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Abstract

We work with Besov spaces with Lorentz smoothness B L, -(R"). Here —oco <
s < oo and 0 < p,g,r < oco. We determine the dual of BjL,,(R") with the
help of its characterization in terms of wavelets. In particular, when p = 1 and
1 < r < o0, the dual spaces are new Besov spaces defined by using the limiting
Lorentz sequence spaces (. We apply the results to determine the dual of certain
Triebel-Lizorkin-Lorentz spaces F Ly, (R").
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1 Introduction

Besov spaces B; (R") and Triebel-Lizorkin spaces F; (R") are very important in the
theory of function spaces because of their many useful properties (see, for example, [27,
28]). But these scales of spaces are not closed by real interpolation (see [2I], 26]). This
is the reason for introducing Besov spaces with Lorentz smoothness B; L, .(R") and the
corresponding Triebel-Lizorkin-Lorentz spaces F;’ L, .(R™). They are defined by replacing
the Lebesgue space L,(R"™) by the more general Lorentz space L, ,(R™) in the Fourier-
analytical definition of Besov and Triebel-Lizorkin spaces. It turns out that

(FS (R"), £ (Rn))ar - F;Lp,r<Rn)

P0,q D1,q ;
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where —00 < § < 00,0 < ¢,r <00,0<0<1,0<py#p <o00,1/p=(1-6)/po+0/p:.
For Besov spaces, we have that

(B2 (RY), B 1 (R)), = BiLyy(R")

P0,90 P1,q1 .

provided that 0 < 6 < 1, —00 < sg,81 < 00,8 = (1 —0)sg + 0s1,0 < py #p1 < 00,1/p =
(1=0)/po+0/p1,0 < qo,q1 < oo and 1/q=(1—6)/qo+6/q: (see [211, 26, [7]).

Spaces B;L,,(R") and F;L,,(R") have been used since the early 1960s in different
contexts. For example, Besov-Lorentz spaces appear in the books by Peetre [21], Triebel
[26] and Edmunds and Triebel [16], Hardy-Lorentz spaces have been used in the papers by
Fefferman, Riviere and Sagher [I7] and Almeida and Caetano [2), B]. Spaces F5 L, .(R")
appear in the papers by Stein [25], Caetano [9] and Cianchi and Pick [I0]. Lorentz
smoothness spaces in connection with wavelet theory have been studied by Yang, Cheng
and Peng [32], Almeida [I], Besoy, Cobos and Triebel [7] and Besoy and Cobos [6]. In
the context of partial differential equations, those spaces have been considered by Xiang
and Yan [30, BI] and Hobus and Saal [19]. Embeddings and other properties of Lorentz
smoothness spaces have been studied by Seeger and Trebels [24], Besoy, Haroske and
Triebel [8] and Cobos, Fernandez-Cabrera and Kiihn [12].

The dual space of B; L, .(R") has been determined by the present authors in [12] for
—o<s<oo,0<g<ooandl<p<oo,l<r<oo,or0<p<land0<r<oo,or
p=1and 0 <7 < 1. Our aim in this paper is to determine the dual of B} L, ,(R") for
the remaining values of parameters. In contrast to [12], where the results are based on
the interpolation properties of Besov-Lorentz spaces, our approach here is based on the
characterization of B; L, .(R") in terms of wavelets (see [I, 6]). This method allows us to
cover the whole range of parameters: —oo < s < 00,0 < p,q,r < 0.

We show that the dual of B;L,,(R") can be identified with another Besov-Lorentz
space except when p =1 and 1 < r < 0o, then new Besov spaces arise, which are defined
by using the limiting Lorentz sequence spaces {o .

As an application of the results, we determine dual spaces of Triebel-Lizorkin-Lorentz
spaces in a case which was not considered in [12].

The plan of the paper is simple. We start by reviewing Lorentz sequences spaces £, ,
in Section 2. We also show there that the dual of ¢, , is the limiting Lorentz space { o
for 1 <g<ooand 1/g+1/¢ = 1. A duality result for vector-valued sequence spaces is
also established. In Section 3 we review definitions of spaces B; L, ,(R") and F L, .(R"),
and the characterization of Besov-Lorentz spaces in terms of wavelets. Finally, in Section
4, we introduce the new Besov spaces B; L ,(R") and we establish the duality results

for Besov-Lorentz spaces and for Triebel-Lizorkin-Lorentz spaces.



