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Convexity estimates for the outer measure of bilinear

operators

Fernando Cobos, Luz M. Fernandez-Cabrera, and Antén Martinez

Abstract. Let 7 be a surjective closed operator ideal with associated outer measure vy, and let
be the extension of y, to bilinear operators. We establish a convexity inequality for the measure
v, of a bilinear operator interpolated by the real method. Our arguments do not require that 7 be

symmetric.

Dedicated to the memory of Professor Mikio Kato

1. Introduction

Interpolation theory provides useful methods for establishing inequalities in very general
contexts. In fact, techniques of interpolation theory are handy tools in harmonic analysis,
operator theory, partial differential equations, functional analysis and some other areas of
mathematics (see the monographs [1,5,6,10,19,29,42,43]).

Among the most well-known interpolation results, we can mention the Riesz-Thorin
theorem: Let (U, ), (V, v) be o-finite measure spaces, let 1 < pg, p; < 00,1 < g, g <
and assume that R is a linear operator such that R : L, (U) — L, (V) boundedly for
i=0,1.Then R : L,(U) — L4(V) is bounded with

1-6 [
”R”L,,(U),Lq(V) < C”R”LPO(U)’Lq()(V) ”R”Lp] U).Lg, (V) (1.1)

provided that0 < 6 < 1,1/p=(1 -0)/po+ 6/py1and 1/qg = (1 —6)/qo + 6/q;. Here 1 <
C < V2, with C = 1 for the case of complex spaces.
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The convexity inequality (1.1) can be extended to compatible couples of abstract
Banach spaces (Ag, A1), (By, B1) and bounded linear operators R between the couples if we
replace L, L, by the interpolation spaces generated by the real (or the complex) method:

The norm of the interpolated operator satisfies that
1-6 0
IRIF < IRl I Ru

where R;,i = 0, 1, are the restrictions of R to the spaces of the couples.
A similar inequality has been established for the measure of non-compactness w(R) of

a linear operator R interpolated by the real method [16,41]. Namely,
w(R) < Cw(Ry)' P w(Ry)’

where C > 0 is a constant independent of R. In a more general way, if we replace the
measure of non-compactness by the outer measure associated to an operator ideal (see
[2]) then an estimate of convexity type also holds (see [17, 18,25]).

Recently, a lot of work has been done for establishing similar inequalities for bilinear
operators and measures associated to ideals of bilinear operators. See, for example, the
papers by Mastyto and Silva [33], Besoy and Cobos [7] and Cobos, Fernandez-Cabrera
and Martinez [12] for the case of the measure of non-compactness, those by Manzano,
Rueda and Sdnchez-Pérez [31,32] for the case of general measures but with only a Banach
couple in the domain or in the target of the operator, and the paper by the present authors
[15] for general couples and outer measures.

In [15] we have extended the outer measure 7y, associated to an ideal 7 of linear oper-
ators to a measure y, for bilinear operators. Assuming that  is an injective, surjective and
symmetric ideal satisfying a X, -type condition, we have established a convexity inequality
for the measure y, (7T). Here T is a bilinear operator interpolated by the real method and 7
is a certain isometric embedding (see [15, Theorem 3.4]). In particular, the result applies
to 7 = ‘W, the ideal of weakly compact operators, giving a convexity estimate for the
measure of weak non-compactness. Techniques of [15] are based on duality for bilinear
operators (see [38]). Symmetry of J is essential for the arguments.

Our goal in this paper is to develop a different strategy to establish the convexity
inequality for the outer measure of a bilinear operator interpolated by the real method.
The new techniques that we expound do not use duality. They rely on tensor products and
on an interpolation formula for projective tensor products. As a result we get rid of the

assumption of symmetry on the ideal 7. Besides weakly compact operators, the new con-
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vexity inequality applies, for example, to the classes of bilinear operators that correspond
to the ideals of Banach-Saks operators, Rosenthal operators and Asplund operators.

We also show that assumptions for the convexity inequality can be significantly simpli-
fied if the couple in the target of the bilinear operator reduces to a single Banach space. In
this special case, the result applies to a larger class of ideals of bilinear operators including,

for example, strictly cosingular operators.

