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Intro Fourier

Fourier transform
The setting

(Fo)(€) = (2m)~"/ / e " p(x)dx, e SR, £€R"

JIRn
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Intro Fourier

Fourier transform
The setting

(Fo)(€) = (2m)~"/ / e " p(x)dx, e SR, £€R"

> FS(R™) = S(R") bijection, F1p(x) = Fo(—x)

> extension to S'(R"):  Ff(p) =f(Fp) f e S'(R"), ¢ € S(R")
~ FS'(R") = S’(R") bijection

> FLy(R") = Lp(R") unitary, || Ff|La(R")]| = [|f|L2(R7)]

» interplay with D%, o € Ny, that is,

F(Df) =il*lx*Ff, feS R
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Intro Fourier

The Fourier transform
The classical Hausdorff-Young inequality

> FLy(R") = Ly(R") unitary, || Ff|L(R")|| = ||f|L2(R")|
» F:L1(R") = Lo(R"™), Ff uniformly continuous,

IFF|Loc (R < (27) 72 [If|Ly (R

> felp(R"),1<p<2 ~ Ff regular distribution
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Intro Fourier

The Fourier transform
The classical Hausdorff-Young inequality

> FLy(R") = Ly(R") unitary, || Ff|L(R")|| = ||f|L2(R")|
» F:L1(R") = Lo(R"™), Ff uniformly continuous,

IFF|Loc (R < (27) 72 [If|Ly (R

> felp(R"),1<p<2 ~ Ff regular distribution

» via interpolation: F: L,(R") = Ly(R"), 1 < p <2, and
1,1
st =1L

_p(i_1
|F 2 Lp(R™) — Ly(R7)] < (2m) " 2)

Hausdorff-Young inequality
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Intro Fourier

The Fourier transform
The classical Hausdorff-Young inequality

> FLy(R") = Ly(R") unitary, || Ff|L(R")|| = ||f|L2(R")|
» F:L1(R") = Lo(R"™), Ff uniformly continuous,

IFF|Loc (R < (27) 72 [If|Ly (R

> felp(R"),1<p<2 ~ Ff regular distribution

» via interpolation: F: L,(R") = Ly(R"), 1 < p <2, and
1,1
st =1L

_p(i_1
|F 2 Lp(R™) — Ly(R7)] < (2m) " 2)

Hausdorff-Young inequality

Question: What happens if p > 27 Is Ff, f € L,(R"), still a
regular distribution? What else can be said?
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The setting

X1(R"), Xo(R") € S'(R") function spaces

F: Xi(R") — Xa(R™)
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The setting

X1(R"), Xo(R") € S'(R") function spaces

F: Xi(R") — Xa(R™)

» F continuous 7
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The setting

X1(R"), Xo(R") € S'(R") function spaces

F: Xi(R") — Xa(R™)

» F continuous ?
» F compact ?
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The setting

X1(R"), Xo(R") € S'(R") function spaces

F: Xi(R") — Xa(R™)

» F continuous ?
» F compact ?

> entropy numbers ex(F) ?
» approximation numbers ay(F) ?
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The setting

X1(R"), Xo(R") € S'(R") function spaces

F: Xi(R") — Xa(R™)

» F continuous
> F compact

> entropy numbers ey (F)
> approximation numbers a,(F)

» F nuclear ?
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The setting

X1(R"), Xo(R") € S'(R") function spaces

F: Xi(R") — Xa(R™)

» F continuous V'
» F compact V

> entropy numbers e (F) v
> approximation numbers ag(F)

» F nuclear v

here: X1, Xo ...Besov or Sobolev spaces
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The talk is based on our joint papers:

[3 D.D. Haroske and L. Skrzypczak.

Entropy and approximation numbers of embeddings of function spaces with
Muckenhoupt weights, I.

Rev. Mat. Complut., 21(1):135-177, 2008.

@ D.D. Haroske and L. Skrzypczak.
Nuclear embeddings in weighted function spaces.
Integral Equations Operator Theory, 92(6):46, 2020.

@ D.D. Haroske, L. Skrzypczak, and H. Triebel.
Nuclear Fourier transforms.
J. Fourier Anal. Appl., 29:38, 2023.

@ D.D. Haroske, L. Skrzypczak, and H. Triebel.
Mapping properties of Fourier transforms, revisited.
Acta Math. Sin. (Engl. Ser.), 41(1):231-254, 2025.

3 H. Triebel.
Mapping properties of Fourier transforms.
Z. Anal. Anwend. 41:133-152, 2022.
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The talk is based on our joint papers:

[3 D.D. Haroske and L. Skrzypczak.

Entropy and approximation numbers of embeddings of function spaces with
Muckenhoupt weights, I.

Rev. Mat. Complut., 21(1):135-177, 2008.

@ D.D. Haroske and L. Skrzypczak.
Nuclear embeddings in weighted function spaces.
Integral Equations Operator Theory, 92(6):46, 2020.

@ D.D. Haroske, L. Skrzypczak, and H. Triebel.
Nuclear Fourier transforms.
J. Fourier Anal. Appl., 29:38, 2023.

@ D.D. Haroske, L. Skrzypczak, and H. Triebel.
Mapping properties of Fourier transforms, revisited.
Acta Math. Sin. (Engl. Ser.), 41(1):231-254, 2025.

