that

(Flfqu(Rn)v F;hq(Rn))e’r = F;LP;T(RH)~
Since r < 00, Fpy ¢(R™) N Ey o(R™) is dense in Fy Ly »(R™). Moreover, by [39, Theorem 2.3.3], one can
approximate any element of Fj;, ,(R™) by functions of S(R™) because ¢ < oo. Consequently, S(R") is dense
in FS Ly, (R™).
The proof for BgLp »(R™) can be carried out similarly but using now (8). O

Concerning duality, according to [39, Section 2.11], we know that

(B; ,(R™) = B,%,(R™)

p,q



providedthat—oo<s<oo71§p<ooand0<q<oo.Asbefore,weput%+%zlif1§q<oo,

and ¢’ = 0o if 0 < ¢ < 1. For Triebel-Lizorkin spaces we have

S n 4 —S n
(Fpq(R™) = Fyy (RY)

provided that —c0 < s < o0, 1 < p < oo and 1 < ¢ < oo. Next we determine dual spaces of
Lorentz-Sobolev spaces. We put f; Ly oo (R") (vespectively, b3, Ly, -(R™)) for the closure of S(R™) in
Fy Ly o (R™) (vespectively, B3, Ly, -(R™)).

Theorem 3.3. Let —00 < s <00, 1 <p,qg< o0 and 0 <r < oo. Then we have with equivalence of
norms
(F;Lp,r(Rn)), = Fq_'SLp/ﬂ"’ (R™)
and
(f3Lpoo(R™) = F7Ly 1 (R).

q )

Proof Pick 1 < pg < p < p1 < oo and 0 < 0 < 1 such that % = 1=0 p%. By Lemma 3.2, Fpy, ,(R™") N

Po
Fp, q(R™) is dense in Fyy, 4(R™) for j = 0, 1. Since % 11;5)9 + %, according to (6) and (1), we obtain

!/ / — —
(F;Lp,r(Rn)) = ((szo,q (Rn)a Fil,q(Rn))Q,r) = (Fpé:qq/ (Rn)v Fp/jq/(Rn))G,r’
= Fq_,st/ﬂ"l (Rn)
To establish the second formula of the statement, since we have Fg Ly, oo (R™) = (Fp, ,¢(R™), Fp5, ¢(R™))g o0

and f§Lpoo(R"™) = (FqSLp,oo(]R"))o, using (2), we obtain

!’

/ ° _ _
(f;Lp,OO(Rn)) = ((FSO,Q(RTL)7 F;lth(Rn))@,oo) = (Fpgsq/ (Rn)7 Fp'lfq/ (Rn))e,l
= Ly 1 (RY).
O

Theorem 3.4. Let —co < s <00, 1l <p<oo,1<r<ooand0<q< oo. Then we have with
equivalence of norms
(BiLpr(R™)" = By Ly v (R")
and
(bioLpn'(Rn))/ = Bl_st/,,./(R”).
The first formula also holds if —co < s <00, 1<p<oo,0<r<1land0<q<1.

Proof Pick 1 < qo,q1 < 00, —00 < 59 < 8 < s1 < 00 and 0 < 0 < 1 with s = (1 — 0)sg + 0s1. By Theorem
3.1 we have

(FQSC?LP»T (Rn)v F;f LPaT(Rn))Q,q = B;LP,T‘ (]Rn)
and Lemma 3.2 yields that F;2 Ly »(R™) N Fg! Ly »(R™) is dense in F;j Ly »(R™) for j = 0,1. Therefore, if
1 <r < oo, we can apply (1), Theorem 3.3, and again Theorem 3.1 to derive that

/ — — _

(BgLp,r(R")) = (FqésoLP’w’ (Rn)’FqQSILP’W’ (Rn))qu/ - Bq’st’,T’ (R™).
For the second part of the statement, since B3oLp,r(R") = (FgdLp,r(R"™), Fg! Ly (R")),  and

bioLpr(R™) = (B3 Lpr(R™))°, we have

(b5 Lp.r(R™)) = ((F30 Lp.r(R™), Fg Lp.r(R™))g o)
= (Fq‘ést)L][,,)w(]R”),Fq‘ilep,’r,(R”))&1 =By °Ly . (R™).

/

Finally, if 0 < r < 1, then spaces Fj Ly r(R™) and BgLp,(R™) are quasi-Banach spaces. For this reason

we cannot determine the dual by using the interpolation results, because they require Banach couples. But



if 0 < r <1 we have that Lp,(R™) < L, 1(R"), therefore B§Lp (R") — BgLp 1(R™). According to our
previous achievement, if 0 < ¢ < 1 we get that

BxLy o (R™) = (BiLp1(R™) < (BiLp.r(R™))

In order to check the converse embedding, consider a smooth dyadic resolution of unity (¢g)ken,, take any
g€ (BSLP,T(R"))/ and any ¢ € S(R™). We have

(F~ onFg) (@) = lg(ForF )|

—1
< || FerF " elBsL, . ) ||9H(BSLP &)’
q A

< 2%k n "
<2 lellr, @ 9l (g, @)

Since (prr(R"))/ = Ly oo(R™), we obtain that

sup 27K || F o F / ny < ¢ /
sup 17 ek Fall Ly co®n) < ”gH(B;Lp,T(R"))

and therefore g € B3’ Ly oo (R™). O
Next we show that if 0 < p < 1 then the dual of Bj L, (R") coincides with the dual of the Besov

space B; ,(R™). Therefore (see [39, 2.11.3]), smoothness of the dual space is better than the expected
value —s.