2. Projective tensor products and real interpolation

Let A, B, E be normed spaces. We put B(A X B, E) for the space of all bounded bilinear

operators 7 from A X B into E with the norm
ITIl = 1T llaxz,& = sup {IIT(a, b)lle : a € Ua, b € Up).
Here Uy is the closed unit ball of A. We write
UaxUg ={(a,b) : a€UnbeUg}.
Hence

IT|laxg,e = sup {IIT(a, b)||g : (a,b) € Us X Ug}.

Let A ® B be the tensor product of A and B. Foru € A ® B, we put

n n
n(u)=inf{2||ak||A||bk||B : M:Zakmk}.
k=1 k=1

The projective tensor product of A and B is the normed space A ®, B = (A ® B, ). We
write A®, B for the completion of A ®, B (see [21,23,39]).

Let y : AX B— A ®,; B be the bounded bilinear operator defined by x(a,b)=a® b.
Given any T € B(A X B, E), the linearization T of T is the bounded linear operator T e
L(A®,B, E) defined by

n n

T(Zak®bk)=zan(ak,bk), Zak@)bkeA@B.
k=1

k=1 k=1

Clearly, the restriction of TtoA ®, B is also bounded Te L(A®; B,E).

If J C E, we write co(J) for the convex hull of J.

Lemma 2.1. Given any norm spaces A, B,E and any T € B(A X B, E), we have

T(Ua x Up) € T(Uno,g) C co (T(Ua x Ug))
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Proof. Since Upg,p C U AB, B> the result is a direct consequence of [13, Lemma 2.2] or

[39, Proposition 2.2]. [ |

By a normed couple A = (Ao, A;) we mean two normed spaces Ag, A; which are
continuously embedded in the same Hausdorff topological vector space. We write Ay + A;
for their sum and Ag N A; for their intersection. These spaces are norm spaces with the

norms

lallag+a, = inf {llaolla, + llailla, : @ = ao +ar, a; € A;}

and

llallagna, = max {llalla, , llalla,} -

If Ap and A are complete we refer to A = (Ao, A1) as a Banach couple.

The Peetre K-functional is given by
K(t,a) = K(t,a; Ao, A1) = inf{|laol|a, + tllailla, : @ = a0 + a1, a; € A;}.

For 0 <0 < 1and 1 < g < oo, the real interpolation space realized as a K-space in

discrete form Ag’q = (Ao, A1)g,q consists of all @ € Ag + Ay having a finite norm

(e8]

llallo.q :( > (z—emK(zm,a))q)q

m=—oo

(the sum should be replaced by the supremum if g = o). If A is a Banach couple then Ay ,
is a Banach space. See [5, 6, 10,42].

The real interpolation space can be also characterized in terms of the J-functional
J(t,a) = J(t,a; Ag, Ay) = max{|allap t]lalla, }, a € Ao N Ay

It turns out that Ag’q is formed by all those a € Ayg + A; which can be represented by
a=Yw__ uy, (convergence in Ay + A1) where (u,,) € Ao N Ay and (279" J (2™, u,,)) € ly.
Moreover
_ -6 .=
lallo.qss = inf {[|(2 " 7" wm)|,, < a = Z )}
m=—oo

defines an equivalent norm to || - [|g,4.

Let B = (Bo, B;) be another normed couple, and let R : Ag + Ay — By + Bj be a
bounded linear operator such that the restrictions R : A; — B; are bounded for i = 0, 1.

The following convexity inequality holds

0 1-6 0
”R”A(,,q,égﬂ <2 ”R“A(),BO”R“AI,Bl' 2.1
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The constant 29 is due to the fact that we have introduced the real interpolation spaces
through series. This discrete form of Ag , will be useful in our future considerations. It is
not difficult to check that the constant 2¢ does not appear in (2.1) if || R||a,.5, /|| Rl 40,8, =
2% for some k € Z.

The real interpolation spaces can be defined equivalently by changing the series to
integrals (see [6,42]). Working with that continuous representation, the constant 2¢ does
not appear in the estimate of the norm of the interpolated operator.