2 Sequence spaces

Fix n € N. Consider the space Z" with the counting measure and let ¢, = ¢,(Z") be the
usual space of g-summable sequences of complex numbers with indices on Z", 0 < g < oo.
For a sequence with indices in Z", we write sometimes (u,,)mez» to emphasize the set
of indices. Later we also work with sequences having indices in N. Sometimes we write
(ax)ren to emphasize it.

If w = (m)mezn is a bounded sequence, we write card(u) for the cardinality of
{m € Z" : u,, # 0}. Given the sequence x = (x;,)mezn € loo(Z"), the non-increasing

rearrangement of z is defined as
xy, = inf{||lz — ullro@zn) 1 U € loo(Z"), card(u) < k}, k€ N.

For 0 < p < oo and 0 < r < oo, the Lorentz sequence space {y,, = {,,(Z™) consists of

all sequences (,,)mez» having a finite quasi-norm

S
|| o ”Zpr Z kl/p * 1/r
k=1

These spaces are ordered lexicographically, meaning that
EPO,TO — Emm for Do < p170 <To,T < e, and

Cporo = Lpy ry fOr po = p1 and 1o < 7.

Here < stands for continuous embedding. See, for example, [20, 23]. Note that ¢, , = ¢,.
Subsequently, if 1 < p < oo weput 1/p+1/p' =1, and we set p’ = o0 if 0 < p < 1.

Using the interpolation properties of Lorentz spaces and the duality theorems for the real

method (see [5], 26} 22]), it is not difficult to check the following duality formula

(lyr) =Ly if1<p<ooand0<r<oo. (2.1)

On the other hand, we know that (¢,) = (s for 0 <p<1. If0<r<land0<gq<1,
using the embeddings ¢, — ¢, , < /; it follows that

(61,) = lo if O <7 < 1. (2.2)

For 0 < p < 1, if we pick € > 0 such that 0 < e < p, then ¢,_. — ¢, , < ¢;. This yields
that

(lpr) =l if0<p<land 0<r < oo. (2.3)
In order to characterize the dual of ¢;, for 1 < r < oo, we need the limiting Lorentz
space
*T 1/7'
loor = {@n)mezn = N@n)llew, = (D7 k1) 7" < o0}
k=1

Spaces (., have been considered in connection with limiting operator ideals [14] and

limiting approximation spaces [13], [T1].



Proposition 2.1. For 1 < r < oo, we have ({1,) = loo .

Proof. Take any p = (ftm) € loo. Then p defines a bounded linear functional f on /1,
assigning to any & = (&,,) € (1, the value f(§) = Xpezn&mptm. Indeed, using a property
of rearrangements [18, Theorem 363] and the Holder inequality, we obtain

| < Z |§m||ﬂm‘ < nguz

mez"

_ Z (52]{;171/7«) (M;»;kfl/r’)

k=1

©° /r > /T 1/r
(S ) " (i)

k=1
= r 1/r o oo 1/r'

_ (Z(g;;k) /fl) (Zu; k 1)
k=1 =1

= [[llerrllpelle, .-

Hence, f € (61, and ||fle,,y < lulle.,

Conversely, take any f € (¢1,)" and put p, = f(en) where e,, = (6}")nezn is the
sequence with 0 in all coordinates except for the one in m which is 1. We claim that
(i) is a null sequence. That is, for any ¢ > 0, there is N € N such that for any
m = (mq,...,my) € Z" with |m;| > N for j = 1,...,n we have that |f(e,,)| < e.
Indeed, if this were not the case, then there would exist L > 0 such that |f(em,)| > L
for a certain subsequence (f(em;)). Let on,;, € C with [0y, = 1 and oy, f(em;) =
f(om,em;) = |f(em;)| > L. For any K € N, we have

K oo K 1 K 1 K41 dx
f(z mjemj') :Z_Um]f(emJ)ZLZ_ZL/ -
=17 =1/ 1 X

J

j=1
= Llog(K +1).
But
K 0,
£ en,) = !f(Z Pem, )| < Wflley ||Z e, e,
j=1
K / K q /
lr 1/r
= 1l (35 50 < 15 (15 / ~da)
Jj=1 1

= [ fllerny (L +log K )"

This yields Llog(K + 1) < || f|l¢e,,y (1 + log K)¥" for any K € N with r > 1, which is
impossible.
Finally we show that (f(en)) belongs to lo . with [[(f(em))lle. . < [Iflle,y- Let
)-

(f(em)*) = (') be the decreasing rearrangement of (f(e,,)). Note that, since (f(e,,)) is
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a null sequence, for any £ € N we have that I'; = f(e) for some k € Z". Let oy € C
with |ox| = 1 and 03"y = |I'x|. For any K € N, we have

()" =

]~

1 P\ L/
(W%Fk) )

1
5kW0ka

3
I

] =

T

1

where (6)1<k<k 1S @ non-increasing sequence of non-negative numbers with » ", §; = 1.