3 H. Triebel.
Mapping properties of Fourier transforms.
Z. Anal. Anwend. 41:133-152, 2022.
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Intro Fourier

Introduction
Fourier transform

Function spaces of Besov and Sobolev type

Continuous embeddings
Tools
Weighted setting

Compact embeddings
General criterion
Digression
Entropy and approximation numbers

Nuclear maps
The concept and recent results
Nuclearity of F
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Function spaces of Besov and Sobolev type
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Classical Smoothness Spaces

Sobolev spaces on R”

» classical: 1< p<oo, ke Ny
Sobolev space WK = {f € L, : D*f € L, for v € N§, |a| < k}

[FIWE]| = > IDFIL,|
loe| <k

Dorothee D. Haroske Mapping properties of Fourier transforms



Classical Smoothness Spaces

Sobolev spaces on R”

» classical: 1< p<oo, ke Ny
Sobolev space WK = {f € L, : D*f € L, for v € N§, |a| < k}

[FIWE]| = > IDFIL,|
loe| <k

» via Fourier analysis: 1 <p<oo,seR
Sobolev space H3 = {f € &’ : F~Y(1 + [£[?)*/2Ff(€) € Lp}

[FIHS ]| = IF 21+ [€2) 2 F F| L |
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Classical Smoothness Spaces

Sobolev spaces on R”

» classical: 1< p<oo, ke Ny
Sobolev space WK = {f € L, : D*f € L, for v € N§, |a| < k}

[FIWE]| = > IDFIL,|
loe| <k

» via Fourier analysis: 1 <p<oo,seR
Sobolev space H3 = {f € &’ : F~Y(1 + [£[?)*/2Ff(€) € Lp}

[FIHS ]| = IF 21+ [€2) 2 F F| L |

> 1<p<oo, keNg: WK=H; (equivalent norms)
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Classical Smoothness Spaces

From Sobolev to Besov

starting point:

If1kgl~ (3 2y FlLalR)* ~ || @171 () Lal), 1o
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Spaces

Classical Smoothness Spaces

From Sobolev to Besov

starting point:

Hf!HSHN(J;)?JSH%W\LzH) ~ || @FIF (o F ) ILall) o

s € R, (pj)j smooth dyadic partition of unity

o ¥1 P2
0 132 3 4 2]

pj € C5°, suppp; C {x € R": 2 2= 1<|X’<21+1} E(PJ( x)=1
J_
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Spaces

Classical Smoothness Spaces

From Sobolev to Besov

starting point:

Hf!HSHN(J;)?JSH%W\LzH) ~ || @I (i F ) L) 62

0<p,g<oo, seR, (p;); smooth dyadic partition of unity

o ¥1 P2
0 132 3 4 2]

pj € C5°, suppp; C {x € R": 2 2= 1<|X’<21+1} E(PJ( x)=1
J_

Besov space B, C &= ||f|BS | = H(st H.F_l(gojff)|LpH)j |€qH

Dorothee D. Haroske Mapping properties of Fourier transforms



Smoothness Spaces

Besov and Triebel-Lizorkin spaces on R"
0<p,g<oo, seR, (pj); smooth dyadic partition of unity

Besov space: [|F1B3,q]| = || (2 [ F (e FAIL,|); 16

Triebel-Lizorkin space: [|£1F3 || = [|[| (5F (&5 0); 64| | L
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Smoothness Spaces

Besov and Triebel-Lizorkin spaces on R"
0<p,g<oo, seR, (pj); smooth dyadic partition of unity

Besov space: [|F1B3,q]| = || (2 [ F (e FAIL,|); 16

Triebel-Lizorkin space: [|£1F3 || = [|[| (5F (&5 0); 64| | L

Convention: A}  with A€ {B,F}, p<oowhen A=F
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Smoothness Spaces

Besov and Triebel-Lizorkin spaces on R"
0<p,g<oo, seR, (pj); smooth dyadic partition of unity
Besov space: [|F1B3,q]| = || (2 [ F (e FAIL,|); 16
Triebel-Lizorkin space: [|£1F3 || = [|[| (5F (&5 0); 64| | L
Rem.
> (quasi-)Banach spaces, § — A} , — &'
» (classical) Besov spaces for p, g > 1 and s > 0 via differences

> p=g=o0 B3 ,=C° s>0 Holder-Zygmund spaces

> 1<p<oo,seR: F5,=H ie, Ffy =W}, keNg
Convention: A}  with A€ {B,F}, p<oowhen A=F
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The setting, revisited

idea: generalise F : [(R") — L»(R") to

F o HR™) — HZ(R"), 1< p<oo,
and further to

F BSTP(R”) — B;fp(IRi”), 1< p< oo,

~ integrability p fixed, smoothness parameters s;, s, vary

--3 Does this admit continuity of F, or even compactness, let
alone nuclearity?
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Besov and Sobolev spaces
Notational adaptation
Let neN, 1 <p<oo, seR.
> B3(R") = B3 ,(R")
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Besov and Sobolev spaces
Notational adaptation
Let neN, 1 <p<oo, seR.
> Bi(R") = B; ,(R")
> d) = 2n(% —35), x§=max(0,d]), y)=min(0,d]
> source and target spaces:

X;B(R") = BF (R"), Y;B(R") = B “(R"), 1<p<oo
(R"), YiH(R") = HF °(R"), 1<p<oo

xI+s

XSH(R™) = Hy
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Besov and Sobolev spaces
Notational adaptation
Let neN, 1 <p<oo, seR.
> Bi(R") = B; ,(R")
> dn = 2n(% —35), x5 =max(0,d]), y7=min(0,dy)
> source and target spaces:

R"), YSB(R") = B “(R"), 1<p< oo
p P
(R"), YIH(R") = HF *(R"), 1<p<oo

x7+s

X5B(R") = By

x0+s

XSH(R™) = Hy
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Besov and Sobolev spaces
Notational adaptation
Let neN, 1 <p<oo, seR.
> Bi(R") = B; ,(R")
> dn = 2n(% —35), x5 =max(0,d]), y7=min(0,dy)
> source and target spaces:

R"), YSB(R") = B *(R"), 1<p< oo
p P
(R"), YiH(R") = HF °(R"), 1<p<oo

x0+s

X5B(R") = By

xI+s

XSH(R™) = Hy

Rem. p=2n~ dj =x; =y, =0
X3 B(R") = B3(R") = H3(R") = X5 H(R"),
Y; B(R") = B; *(R") = Hy °(R") = Y5 H(R")
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Besov and Sobolev spaces
Notational adaptation
Let neN, 1 <p<oo, seR.
> Bi(R") = B; ,(R")
> dy = 2n(% - %), Xp = max(0, d,;’), Yp = min(0, dy;
> source and target spaces:

x0+s

XSB(R") = B (R"), YB(R") =By "(R"), 1<p<oo

(R"), YiH(R") = HF °(R"), 1<p<oo

xI+s

XoH(R") = Hp”
--3 study now

F:o XJARY) < YZAR", Ae{B,H}

Rem. p=2n~ dj=x;=y, =0
X;B(R") = Bi(R") = Hi(R") = X3H(R"),
Y; B(R") = B; *(R") = Hy °(R") = Y5 H(R")
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n __ 1 1
dp—2n<5—§)

xp = max(0, d})

yp = min(0, dl’,’)

F: X3 B(R") < Y2B(R")

F X3 H(R") < Y2 H(R")

s
S1+X]
i By = xsB
B T R E
Lo — n
is= d,
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4
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4
S fmmmmm e - -
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b/ n
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£ Yp —S2 5
—nf B, Y;2B
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Continuity

Continuous embeddings
Tools
Weighted setting
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Continuity Tools Weights

Fourier transform
Continuity

Theorem 1

(i) Let 1< p<ooandsg,s €R Then
F: X3 B(R") — Y,2B(R")
is continuous if, and only if, both s; > 0 and s, > 0.
(ii) Let 1 < p < oo and s, € R. Then
F i XgH(R") — Y2H(R")

is continuous if, and only if, both s; > 0 and s, > 0.
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Continuity Tools Weights

Fourier transform
Continuity

Theorem 1

(i) Let 1< p<ooandsg,s €R Then
F: X3 B(R") — Y,2B(R")
is continuous if, and only if, both s; > 0 and s, > 0.
(ii) Let 1 < p < oo and s, € R. Then
F i XgH(R") — Y2H(R")
is continuous if, and only if, both s; > 0 and s, > 0.

Rem.
» classical: p=2,51 =50 =0 ~ F: L(R") = L(R")
» Triebel (2022), H./Skrzypczak/Triebel (2025)
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Continuity Tools Weights

Tools

Wavelet decomposition
Qu,m cubes, centre/corner at 27V m, side length 27", v € Ny, m € Z"
¢, i € CM(R™) with supp ¢, supp i C [=Np, No]", i =1,...,2" — 1,

Gum(x) =27"2P(2"x = m), i m(x) = 2% 4;(2"x — m)
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Continuity Tools Weights

Tools

Wavelet decomposition
Qu,m cubes, centre/corner at 27V m, side length 27", v € Ny, m € Z"
¢, i € CM(R™) with supp ¢, supp i C [=Np, No]", i =1,...,2" — 1,

bum(x) =2""2H(2"x — m), i m(x) =22 4;(2"x — m)

Proposition 2
Let0<p<o0, 0<qg<oo, scRwith Ny >|[s],0=5+5—
f € S'(R") belongs to Bj ,(R"), if, and only if,

2"—1

17185 o (R)"=| {(F, d0.m) } 165 +Z||{ Bim) bl B
is finite. Furthermore, ||f[B; (R")|* ~ [|f|B; ,(R")]|.

Rem.  [lltoll ~ ( 5 iml” )"

IXB3all ~ [{2*( & 1Avm 2"} e el
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Continuity

Strategy of the proofs - some tools

» use wavelet decomposition ~ reduction of some arguments for
function spaces to sequence spaces
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Continuity

Tools Weights

Strategy of the proofs - some tools

» use wavelet decomposition ~ reduction of some arguments for
function spaces to sequence spaces

» benefit from elementary embeddings:

B;,min(p,q)(Rn) — F;,q(Rn) = B (p}q)(Rn)

p,max
;_;_; Bps),min(p,2)(Rn) = F;Q(Rn) - B;,max(pg)(Rn)
lqﬁo} B;,min(p,2)(Rn) — HS(RH) — B;,max(p,2)(Rn)

— )

HE(R™) < B3(R"), p>2,

B (R"” H:(R” <2
{p( ) = H(R"), p .

Dorothee D. Haroske Mapping properties of Fourier transforms



Continuity

Tools Weights

Strategy of the proofs - some tools

» use wavelet decomposition ~ reduction of some arguments for
function spaces to sequence spaces

» benefit from elementary embeddings:

Bé,min(p,q)(R:) - Fé,q(R:) — Bé,max(p}q)(R:)
;_;_; Bp,min(p,2)(]R ) = FP72(R ) - Bp,max(p,2)(R )
lqﬁo} B;,min(p,2)(Rn) — HS(RH) — B;,max(p,2)(Rn)

B (R"” H:(R” <2
{p( ) HI®Y). p<2 o

H5(R™) < B3(R"), p > 2,
» apply duality arguments when possible,
1/ —s n 1 1
[B;(R)]:Bp’(R)ﬂ 1§p<oo,seR7;+ =1,
[H3(RM]' = Hy*(R"), 1<p<oo, sER

and F’' = F in the dual pairing (S(R"), S’(R"))
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Connection to weighted spaces, shift operators

‘admissible’ weight w, (x) = (1 + |x[?)*/2, x € R", a € R (special
Muckenhoupt weight)

FeBL (B w) = waf € B (RY),  SE)= |J Bi(R" wa)

a,s€R
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Connection to weighted spaces, shift operators