Take another normed couple E = (Ep, E;). We denote by B(A x B, E) the collection
of all bounded bilinear operators T : (Ag + A1) X (Byp + B;) — Ey + E| such that the
restrictions 7 : A; X B — E; are bounded for i = 0, 1. If Ey = E; = E, then we write
B(A x B, E). The argument in the proof of [26, Theorem 3.1] shows that if 0 < 6 < 1,
1<pgr<oandl/p+1/q=1+1/rthen

T : (Ao, A1)a,p % (Bo, Bi)g,q — (Eo, E1)o,r

is bounded with

1-6 ]
||T||Ag’pxgg‘q’E_g‘r <C ”T”AOXBO»EO”T”AIXBI,EI (2.2)

where C > 0 is a constant independent of 7.
Using the normed couples A = (Ag, A1), B = (B, B1), we may consider the projective

tensor products
Ao ®x By, A1 ®r Bi, (Ao+ A1) ®x (By+ By).
The continuous embeddings
Aj—>Ap+A;, Bi—=By+B;, i=0,1,

and [30, Section 41.1.8, p. 175 and Section 41.3.1, p. 179] (or [39, p. 7 and 17]) yield that

the following continuous embedding holds
A; ® Bi — (Ag+A1)®; (Bp+By), i=0,1.

Hence, (Ag ®x By, A| ®; B;) is a normed couple.

Next we establish an interpolation formula for projective tensor products. We put
{Ao N Ar}g,p for Ag N A; normed by || - [lo,, and {Ag N A1}; for Ag N A; normed by
I lla;,i=01.
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Lemma 2.2. Let A = (Ag, A1), B = (By, By) be normed couples. Let 0 < 8 < 1 and 1 <
p,q,r < ocowithl/p+1/q =1+ 1/r. Then the following continuous embedding holds

{Ao N A1}g,p ®x Bo.g — (Ag ®x Bo, A1 ® Bi)o,r.
Proof. Consider the bounded bilinear operator
X (Ao N Ap) X (B + Bi) — (Ao + A1) ®z (Bo + B1)
defined by x(a, b) = a ® b. It is clear that restrictions
x:{AoNA}ixB;— A;®:B;, i=0,1,
are bounded with norm || y||; < 1. Now we show that

X : (Ao N Ay) X (Bo + By) — (Ao ®x By) + (A1 ® By)

is bounded. Let a € Ay N A; and b € By + B;. Take any decomposition b = by + b; with
b; € B;. We have

”/\/(a’ b)||(A0®7rBo)+(A1®7,Bl) < ||a ® bO”Ao@,,Bo + ||a ® bl ”A1®”Bl

< llallagna, (lolls, + 1 ll5, )-
Taking the infimum over all possible representations of » we obtain that
X lAon A )x(Bo+B).(Ag®x Bo)+(A 8 Br) < 1.
Next we show that
X : {Ao N Ai}ep X Bgg — (Ao ®x Bo, Al ®x Bi)g,r

is bounded. We consider on By, the norm defined by the J-functional. Given any a € Ap N
Arand b € Bg,q, take any J-representation b = 3,7 u of b. There are decompositions

a = aonk + aink With a; o € A; such that for given € > 0

& &
laonkllay + 2" " llanklla, < (1 +&)KQ2"", a; Ao, Ay).
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Note that in fact a; , x € Ag N Aj because a € Ay N A;. We have

K(2", x(a,b); Ag ®x By, A| ® By) < Z K(2", x(a,uy); Ao ®x Bo, A| ® By)

k=—c0

IA

(Ix (a0, willage, By + 2" 1 x (@1, ks i )la, 0, B, )

IA

M e

—k k
(llao, i llag luxllBy + 2" Nlar,nklla, 2 luxll5,)

00

~
\‘I

& k
(llaonillag + 2" Nlainilla,) J(25, ug; Bo, By)

NgE

k

00

IA

(I+e) Y K@™ as Ao AJQ" ™", - Bo. By).

m=—oo

Hence

279K (2", y(a, b)) < Z 279MK (2™ a; Ag, A)2700 ™ 12 s Bo, By).

m=—co

Using Young’s inequality for convolution, we obtain that for any a € AgN A and b € Eg’q,
x(a, b) belongs to (Ap ®, Bo, A1 ® B1)e,r With

1 x(a. D)llage,Bo.ai@x B, < llallz, , N10l5,, - (2.3)

