
On the dual of Besov-Lorentz spaces

Fernando Cobos∗

Luz M. Fernández-Cabrera†

Thomas Kühn‡

Abstract

We work with Besov spaces with Lorentz smoothness Bs
qLp,r(Rn). Here −∞ <

s < ∞ and 0 < p, q, r < ∞. We determine the dual of Bs
qLp,r(Rn) with the

help of its characterization in terms of wavelets. In particular, when p = 1 and

1 < r < ∞, the dual spaces are new Besov spaces defined by using the limiting

Lorentz sequence spaces `∞,r. We apply the results to determine the dual of certain

Triebel-Lizorkin-Lorentz spaces F s
qLp,r(Rn).
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1 Introduction

Besov spaces Bs
p,q(Rn) and Triebel-Lizorkin spaces F s

p,q(Rn) are very important in the

theory of function spaces because of their many useful properties (see, for example, [27,

28]). But these scales of spaces are not closed by real interpolation (see [21, 26]). This

is the reason for introducing Besov spaces with Lorentz smoothness Bs
qLp,r(Rn) and the

corresponding Triebel-Lizorkin-Lorentz spaces F s
qLp,r(Rn). They are defined by replacing

the Lebesgue space Lp(Rn) by the more general Lorentz space Lp,r(Rn) in the Fourier-

analytical definition of Besov and Triebel-Lizorkin spaces. It turns out that(
F s
p0,q

(Rn), F s
p1,q

(Rn)
)
θ,r

= F s
qLp,r(Rn)
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where −∞ < s <∞, 0 < q, r ≤ ∞, 0 < θ < 1, 0 < p0 6= p1 <∞, 1/p = (1− θ)/p0 + θ/p1.

For Besov spaces, we have that(
Bs0
p0,q0

(Rn), Bs1
p1,q1

(Rn)
)
θ,q

= Bs
qLp,q(Rn)

provided that 0 < θ < 1,−∞ < s0, s1 <∞, s = (1− θ)s0 + θs1, 0 < p0 6= p1 <∞, 1/p =

(1− θ)/p0 + θ/p1, 0 < q0, q1 <∞ and 1/q = (1− θ)/q0 + θ/q1 (see [21, 26, 7]).

Spaces Bs
qLp,r(Rn) and F s

qLp,r(Rn) have been used since the early 1960s in different

contexts. For example, Besov-Lorentz spaces appear in the books by Peetre [21], Triebel

[26] and Edmunds and Triebel [16], Hardy-Lorentz spaces have been used in the papers by

Fefferman, Riviere and Sagher [17] and Almeida and Caetano [2, 3]. Spaces F s
2Lp,r(Rn)

appear in the papers by Stein [25], Caetano [9] and Cianchi and Pick [10]. Lorentz

smoothness spaces in connection with wavelet theory have been studied by Yang, Cheng

and Peng [32], Almeida [1], Besoy, Cobos and Triebel [7] and Besoy and Cobos [6]. In

the context of partial differential equations, those spaces have been considered by Xiang

and Yan [30, 31] and Hobus and Saal [19]. Embeddings and other properties of Lorentz

smoothness spaces have been studied by Seeger and Trebels [24], Besoy, Haroske and

Triebel [8] and Cobos, Fernández-Cabrera and Kühn [12].

The dual space of Bs
qLp,r(Rn) has been determined by the present authors in [12] for

−∞ < s < ∞, 0 < q < ∞ and 1 < p < ∞, 1 ≤ r < ∞, or 0 < p < 1 and 0 < r < ∞, or

p = 1 and 0 < r ≤ 1. Our aim in this paper is to determine the dual of Bs
qLp,r(Rn) for

the remaining values of parameters. In contrast to [12], where the results are based on

the interpolation properties of Besov-Lorentz spaces, our approach here is based on the

characterization of Bs
qLp,r(Rn) in terms of wavelets (see [1, 6]). This method allows us to

cover the whole range of parameters: −∞ < s <∞, 0 < p, q, r <∞.