‘admissible’ weight w, (x) = (1 + |x[?)*/2, x € R", a € R (special
Muckenhoupt weight)

feB (R, wa) <= waf € Bj,(R"), S'R")= |J B ,(R",wa)
a,s€R

special shift operators:
» weight shift Wpg, B € R
Ws : f e wsf, f eS'(R")
N WEA, ((R", wa) = Ap 4(R”, wa—g), a€R
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Continuity Tools Weights

Connection to weighted spaces, shift operators
‘admissible’ weight w, (x) = (1 + |x[?)*/2, x € R", a € R (special
Muckenhoupt weight)
feB (R, wa) <= waf € Bj,(R"), S'R")= |J B ,(R",wa)

a,s€R

special shift operators:

> weight shift Wz, B € R
Ws : f e wsf, f eS'(R")

N WEA, ((R", wa) = Ap 4(R”, wa—g), a€R

» smoothness shift I, v € R
L fs F Y wy Ff) = F(w, F 1), feS' (R

A LA (R wa) = A (R, wa), a€R
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Continuity Tools Weights

Connection to weighted spaces, shift operators
‘admissible’ weight w, (x) = (1 + |x[?)*/2, x € R", a € R (special
Muckenhoupt weight)
feB (R, wa) <= waf € Bj,(R"), S'R")= |J B ,(R",wa)

a,s€R

special shift operators:

> weight shift Wz, B € R
Ws : f e wsf, f eS'(R")

N WEA, ((R", wa) = Ap 4(R”, wa—g), a€R

» smoothness shift I, v € R
L fs F Y wy Ff) = F(w, F 1), feS' (R

A LA (R wa) = A (R, wa), a€R

M appropriate decomposition: F = W_, o0l goF o Wzol,

Dorothee D. Haroske Mapping properties of Fourier transforms



Continuity Tools Weights

Hausdorff-Young inequality, revisited
Weighted and lifted setting

Corollary 3
Let s,0 € R.

> If 1 < p <2, then
F o By(R", w,) — By(R", ws)

is continuous.

> If 1 < p<2, then
F 1 Hy(R", wy) — Hp (R, ws)

is continuous.
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Continuity Tools Weights

Hausdorff-Young inequality, revisited
Weighted and lifted setting

Corollary 3
Let s,0 € R.

> If 1 < p <2, then
F o By(R", w,) — By(R", ws)
is continuous.
> If 1 < p<2, then
F 1 Hy(R", wy) — Hp (R, ws)

is continuous.

Rem.
> s=0=0 ~ F:L(R") = Ly(R"), p <2, classical Hausdorff-Young
inequality

» proof by appropriate decomposition via shift operators

Dorothee D. Haroske Mapping properties of Fourier transforms



Hausdorff-Young inequality, revisited

Idea of proof
consider 7 : By(R", w,) = BJ(R",ws), p<2
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Hausdorff-Young inequality, revisited

Idea of proof
consider 7 : By(R", w,) = BJ(R",ws), p<2

Step 1: reduction via appropriate lifts /,, Wg (isomorphisms) to
. RO 0
F: By(R") = B, (R"),

since
s n s 0 n We 0 m 7 0 n
By(R", wy) <= By(R", w,) <% B,(R") = B (R")
-y o n W_, o n
— By (R") — Bg (R", ws)
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Hausdorff-Young inequality, revisited

Idea of proof
consider 7 : By(R", w,) = BJ(R",ws), p<2

Step 1: reduction via appropriate lifts /,, Wg (isomorphisms) to
. RO 0
F: By(R") = B, (R"),

since

BS(R", w,) < BY(R", w,) &5 BY(R") <5 BY(R")

Iy W
— By (R") — Bg (R", ws)

p

Step 2: apply elementary embeddings,
By (R") < Lp(R"), p <2, Ly (R") < By(R"), p' > 2,
and the classical Hausdorff-Young inequality

ny id m ny id n
F:BY(R") = Ly(R") < Ly (R") < By (R")

Dorothee D. Haroske Mapping properties of Fourier transforms



Compactness iterion Digression ¢y, 2

Compact embeddings
General criterion
Digression
Entropy and approximation numbers
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Compactness Criterion Digression ey, a

Fourier transform

Compactness

Theorem 4

(i) Let 1< p<ooandsy,s €R Then
F: X3 B(R") — Y2B(R")
is compact if, and only if, both s; > 0 and s, > 0.
(ii) Let 1 < p < oo and s, € R. Then
F i XGHR") = Y2H(R")

is compact if, and only if, both s; > 0 and s, > 0.
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Compactness Criterion Digression ey, a

Fourier transform

Compactness

Theorem 4
(i) Let 1< p<ooandsy,s €R Then

F: X3 B(R") — Y2B(R")
is compact if, and only if, both s; > 0 and s, > 0.
(ii) Let 1 < p < oo and s, € R. Then
F i XGHR") = Y2H(R")
is compact if, and only if, both s; > 0 and s, > 0.