Consequently, {Ao N A1 }e,p ®x E’g,q C (Ao ®x Bo, A1 ® Bi)g.r. Moreover, given any
Z= Z;‘:l a; ® bj € {Ap N Al}g,p Rn ég’q with {aj};’:l C ApgN Ay and {bj};l:l Cc Bg’q,

using (2.3) we obtain

n
zllA0@r Bo A @xB1)o, < Z llaj @ bjll(ageyBo.A1@2B1)o.,
J=1

n
< > lajlla, 1B, , -
J=1

This yields that
||Z||(A0®HBO,A1®KBI)HJ S ”Z”{AoﬂAl}g,p‘@ngg,q

and finishes the proof. ]

3. Operator ideals, bilinear operators and measures

An operator ideal I is a method of ascribing to each pair (E, F) of Banach spaces, a linear
subspace I (E, F) of L(E, F) such that
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(i) I (E, F) contains the finite rank operators from E into F;

and

(ii) for all Banach spaces E, F, X, Y, whenever V € L(X,E),R € I(E,F),
S € L(F,Y), then the composed operator SRV € I (X,Y).

See [22,36,37].

We say that I is closed if I(E, F) is a closed subspace of L(E, F) for all Banach
spaces E and F.

We say that I is surjective if for every metric surjection Q € L(X, E) and every oper-
ator R € L(E, F), if follows from RQ € I (X, F) that R € I (E, F). We recall that a surjection
Q € L(X, E) is said to be metric if the image by Q of the open unit ball of X coincides
with the open unit ball of E.

Compact linear operators K, weakly compact operators ‘W, Banach-Saks operators
B8, Rosenthal operators R, Asplund (= decomposing) operators A and strictly cosingular
operators C are examples of surjective closed operator ideals (see [4,24,28,36,40]).

If (E,,) is a sequence of Banach spaces, 1 < g < oo and (4,,) is a sequence of non-
negative numbers, we denote by £,(A,,E,,) the collection of all sequences x = (x,,) such
that x,,, € E,, for each m € Z and

0 L

q
||x||a,u,,,5m>:( > (AmnxmuEm)") <.

m=—coo

We put O : {y(AmEm) — AxEy for the projection Qx(xp) = xx, and P, : A, E, —
ly(AnEp,) for the embedding P,y = (6;,,y) where J},, is the Kronecker delta.

The operator ideal 7 is said to satisfy the X, -condition if for any sequences of Banach
spaces (Ep), (Fn) and any R € L (64(Ep), €4(F)), it follows from QxRP, € I (Ey, Fi)
for any n, k that R € I (€,(Em), €4(Fn)).

If 1 satisfies the X -condition, then 7 must be closed.

Operator ideals W, 88, R, A satisfy the X,-condition for 1 < g < oo (see [28] and
[11]). Compact operators K do not satisfy the Z,-condition for any 1 < g < oo because
ide, & K(ty,€,). Strictly cosingular operators C fail also the X,-condition.

Let  be a surjective and closed operator ideal. Astala defined in [2] the outer measure
of R € L(E,F)by

Y,(R)=vy,(R: E— F)
=inf{o > 0: R(Ug) € S(Ux) + 0UF, S € I(X, F), X some Banach space}.
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For such an ideal 7 and R € L(E, F), it turns out that y, (R) = 0 if and only if R € T (E, F).
Hence, y, (R) shows the deviation of R from the ideal 7.

The following extension of v, to bilinear operators has been studied by the present
authors in [15]:

If T € B(AX B, E), we put

v.T)=v,T:AXB—E)
=inf{oc > 0:T(UsxUp) CocUg + R(Uz),R € I(Z,E), Z some Banach space}.

When I = K then it turns out that y, (7) is equal to the measure of non-compactness w(T')
of the bilinear operator T (see [15, Proposition 2.8]). If 7 = ‘W then v,,(T') coincides with
n(T), the natural extension to bilinear operators of the measure of weak non-compactness
(see [15, Proposition 2.9]).
Let
I={T€B : y,(T)=0}.