We show that the dual of Bs
qLp,r(Rn) can be identified with another Besov-Lorentz

space except when p = 1 and 1 < r <∞, then new Besov spaces arise, which are defined

by using the limiting Lorentz sequence spaces `∞,r.

As an application of the results, we determine dual spaces of Triebel-Lizorkin-Lorentz

spaces in a case which was not considered in [12].

The plan of the paper is simple. We start by reviewing Lorentz sequences spaces `p,r

in Section 2. We also show there that the dual of `1,q is the limiting Lorentz space `∞,q′

for 1 < q <∞ and 1/q + 1/q′ = 1. A duality result for vector-valued sequence spaces is

also established. In Section 3 we review definitions of spaces Bs
qLp,r(Rn) and F s

qLp,r(Rn),

and the characterization of Besov-Lorentz spaces in terms of wavelets. Finally, in Section

4, we introduce the new Besov spaces Bs
qL∞,u(Rn) and we establish the duality results

for Besov-Lorentz spaces and for Triebel-Lizorkin-Lorentz spaces.
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2 Sequence spaces

Fix n ∈ N. Consider the space Zn with the counting measure and let `q = `q(Zn) be the

usual space of q-summable sequences of complex numbers with indices on Zn, 0 < q ≤ ∞.

For a sequence with indices in Zn, we write sometimes (um)m∈Zn to emphasize the set

of indices. Later we also work with sequences having indices in N. Sometimes we write

(ak)k∈N to emphasize it.

If u = (um)m∈Zn is a bounded sequence, we write card(u) for the cardinality of

{m ∈ Zn : um 6= 0}. Given the sequence x = (xm)m∈Zn ∈ `∞(Zn), the non-increasing

rearrangement of x is defined as

x∗k = inf{‖x− u‖`∞(Zn) : u ∈ `∞(Zn), card(u) < k}, k ∈ N.

For 0 < p <∞ and 0 < r ≤ ∞, the Lorentz sequence space `p,r = `p,r(Zn) consists of

all sequences (xm)m∈Zn having a finite quasi-norm

‖(xm)‖`p,r =
( ∞∑
k=1

(k1/px∗k)
rk−1

)1/r
.

These spaces are ordered lexicographically, meaning that

`p0,r0 ↪→ `p1,r1 for p0 < p1, 0 < r0, r1 ≤ ∞, and

`p0,r0 ↪→ `p1,r1 for p0 = p1 and r0 < r1.

Here ↪→ stands for continuous embedding. See, for example, [20, 23]. Note that `p,p = `p.

Subsequently, if 1 ≤ p ≤ ∞ we put 1/p + 1/p′ = 1, and we set p′ = ∞ if 0 < p < 1.

Using the interpolation properties of Lorentz spaces and the duality theorems for the real

method (see [5, 26, 22]), it is not difficult to check the following duality formula

(`p,r)
′ = `p′,r′ if 1 < p <∞ and 0 < r <∞. (2.1)

On the other hand, we know that (`p)
′ = `∞ for 0 < p ≤ 1. If 0 < r ≤ 1 and 0 < q < 1,

using the embeddings `q ↪→ `1,r ↪→ `1 it follows that

(`1,r)
′ = `∞ if 0 < r ≤ 1. (2.2)

For 0 < p < 1, if we pick ε > 0 such that 0 < ε < p, then `p−ε ↪→ `p,r ↪→ `1. This yields

that

(`p,r)
′ = `∞ if 0 < p < 1 and 0 < r <∞. (2.3)

In order to characterize the dual of `1,r for 1 < r <∞, we need the limiting Lorentz

space

`∞,r =
{

(xm)m∈Zn : ‖(xm)‖`∞,r =
( ∞∑
k=1

x∗k
rk−1

)1/r
<∞

}
.