Rem.
> classical: p=2,s1 =55=0 ~ F:L(R") = L>(R") never compact
> Triebel (2022), H./Skrzypczak/Triebel (2025)
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Compactness Criterion Digression ey, a

Connection to weighted embeddings
Sketch of proof

» consider first 1 < p < 2, apply weight and smoothness shifts (as
before) to conclude that the compactness of

F: X3B(R") < YZB(R")
is a consequence of the compactness of
id,, : BJ(R", ws,) = B, 2(R")
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Compactness Criterion Digression ey, a

Connection to weighted embeddings
Sketch of proof

» consider first 1 < p < 2, apply weight and smoothness shifts (as
before) to conclude that the compactness of

F: X3B(R") < YZB(R")
is a consequence of the compactness of
id, : BJ(R", ws,) < B, 2(R")
» conversely, if 2 < p < oo and
F: X3B(R") < YZB(R")
is compact, then this implies the compactness of

id,  BY (R, wy,) s B3 (R") = X3 B(R™) & Y2B(R") = B, % (")
w -+ Pp’ s Wsy P 14 P P
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Connection to weighted embeddings
Sketch of proof

» consider first 1 < p < 2, apply weight and smoothness shifts (as
before) to conclude that the compactness of

F: X3B(R") < YZB(R")
is a consequence of the compactness of
id, : BJ(R", ws,) < B, 2(R")

» conversely, if 2 < p < oo and
F o X3B(R") — Y2B(R")
is compact, then this implies the compactness of

-1 -~ n
id,, : BL(R", we) ' B3 (R") = X3B(R") & Y2B(R") = B, = % (R")

» finally, use duality arguments
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Connection to weighted embeddings
Sketch of proof

» consider first 1 < p < 2, apply weight and smoothness shifts (as
before) to conclude that the compactness of

F: X3B(R") < YZB(R")
is a consequence of the compactness of
id,, : BJ(R", ws,) = B, 2(R")
» conversely, if 2 < p < oo and
F: X3B(R") < YZB(R")
is compact, then this implies the compactness of

id,  BY (R, wy,) s B3 (R") = X3 B(R™) & Y2B(R") = B, % (")
w -+ Pp’ s Wsy P 14 P P

» finally, use duality arguments

--» reduction to (already known) results for weighted embeddings

Dorothee D. Haroske Mapping properties of Fourier transforms
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Digression to special weighted embeddings

idy : A% o (R, w) — A2 L (R"), we Ax

51> 5, 0< pr,p2 <oo(pi<ocowhen A=F), 0<q1,q2 <00
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Digression to special weighted embeddings

o A (7, 0) — A% (B, we As
51> 5, 0< pr,p2 <oo(pi<ocowhen A=F), 0<q1,q2 <00

Notation
> )= <51 — i) — (52 — p%) differential dimension

» L (1L _ 1 1 _ (1 _ 1
p* P2 prj’ q* q2 a4
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Digression to special weighted embeddings

o A (7, 0) — A% (B, we As
51> 5, 0< pr,p2 <oo(pi<ocowhen A=F), 0<q1,q2 <00

Notation
> )= <51 — i) — (52 — p%) differential dimension

» L (1L _ 1 1 _ (1 _ 1
p* P2 pr)’ q* q2 )y

now: wg(x) = (1+ x[2)8/2 =: (x)P, B >0,
pi = q; (B-case), and q; = 2 (H-case), i =1,2

> idg AL (R, wy) — AZ(R"), A€ {B,H}

Dorothee D. Haroske Mapping properties of Fourier transforms
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Digression to special weighted embeddings

Compactness

idg : A% (R" wy) = AZ(R"), B>0, ws(x)=(x)"?, Aec{B H}
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Digression to special weighted embeddings

Compactness

idg : A%L(R", wg) — AZ(R"), B>0, ws(x)=(x)’, Ae{B, H}

Proposition 5
Let s; € R, 1 < p; < 0o (B-case), 1 < p; < oo (H-case). Then idg is
compact if, and only if,

n n
B> — and 6> —.
P’ p
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Digression to special weighted embeddings

Compactness

idg : A%L(R", wg) — AZ(R"), B>0, ws(x)=(x)’, Ae{B, H}

Proposition 5
Let s; € R, 1 < p; < 0o (B-case), 1 < p; < oo (H-case). Then idg is
compact if, and only if,

n n

B> — and 6> —.
P’ p

Rem.
> recall =51 -5, — 2+ 2, L= (i—i)
P1 P2 P P2 P1 +
> recall: id: BJ(R", ws,) = B, 2(R") ~ pi* =0,8=s,0=s
> H./Triebel (1994), general: Kiihn/Leopold/Sickel/Skrzypczak (2006)

Dorothee D. Haroske Mapping properties of Fourier transforms
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Reminder: Entropy and approximation numbers

The concept — ‘Measuring’ compactness

Definition 6
X,Y (quasi-) Banach spaces, T € L(X,Y), ke N
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Reminder: Entropy and approximation numbers

The concept — ‘Measuring’ compactness

Definition 6
X,Y (quasi-) Banach spaces, T € L(X,Y), ke N

(i) k-th approximation number of T

a(T):=inf{||T-5|: SeL(X)Y), rank S < k}
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Reminder: Entropy and approximation numbers

The concept — ‘Measuring’ compactness

Definition 6
X,Y (quasi-) Banach spaces, T € L(X,Y), ke N

(i) k-th approximation number of T
a(T):=inf{||T-5|: SeL(X)Y), rank S < k}

(ii) k-th (dyadic) entropy number of T

ek(T):inf{5>0 Jy,eY: T BX U{y, EBY}}

Rem. T € £(X) compact, eigenvalue sequence {u«},
» X = H Hilbert space, T self-adjoint: |ux|] = ax(T), k€eN
» Carl-Triebel inequality: |ux| < ﬁek(T), keN

Dorothee D. Haroske Mapping properties of Fourier transforms
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Digression to special weighted embeddings

Entropy numbers

idg : A% (R" wg) = AZ(R"), B>0, ws(x)=(x)?, Aec{B,H}
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Digression to special weighted embeddings

Entropy numbers

idg : A%L(R", wg) — AZ(R"), B>0, ws(x)=(x)’, Ae{B, H}

Proposition 7

Assume that idg is compact, i.e., 8 > o and ¢ > p%.

s1—s2 B
s n+

(i) If B # 8, then ey(idy) ~ k ™"(* ;
(i) If =26 and A= B, then

), keN.

