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Talk plan:

s-numbers for compactness: approximation, Kolmogorov, entropy
Measures of non-compactness, essential norm, maximal non-compactness
Maximally non-compact embeddings on /- and Lorentz scales

Strict singularity (s.s.), finite strict singularity (f.s.s.), Bernstein numbers
Embeddings revisited via Bernstein numbers

Fourier: LP — L” (maximally non-compact but f.s.s.)

Fourier: LP — LP' (failure of strict singularity)

Triebel diagram and qualitative compactness criterion

Fourier into Besov scales (L? — B, and B, — LP): s.s./f.s.s. transitions
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Embeddings between Function spaces
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For a bounded linear map T': X — Y (Banach or quasi-Banach):
e Compactness can be quantified by rates a,(T),d,(T),en(T) } 0.

@ For non-compact maps, these sequences typically stabilize at a positive level, and become
too coarse to distinguish different “degrees” of non-compactness.

We will use them mainly as motivation for strict singularity and Bernstein numbers.
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Definitions: approximation/Kolmogorov/entropy numbers

Let T € B(X,Y).

an(T) :=inf{||T — F|| : F € B(X,Y), rank(F) < n},

d T = 1 f S o f _
n( ) yncY,ldIilen:n ZGT?BPX) yIEnYn ||y ZHYa

gn—1

en(T) = inf{s >0: T(Bx)C |J @&+ 5By)}.
j=1

T is compact <= d,(T) -0 < ¢e,(T) =0
If X has the approximation property, then: T"is compact <= a,(T) — 0
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Hausdorff measure of non-compactness and essential norm

Definition

The Hausdorff (ball) measure of non-compactness of T : X — Y is

Cs

B(T) = inf{p >0: T(Bx) C | J(yj + pBy) for some y1,...,ym € Y}.

1

J

Definition
The essential norm of T is

||, :=inf{||T — K| : K : X =Y compact}.

A\,

Always 0 < ||T'||, < B(T) < |IT||. In many concrete operator ideals, one has comparability

AT) =T

A\,
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Maximal non-compactness

Definition

T is maximally non-compact if ||T||, = ||T||.

@ This is a sharp non-compactness statement: no compact perturbation improves the
operator norm.

@ Intuitively, in harmonic analysis, maximal non-compactness often follows from translation
invariance plus weak convergence.
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Lorentz sequence norms (reminder)

For a sequence x = (), let (z) be its non-increasing rearrangement. For 0 < p < oo,
0<qg< oo

1/q
1/p—1/q,.%\4
ol = { {2 ETR | a<o
k>1
SUPj>1 kl/p:cz, q = oo.

The embedding ¢P:90 — P91 holds for gy < q;.
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Model embeddings (and why they are maximally non-compact)

Consider:
@ Iy : tP(N) — (P1(N) for 1 < py < p1 < o0,
o Iy: (P(N) — (P9 (N) for 0 < go < ¢1 < o0.

Maximal non-compactness (sketch). Let (ej) be the unit vector basis. For any compact K,
one has (after passing to a subsequence) Key; — 0 in the target. Since HIeij =1 for all j,

I([=K)ey| = 1, = |I—K[=1=]|1|.

Hence |1, = |II|| = 1.
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Intermission - Compact Operators

T:X — Y is compact

V|lzjllx =1, (Tz;)32, CY has conv subseq.

Compactness is POWERFUL! (PDEs, geometric analysis, etc.)
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Intermission - Compact Operators

T:X — Y is compact

V|lzjllx =1, (Tz;)32, CY has conv subseq.

Compactness is POWERFUL! (PDEs, geometric analysis, etc.)

Fredholm index is stable
S: X —Y Fredholm and T': X — Y compact = ind(S +7) =ind S.

Spectral theorem

If T: X — X compact, then o(7') are eigenvalues except 0.
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Intermission - Compact Operators (cont.)