Theorem 3.5. Let —o00 < s < 00, 0 < ¢ < 00. Assume that 0 <p <1l and 0 <r < oo, orp=1
and 0 < r < 1. Then we have with equivalence of norms

s n\\/ —s+n(1l/p—1 n
(B3Lyr(R™) = B4 /P D (®e).

Proof By [32, Theorem 1.5], we have By Ly (R") — Bf;n/ern (R™). Besides, the embedding is dense. Hence,
using [39, Theorem 2.11.2/(i)], we have that

— 54+ — !/
BUHMPTMRY) < (B Ly (R™))
Conversely, take a smooth dyadic resolution of unity (¢x)ken, and let g € (BSL,,J«(R"))/. We have
-1 -1 -1
FaFe) @) = 0 e = < I e = Mgy 190 e, oy O
q ,r

Let (m)men, be another smooth dyadic resolution of unity and put ¥_; = 0. We know that ¢ (y) =
e1(27 ¥ 1y) and Yy (y) = 1 (27" y). Hence

M2

IF )@ = Mz, @) = (30 27N F omF) (F o) @ = NIL )

Il
=]

m

M-

-

s ; _ 1
2 D (F ey jon) (24 MG, y) !

<.
Il

1
—( Z 25 (k+0)a) =Ly, (27F7IFL 1y (27 FH .)||‘1prr(Rn))1/q
j=—1

<e 25k+nk(171/p) H]:ilwlcleLp,,-(R")
< ¢y 28k+nk(1—1/p)

where we have also used (5), that F~ ¢, € S(R™) and that

—1 —1 —1 —1
IF " 1eilln, ey = IF 01 FF " e1llr, &) < IF eillpor, , @n) < oo
This yields
1 k+nk(1—1
||(]: L,Dk)(x - ')||Bng,7-(R"’) < ez 28 +nk( /17)
Therefore

2~/ P Fl G Foll ey < o2 HQH( (10

/.
BiLy - (R™))



If 0 < ¢ <1, we conclude the wanted equality
(BSLpr(R™)) = B /P (wm),
For 1 < ¢ < 00, having in mind (10), we can pick z; € R"™ such that
||~7:71‘Pk]:g||LOO(R") < 2|(F g Fg)(ap)l-
Let N € Nand for k=0,..., N take any complex numbers aj. Put
pla) = §Nj g~ kAP g (F 7 o) @y — ).

k=0
Then ¢ € S(R™) with

N
|‘90||BSLP,T(R"L) <c3 ( Z |ak|q)1/q

k=0
where c3 is independent of N and of {ag,...,an}. Using (9), we have

N
| Z 2_sk+nk(1/p—1)ak(}'_lgok]:g)(ﬂfk)| = lg(p)]

k=0
<llellBsL,,.®m) ||9||(B;LP1T(R,L))’
al 1/q
< 03(2_:0 |a|?) ”gH(Bng,r(R”))"
Consequently,
”(2fsk+nk(1/P*1)]_-flsOk]:g)||qu(LOO(Rn)) <2ec3lgll (Bng,T(R”))/
This completes the proof. O

As for Triebel-Lizorkin-Lorentz spaces with 0 < p < 1 we have the following result.

Theorem 3.6. Let —c0 < s <00, 0<p<,p<r<land0<g<oo,orp=1,0<qg<1and

0 <7 < 1. Then we have with equivalence of norms

(F3Ly.(R™) = B2tr/r=D(Rn),

Proof According to [32, Theorems 1.1 and 1.2], in the first case for parameters we have
b min(pq.r) (R") = i Lp.r (R") = By "D @Y,
Therefore, by [39, Theorems 2.11.2/(i) and 2.11.3/(i)], we obtain that
B D ®Y) < (FiLp s () — BTV ®RY).
Ifp=1,0<¢g<1land 0<r <1, we have
Brin(1,0,) L1 R") = Fg L1, (R") — BY 1(R").
Hence, using Theorem 3.5 we conclude that (F3 L1 (R"))" = Bx’ao (R).
O

As it is pointed out in [6, Theorem 6.4], in the definition of BjL, .(R™) we can replace the role
of the Lorentz space L, ,(R™) by the local Hardy-Lorentz space hy,,. Recall that hy,, is formed by
all those f € §'(R™) having a finite quasi-norm

1 hy = 11 sup [0t ))Y 1, zn)-
0<t<1

Here 0 < p,r < 0o and 9 € S(R™) is compactly supported and with ¢ (z) =1 if |z| < 1.
Local Hardy-Lorentz spaces have been studied by Almeida and Caetano [2], who proved that if
0<pyo#pr <00, 0<r<oo,0<8<1and % = 117_—09 + p%’ then we have with equivalence of

quasi-norms

(hpovhpl)e,r = hp,?" (11)



(see [2, Theorems 4.3 and 4.7]).
As far as we know, the case r = oo has not been considered in the literature. Since we will need
some results involving h,, o, in Section 5, next we introduce local Hardy-Lorentz spaces with r = oo

by using real interpolation.