...
N

s1—s2 B
n n

(logk)», keN, k>2.

ex(idg) ~ k™
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Digression to special weighted embeddings

Entropy numbers

idg : A%L(R", wg) — AZ(R"), B>0, ws(x)=(x)’, Ae{B, H}

Proposition 7
Assume that idg is compact, i.e., 8 > p% and ¢ > p%.

s1—s2 B
s n+

(i) If B # 8, then ey(idy) ~ k ™"(* ;
(i) If =26 and A= B, then

), keN.

...
N

s1—s2 B
n n

(logk)», keN, k>2.

ex(idg) ~ k™

Rem. H./Triebel (1994), H. (1995), H./Triebel (2005),
Kiihn/Leopold/Sickel /Skrzypczak (2006), H./Skrzypczak (2008)
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Digression to special weighted embeddings

Entropy numbers
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Compactness Criterion Digression ey, ax

Fourier transform
Entropy numbers — via weighted embeddings
Theorem 8
Lletl<p<oo,s1>0,5 >0.
» There exist positive constants C, ¢ > 0 such that for k € N, k > 2,

kf%min(shsg)’ s1 #527
e(F: X*B(R") — Y;2B(R")) < ¢ ( . )7571

log k 1= %2,
and
k_%min(51752)_‘1_%‘7 S1 ?éSZa
e(F: X BR") = YVPB(R")) > Cq  _a ;2 ’
Kk~ a—t=3 (Iogk) y S1= 2.
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Fourier transform
Entropy numbers — via weighted embeddings

Theorem 8
Lletl<p<oo,s1>0,5 >0.

» There exist positive constants C, ¢ > 0 such that for k € N, k > 2,

_1
k nm'”(51752)’ 51 # s,

e(F : X' B(R") — Y2B(R")) < ¢ AN
(Iogk) ) 51 = %2,
and
k_%min(51752)_‘1_%‘7 S1 #52,

ex(F : X3B(R") — Y2B(R")) > C _a_p_z a2 B
k pillogk) , s1=s.

» The same estimates hold for ex(F : X;* HR") — Y;2H(R")).
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Fourier transform
Entropy numbers — via weighted embeddings

Theorem 8
Lletl<p<oo,s1>0,5 >0.

» There exist positive constants C, ¢ > 0 such that for k € N, k > 2,

_1
k nm'”(51752)’ 51 # s,

e(F : X' B(R") — Y2B(R")) < ¢ AN
(Iogk) ) 51 = %2,
and
k_%min(51752)_‘1_%‘7 S1 #52,

ex(F : X3B(R") — Y2B(R")) > C _a_p_z a2 B
k pillogk) , s1=s.

» The same estimates hold for ex(F : X;* HR") — Y;2H(R")).
> If p=2,thenfor ke N, k> 2,
kf%min(sl,sz)’ s1 75 s2,
ex(F: H*(R") — H 2(R")) ~ ( a

K\ —
@) , S1 = So.
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Fourier transform

Entropy numbers — recent improvement for p # 2

Rem. improvement (2025): use further embeddings

" n(
(R"), p>2, F:B,

)

Tk

(R") < Lp(R"), p<2
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Fourier transform

Entropy numbers — recent improvement for p # 2

Theorem 9 o
Let1<p<oo,$1>0,Sz>0,T(P):‘1_% M

» If 51 # 2, then for k € N,
e(F : X' B(R") = Y,2B(R")) ~ ki% min(sl'sz)i‘%i%} — K (min(s,s2)+31d50)

If s; = s = s, then there are ¢ > 0, C > 0, s.t. that forall k € N, k > 2,

_§_|1_,

k571310 k)3 < e (F : XEB(R™) <5 YEB(R™)

s 1

< ck 3152l (og k)i ).

Rem. improvement (2025): use further embeddings

B

n(L_ n(l_1
Fil(®R) =B VR, p=2,  FiBr PR o LR, p<2
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Fourier transform

Entropy numbers — recent improvement for p # 2

Theorem 9 o
Let1<p<oo,$1>0,Sz>0,T(P):‘1_% M

» If 51 # 2, then for k € N,
e(F : X' B(R") = Y,2B(R")) ~ ki% min(sl'sz)i‘%i%} — K (min(s,s2)+31d50)

If s; = s = s, then there are ¢ > 0, C > 0, s.t. that forall k € N, k > 2,

_§_|1_,

k571310 k)3 < e (F : XEB(R™) <5 YEB(R™)
< ck 3132 (log Ky i+
» The same estimates hold for ex(F : X;* HR") — Y;2H(R")).

Rem. improvement (2025): use further embeddings

B

n(L_ n(l_1
FiL(R) =B VR, p=2,  FiBr PR o LR, p<2

Dorothee D. Haroske Mapping properties of Fourier transforms
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Digression to special weighted embeddings

Approximation numbers

idg : AL (R ws) — AZ(R"), B>0, ws(x)=(x)? Aec{B,H}
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Digression to special weighted embeddings

Approximation numbers
ids : AR (R, wp) = AZ(R"), >0, ws(x)=(x)" Ac{B,H}

Proposition 10
Assume that min(f3,0) > = and 3 # 0. Then  ac(idg) ~ k™7, k €N, with

M , ppr<p2<2 or 2<p<po, @
MféJr% , PP <p2<pr,
sl =LA D, m<2<m 830> o
SAmnGG - a3 m<2<p, 0> B> o o]
min(.5) . minief ) . P <2< e, min(5,6) < sy LEJ

Rem.
» in case of IE] only estimate from below

» H. (1995, 1997), Caetano (1998), Skrzypczak (2005),
H./Skrzypczak (2008), Skrzypczak/Vybiral (2009)

Dorothee D. Haroske Mapping properties of Fourier transforms



Digression to special weighted embeddings
Approximation numbers

s (& 51) (F:51)
sl
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Fourier transform