T:X = YiscptifV|zllx =1, (Tz;)52; C Y has conv subseq.
e S: X —Y Fredholm, T: X — Y compact = ind(S +7) =ind S.
o If T: X — X compact, then o(T") are eigenvalues except 0.
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Intermission - Compact Operators (cont.)

T:X = YiscptifV|zllx =1, (Tz;)52; C Y has conv subseq.
e S: X —Y Fredholm, T: X — Y compact = ind(S +7) =ind S.
o If T: X — X compact, then o(T") are eigenvalues except 0.

But compactness may be TOO strong!

ind S = dim Ker S — dim(Y/5).
A€ o(T) is eigenvalue if {x € X : Tx = Az} # {0}

These are stated via subspaces, not via sequences.
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Strict singularity vs finite strict singularity

Note: Fredholmness and spectral thm holds for weaker notion of cpt.
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Strict singularity vs finite strict singularity

Note: Fredholmness and spectral thm holds for weaker notion of cpt.

Definition

T : X — Y is strictly singular (s.s.) if there is no infinite-dimensional subspace Z C X such
that T'|z : Z — T(Z) is an isomorphism.

Definition

T is finitely strictly singular (f.s.s.) if for every € > 0 there exists N, such that whenever
dim E > N, there exists € E with ||z|y =1 and ||Tz||y <e.

o

Hierarchy:  compact = f.s.s. = s.s.  (reverse implications fail).

Note: If X,Y are Hilbert spaces then: s.s. <= fis.s < ss.
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Bernstein numbers

Definition

The n-th Bernstein number of T is

b (T) := sup{ inf ||Tz|y : Xn CX, dimX, = n}
xeXy

llzll =1
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Cosingularity and duality (useful for future)

T : X — Y is strictly cosingular if there is no closed N C Y with codim(N) = oo such that
QNT : X — Y/N is surjective.

A\

Definition (Mityagin numbers)

my(T) :=sup sup {p: QNT(Bx) D pBy/n}-
=0 N

A\

@ b, (T) = m,(T™).
@ T is (F)SS < T* is (finitely) strictly cosingular.
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Embeddings and Bernstein numbers: two different behaviors

Ball measures / essential norms do not distinguish I; and Iy (both maximally non-compact).
Bernstein numbers and S.S. do:
@ For Iy : /Po — (P1 with pg < p1,

1 1

ba(11) =ni 7 —0,

hence I is f.s.s.
Idea: take E, = span{e1,...,en}; on Ep, one has ||z, >n'/P=1/P0||z|| - with
equality for z = (1,...,1,0,...).

e For Iy : (P90 — (P9 with qo < q1, one has b, (I3) 2 1 (uniformly in n), hence I, is not
f.s.s.; in particular by, (I2) does not detect compactness but it detects failure of f.s.s.
Idea: use a carefully chosen block basis so that % and ¢P9' norms are uniformly
equivalent on the span.
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Observation

Even among maximally non-compact maps, strict singularity/f.s.s. and Bernstein numbers
detect genuine structural transitions ( “optimal” vs “non-optimal” target scales).
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Fourier transform on R"

We use the normalization (on Schwartz functions)

(FA)(E) = (2m) ™2 / 1€ £(2) d.

n

Classical endpoints:
F:LYR™) — L®°(R"),  F:L*R") — L*R").

Interpolation gives boundedness F : LP — L?' for 1 < p < 2, and real interpolation yields the
Lorentz improvement F : LP — L¥'P.
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Fourier transform on R"

We use the normalization (on Schwartz functions)

(FA)(E) = (2m) ™2 / 1€ £(2) d.

n

Classical endpoints:
F:LYR™) — L®°(R"),  F:L*R") — L*R").

Interpolation gives boundedness F : LP — L?' for 1 < p < 2, and real interpolation yields the
Lorentz improvement F : LP — L¥'P.