Definition 3.7. For0 < p < 0o, pick 0 < pg,p1 < o0 and 0 < 0 < 1 such that % = 11:09 —&-1%. We put

hp,oo = (hpov hpl)a,oo

Lemma 3.8. The space h, o does not depend of the particular choice of 0 < po,p1 < oo and
0 < 0 < 1 provided that 1/p = (1 —6)/po + 0/p1.

Proof Assume that 0 < qo,q1 < oo and 0 < n < 1 satisfy that 1/p = (1 — n)/q0 + n/q1. We should show

that, with equivalence of quasi-norms

(hPO: hp1)0,oo = (hqo: hQ1)77,OO~

Pick 0 < u,v < oo such that u < pg,p1,90,q1 < v. We can find 0 < o, 5,7, p < 1 such that
1 1- 1 1-— 1 1-— 1 1-—
L _lzajo 1 1= 5 1 1=r 7 1 _1=p,p
PO u v’ op1 u v’ qo u v’ oq u v

l:(lfe)(l_a+g)+0(ﬂ+g)
D i v U v

Then we have

_ (1—9)(1—a)+(1—0)a+9(1—5)+%
u v u v

_l—a+b0a—-08  o—0a+083

a u + v

_ 1—T+n7—np+7—m+np

o u v '

Since the function f(t) = (1 —t)/u + t/v is injective, we get that
a—0a+08=1—nT+np.
Consequently, using (11) and the reiteration theorem [4, Theorem 3.11.5], we derive
(o i )p.00 = (s i (s ) ) g = (s B0,
= (hu, ho)r—nr4np,00 = ((hus o) rg05 (s ho)p,a1) 00
= (hgo» hai)n,c0-

As it was pointed out in [6, (6.3)]
hp = F3 L, (R™) provided that r < co. (12)
Next we show that the equality also holds when r = oo.
Proposition 3.9. Let 0 < p < co. We have, with equivalence of quasi-norms,
hp,oo = Fng’oo(R”).
Proof Pick 0 < pp <p <p1 <ooand0< 8 <1with 1/p=(1—0)/po+8/p1. Using (12) and (6), we obtain

oo = (hpos s Jo.00 = (Fpo 2(R™), ) o(R™))

= F3 Lpoo(R™).
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Since FY L, (R") = L, (R") provided 1 < p < oo and 0 < r < oo (see [48, Theorem 5] and [6,

(3.1)], it follows from the previous result that
hp.co = Lp oo (R™) provided that 1 < p < oo.

We are going to need also the space
o = { £ € S 171, . = 312 1), ) < o0
0<t<1
where 0 < p < oo and ¢ € S(R™) is compactly supported and with ¢ (z) =1 if |z| < 1.

Lemma 3.10. Let 0 < p < oo. Then hp oo — Bpm.

Proof Pick 0 <pg <p <p1 <ooand 0< 6 <1withl/p=(1-0)/po+6/p1. The map T : hyp, — Lp; (R")
defined by T'f = supgcscq |(¥(t-) £)V] is sublinear and bounded. Therefore, by the interpolation property,
there is a constant C' > 0 such that

115, . W@t )N N, @y < ClFlny s £ € hpoe.

= sup |
0<t<1
O
As we have mentioned before, if < oo then BjL, ,(R") coincides with Bgh,, .(R"), the space
obtained replacing the role of Ly, ,.(R™) by h,, , in the definition of Besov-Lorentz spaces. This equality
is important to describe the interpolation properties of Besov-Lorentz spaces (see [6]).
Let Bghpoo(R™) be the Besov-Lorentz space defined as Bj L, o (R"™) but replacing the role of
L, o« (R™) by the space hy oo.
The following result complements [6, Theorem 6.4].

Theorem 3.11. Let —00 < s < 00, 0 < g < o0 and 0 < p < co. Then we have with equivalence of
quasi-norms

BSLyoo(R") = Bihy oo (R™).

Proof Tt is enough to show that there are constants cg,c; > 0 such that for any k € Ny and f € S’ (R™) we

have

coll(erf) VI, o @n) < Nkf)Vlny o < erlnf)VllL,, @)

where (pg)h—o is a smooth dyadic resolution of unity. Since 1/)(2*(k+1) ¢k = ¢k, using Lemma 3.10, we
obtain