Approximation numbers

Theorem 11
letl<p<oo, s1>0,s >0.

kf%min(sl,sz) if s1 7£ 5
> p =2 a(F: H(R") o H2(R") ~ ()"

Tog k |f S1 = S

Dorothee D. Haroske Mapping properties of Fourier transforms



Compactness Criterion Digression ey, ax

Fourier transform

Approximation numbers

Theorem 11
letl<p<oo, s1>0,s >0.

k—Emin(s,:2) S1#£ S
> p=2: a(F: H*(R") = H 2(R")) ~ ( : )7% o=
1= 52

log k

> 51 # s: 3 @ > ¢ > 0 such that for k € N,
a(F : X3 B(R") — Y2B(R")) < ¢ k~ ™nless2)

and

7m7%|dg|’ min(sy,s2)

min(sy ,52)

max(p,p’)

ax(F - XslB(Rn) — Yp52 B(R") > a - min(sy ,52) max(p,p’) "
n 2

) n

Dorothee D. Haroske Mapping properties of Fourier transforms
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Compactness Criterion Digression ey, ax

Fourier transform

Approximation numbers

Theorem 11
letl<p<oo, s1>0,s >0.

k—nmintns) if sy o 5
> p=2: a(F: H*(R") < H 2(R")) ~ L\ -2 _

(@) |f S1 = S
> 51 # s: 3 @ > ¢ > 0 such that for k € N,

a(F : X2 B(R") = Y2 B(R")) < ¢ k~ 1 ™nle1:%2),

and
,m,%wm min(s1,52) 1
) s1 n s2 n ’ n = max(p,p’)
ak(]: . XP B(R ) — YP B(R )) 2 G K- min(sy ,s3) max(z/;),pl) min(sy ,52) < 1
n
’ n — max(p,p’)

» The same estimates as above hold for a,(F : X;t H(R") — Y;2H(R")).

Dorothee D. Haroske Mapping properties of Fourier transforms



Nuclearity Concept Fourier

Nuclear maps
The concept and recent results
Nuclearity of F
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Nuclearity Concept Fourier

The concept and recent results
Nuclear maps

X, Y Banach spaces, X’ dual space of X, T € L(X,Y)

» T nuclear, ie. T € N(X,Y), if there exist elements a; € X,
yi € Y, j €N, such that

e o0
Z||BJ-HX/||yJ-||y<oo and TX:ZBJ(X)yj, xeX
Jj=1 =t

Rem. Grothendieck (1955), Pietsch (1980, 1987)
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The concept and recent results
Nuclear maps

X, Y Banach spaces, X’ dual space of X, T € L(X,Y)

» T nuclear, ie. T € N(X,Y), if there exist elements a; € X,
yi € Y, j €N, such that

e o0
Z||BJ-HX/||yJ-||y<oo and TX:ZBJ(X)yj, xeX
Jj=1 =t

» nuclear norm  v(T) = inf { Z laillx|lyjlly - T= Z aj(~)yj}
j=1 j=1

Rem. Grothendieck (1955), Pietsch (1980, 1987)
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The concept and recent results
Nuclear maps

X, Y Banach spaces, X’ dual space of X, T € L(X,Y)

» T nuclear, ie. T € N(X,Y), if there exist elements a; € X,
yi € Y, j €N, such that

e o0
Z||BJ-HX/||yJ-||y<oo and TX:ZBJ(X)yj, xeX
Jj=1 =t

» nuclear norm  v(T) = inf { Z laillx|lyjlly - T= Z aj(~)yj}
j=1 j=1

> N(X,Y) with v(-) Banach space

Rem. Grothendieck (1955), Pietsch (1980, 1987)



Nuclearity Concept Fourier

The concept and recent results
Nuclear maps

X, Y Banach spaces, X’ dual space of X, T € L(X,Y)

» T nuclear, ie. T € N(X,Y), if there exist elements a; € X,
yi € Y, j €N, such that

e o0
Z||BJ-HX/||yJ-||y<oo and TX:ZBJ(X)yj, xeX
Jj=1 =t

» nuclear norm  v(T) = inf { Z laillx|lyjlly - T= Z aj(~)yj}
j=1 j=1

> N(X,Y) with v(-) Banach space
» rank (T)<oco = T e N(X,Y) = T compact

Rem. Grothendieck (1955), Pietsch (1980, 1987)



Nuclearity Concept Fourier

The concept and recent results

Nuclear maps

X, Y Banach spaces, X’ dual space of X, T € L(X,Y)

» T nuclear, ie. T € N(X,Y), if there exist elements a; € X,
yi € Y, j €N, such that

oo

Z llajllxlyjlly <oo and Tx= Zaj(X)yj, xeX

=1 j=1

» nuclear norm  v(T) = inf { Z laillx|lyjlly - T= Z aj(~)yj}
j=1 j=1

> N(X,Y) with v(-) Banach space
» rank (T) <oo = T e N(X,Y) = T compact
> T EN(X, Y), Se ﬁ(Xo,X), R e [.:(Y, Yo) ~ RTS EN(X(), Yo),

v(RTS) < [[RI/(T)IIS||

Rem. Grothendieck (1955), Pietsch (1980, 1987)

Dorothee D. Haroske Mapping properties of Fourier transforms



Nuclearity Concept Fourier

The concept and recent results
Tong's result (1969)

Let i, € [1,00], and t(r1, r) € [1, 00] be given by

1 )1, ifl1<mn<n<oo,
t(r,rn) 1—%—1—% ifl<n<

Dorothee D. Haroske Mapping properties of Fourier transforms



Nuclearity Concept Fourier

The concept and recent results
Tong's result (1969)

Let i, € [1,00], and t(r1, r) € [1, 00] be given by

1 )1, ifl1<mn<n<oo,
t(rn.n) |1-242%, fl<n<n<o

Proposition 12
Let 1 < r,rn < oo, 7=(75);, Dr : x = (x); — (7jx;); diagonal operator.