Spaces `∞,r have been considered in connection with limiting operator ideals [14] and

limiting approximation spaces [13, 11].
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Proposition 2.1. For 1 < r <∞, we have (`1,r)
′ = `∞,r′.

Proof. Take any µ = (µm) ∈ `∞,r′ . Then µ defines a bounded linear functional f on `1,r

assigning to any ξ = (ξm) ∈ `1,r the value f(ξ) = Σm∈Znξmµm. Indeed, using a property

of rearrangements [18, Theorem 363] and the Hölder inequality, we obtain

|f(ξ)| ≤
∑
m∈Zn

|ξm||µm| ≤
∞∑
k=1

ξ∗kµ
∗
k

=
∞∑
k=1

(
ξ∗kk

1−1/r)(µ∗kk−1/r′)
≤
( ∞∑
k=1

(
ξ∗kk

1−1/r)r)1/r( ∞∑
k=1

(
µ∗kk

−1/r′)r′)1/r′
=
( ∞∑
k=1

(
ξ∗kk
)r
k−1
)1/r( ∞∑

k=1

µ∗k
r′k−1

)1/r′
= ‖ξ‖`1,r‖µ‖`∞,r′

.

Hence, f ∈ (`1,r)
′ and ‖f‖(`1,r)′ ≤ ‖µ‖`∞,r′

.

Conversely, take any f ∈ (`1,r)
′ and put µm = f(em) where em = (δmh )h∈Zn is the

sequence with 0 in all coordinates except for the one in m which is 1. We claim that

(µm) is a null sequence. That is, for any ε > 0, there is N ∈ N such that for any

m = (m1, . . . ,mn) ∈ Zn with |mj| ≥ N for j = 1, . . . , n we have that |f(em)| ≤ ε.

Indeed, if this were not the case, then there would exist L > 0 such that |f(emj
)| > L

for a certain subsequence (f(emj
)). Let σmj

∈ C with |σmj
| = 1 and σmj

f(emj
) =

f(σmj
emj

) = |f(emj
)| > L. For any K ∈ N, we have

f
( K∑
j=1

σmj

j
emj

)
=

K∑
j=1

1

j
σmj

f(emj
) ≥ L

K∑
j=1

1

j
≥ L

∫ K+1

1

dx

x

= L log(K + 1).

But

f
( K∑
j=1

σmj

j
emj

)
= |f

( K∑
j=1

σmj

j
emj

)
| ≤ ‖f‖(`1,r)′‖

K∑
j=1

σmj

j
emj
‖`1,r

= ‖f‖(`1,r)′
( K∑
j=1

1

j

)1/r ≤ ‖f‖(`1,r)′(1 +

∫ K

1

1

x
dx
)1/r

= ‖f‖(`1,r)′(1 + logK)1/r.

This yields L log(K + 1) ≤ ‖f‖(`1,r)′(1 + logK)1/r for any K ∈ N with r > 1, which is

impossible.

Finally we show that (f(em)) belongs to `∞,r′ with ‖(f(em))‖`∞,r′
≤ ‖f‖(`1,r)′ . Let

(f(em)∗) = (Γk) be the decreasing rearrangement of (f(em)). Note that, since (f(em)) is
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a null sequence, for any k ∈ N we have that Γk = f(ek̃) for some k̃ ∈ Zn. Let σk ∈ C
with |σk| = 1 and σkΓk = |Γk|. For any K ∈ N, we have

( K∑
k=1

|Γk|r
′ 1

k

)1/r′
=
( K∑
k=1

( 1

k1/r′
σkΓk

)r′)1/r′
=

K∑
k=1

δk
1

k1/r′
σkΓk

where (δk)1≤k≤K is a non-increasing sequence of non-negative numbers with
∑K

k=1 δ
r
k = 1.