AV _ —(k+1) AV
(erf) Nz, @) = I(¥(2 Ve f) L, w0 ®)
< | sup [t )or) ML, o wn) = 10k 17,
0<t<1 '

oo

< el (rf) Ny -
Conversely, by Proposition 3.9 we know that [|f|[, .. ~ ||f||F20Lp . (rn)- Since [6, Theorem 6.3] works
for r = co and we also have (5), then we can proceed as [6, Theorem 6.4, p. 832] to derive

k) Ny e = Nk MEg L, oo my < el(er )7l o @n)-

O
Next we show some other results that will be useful in the next section.
Let f € S'(R™) and let (¢g)ken, be a smooth dyadic resolution of unity. We put
k
fo=F 'opFfand fF =" f; = F lpo(27F)Ff, k€ No. (13)
=0
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By [39, (5) p. 49], if f € F5 ,(R™) and ¢ < oo, then (f*) converges to f in F5 (R™). Since F f*
has compact support, it follows that

W ={f e F;,(R"):supp Ff is compact} is dense in F; (R") if ¢ < oo. (14)

Note that, according to the Paley-Wiener-Schwartz theorem, if f € W then f is an analytic function.
For k € N, consider the linear operator Ry(f) = f*. There is a constant ¢ > 0 independent of k
such that

Rk fllFs ,&e) < cllfllFs ) 5 [ € Fp (R?)
(see [40, (15) p. 112]). Interpolating the operator Ry, and using (6) we obtain that there is a constant
C > 0 independent of k such that

1 s 2y zry < Cllfll sz, ey o f € FyLps(RY). (15)

From density of Ag N A; in (Ao, A1), for 7 < oo and (14) we derive that if —oco < s < 0o and
0 < p,q,r < oo then

The set {f € F;L,(R") : supp F [ is compact } is dense in F/ L, -(R"™). (16)
Let T" be a dense subspace of F;me(Rn) and let E be a quasi-Banach space. If

T: (T,

F;L,,,T(Rn)) x (I ]| - |F;LP,T(R")) — B

is a bilinear operator such that

IT(f, 9lle < M| fllFsr, @)L, @, f9€T,

then we can extend 7" to a bounded bilinear operator in the product F; Ly, .(R™) x F; L, .(R").
Indeed, given any (f,g) € F; Ly (R") x F; L, (R") it suffices to choose sequences (u,), (vm) € T'
such that u,, — f and v, — g in F; L, -(R") and define T'(f, g) = lim,, 00 T'(tm, vm). In the next
section we shall use this remark with I" being the set in (16).

Let A be a quasi-Banach space with S(R") — A — S’(R"™). Following [17, 2.6], we say that A
has the Fatou property if there is a constant C' > 0 such that from

liminf ||g;]|a < D and g, — g in S’ (R™) for the weak topology
m— 00

it follows that
g € Aand |glla <CD.

Lemma 3.12. Let —00 < 5 < 00,0 < p < 00 and 0 < g,r < 0o. Then F; Ly, (R")) has the Fatou
property.

Proof We start by showing that the Lorentz space Ly -(R"™) satisfies that if (fm) is a sequence of functions
which converges almost everywhere to some function f and liminfm—co || fmllz,, (me) < 00 then

f€Lpr(R") and [|fllz,, @&n) < liminf (| fr| L, , (&) (17)

Indeed, let hi(z) = inf,, >4 [fm(x)|. We have that 0 < hy 1 |f| a.e. Passing to the non-increasing

rearrangements we obtain hj 1 f*. Hence

= AV th)l/q: lim ( = L/ppx th)l/q
T (/0 (V7 £ (1)) /O (VPR (1))

t k—o0 t

11



< Jim_ (i Wl o) ) = mint LAl e

Now, having (17), we can complete the proof by proceeding as [17, Theorem 2.6.1] for the case of Triebel-
Lizorkin spaces. Assume that (g("™)) C F§ Lp(R™) satisfies that

lim inf Hg(m)HFSL rny < D and g™ S gin S'(R™) for the weak topology.
m— o0 a p.r(R™)
For f € S'(R™) we put, as in (13), fr = f71¢kff. So fr is an analytic function and fi(z) =
f ((ffltpk)(:c - )) Hence, if k and z are fixed,
g,(cm) (z) = gx(z) as m — oo.
Let h(m)(zz) = ||(2ksgl(€m)(x))||gq. We have
- o ks
liminf [, , &) = lminf [|26™ @)l Iz, zn)
— Timi (m)
=liminf{|g"" || pep,  (mn) < D-
Using (17), we obtain that liminf;n o h(m)(m) exists almost everywhere and
m inf B imi (m)
[Mim inf 2 (2)]| 1, , (rny < liminf [R5 gy < o0
For any = € R" such that liminf;,— 00 p(m) (z) exists and for any N € N, we have
ke N . k N c.
12" g (@)olle, < lminf (2™ @))ilole, < liminf A™ (). (18)
m—r 00 m—r o0
Therefore, H(2k3gk(-)),;“;0\|gq exists almost everywhere. Moreover, as H(kagk(-)){yongq is Lebesgue measur-
able for each N, we have that H(stgk(-)),zo:Ong is also measurable. By (18), we obtain
125 g1 (@)7Zolle, < lim nf A" ().
m—o0
Whence, using (17), we derive
k a .
lgll s,y = M@ gk @)lle, Iz, r) < Iliminf K @)1, (&)
<liminf [R5 (2)| L, (&) = liminf |g" [ pep, | (mn) < D
]
In our later computations we shall also need the Peetre’s maximal function: Let a > 0 and (hy)32

be a sequence of Lebesgue measurable functions from R™ to C. The Peetre’s mazimal function is
defined by