F :L? — L? is non-S.S. b.c. it's invertible.
F: L' — L isS.S. but not FS.S.;
F:LP - LP whenl<p<2,is ..
F:LP 5 LPP whenl<p<2is ..
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Maximal non-compactness of F : L? — L? (sketch)

For 1 <p <2, F:LP(R") — L (R™) is maximally non-compact, i.e. ||F]|, = || F].

o Fix f € S(R") with || f||,» =1 and || Ff]|,,» close to ||F].
o Let 7, f(x) = f(z — a); then 7, f — 0 in LP as |ay| — oo.

@ For any compact K : LP — v, compactness + weak convergence give
MK (Tar )l o — 0

o Yet F(7q, f)(§) = e (Ff)(€), s [|F(ray )l o = IIFfll -
Letting || Ff| 1 ||F| yields || F — K| > ||.F]| for all compact K.
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Interpolation theorem (Lefévre-Rodriguez-Piazza) and Bernstein decay

Theorem ([LRP14, Thm. 5.1])
Let (Q, 1) and (A,v) be measure spaces and let
T L) + L2(n) — L2(v) + L°(v)
be linear, inducing bounded operators
Ty : LY(p) = L®(v),  Ty:L*(u) = L*(v).

Then for every 1 < p < 2, the interpolated operator
Tp:Lp(,u)—>Lp/(V), 1—|—l,:1,
p P
is finitely strictly singular. Moreover, after scaling so that ||Ti|| < 1 and ||T3|| < 1, there exists K, > 0
such that |
bo(Tp) < Kpn /7 (neN), ==

March 10, 2026
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Fourier L? — L”": maximally non-compact but f.s.s.

From the above:
For 1 < p < 2, the Fourier transform

F: LP(R™) — LP (R™)

is non-compact and finitely strictly singular, moreover,

bo(F:LP - IP) < nl/r, L
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Where is F invertible? (an infinite-dimensional subspace)

What about 1 < p < 2, F : LP(R?) — LPP(R")?
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Where is F invertible? (an infinite-dimensional subspace)

What about 1 < p < 2, F : LP(R?) — LPP(R")?

One can construct an infinite-dimensional closed subspace.
X = spanfp; : j € N} C LP(R")
with building blocks ¢; chosen to be almost disjoint in space and frequency so that
Ifllgp =1 feX = |Ffllp»=c>0.

Hence F|x is bounded below and therefore an isomorphism onto its image; thus
F : LP — LPP is not strictly singular.

(based on Edmunds-L.; Edmunds—Gurka—L.; L., L.—-Mihu Quantitative non-compactness March 10, 2026



Interpolation to Lorentz targets (Bernstein-number estimate)

What about 1 < p < 2, F : LP(R") — L¥"(R"), with 7 > p (i.e. when LP'"P — [P'7)?
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Interpolation to Lorentz targets (Bernstein-number estimate)

What about 1 < p < 2, F : LP(R") — L¥"(R"), with 7 > p (i.e. when LP'"P — [P'7)?

Lemma (Interpolation lemma)

Let 1 < p < 2 and suppose T : LP(R") — LP*(R™) bounded, and T : LP(R"™) — L (R") is
f.s.s.

Then for every r with p < r < p/, T : LP(R") — L™ (R") is FSS and

S
3=

bo(T: L7 = IP7) < by(T: L7 - I7)’, 6 e (0,1).

ST
Sy
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Interpolation to Lorentz targets (Bernstein-number estimate)

What about 1 < p < 2, F : LP(R") — LP""(R™), with r > p (i.e. when LF'? — LP'7)?

Lemma (Interpolation lemma)

Let 1 < p < 2 and suppose T : LP(R"™) — Lp"p(R") bounded, and T': LP(R"™) — ¥ (R™) is
f.s.s.

Then for every r with p < r < p/, T : LP(R") — L™ (R") is FSS and

S
3=

bo(T: LP — LX) S b (T IP - I¥)’, 6= € (0,1).