Therefore ( K∑
k=1

|Γk|r
′ 1

k

)1/r′
= f

( K∑
k=1

δk
1

k1/r′
σkek̃

)
≤ ‖f‖(`1,r)′‖

K∑
k=1

δk
1

k1/r′
σkek̃‖`1,r

= ‖f‖(`1,r)′
( K∑
k=1

(
kδk

1

k1/r′
)r 1

k

)1/r
= ‖f‖(`1,r)′

( K∑
k=1

δrk

)1/r
= ‖f‖(`1,r)′ .

This yields that (f(em)) belongs to `∞,r′ with

‖(f(em))‖`∞,r′
=
( ∞∑
k=1

|Γk|r
′ 1

k

)1/r′
≤ ‖f‖(`1,r)′ .

Let (Ak)k∈N be a sequence of quasi-Banach spaces. We write ck for the constant in the

quasi-triangle inequality in Ak, and we assume that supk∈N{ck} <∞. Given 0 < q <∞,

we put `q(Ak) for the collection of all sequences a = (ak)k∈N such that ak ∈ Ak and the

quasi-norm

‖a‖`q(Ak) =
( ∞∑
k=1

‖ak‖qAk

)1/q
is finite.

The Banach case of the next result is known, but for completeness we include details.

Lemma 2.2. Let (Ak) be a sequence of quasi-Banach spaces with supk∈N{ck} <∞, and

0 < q <∞. Then (
`q(Ak)

)′
= `q′(A

′
k).

Proof. Given any f = (fk) ∈ `q′(A
′
k), we can define a functional F : `q(Ak) −→ C by

assigning to any a = (ak) the number F (a) =
∑∞

k=1 fk(ak). This series converges because,
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if 1 ≤ q <∞, using the Hölder inequality we obtain

∞∑
k=1

|fk(ak)| ≤
∞∑
k=1

‖fk‖A′
k
‖ak‖Ak

≤
( ∞∑
k=1

‖fk‖q
′

A′
k

)1/q′( ∞∑
k=1

‖ak‖qAk

)1/q
≤
( ∞∑
k=1

‖fk‖q
′

A′
k

)1/q′
‖a‖`q(Ak).

Otherwise, if 0 < q < 1, using that `q ↪→ `1 we have

∞∑
k=1

|fk(ak)| ≤
( ∞∑
k=1

(
‖fk‖A′

k
‖ak‖Ak

)q)1/q ≤ ‖f‖`∞(A′
k)

( ∞∑
k=1

‖ak‖qAk

)1/q
= ‖f‖`∞(A′

k)
‖a‖`q(Ak).

Therefore, F belongs to
(
`q(Ak)

)′
and ‖F‖(

`q(Ak)
)′ ≤ ‖f‖`q′ (A′

k)
.

Conversely, given any F ∈
(
`q(Ak)

)′
, for any k ∈ N and z ∈ Ak, let fk(z) =

F (0, 0, . . . , 0, z, 0, . . . ) where the vector z stands in the position k in (0, 0, . . . , 0, z, 0, . . . ).

It is clear that fk ∈ A′k. We claim that for any x = (xk) ∈ `q(Ak) we have that

F (x) =
∑∞

k=1 fk(xk). Indeed, since q < ∞, we have that x = limk→∞(x1, ..., xk, 0, 0, . . . )

in `q(Ak). So

F (x) = lim
k→∞

F
(
(x1, . . . , xk, 0, 0, . . . )

)
= lim

k→∞

k∑
j=1

F (0, 0, . . . , 0, xj, 0, . . . )

= lim
k→∞

k∑
j=1

fj(xj) =
∞∑
k=1

fk(xk).