(hi)y(x) = yseuﬂg (1+ 2k[y)e

Let —00 < 8 < 00,0 <p < ooand 0 <g,r <oo. Given f € F (R"), let again fj = (cpkf)v,k €
No. If @ > n/min(p, q), then the operator T'f = (fi.); is sublinear and bounded from F; (R") into
Ly (€;) (see [40, Theorem 2.3.2 |). By the interpolation property and formulae (6) and (4) with A = £7,

we derive that the following maximal inequality holds

1(fr)allL,..e5) < Clf

F2Ly - (R™)- (19)

4 Multiplication algebras and Triebel-Lizorkin-Lorentz spaces

Let A= F;L,,.(R") or BJL,,(R"). We say that A is a multiplication algebra if fg € A whenever
fyg € A, and there is a constant C' > 0 such that || fg|la < C||f||allglla for any f,g € A.

Let 0 < p < oo,s>n/pand 0 < g,r < oo. Then F; (R") and B, ,(R") are continuously embed-
ded in Loo(R™) (see [17, 33, 39] ). Using the embeddings between spaces with Lorentz smoothness
and spaces F; (R"), By ,(R") (see [32]), it is not hard to check that

FJLy»(R"), ByLp(R™) < Loo(R") (20)

12



provided that s > n/p. Therefore, for f, g € F, ¢ L, (R™) the product fg makes sense pointwise almost
everywhere.

As we pointed out in the Introduction, F;’q(R") is a multiplication algebra if s > n/p. Next
we prove Conjecture 5.6 of [6] on Triebel-Lizorkin-Lorentz spaces. We combine ideas developed by
Triebel [37, 2.6.2], [39, 2.8.2 and 2.8.3] and Franke [17] with interpolation results.

Theorem 4.1. Let 0 < p < 00, s > n/p, and 0 < ¢, < co. Then Fy7L, (R"™) is a multiplication
algebra.

Proof Let f,g € FjLp.+(R™). Using the smooth dyadic resolution of unity (¢x)ken,, we put for I,j =
0,1,2,...

l ) J
f=F'aFf, =3 fi 9i=F '¢;Fg and ¢/ => g
k=0 k=0
Note that

! - -1 j - —j
fr=F o )Ff) and ¢ = FH(p0(277 ) F).
We assume for the moment that Ff and Fg have a compact support. In S’(R™) we have

o0 o0
. 11 j—2 -2
fo=Jim fig =3 fid 7 +> e+ Y g
j=2 =2

l1—j]<1
Note that
supp ffjgj72 CH{z: 2173 < x| < 15- 2j73}, j—2€eNy
and
supp Ffig; C {z:|z| <9271}, -4l < 1.
Since

supp ¢ C {z: k=1 < lz] < 3-2’671}, keN,

the support conditions yield that

o0 o0
FlonFfg = ]:—1%]:2 fig ™2 +]:_1<Pkfz F g+ F o F > fig

j=2 1=2 li—j|<1
3 3 00 1
-1 ktj—2 | -1 kpl—2 -1
=F lon D Fheaid T F ok Y F T g+ Y Fler Y Fhligi
j=—1 1=—1 I=k—3 j=——1

In order to check that fg belongs to Fg Ly (R™), that is (FYopFfg) belongs to Lyp(13), it suffices to

estimate the following three model cases:

Se(fo9) =F topF fryg
X0 (f,9) =209, f),
SY(f9) = Yok (F onF fran)

Using the Peetre’s maximal function, we have

Sr0@] = | [ e - vata - nay

A

<a(i@lalzo [ 17 om0+ 2 dy

@ lallzny [ 17 o7 )0+ 2 ) dy

e1(f)a(@)llgll L 2y /R 2 EEEDE T o) (2 ) (14 2] My

L@l [ 17 (@1 + 2 e

IN

c2(fi)a(@)gll L, mny-
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Picka > ——— . According to (19), we derive
min(p, )

| (Sk(f, g))Hprr(l;) < alfllrse, , @)l9lie < calfllrsL, @lglrsL, &)

where we have used (20) in the last inequality.

Changing the roles of f and g, we get
(=5 (S, I, .qz) = (% (g, e, ap) < calfllrsr, @nllglrs L, @)

In order to estimate the remaining term, pick 0 < 7 < oo and note that s > n (ﬁ - 1). By [17,

Step 3, p. 48] there is a constant ¢5 > 0 such that for any v € Fj; ;(R™) and v € B?{; (R™) we have
k
1S )1 1y < sl ey 9] e - (21)

Let 0 < p; <p<p2<ooand0<6<1suchthat 1/p=(1—0)/po+6/p1 and n/p; < s. Then

> (g ) 2 (e ) 2 (g =)

Fixv e B:},{; (R™) and consider the linear operator u — (2’“52%/(% v)). By (21), this operator is bounded
from Fj, 4(R™) into Lp,(lq). Using (4) and (6), we get that there is a constant cg > 0 such that for any
u € Fj Lp»(R™) we have

ks
1275k (w, )L, 1) < collellpg L, @) 1V] gr/z gy

Pick now 7 = 2p. By [32, Theorem 1.2] the embedding Fy Ly »(R™) < B;;{i’; (R™) holds. Therefore

k
1™ 5% (£, 9Dz, . 1p) < erllfllEs, , @ 9l Fs L, 2y
Consequently,
@l e ny @) - @O Rs L, . &e)) < Fg Lpr(R™) (22)
where
I'={f € F;Lpr(R™) : supp Ff is compact}.