Then 3 is a bideal in the sense of [38], which is always surjective and closed even if 7 fails
any of these properties (see [15, Lemma 2.2]). Furthermore, if 7 is surjective and closed
then we show in [15, Corollary 2.5] that a bilinear operator 7 € B(A X B, E) belongs to J if
and only if the linearization TofT belongs to 7. So, J is the composition ideal generated
by I (see [27, Section 7.3] and [9, Section 3]).

If E is a Banach space, A, B are only normed spaces and 7' € B(A X B, E), we define
v,(T) as if T would be a bilinear operator acting between Banach spaces. Let T:A8,B—
E be the linearization of 7. We put T for the restriction of T to A ®, B. We define v, (T) =

v (T : A®; B —> E)as if T would be a linear operator between Banach spaces.

Lemma 3.1. Let I be a surjective and closed ideal. Let A, B, E be Banach spaces and let
T € B(AXB,E). Then

Vs (T) = Yr (T)

Proof. Since T(Ua x Ug) € T(Uag, 5), it is clear that y,(T) < y,(T). On the other hand,
we have that T (Uae, ) C T(UA@B) and, by [15, Lemma 2.4], y,(T) =y, (T), therefore
we obtain that y, (T) < y](~) =y,(T). m

Now we establish the main results of the paper. Given a Banach couple E = (Eg, E})
and m € Z, we put Wy, = (Ep + E;, K(2™,-)) and we define ¢ : Eg, — £,(279"W,,) by

tx=(-+,xx,x,---). Itisclear that ||Lx||gq(2—emwm) = ||x||Equ.
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Theorem 3.2. Let 0 <0 <1, 1 < p,g<oo, 1 <r<ocowithl/p+1/g=1+1/r and
let T be a surjective operator ideal satisfying the X,.-condition. Assume that A = (Ao, A1),
B = (By, B)), E = (Ey, E)) are Banach couples and that T € B(A x B, E). Then

Y5 (LT . Ag’p X Bg’q — 5,(2_9’”Wm))
< Cy (T : Ag x By —> Eo)' ™y, (T : Ay x B — E;)°,

where the constant C > 0 is independent of T.

Proof. Proceeding as in [14, Theorem 3.1], we get that T : {Ag N Aj}e,p X Bg’q —
Eq,, is bounded. So, (T : {Ag N A1}g,p X Bgg — £-(279"W,,) is also bounded. Since

T(U{AoﬁAl }9»17 X Uéﬁ,q) g T(U{A()QAI }H,p ®x BH,q )’ we have

¥ (¢ {Ao N Ar}ap X Boy — 6:(279"W,)) 3.1)
< 7/[ ((LT)V: {AO N Al}é),p ®n B@,q — fr(z_ngm))
=7r (LT : {AO N Al}é},p ®r Bﬂ,q — gr(Z—Gme)).

Besides, since T : A; ®; B; —> E; is bounded for i = 0, 1, the interpolation property for

linear operators yields that
T : (Ao ®x Bo, A| ®x B1)g,r — Eg,,
is bounded. According to Lemma 2.2, the following factorization holds

{A0 N Ai}e,p ®x Bog ol £,(270mW,,).

(Ao ®x Bo, A1 ®x B1)o,r

Therefore

¥, (T - {Ao N Ar}op @ Bo.g — 627" W) (32)
<Y (LT : (AO ®r Bo, A1 @1 B])H,r — gr(z—Hme)).

Next we show that

¥, (T : (Ap ®x Bo,A1 ® B1)o,r — (279" W,y,)) (3.3)
< Cy](T 1Ay ®r By — Eo)l_gy](T A ®r By — El)g.
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To simplify notation, put G; = A; ®, B;,i =0, 1. Take any 0y > 7y, (T : G; — E;) and let
Z; be a Banach space and S; € 7 (Z;, E;) such that

T (Ug,) € oiUE, + Si (Uz), i=0,1. (3.4)

Take any a € (Go, G1)g,» With ||allg,» < 1. Given any ¢ > 0, pick d,,, = d;(a) > 0 such that

29MKQ™a) <dy and ) dn < (1+6).