Finally, we show that f = (fj) belongs to `q′(A
′
k) with ‖f‖`q′ (A′

k)
≤ ‖F‖(

`q(Ak)
)′ . We start

with the case 1 < q < ∞. Take any ε > 0 and pick ak ∈ Ak with ‖ak‖Ak
= 1 such that

(1 + ε)|fk(ak)| ≥ ‖fk‖A′
k
. Replacing ak by σkak with some σk ∈ C with |σk| = 1, we may

assume that fk(ak) = |fk(ak)|. Let now (µk) be any sequence of positive numbers with∑∞
k=1 µ

q
k = 1. We have

∞∑
k=1

‖fk‖A′
k
µk ≤ (1 + ε)

∞∑
k=1

fk(ak)µk = (1 + ε)
∞∑
k=1

fk(µkak)

≤ (1 + ε)|F
(
(µkak)

)
|

≤ (1 + ε)‖F‖(
`q(Ak)

)′‖(µkak)‖`q(Ak)

= (1 + ε)‖F‖(
`q(Ak)

)′ .
This yields that

‖f‖`q′ (A′
k)

=
( ∞∑
k=1

‖fk‖q
′

A′
k

)1/q′
≤ ‖F‖(

`q(Ak)
)′ .
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Assume now that 0 < q < 1. Given any ε > 0, proceeding as before we can pick ak ∈ Ak
such that (1 + ε)fk(ak) ≥ ‖fk‖A′

k
and ‖ak‖Ak

= 1. Then

‖fk‖A′
k
≤ (1 + ε)fk(ak) = (1 + ε)F (0, . . . , 0, ak, 0, . . . )

≤ (1 + ε)‖F‖(
`q(Ak)

)′‖ak‖Ak

= (1 + ε)‖F‖(
`q(Ak)

)′ .
Whence,

‖f‖`∞(A′
k)

= sup
k∈N
‖fk‖A′

k
≤ ‖F‖(

`q(Ak)
)′ .

3 Spaces of Lorentz-Sobolev type

We put S(Rn) for the Schwartz space of all complex-valued rapidly decreasing infinitely

differentiable functions on Rn and S ′(Rn) for its topological dual, the space of all tempered

distributions. For f ∈ S ′(Rn) , we write f̂ for the Fourier transform of f , and f∨ for the

inverse Fourier transform.

Let ϕ0 ∈ S(Rn) such that

ϕ0(x) = 1 if |x| ≤ 1 and ϕ0(x) = 0 if |x| ≥ 3/2,

where |x| stands for the norm in Rn. For k ∈ N, let ϕk(x) = ϕ0(2
−kx)−ϕ0(2

−k+1x). Since∑∞
k=0 ϕk(x) = 1 for every x ∈ Rn, the sequence (ϕk)k∈N0 is a smooth dyadic resolution of

unity. Here N0 = N ∪ {0}.
Let 0 < p <∞ and 0 < r ≤ ∞. The Lorentz space Lp,q(Rn) consists of all (equivalence

classes of) measurable functions from Rn into C which have a finite quasi-norm

‖f‖Lp,r(Rn) =
(∫ ∞

0

[t1/pf ∗(t)]r
dt

t

)1/r
(the integral should be replaced by the supremum if r =∞). Here f ∗ is the non-increasing

rearrangement of f . See [5, 4, 15] for properties of Lorentz spaces Lp,r(Rn). If p = r,

then Lp,p(Rn) = Lp(Rn).

Let s ∈ R, 0 < p <∞ and 0 < q, r ≤ ∞. The Besov-Lorentz space Bs
qLp,r(Rn) collects

all f ∈ S ′(Rn) having a finite quasi-norm

‖f‖Bs
qLp,r(Rn) =

(
∞∑
k=0

2ksq‖(ϕkf̂)∨‖qLp,r(Rn)

)1/q

(with the usual modification if q =∞).

7



The Triebel-Lizorkin-Lorentz space F s
qLp,r(Rn) is formed by all f ∈ S ′(Rn) such that

the quasi-norm

‖f‖F s
q Lp,r(Rn) =

∥∥∥∥∥∥
(
∞∑
k=0

2ksq|(ϕkf̂)∨(·)|q
)1/q

∥∥∥∥∥∥
Lp,r(Rn)

is finite.