If max{ r, ¢} < oo then, as we pointed out in (16), I' is dense in F§ Ly (R™). Therefore, the product can
be extended to Fj Ly »(R™) x FjLp -(R™) with the effect that Fyj Ly »(R™) is a multiplication algebra.

Finally, if max{r, ¢} = oo, given any f,g € FjLpr(R™) we consider

k

k
fF= Z.Fcplff and g" = ZFWJ:Q’ k € Np.
=0 =0
By (15), there is a constant d; > 0 independent of f and k such that

k
1 s ny, ey < dillfllFsL, (v

no1(
2p4+2 2 p)’
According to [32, Theorem 1.6], we have
FiLpr(R") = F28£+2,2(Rn)»

Let

S1 —

and the space F§;+2 5(R™) is a multiplication algebra because s1 > n/(2p + 2). Since
fk — f and gk — g in FQS;JFZQ(Rn)
(see [39, p. 49]), we have that
k k .
"¢ —fg in F251;+2,2(Rn)
and in particular in S’(R™). Furthermore, by (22), we have
k _k k k
19" lFs L, rmy < N psn, @9 s L, (R

2
<cdilfllpsr,, , @lglps L, @)
Consequently, using the Fatou property of Fg Ly r(R™) (Lemma 3.12), we conclude that fg € F;Lp(R")
with
If9llFsr, . &n) < ClifllFs L, . @m)ll9llFs L, &)
The proof is complete.

14



Necessary and sufficient conditions are known for Triebel-Lizorkin spaces to be multiplication
algebras (see [17]). Next we show that condition s > n/p is also necessary for F; L, .(R") to be
a multiplication algebra at least for a certain range of parameters. In the proof we use an idea of
Maz’ya and Shaposnikowa [25] (see also [31, Remark 4.3.2/1]).

Theorem 4.2. Let s >0, 1 <p,r <oco and 0 < q < oo. If F; L, (R™) is a multiplication algebra,
then s > n/p.

Proof Since max{q,r} < oo, it follows from Lemma 3.3 that S(R") is dense in F Ly (R™). Take any ¢ €
S(R™) and consider the linear operator Ty, (f) = ¢ f. By the assumption, Ty : F§ Ly »(R") — F§ Ly »(R™)
is bounded.
Let p < v < oo such that s > 7 — 7 > 0. We know that Ly (R") = Fg’z(R") and, by [32, Theorem 1.6],
we have
Ly (R") — Ly(R"). (23)
Given any cube @ C R", we can find ¢ € S(R") with ¢y =1 on Q. Then

o ; 1/(vm)
lellz @ = lim ( /Q o)™ ()| dx> .

m—r oo

Embedding (23) yields that

m 1/m m 1/m
le™ el ) < et lle™ bl er )

<alTF@IET, o

1/m
<a ||T<pHF;LP,T(RH),F;LP,T(R”)||1/1HF5LPYT(R")
Passing to the limit when m — oo we derive that
lel o @ny < el TellFsL, , ®n),FoL, (R
< cllellpsr, . (rn)-

This yields that Fj Ly »(R™) < Loo(R™).
Now we finish the proof of the necessity of condition s > n/p proceeding by contradiction. If s < n/p, we
pick 0 < u < p. Then s — n/p+ n/u < n/u. By [32, Theorems 1.1 and 1.5], it follows that

B (R™) < Bi,"MPT M RY) & B Ly (R™) < Loo(R™)

n

but this is not possible because, according to [37, p. 134], since 7 > 1 the space By’ (R™) has essentially
unbounded functions. O

5 Multiplication algebras and Besov-Lorentz spaces

Next we study Conjecture 7.3 of [6] on Besov-Lorentz spaces. The approach that we follow is based
on the characterization of spaces B;LP,T(R") as approximation spaces.
Let (X, ] - |lx) be a quasi-Banach space and let (Dy)ken, be a sequence of subsets of X satisfying

the three following conditions:

Dy={0}C D C---CDyC---CX

= )

ADy, C Dy for any A € C and any k € Ny,
Dy + Dy, € Dy, for any k,m € Ng.
Given any f € X, let Eqo(f) = ||f||x and

Ep(f) =inf{|lf —gllx : g € Dx}, k € N.
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Let @ > 0 and 0 < ¢ < oo. The approximation space [X]g‘ = (X; Dm)g‘ consists of all those f € X

having a finite quasi-norm
1fllxg = 1k~ 1 Bx_1(f)lle,

[0}

(see [11, 12, 29, 30]). An equivalent quasi-norm in [X]¢' is

00 1/q
I1fll5%e = <||f||§( +) " 2keE,, (f)q> (24)
k=1

(with the usual modification if ¢ = 0o) (see [30, Proposition 2]).
Let 0 < ¢ < 00,5>0,0<p<ooand <r < oo, allowing also r = o0 if 1 < p < oco. Let
Dy = {0} and
Dy={g€ F)L,,(R") :supp Fg C {z: || < k}}, k €N.