m=—oo

We can choose & € Z such that 2¥~! < oy /oy < 2%. Then
0
K(2" 2 a) < K2, a) < 200094, < 20000 (TN g,
go go
Put

o1\ o
0 m+1e (Y1 1 _~amYl1
2 (_) doik » —omZl
Pm 0 m+k Pm 0

Since K(p),, a) < pY,, we can find a decomposition

1
a=a’ +al with —Oa% € Ug, and p—oma,ii e Ug,.
m pm
By (3.4), there exists x!, € Uz, such that
i i
”T ((p’g) a;n) _sa |l <ov, i=01 (3.5)
Pm E;
Then o
o - . —i X .
Tai, - si(zf’zm«’*l)(ﬂ) Ayl < 202mO0 DG 10604, L (3.6)
(o)) E;

Forany m € Z,let D,,, = (Zy X Z1)¢,, be the product of Zy and Z;, normed by ||(xg, x1)|| =
max{||xo||z; [|x1]lz }- The operator S : £,(D,,) — £-(279™W,,) defined by

! , 0-i
S0, 1) = (2(1 + 62720 (2 six;,,)

i=0 0
is bounded because

1
-

) 1 . r
- op\0-¢ .
ISCeD X3l -0 ) < ( > (2 oy 1+ 802 ||Si||z,.,E,.,||x;n||z,.,))

m=—oo i=0 00

o \? [op)\0-1
<2%(1 +6>max{(;0) (5) }max{nsouzo,Eo, 1Sz} 1G5 23l (0,0
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Since each component

0 if k#n

(QiSP)(% x") =1 d . L
Z(1+5)292"(9—’>(ﬂ)9 isxl if k=n,
i=0 g0

belongs to 7 (D, 2-% Wy.), it follows from the X,-condition that S € T (¢, (D), £ (279" W,,,)).

Next we show that
)(Ug,,) €2°7 (1 +8)ay o{Up, a-0mw,,) + SWUe,(D,0)-
Given any a € Ug,, , we can take xl, € Uz, asin (3.5). Let
x = ((1+6) xSy, (1+6)  dparx),).
Then x belongs to Uy, (p,,) and, using (3.6), we obtain

I)a = SxU; ey,

< i (2_6"1 (i 2m

J

0—i .
22" (T S,

m=—00 i=0
< Z (2—91’}1 (Z 2m1292m(6’ l) 0_1 derk))
m=—co i=0
(29+1 1-9 9) Z r S (29+1 10) (1+6).
m=—0o

Hence,
v, (I : (Go, G1)g,r — 6:279"W,,)) <2911 + 8)ay Yot

Since ¢ > 0 is arbitrary, we derive that
¥r (' (Go, Gor — 627" W) < Cy (T : Go — Eo)' ", (T : Gi — E1)’.
Consequently, it follows from (3.1), (3.2), (3.3) and Lemma 3.1 that

Y5 (T : {Ao N Ar}e,p X Bog — €:(279"W,))
< Cy, (T : Ao ® By — Eo)' ™%y, (T': A ®; By — E;)’
= C’yS(T :Ag X By — Eo)l_g’yJ(T 1A X B — El)g.
To complete the proof, we show that

¥y (T 2 Agp X By — €:(279"W,)) (3.7
S U=y, (LT :{Ap N A }g’p X Eg’q —> t’r(Z‘ngm)).
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Take any € > 0. By the definition of p, there are a Banach space Z and an operator R €
I(Z,6-(279"W,,)) such that
T (Uqapna e, X Us, ) € (1 + &)Uy, -0mw,,) + R(Uz).
We are going to show that
LT(UAW X Uggqq) C (u+28)Up (2-omw,,) + R(Uz).

Take any a € Uy, » and b € Ug, . Since p < oo, it follows from the J-representation of
Ag,pp that Ag N Ay is dense in Ag,,. Hence, there exists (a,) € U{agna,},,, Such thata, — a
in Ag,,. We can find N € N such that

lla - aN”Q,q <é&/|T: A_B,p X EG,q - gr(z_eme)”

and pick z € Uz such that
T (an, b) = Rzllg, 2-0mw,,) < 1+ €.

Therefore,

cT(a, b) = Rzllg, @-omw,,) < T(a, b) = T (an, b)ll¢, a-0mw,,) + 1T (an, b) = Rzll¢, (2-0mw,,)
<|IT 2 Agp X Bog = 627" Wi)lllla - anllz, , I1bll5,,, + 1+
< u+2e.