We refer to [7, 8, 6, 12] and the papers cited there for properties of Lorentz-Sobolev

spaces. When p = r, then Bs
qLp,p(Rn) is the classical Besov space Bs

p,q(Rn) , and

F s
qLp,p(Rn) coincides with the classical Triebel-Lizorkin space F s

p,q(Rn).

By [6, Proposition 2.3], we have

S(Rn) ↪→ Bs
qLp,r(Rn), F s

qLp,r(Rn) ↪→ S ′(Rn).

In fact, according to [12, Lemma 3.2], if 0 < p, q, r <∞, then S(Rn) is dense inBs
qLp,r(Rn)

and in F s
qLp,r(Rn).

It is well-known that classical Besov spaces (and also Triebel-Lizorkin spaces) can be

represented via wavelets (see, for example, [29, Theorem 1.20]). For Besov-Lorentz spaces

the characterization was established by Almeida [1, Corollary 3.2] when q = r and by

Besoy and Cobos [6, Theorem 4.4] for the general case. Next we recall the result.

For L ∈ N, we designate by CL(R) the space of complex-valued continuous functions

on R with continuous bounded derivatives up to order L (inclusive),

Let ψF , ψM ∈ CL(R) be real-valued compactly supported functions with∫
R
ψF (t)2dt = 1,

∫
R
ψM(t)2dt = 1 and

∫
R
ψM(t)t`dt = 0 for all ` ∈ N0 with ` < L.

To extend these wavelets to Rn, let

G = (G1, ..., Gn) ∈ G0 = {F,M}n,

which means that each G` is either F or M . For j ∈ N, let

G = (G1, ..., Gn) ∈ Gj = {F,M}n∗

which means that each G` is either F or M but at least one of the components of G must

be M . So, G0 has 2n elements and Gj with j ∈ N has 2n − 1 elements. Put

ψjG,m(x) = 2jn/2
n∏
`=1

ψG`
(2jx` −m`), G ∈ Gj, m ∈ Zn, j ∈ N0. (3.1)

Then {ψjG,m : G ∈ Gj,m ∈ Zn, j ∈ N0} is called a wavelet system.

For −∞ < s < ∞, 0 < p < ∞ and 0 < q, r ≤ ∞, the space bsq`p,r is formed by all

sequences (µj,Gm ) ⊂ C having a finite quasi-norm

‖(µj,Gm )‖bsq`p,r =
( ∞∑
j=0

2j(s−n/p)q
∑
G∈Gj

‖µj,G‖q`p,r(Zn)

)1/q
8



where µj,G = (µj,Gm )m∈Zn .

The characterization of Bs
qLp,r(Rn) in terms of wavelets is as follows:

Theorem 3.1. Let −∞ < s < ∞, 0 < p < ∞, 0 < q, r ≤ ∞, and let ψjG,m be the

wavelets in (3.1).

Assume that

L > max{s, nmax{ 1

min{p, r}
− 1, 0} − s, n

p
− s}. (3.2)

Then f ∈ S ′(Rn) belongs to Bs
qLp,r(Rn) if, and only if, it can be represented as

f(x) =
∞∑
j=0

∑
G∈Gj

∑
m∈Zn

λj,Gm 2−jn/2ψjG,m(x), (λj,Gm ) ∈ bsq`p,r (3.3)

unconditional convergence being in S ′(Rn). The representation (3.3) is unique,

λj,Gm = λj,Gm (f) = 2jn/2〈f, ψjG,m〉

and the operator

I : f −→ (2jn/2〈f, ψjG,m〉)j∈N0,G∈Gj ,m∈Zn (3.4)

is an isomorphism from Bs
qLp,r(Rn) onto bsq`p,r.

See [6, Theorem 4.4] for the proof.

4 Duality

We continue using notation introduced in the previous sections. It is going to be useful

to complement the scale of the sequence spaces bsq`p,r with spaces bsq`∞,u formed by all

sequences (µj,Gm ) ⊂ C such that

‖(µj,Gm )‖bsq`∞,u =
( ∞∑
j=0

2jsq
∑
G∈Gj

‖µj,G‖q`∞,u(Zn)

)1/q
<∞.