S
Sy

If 1 <p<2andr>p, then F: LP(R") — LP'"(R™), is f.s.s.
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Trichotomy for F : LP — LPr 1< p <2

Theorem (Trichotomy for Lorentz targets)

Letl<p<2andp<r<oo. Then

F: LP(R") — LP'"(R")

@ is unbounded if r < p;
@ is non-compact and not strictly singular if r = p;
@ is non-compact and FSS ifr > p.

Moreover, forp < r < p/,

1

bo(F:LP = IF'7) < n¥ %,

(Lp"p is the optimal Lorentz target among L¥" and also among all r.i. space.)
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Triebel parameters and the “limiting” lines

For fixed 1 < p < 0o define

1 1
dy = Zn(;9 - 5), Tg"' = max(0, dy,), 7, = min(0,dy).
Triebel introduces source/target classes X;* and Y72 (built from LP and B;) with the natural
admissible region

s1 27t s <,

and calls the boundary cases s; = TI?JF and sy = TI:L_ limiting.

March 10, 2026
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Triebel's diagram and Theorem 3.2 (qualitative compactness)

6 2 DEFINITIONS AND BASIC ASSERTIONS [NYel ¢80 (Tri ebel, Thm. 3. 2)

s Let 1 < p < oo and 7/ = max(0, dy),
o (e :nn_lin(O,dg). For sy > 7% and
p; 1 S2 S Tp ’
(G s1) E
JE ¢ X;l(R") — Y;Z(R”)
X is continuous. It is compact iff both

inequalities are strict:

s1>7)" and sy <T).

Interpretation: limiting spaces form barriers
to compactness; the strict interior gives
compactness.
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Triebel's spaces X and Y (Definition 2.3)

_ 1
Let 1 < p < o0 and d2—2n<5 5
out By = B, , and defines piecewise:

p

LP(R"), 2<p<oo, s=0, B3(R™),
X,R") ={ B5(R"), 2<p<oo, s>0, Y, (R")=1B5R"),
Bi(R"), 1<p<2 s>db, LP(R™),

n+ n—
The limiting spaces are exactly X,* and Y,” .

- l), 7yt = max(0,dy), 7, = min(0, dy). Triebel singles

2<p<oo, s<dp,
1<p<2 5<0,
1<p<2 s=0.
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Why Besov spaces for p > 27

For p > 2, the Fourier transform does not improve integrability the same way. We have a non-compact
map:
F: LP(R™) — Bp(R™), s <d, <O0.

@ s = dj is the limiting (critical) smoothness.
@ Q: Quality of "non-compactness” when the borderline map is “optimal” (s = dg).

@ Q: Quality of "non-compactness’ when s < d, i.e. “subcritical” case.
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Besov definition

Fix a dyadic resolution of unity (¢;);j>0 C S(R™). For s € R, 1 < p < oo (here ¢ = p),

1/p
lgllzy = | 22" (69" 7

7>0

Heuristic: By is an LP-based Littlewood—Paley scale; scaling and frequency localization
determine the critical exponents.
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Boundedness/unboundedness for F : LF — B (p > 2): a scaling test

Pick 1 € S(R™) supported in an annulus and define f; by f](f) =(279¢). Then
£l p = 271/, IF fillgg = 27 oY o

Comparing growth yields the critical inequality s < dj) for boundedness.
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Failure of strict singularity at s = d': isomorphism on a block system

Choose (f;j) with essentially disjoint spatial supports so that for f = Zj a;fj,
I, = laylP.
J

Arrange dyadic separation in frequency so that

IFAI7 gy = 3 el
P

J

Hence F is an isomorphism on span{ f;} = ¥, so F is not s.s. at the critical line.
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Main trichotomy: F : P — Bj

Theorem (Trichotomy for Besov targets)

Let 2 <p < oo anddy <0. Then
F: LP(R") — B,(R"™)

@ /s unbounded if s > dj;