Since & > 0 is arbitrary, this yields (3.7) and finishes the proof. ]

Theorem 3.2 can be applied not only when 7 = ‘W but also when 7 = 88, R or A.
If we remove the operator ¢, then Theorem 3.2 does not hold. We show it with a

counterexample based on the ideas of [17, Remark 3.4].

Counterexample 3.3. Let 7 = W, so 3 = W is the bideal of all weakly compact bilinear
operators. The functional y, is the measure of weak non-compactness introduced by De
Blasi [20] and 7y, coincides with the natural extension of 7y, to bilinear operators (see
[15, Proposition 2.9]).

It follows from [3, Theorem 4] that there are a Banach space E and a sequence of

linear operators S,, € L(E, c¢p), so that

ISul <2, 7, (S =1 and 7, () <7, (S) < 1/n, neN.  (38)
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Let £;(Ug) be the Banach space of all absolutely summable families of scalars (1, ) indexed
by the elements x € Ug. Let £o(Ug) be the dual space of £;(Ug) and let QF : £;(Ug) —
E be the surjection Qp(Ay) = Z Axx . Put R, = Q3.S;, € L (€1, (Ug)) and consider

xeUg

the subspace F = Q% (E™) of {w(UE).

Choose A = (£1,€1), B = (K, K) where K = R or C is the scalar fields, choose E =
(F, {x(Ug)), and consider the bilinear operators 7}, : {; X K — F defined by T,,(x, 1) =
AR, x.

If we suppose that the estimate of Theorem 3.2 holds without ¢, then there would exist

a constant C > 0 such that
Yu (Tn 0 Ot XK — (F, (U)o, )
< Cyy(Ty: & xK — F) 09, (T, : 6 x K — (o(Ug))?.  (3.9)

Since F is a closed subspace of £ (Ug), we have that (F, {(Ug))e,» = F with equivalent

norms. Moreover, using that Q7 : E* — F is an isometry and using (3.8), we get
Yol O XK— F) =y, (Ry: &1 — F) =7,,(S,: 61 — E*) = 1.
As for the other term in (3.9), applying [2, Corollary 5.3] and (3.8) we obtain
Yu(Tn : & XK — €e(UE)) = ¥4y (Ry 1 &1 — oo(UE)) = ¥,y (R) < 7, (S,7) < 1/n.
Therefore, we would obtain from (3.9) that
1<c/im?, n=12...
which is impossible.

However, as we show next, if the couple E = (Ey, E1) reduces to a single space E, then
we can get rid of the operator ¢. We can also eliminate the assumption that 7 satisfies the
%,-condition, as well as the connection between p and g. Moreover, parameters p and g

are also allowed to take the value co.

Theorem 3.4. Let0 <6 < 1,1 < p,q <ooandlet I bea surjective closed operator ideal.
Assume that A = (Ag, A), B = (By, B1) are Banach couples, let E be a Banach space and
T € B(AX B,E). Then

yy(T : Agp X By —> E) < Cy,(T : Ao X By — E)' Py, (T : Ay x B — E)?

where C > 0 is a constant independent of T.
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Proof. Since T : (Ao + A1) X (By + B;) — E boundedly, it is clear that T : Ay, X Bg 4 —
E is bounded for any 1 < p, g < co. Besides, A_g’q — A_g’oo. Hence, it suffices to establish
the result for p = g = co. Note also that T : Ao X By — E and T : A} X By — E are
bounded. Let M| = ||T||ayxB,, £ and My = ||T'||a,xB,E -

Given any oy > y, (T : A; X Bi — E), i = 0, 1, there are Banach spaces Z; and linear
operators S; € I (Z;, E) such that

T(Ua, X Up,) € 0iUg + Si(Uz,), i=0,1. (3.10)

We can pick s, m € Z such that

o 2°M,
22M," oy

2 <oyjopg <2 and 2" < max{ } <o 3.11)

Given any a € Ag,co, b € By .o with ||al|z, < 1and ||bllz, . < 1, we can find decomposi-

tions a = ag + a; with a; € A; and b = by + by with b; € B; such that
laollag + 2" larlla, <227 ibollg, + 27" ||by||s, < 22707+,
Therefore, using (3.10), we obtain