Here −∞ < s <∞, 0 < q <∞ and 1 < u <∞.

Having in mind Theorem 3.1, it is natural to associate bsq`∞,u with the Besov space

Bs
qL∞,u(Rn) formed by all distributions f ∈ S ′(Rn) such that

f(x) =
∞∑
j=0

∑
G∈Gj

∑
m∈Zn

λj,Gm 2−jn/2ψjG,m(x), with (λj,Gm ) ∈ bsq`∞,u.

We put

‖f‖Bs
qL∞,u(Rn) = ‖(λj,Gm )‖bsq`∞,u .

Next we describe the dual space of spaces Bs
qLp,r(Rn). As we pointed out, S(Rn) ↪→

Bs
qLp,r(Rn) ↪→ S ′(Rn) and S(Rn) is dense in Bs

qLp,r(Rn) provided that 0 < p, r, q < ∞
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(see [12, Lemma 3.2]). Therefore, any continuous linear functional on Bs
qLp,r(Rn) can be

interpreted as an element of S ′(Rn). In fact, the necessary and sufficient condition for

g ∈ S ′(Rn) to belong to
(
Bs
qLp,r(Rn)

)′
is that there is M > 0 such that

|g(ϕ)| ≤M‖ϕ‖Bs
qLp,r(Rn) for all ϕ ∈ S(Rn).

As before, we put 1/p+ 1/p′ = 1 if 1 < p <∞ and we write p′ =∞ if 0 < p ≤ 1.

Theorem 4.1. Let −∞ < s < ∞ and 0 < q < ∞. Then we have with equivalence of

norms

(
Bs
qLp,r(Rn)

)′
=


B−sq′ Lp′,r′(Rn) if 1 < p <∞ and 0 < r <∞,

B
−s+n(1/p−1)
∞,q′ (Rn) if either 0 < p < 1 and 0 < r <∞,

or p = 1 and 0 < r ≤ 1,

B−sq′ L∞,r′(Rn) if p = 1 and 1 < r <∞.

Proof. Let L ∈ N satisfying (3.2), consider a wavelet system {ψjG,m}G∈Gj ,m∈Zn,j∈N0
in

(3.1) and let I be the isomorphism (3.4) between Bs
qLp,r(Rn) and bsq`p,r. It is useful to

describe bsq`p,r in a slightly different way.

If X is a quasi-Banach space, we write `sq(X) = `q(2
ksX) for the collection of all

sequences (xk)k∈N ⊆ X such that

‖(xk)‖`sq(X) = ‖(xk)‖`q(2ksX) =
( ∞∑
k=1

2ksq‖xk‖qX
)1/q

<∞.

Let< `p,r >
0 be the direct sum of 2n copies of `p,r(Zn) and for j ∈ N let< `p,r >

j=< `p,r >

be the direct sum of 2n − 1 copies of `p,r(Zn). Note that the number of copies of `p,r(Zn)

in < `p,r >
k corresponds to the number of elements of Gk. Then we have with equivalence

of quasi-norms

bsq`p,r =< `p,r >
0 ⊕`s−n/pq (< `p,r >).

Therefore,

I : Bs
qLp,r(Rn) −→< `p,r >

0 ⊕`s−n/pq (< `p,r >)

is an isomorphism. Next we determine the dual of the sequence spaces with the help of

the results of Section 3.

By Lemma 2.2, we know that(
`sq(X)

)′
=
(
`q(2

ksX)
)′

= `q′(2
−ksX ′) = `−sq′ (X ′).