Therefore

L B Vi S
(o) = (X degmoee)

K

1
<yl Ok oneillen,
k=1
K
1 1\
= Il (32 (b))

=

. 1/r
1l (320) = Il

k=1

This yields that (f(ey,)) belongs to £« ,» with

- SN
IFemDllene = (3IT) " < e

k=1

]

Let (Ag)ren be a sequence of quasi-Banach spaces. We write ¢, for the constant in the
quasi-triangle inequality in Ay, and we assume that sup,n{cr} < 0o. Given 0 < ¢ < o0,
we put £,(Ay) for the collection of all sequences a = (ay)ren such that ax € Ag and the

quasi-norm
- 1/q
lalle,an = (D larll%,)
k=1

is finite.

The Banach case of the next result is known, but for completeness we include details.

Lemma 2.2. Let (Ay) be a sequence of quasi-Banach spaces with sup,ey{cr} < oo, and
0<qg<oo. Then

(a(Ar)" = by (A}).

Proof. Given any f = (fx) € {y(A}), we can define a functional F : ¢,(A;) — C by

assigning to any a = (ay,) the number F'(a) = Y, fx(a)). This series converges because,



if 1 < g < oo, using the Holder inequality we obtain

Z'fk a)l <D 1 il | a

k=1

1/q i 1/q
( 1% ) (3 Nl
k=1 k=1
q/ /q,
< (3 10%)  lally oo
k=1

Otherwise, if 0 < ¢ < 1, using that ¢, < ¢; we have

[e.e] o0 1/ o0
Sl < (30 (illaghanla)) ™ < 0 lewea (3 llaelis,)
k=1 k=1 k=1

= || fllewap)llalleyar)-

Therefore, F' belongs to (ﬁq(Ak))/ and ||F||(£q(Ak))/ < I flle,cap)-

Conversely, given any F € (éq(Ak))/, for any £ € N and z € Ay, let fi(z) =
F(0,0,...,0,2,0,...) where the vector z stands in the position k in (0,0,...,0,2,0,...).
It is clear that f; € Aj. We claim that for any = = (x;) € ¢,(Ax) we have that
F(x) =32 fe(xg). Indeed, since ¢ < oo, we have that z = limy_, (21, ..., 2£,0,0,...)
in ¢,(Ag). So

k
F(z) :]}L%F((xl,...,xk,0,0,...)) :klggo F(0,0,...,0,z;,0,...)
j=1
k 00
= ,}g{)loz;fj(%) = ;fk(l‘k)
= _

Finally, we show that f = (f;) belongs to £y (A}) with || fll¢, ) < [|F] (e (Ak))/. We start

with the case 1 < ¢ < co. Take any ¢ > 0 and pick a; € Ay with ||ag||4, = 1 such that
(L +¢)|fr(ar)] > || fxlla,. Replacing ay by orax with some oy, € C with [o%| = 1, we may
assume that fi(ax) = |fe(ax)|- Let now (u) be any sequence of positive numbers with
Y pe i if = 1. We have

ZkaHA’Nk (1+e) ka ag)pe = (1 +¢) ka i)

<1+ E)IF((/%%))\
<@+ (éq(Ak))’||(Mkak)||eq(Ak)

—(1 +€)HF”(%W)),.

This yields that

oe] , 1/q/
R q/ < F /.
1£1le, ca) (;nfkn )<l I )



Assume now that 0 < ¢ < 1. Given any € > 0, proceeding as before we can pick a; € Ay
such that (1+ €)fi(ax) > || frlla, and [lax|[4, = 1. Then

[ filla, < (A +¢€)frlar) = (1 +€)F(0,...,0,a,0,...)

<( +€)||F||( ) a4,

£4(Ap)

=1+ 5)\|F||(£q(Ak))’-

Whence,

/ = Su / < F /.
I lleiay = sup [ fellag < 1Fl, 0y

3 Spaces of Lorentz-Sobolev type

We put S(R™) for the Schwartz space of all complex-valued rapidly decreasing infinitely
differentiable functions on R™ and S'(R™) for its topological dual, the space of all tempered
distributions. For f € S'(R") , we write f for the Fourier transform of f, and f for the
inverse Fourier transform.