@ is non-compact and not strictly singular if s = dj;;

@ s non-compact and FSS if s < d.
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Trichotomy: F': B) — L” for p < 2

Theorem (Dual trichotomy)

Let1<p<2andd; >0. Then
F: By(R™) — LP(R"™)

@ /s unbounded if s < dj;;
@ is non-compact and not strictly singular if s = dj;;

@ s non-compact and FSS if s > dj.
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Cosingularity trichotomies

Using b, (T) = m,,(T™) and duality of F (up to reflection), one obtains:
@ For1<p<2 F:By—LPis

e unbounded if s < d;};
e non-compact and not strictly cosingular if s = dy;
o non-compact and finitely strictly cosingular if s > d.

° For2<p<oo,.7-":Lp—>B;is

e unbounded if 0 > s > dg;
e non-compact and not strictly cosingular if s = dy;
e non-compact and finitely strictly cosingular if s < d.

(based on Edmunds-L.; Edmunds—Gurka—L.; L., L.—Mihu Quantitative non-compactness March 10, 2026



A second “optimal” Besov scale

There is also an optimal mixed-Besov scale:

: /2
Corollary (Optimal B,"'" scale)

@ If2<p< oo, then F : LP(R™) — Bgiﬂ (R™) is not strictly singular.

dr /2

0 Ifl<p<2, then]-':Bva

(R™) — LP(R™) is not strictly singular.
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@ For each mapping scale, the Fourier transform exhibits a sharp trichotomy:
unbounded / non-compact non-SS (optimal) / non-compact FSS.

@ Bernstein numbers quantify the “degree” of non-compactness beyond a(T).

@ Borderline non-SS is typically proved by constructing an explicit infinite-dimensional
subspace with dyadic separation (almost-diagonal behavior).
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Besov embeddings on 2 C R"

Theorem (Chuah,L, Yao, 2025)

Let po, p1,90,q1 € (0,00], s9,51 €R, Q CR™. [: B3 (Q)— B3t (Q).

Pogo p1q1
@ B, (Q2) & By, (), ie there is no embedding, if and only if:
@ Sp— 81 <max(0,p—07 p—l) or sp — 81 = max( ,p—ofpﬂl) and qo > q1.
@ The embedding is compact if and only if sy — s1 > max(0, 2 T pﬂl)

@ The embedding is non-compact but finitely strictly singular if and only if:

@ Sg— 81 = pﬂo——>03ndqo<q1, orsg—81 =0, p1 <po=o0 and qy < q1.

Q@ The embedding is not finitely strictly singular but strictly singular if and only if:
@ so—81=0,p1 =py =00 and qy < q1; or
@ 50—51=0,p1 <pg<ooandqy<q.
@ The embedding is not strictly singular if and only if so — s; = max(0, e ﬂl) and
q0 = q1-
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Besov embeddings on R"

Theorem (Chuah,L, Yao, 2025)
ForI: B (R") — B! (R") one has:
@ no embedding if py > p1, or so — s1 < pﬂo —

n
p1’

Pﬂl > 0, or equality with qo < q1;

or equality with qo > q1;
no_
Po

@ not SS on the “diagonal” regime (examples include py = p1 with so > s1, and so = s1

with qo < q1).

@ non-compact but FSS if s — s1 >
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Sobolev embeddings on 2 C R”

Theorem ((L., Mihula, 2023),(Chuah,L,, Yao, 2025,2026))

k€Z+,1§p<%,#:l—E Q bdd
o WHrP(Q) — LP*4(Q) is FSS, for ¢ > p.
o WHrP(Q) < LP*P(Q) is not SS.
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Open problem

Problem

Identify Besov source/target spaces for which the Fourier transform is

strictly singular but not finitely strictly singular.

e Compare with (P9 < ¢P91: SS but not FSS.

@ Suggests looking for Lorentz/Besov parameter gaps mimicking “g-gap” behavior.
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