Hence(
bsq`p,r

)′
=
(
< `p,r >

0 ⊕`s−n/pq (< `p,r >)
)′

=< (`p,r)
′ >0 ⊕`−s+n/pq′ (< (`p,r)

′ >).
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Using Proposition 2.1 and the other duality formulae for spaces `p,q, we obtain

(
bsq`p,r

)′
=


b−s+nq′ `p′,r′ if 1 < p <∞, 0 < r <∞,

b
−s+n/p
q′ `∞ if either 0 < p < 1, 0 < r <∞, or p = 1, 0 < r ≤ 1,

b−s+nq′ `∞,r′ if p = 1, 1 < r <∞.

(4.1)

The dual operator
(
I−1
)′

is an isomorphism from
(
Bs
qLp,r(Rn)

)′
onto (bsq`p,r)

′. Let us

determine
(
I−1
)′

. For any g ∈
(
Bs
qLp,r(Rn)

)′
and (λj,Gm ) ∈ bsq`p,r, we have

〈
(
I−1
)′
g, (λj,Gm )〉 = 〈g, I−1(λj,Gm )〉

= 〈g,
∑
j,G,m

2−jn/2λj,Gm ψjG,m〉

=
∑
j,G,m

2−jn/2λj,Gm 〈g, ψ
j
G,m〉.

Therefore, (
I−1
)′
g =

(
2−jn/2〈g, ψjG,m〉

)
.

Besides, J(µj,Gm ) = (2jnµj,Gm ) is an isomorphism from buv`w,z onto bu−nv `w,z. Consequently,

the operator (
J ◦
(
I−1
)′)

(g) =
(
2jn/2〈g, ψjG,m〉

)
is an isomorphism from

(
Bs
qLp,r(Rn)

)′
onto buv`w,z where

buv`w,z =


b−sq′ `p′,r′ if 1 < p <∞, 0 < r <∞,

b
−s+n(1/p−1)
q′ `∞ if either 0 < p < 1, 0 < r <∞, or p = 1, 0 < r ≤ 1,

b−sq′ `∞,r′ if p = 1, 1 < r <∞.

But
(
J ◦
(
I−1
)′)

coincides with the operator I and, by Theorem 3.1, I : Bu
vLw,z(Rn) −→

buv`w,z is an isomorphism. This completes the proof.

As for Triebel-Lizorkin-Lorentz spaces, it is shown in [12, Theorems 3.3 and 3.6] that

for −∞ < s <∞ we have

(
F s
qLp,r(Rn)

)′
=


F−sq′ Lp′,r′(Rn) if 1 < p, q <∞ and 0 < r <∞,

B
−s+n(1/p−1)
∞,∞ (Rn) if 0 < p < 1, p ≤ r ≤ 1 and 0 < q <∞,

or p = 1, 0 < q ≤ 1 and 0 < r ≤ 1.

We finish the paper by using Theorem 4.1 to cover one more case.

Corollary 4.2. Let −∞ < s < ∞, 0 < p < 1 and 0 < r, q ≤ 1. Then we have with

equivalence of norms (
F s
qLp,r(Rn)

)′
= B−s+n(1/p−1)∞,∞ (Rn)
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Proof. By [24, Theorem 1.1], we have that

Bs
min{p,q,r}Lp,r(Rn) ↪→ F s

qLp,r(Rn)

except if p = q < r, but in this case

Bs
p,p(Rn) = F s

p,p(Rn) ↪→ F s
pLp,r(Rn).

On the other hand, by [24, Theorem 1.2], we get

F s
qLp,r(Rn) ↪→ Bs

1Lp,1(Rn).

According to Theorem 4.1, we know that(
Bs

min{p,q,r}Lp,r(Rn)
)′

=
(
Bs

1Lp,1(Rn)
)′

= B−s+n(1/p−1)∞,∞ (Rn).

Moreover, see [27, Theorem 2.11.3],
(
Bs
p,p(Rn)

)′
= B

−s+n(1/p−1)
∞,∞ (Rn). Therefore

(
F s
qLp,r(Rn)

)′
=

B
−s+n(1/p−1)
∞,∞ (Rn).
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