According to [5, Theorem 6.1] we have with equivalence of quasi-norms
[F5 Ly, (R™)]5 = By Ly, (R™). (25)

Note that FY L, ,(R"™) coincides with equivalence of quasi-norms with L, ,.(R") provided that 1 <
p < ocand 0 <7 < oo (see [6, (3.1)]). Moreover, FY L, (R™) is equal to the local Hardy-Lorentz
space hy, , for 0 < p < oo and 0 < r < oo (see Proposition 3.9 and [6, (6.3)].

The following result shows that (25) also holds if » = 0o and 0 < p < 1.

Theorem 5.1. Let s >0 and 0 < p < 1. Then we have with equivalence of quasi-norms

[F5 Lp.oo(R™)]§ = By Lp,c(R"). (26)

Proof In view of Proposition 3.9 and Theorem 3.11, we can proceed as in [5, Theorem 6.1]. O

Next we show a new approximation formula where FYL, .(R") is replaced by other Triebel-
Lizorkin-Lorentz space, now with positive smoothness. In what follows, given a Lorentz-Sobolev space
A which contains the sets Dy, we put [AE for the corresponding approximation space.

Theorem 5.2. Let s,7 > 0,0 < p < 00,0 < q,q0 < 00 with p # qo and 0 < r < 0o. Then we have

with equivalence of quasi-norms

[Foy Lpr (RM)]G = By Ly o (R™).

Proof According to [32, Theorem 1.1] we have
)Lp,r(Rn) < FgoLp,r(R"),

S
min(p,qo,r 0

and by (25) and (26) we know that
[F5 Ly, (R")

B yLp,r (R™).

Therefore, using the reiteration theorem for approximation spaces [30, p. 123], we obtain

B;+TLP7T(Rn) = [FQOLP,T(RTL)EJFT = [[FQDLPW(Rn)]inin(p,qo,r)]g

s DS
]min(p,qo,r) — “min(p,qo,7

= [ z'lin(p,qo,r)LPvT(Rn)]; — [F;OLPW(RTL)];
Conversely, since
F;OLPK'" (Rn) — Bfnax(p,qg,r)Lpﬂ'(Rn)
(see [32, Theorem 1.2]), using again (25), (26) and the reiteration theorem, we derive

[F;OLPW(RR)]Z]- — [Brilax(p,qo,r)vaT(Rn)]zl— = [[FQOLP;T(Rn)}fnax(p,qo,r)]g

= [F3Lpr(R")]5TT = Bi* Ly (RY).
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Next we prove Conjecture 7.3 of [6].

Theorem 5.3. Let 0 < p < 00,5 > n/p,0 < ¢ < o0 and 0 < r < oo. Then B;L,.(R") is a

multiplication algebra.

Proof Pick 0 < gop < oo and sg > 0 such that gy # p and n/p < sg < s. Put 7 = s — s9. Then, according to

Theorem 5.2, we have

[Fgo Lp,r(R™)]g = BgLp.r(R™). (27)
Now consider the bilinear operator T'(f, g) = fg. Since sg > n/p, it follows from Theorem 4.1 that

T : Fgo Lp,r(R") x Fgg Lp,r(R") — Fg Lp.r (R™)
is bounded. Take any m,k € N and f € Dam,g € Dor. Then T(f,g) = fg belongs to Dom , ox because
fg=F YFf*Fg) and so supp F(fg) C {z : |z| < 2™ + Qk}.
Using [5, Lemma 6.2], we obtain that there is ¢; > 0 such that for any k € N and any f,g € F30 Lp »(R") we
have
Eye1(fg) < a1 (Ezk(f)”HHF;gLW(Rn) g0 L, , ey Bor (9)) :

Therefore, working with the quasi-norm (24), we obtain

[e'e] l/q
”T(fg)H[F;ng)T(R")]Z S C2 <||fg||(}1;-;é)me(Rn) + kz 2kTqE2k (fg)q>
=2

[oe] 1/q
k q
<cs (lfqu;é’prr(R")|g||(}';ng,r(R”) + ];2 e (EZk (f)HgHF;[?LP,,.(R") + Hf”F,f(?LZ,,,,,(]R”)EQ’C (g)) )

1/q

[eS) 1/q [eS)
k k
<3 (Ifl‘};ng @y T S 2kTg,, (f)q) (IIQIqF;(?LP @t S 2R, (g)q>
' ' k=1

k=1
< calflissr,,, ®9llB:L,, &)
where we have used (27) in the last inequality. Consequently, fg € B Ly »(R™) and there is a constant ¢4 > 0
such that for any f,g € BgLp,r(R™) we have
If9llBs L, @n) < calfliBsL,, @ 9lBsL,, . 7)-
O

Triebel [37, Theorem 2.6.2/1] has established necessary and sufficient conditions for a Besov
space to be a multiplication algebra. We finish the paper by showing that condition s > n/p is also

necessary for Bng)T(R") to be a multiplication algebra at least for a certain range of parameters.