T(a, b) = T(ao, bo) + T(ai, by) + T(ao, b1) + T(ay, bo)
€ 09 220m 2 20CmHI Yy 4 2 20m  20CmES) g (1), )
+ ol 2 2(9—1)m 2 2(9—1)(—m+s) UE + 2 2(9—1)"1 2 2(9—1)(—m+S)Sl (UZI )
+ M, 220m220-DEme) g 4y, 2 20-Dm g 20CmE
c |oo 22 29.\‘ + o 22 2(9—1)s + M, 22 om 2(9—1)S + M, 22 o—m 20S Ug

+2229580(Uz,) + 22297158, (U,).
By (3.11), we have

002229 < 50222 (o 0)? = 22+90'é_90'10,
0122200708 < 51 2%(oy 09) 07V = 220'(}_90'19,
M 222200 < 26 (0 [ 0p) 0D = 20'(}_90'10,

M2227m295 < 2950 (0y Jo)? = 260'(}_60'19.

Therefore

T(a,b) € 229 + 22 + 2+ 2%)o )l 0ol Up + 22295 Sy(Uz,) + 22297158, (UZ).
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Let Z = (Zy X Z1),,, be the product of Zj and Z; with the norm of the maximum, and let
S : Z — E be the linear operator defined by

S(u, v) = 22295 Sou + 2220-Dsg 4.
The operator S is the sum of the composed operators

Z —s Zy — E

o) —— u —— 272%5u,

Z — Z; — E

(wv) —— v —— 2220-Dsgy,

Therefore, S belongs to 7 (Z, E) and
T(Uz,. X Ug,.) € Coy o Ug + S(Usz)
with C = 22*¢ + 22 + 2 + 29 This implies that
Y5 (T : Agco X Bg.oo — E) < Cyy(T : Ag X By — E)' Py (T : A; x By — E)?
and completes the proof. ]

Theorem 3.4 can be applied to operator ideals which do not satisfy the };,.-condition
and so Theorem 3.2 cannot be used with them. This is the case of the ideal C of strictly
cosingular operators. Recall (see [34-36]) that an operator R € L(X, E) between Banach
spaces X, E is said to be strictly cosingular (or Petczyriski operator) if there is no infinite-
codimensional (closed) subspace F' C E, such that ®¢T is surjective. Here ®f stands for
the quotient mapping from E onto E/F. The ideal C is closed and surjective. Moreover,
KccC.

One may wonder if a convexity estimate of the type of Theorem 3.4 may hold in the
other special case, where Ag = A, By = By and (Ey, E ) is an arbitrary Banach couple. The
answer is negative as we show next with the help of C and ideas of [8, Counterexample
2.5].

Counterexample 3.5. According to [8, Counterexample 2.5], there are a Banach space
X, a Banach couple (Ey, E|) and an operator R € L(X, Eg N Ey) suchthat R : X — Ej is
strictly cosingular but R : X — (Ejy, E1)g,, is not strictly cosingular. Here 0 < 6 < 1 and

1 < r < co. Using [2, Theorem 3.1], we have

ve(R: X — Ep) =0 but vye(R:X — (Eo, Er)er) # 0.
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Let Ag = A} =K, the scalar field, and put T(4, x) = ARx. Then T : KX X — Ey N E} is
bounded. Since T(Ug X Ux) = R(Ux), we obtain that

ye(T :KxX — Ep)=0 and ye(T:KXX — (Ep,Ej)g,)#0.

Moreover, we have with equivalent norms that (K, K)g , = K and (X, X)g,, = X. Con-

sequently, convexity inequality
Ye(T : (K. K)g,p X (X, X)g.g — (Eo, EN)o,r) S Cye(T : KX X — Eo)' (T Kx X — E)°
does not hold.

We finish the paper with a remark on interpolation properties of the bideal 3J: From
Theorem 3.2 we can recover [15, Corollary 3.2]. Furthermore, if E = (Eo, E;) reduces
to a single space, then using Theorem 3.4 we can get a result of Manzano, Rueda and
Sanches-Pérez [32, Corollary 4.6].
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