D is nuclear <= 7 € Ly, ), With £y, ) = co if t(r1, r2) = o0,
Moreover,
V(DT : Er:. — Erz) = ||T|€t(r1,r2)||'

Rem. Tong (1969); Cobos, Dominguez, Kiihn (2018)

Dorothee D. Haroske Mapping properties of Fourier transforms



Nuclearity Concept Fourier

The concept and recent results
Tong number

IAD\
R 8

IN A
>

t(r1, ) 1-L+L1 ifi<n

n r2

1 _{L if 1<,

Dorothee D. Haroske Mapping properties of Fourier transforms



Nuclearity Concept Fourier

The concept and recent results

Tong number

t(n,rn) J1-L4+L1 if1<n<n<o.

rn ra’

1 _F, fl<m<n <o,

Observation

1 (1 1) 1 (1 1)
| 4 =1—-( === > ===
t(re, r2) n n)_ " r non),

Dorothee D. Haroske Mapping properties of Fourier transforms
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The concept and recent results

Tong number

1 1, if1<n
t(rl, r2) o

Observation

1 (1 1) 1 (1 1)
| 4 =1—-( === > ===
t(re, r2) n n)_ " r non),

> t(r,n)=r"c{l,oo} <= {n,n}={1,0}

Dorothee D. Haroske Mapping properties of Fourier transforms



Nuclearity Concept Fourier

The concept and recent results

Tong number

1 - 1, if1§r2§r1§oo,
) |l1-t+4 fl<n<n<oo

Observation

1 (1 1) 1 (1 1)
| 4 =1—-( === > ===
t(re, r2) n n)_ " r non),

> t(r,n)=r*e{l,o0} <= {n,n}={1,0}

Rem. observation that compactness --» nuclearity of embeddings
corresponds to replacement r* --» t(ry, )

Dorothee D. Haroske Mapping properties of Fourier transforms
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Digression to special weighted embeddings
Nuclearity

idg 1 A% (R, wg) — AZ(R"), B>0, ws(x)=(x)’, Ae{B,H}
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Nuclearity Concept Fourier

Digression to special weighted embeddings
Nuclearity

idg : A%L(R", wg) = AZ(R"), B>0, ws(x)=(x)’, Ac{B, H}

Theorem 13
Letl<p1 <o, 1< pp<o(l<p <xifA=H), sseR, i=1,2.
Then idg is nuclear if, and only if,

> " and §5>_"

t(p1, p2) t(p1, p2)

Dorothee D. Haroske Mapping properties of Fourier transforms
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Digression to special weighted embeddings
Nuclearity

idg : A%L(R", wg) = AZ(R"), B>0, ws(x)=(x)’, Ac{B, H}

Theorem 13
Letl<p1 <o, 1< pp<o(l<p <xifA=H), sseR, i=1,2.
Then idg is nuclear if, and only if,

> " and §5>_"

t(p1, p2) t(p1, p2)’
Rem.
» recall: ids compact <— § > p% and § > p%
» as before: compactness vs. nuclearity: replace p* by t(p1, p2)

» H./Skrzypczak (2020), proof by wavelet decomposition & Tong

Dorothee D. Haroske Mapping properties of Fourier transforms
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Fourier transform
Nuclearity

Theorem 14
Letl < p< oo, 51,5 €R.

(i) Then
F:X2B(R") < Y2B(R")

is nuclear if, and only if, s; > i=1,2.

2n
max(p,p")
(ii) The same is true for

F: XS H(R") < Y2H(R").

Dorothee D. Haroske Mapping properties of Fourier transforms



Nuclearity Concept Fourier

Fourier transform
Nuclearity

Theorem 14
Letl < p< oo, 51,5 €R.

(i) Then
F:X2B(R") < Y2B(R")

is nuclear if, and only if, 5; > W i=1,2.
(ii) The same is true for

F: XS H(R") < Y2H(R").

Rem.
» F compact <= s3 >0ands; >0
> note: —2" - = n+min(dy,dy)>0,1<p<oo

max(p,p’)

> Triebel (2022), H./Skrzypczak/Triebel (2023)

» further results in limiting cases and for spaces of type B, , and F,

Dorothee D. Haroske Mapping properties of Fourier transforms
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Fourier transform

Compactness and nuclearity S
S1 er",1
n .
. . . compact
F is compact, if, and only if, p F
>0, i=1,2
F y
fs=dp
F is nuclear, if, and only if, 1/ 1
2;
2n it 1
—————— = n+min(d;,dy i=1,2 aF C
max(p, p’) (dp. ), ’  compact

Rem.
» H./Skrzypczak/Triebel (2023)
» duality ‘visible' since ' = F

Dorothee D. Haroske Mapping properties of Fourier transforms



Nuclearity Concept Fourier
The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)

Goal: mapping properties of the Fourier transform
FAMR") — AZ(R"), A€ {B,H},
SsER 1<p<0(A=B),1<pi<oco (A=H),i=1,2

» complete characterisation for continuity and compactness in case of
B3(R"), 1 < p <oo,and H(R"), 1< p<oo, seR
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)
Goal: mapping properties of the Fourier transform
FAMR") — AZ(R"), A€ {B,H},
SsER 1<p<0(A=B),1<pi<oco (A=H),i=1,2

» complete characterisation for continuity and compactness in case of
B3(R"), 1 < p <oo,and H(R"), 1< p<oo, seR

» first, but partly two-sided estimates for entropy and approximation
numbers, only sharp if p =2
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Nuclearity Concept Fourier

The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)
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Thank you very much for your attention!
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