Let g € S(R™) such that

wo(z) = 1if |[z| <1 and ¢o(x) =0 if || > 3/2,

F1g). Since

where |x| stands for the norm in R™. For k € N, let ¢ () = o(27%2) — o (2~
Y reo pr(x) =1 for every x € R™, the sequence (py)ken, 1S a smooth dyadic resolution of
unity. Here Ny = NU {0}.

Let 0 < p < ooand 0 < r < co. The Lorentz space L, ,(R™) consists of all (equivalence

classes of) measurable functions from R™ into C which have a finite quasi-norm

£z, rny = (/0 [tl/pf O dt>1/r

t

(the integral should be replaced by the supremum if r = 00). Here f* is the non-increasing
rearrangement of f. See [0, 4] [I5] for properties of Lorentz spaces L, ,.(R™). If p = r,
then L, ,(R") = L,(R").

Let s € R,0 < p < oocand 0 < g,r < oo. The Besov-Lorentz space B, L, ,(R") collects
all f € S'(R") having a finite quasi-norm

1/q
1/l B3, &y = <Z2ksq” onf) ||LWRn>

(with the usual modification if ¢ = o0).



The Triebel-Lizorkin-Lorentz space F; L, ,.(R") is formed by all f € S'(R") such that

the quasi-norm

00 1/q
1Al gy e my = <Z 2ksql(s0kf)v(-)\q>
w0 Ly, (R")
is finite.

We refer to [7, 8, 6, 12] and the papers cited there for properties of Lorentz-Sobolev
spaces. When p = r, then B;L,,(R") is the classical Besov space B; (R") , and
F?L,,(R™) coincides with the classical Triebel-Lizorkin space F; (R").

By [6l Proposition 2.3], we have

S(R") = B;L,,(R"), F;L,,(R") = S'(R").

In fact, according to [12 Lemma 3.2], if 0 < p, ¢,7 < oo, then S(R") is dense in B; L, .(R")
and in F7 L, (R").

It is well-known that classical Besov spaces (and also Triebel-Lizorkin spaces) can be
represented via wavelets (see, for example, [29, Theorem 1.20]). For Besov-Lorentz spaces
the characterization was established by Almeida [I, Corollary 3.2] when ¢ = r and by
Besoy and Cobos [0, Theorem 4.4] for the general case. Next we recall the result.

For L € N, we designate by CL(R) the space of complex-valued continuous functions
on R with continuous bounded derivatives up to order L (inclusive),

Let ¢p, ¥y € CE(R) be real-valued compactly supported functions with

/pr(t)th =1, /Rsz(t)?dt =1 and /RwM(t)t"dt =0 for all £ € Ny with ¢ < L.
To extend these wavelets to R”, let
G=(Gy,..,G,) G ={F M},
which means that each Gy is either F or M. For 7 € N, let
G=(Gy,...,G,) € G = {F,M}"™

which means that each Gy is either F' or M but at least one of the components of G must
be M. So, G° has 2" elements and G’ with j € N has 2" — 1 elements. Put

Vo) = 2" [ e, (@2 —mi), GeG, meZ" jeN, (3.1)
=1
Then {WGm G eG meZ" je Ny} is called a wavelet system.
For —oo < s < 00,0 < p < oo and 0 < g,r < oo, the space by, is formed by all

sequences (p7:%) C C having a finite quasi-norm

> o ) 1/q
vitnr = (D02 WO )
J=0

GeGJ

(729
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where % = (u3%) nezn.

The characterization of B} L, (R") in terms of wavelets is as follows:

Theorem 3.1. Let —o0 < s < 00, 0 < p < 00, 0 < q,r < 00, and let WGm be the

wavelets in .

Assume that

L > max{s, n max{

m—l,O}—s,]—)—s}. (3.2)

Then f € S'(R") belongs to By L, (R™) if, and only if, it can be represented as

=33 S NG (@), (NS € i, (3.3)

j=0 GeGJI meZ™
unconditional convergence being in S'(R™). The representation S unique,
o . . ,
A = NE(f) = 2" f 0 )
and the operator

I:f— (2M2(f, ¢é,m>>jeNo,Ger,mezn (3.4)

is an isomorphism from B; L, (R™) onto by(,,.

See [0, Theorem 4.4] for the proof.