Theorem 5.4. Let

(i) s>0,1<p,g<ooand0<r < o0, or

(i) —o0o < s < oo and 1< p,q,r<oo, or

(iti)) —00 < s<00,1<qg<00,0<p<1land0<r<oo, or
(iv) —co<s<o0,l<g<oo,p=1and0<r<1.

If B; Ly, -(R™) is a multiplication algebra, then s > n/p.

Proof For (i) we proceed as in Theorem 4.2. Pick p < v < oo such that s > n/p —n/v > 0. Instead of (23),
now we have

BalLpr(R") < F)2(R") = Lu(R")
(see [32, Theorem 1.1]). Arguing as in the proof of Theorem 4.2, we obtain that BgLp r(R"™) < Loo(R™).
To complete the proof, we proceed by contradiction. If s < n/p, the choice of 0 < u < p yields that
s —n/p+n/u < n/u. From [32, Theorem 1.5], it follows that

BRI (R™) < By P MR < B Ly, (R™) < Loo(R™).
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But this is not possible because since ¢ > 1 the space By,

’/qu(R") has unbounded functions (see [37, p. 134]).
Next we assume that parameters satisfy (éi). Take any ¢ € S(R™). If BgLp ~(R™) is a multiplication

algebra, then the linear operator Ty : BgLp,r(R"™) — Bj Ly »(R™) defined by Ty (f) = ¢f is bounded with

ITellBs L, (&%), B2 Ly (&7 < C1ll@llBs L, (R
where c;1 is a constant independent of ¢. The operator Ty, is self-adjoint. Using the duality formulae of
Theorem 3.4, we have that T, : B;SLP/’T/ (R") — B;SLP/’,,/ (R™) is also bounded with norm less than or
equal to 02||¢‘|33Lpn~(R"’)’ We claim that
(BSLP,T(R"), B Ly (R"))1/2 L= BLa@®") = La(R"). (28)
Indeed, if p # 2 then (28) is a direct consequence of [5, Theorem 5.1]. If p = 2 = p/, then we still can obtain
(28) proceeding as in the proof of [5, Theorem 5.1] because

(62,7"7[2,7“’)1/2,2 = {3 and (éq(Qk(s_n/Z)elr):éq’(Qk(_s_n/Q)KQ,r’))l/Q 9 = ZQ(QMO_”/Q)KQ)

(see [38, Theorem 1.18.1] and [4, Theorem 5.2.4]). From (28) and the interpolation theorem, we derive that
Ty : La(R™) — La(R™) is bounded with

1Tl Loy, L@y < callellBs L, . (rm)

where ¢4 is independent of ¢. Consequently,

lellLe = I1TollL,@n),Lomn) < eallellBsr, (o), ¢ € S(R™).
Density of S(R™) in By Ly »(R™) yields that
BSLP,T(Rn) — Loo(R™).

To complete the proof, we proceed by contradiction. If s < n/p, picking 0 < v < p we have s—n/p+n/v < n/v.
Therefore, by [32, Theorem 1.5], we derive

B (R™) < Bag™/ P Y (R™) < B Lpr(R") = Loo(R™) (29)

but this is not possible because, since ¢ > 1, it follows from [37, pp. 134-135] that Bg,/qv (R™) has essentially
unbounded functions.

Finally, assume that we have (iii) or (iv). We can follow the ideas of Triebel in [37, Theorem 2.6.2/1,
Step 1]. Let 0 = —s +n(1/p — 1),u = oo,v = ¢’ and consider the Besov space By »(R™). Take any ¢ €
S(R™) and let Ty, the operator defined before. Since Ty : BgLp(R") — BgLp.(R™) is bounded, by
duality and Theorem 3.5 we have that Ty, : Bg ,(R™) — Bj ,(R") is bounded with norm less than or
equal to ¢; Hcp||B§me(]Rn). Let (Bg . (R"))O be the completion of S(R™) in By ,(R™). We also have that
Ty : (BT (]R”))o — (Bg,v(]R"))o is bounded. By duality and using [37, Remarks 2.5.1/7 and 2.5.2/3], we
obtain that T, : B,,%,(R") — B ,(R") is bounded with norm less than or equal to cz Hgo||Bng,r(Rn).

Complex interpolation yields that
[Bi,o(R™), By7y (R")]1 jo = L2(R™)

s Pyl vf

(see [38, Theorem 2.4.1/(d)]). Therefore, Ty, : L2(R™) — Lo(R™) is bounded and so

el @) = 1Tl Ly ®n), Loy < esll@llBsr,  mn) » ¢ €SERY).
Consequently, BgLp.»(R™) < Loo(R™). Since (29) still holds in the cases (iii) and (iv), we can complete the
proof as in the case (ii).
O
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