4 Duality

We continue using notation introduced in the previous sections. It is going to be useful
to complement the scale of the sequence spaces byl,, with spaces b}l ., formed by all

sequences (u2:¢) C C such that

N s = (sz S 1 ) < o

j=0 GeGy

Here —oc0 < s < 00,0 < g<ooand 1< u < oo.
Having in mind Theorem it is natural to associate b}l with the Besov space
B; Lo o(R™) formed by all distributions f € S'(R") such that

_ i S°S MG (@), with (V) € B luo

J=0 GeGI mezn
We put
1£1 B oy = IO

Next we describe the dual space of spaces B] L, ,.(R"). As we pointed out, S(R") —
BiL, (R") — S§'(R") and S(R") is dense in B; L, .(R") provided that 0 < p,7,q < o0

bgeoo,u °

9



(see [12, Lemma 3.2]). Therefore, any continuous linear functional on B; L, (R™) can be
interpreted as an element of S’'(R™). In fact, the necessary and sufficient condition for
g € §'(R™) to belong to (BSLW(R”))/ is that there is M > 0 such that

l9(p)| < Mg

BSLIMT(Rn) for all (2 < S(Rn)
As before, we put 1/p+1/p' =1if 1 < p < 0o and we write p’ =00 if 0 < p < 1.

Theorem 4.1. Let —0co < s < o0 and 0 < q¢ < oco. Then we have with equivalence of

norms

(BLI_,SLP/J/(R”) ifl<p<ooand(<r< oo,

. Y B;Os;n(l/p_l)(R”) if either 0 <p<1and0 <r < oo,
(BqLPﬂ"GR )) = 9 ’

orp=1and 0 <r <1,

(B, Leo(R™) ifp=1and1l <r < oo.

Proof. Let L € N satisfying 1) consider a wavelet system {¢é,m}GeG17meZn,jeNo in
(3-1) and let I be the isomorphism (3.4) between B;L,,.(R") and b3/, .. It is useful to

describe b3l in a slightly different way.
If X is a quasi-Banach space, we write £5(X) = (4(2"X) for the collection of all

sequences (zx)reny € X such that

500 = 112 ey (szux %) <

Let < £, >° be the direct sum of 2" copies of £, .(Z") and for j € Nlet < £, >I=<{,, >
be the direct sum of 2" — 1 copies of ¢, ,.(Z"). Note that the number of copies of ¢, ,(Z")

in < {,, >* corresponds to the number of elements of G*. Then we have with equivalence

[1€29)

of quasi-norms
U3l =< Ly > @LTP(< L, >).

Therefore,
[:BiL,, (R") —< b, >0 &P (< (,, >)

is an isomorphism. Next we determine the dual of the sequence spaces with the help of
the results of Section 3.
By Lemma we know that
(X)) = (6,(27X)) = by (275 X") = 1°(X").

q

Hence

(titor)' = (< b >0 BT by >)) =< () > 047" (< () ).

10



Using Proposition and the other duality formulae for spaces ¢, ,, we obtain

b;s_'—nép/’w if 1< p<o0,0<r<oo,
/

(bilpr) = 0,7l ifeither 0<p<1,0<7<oo, orp=10<r<1, (41)

by Mo ifp=1,1<7 <00,

The dual operator (I _l)l is an isomorphism from (B;LW(R"))/ onto (b3(,,)". Let us
determine (I‘l),. For any g € (BSLW(R"))/ and (MF) € bil,,, we have

(I 9. (ME)) = (g, T (A9))
= (g, Y _ 27"2NCYL )

J,Gym

= 3 2Nl

i.Gm
Therefore,
(1) g = @279, )
Besides, J(u?¢) = (2"p7:%) is an isomorphism from b%/,, . onto b* "/, .. Consequently,
the operator
(Jo (1)) o) = (2"*(9.%,)

is an isomorphism from (B;ij’r(R”))/ onto bl,, . where

byl itl <p<o0,0<r<o0,
Dl = 0PV ifeither 0 < p< 1,0 <7 < o0, orp=1,0<7 <1,

by loor ifp=1,1<r < oco.

But (J o ([‘1)/) coincides with the operator I and, by Theorem 7 I:B!'L,.(R") —
bil,, , is an isomorphism. This completes the proof.
O

As for Triebel-Lizorkin-Lorentz spaces, it is shown in [I2] Theorems 3.3 and 3.6] that

for —o0o0 < s < o0 we have

FqTSLp/,,n/(]R”) ifl<pg<ooand0<r<oo,
(F;LP,T(R”))/ = B;os,;ron(l/p_l)(R”) if0<p<l,p<r<land0<gq< o,
orp=1,0<g<land 0<r<1.

We finish the paper by using Theorem to cover one more case.

Corollary 4.2. Let —o0 < s < 00,0 < p <1 and 0 < r,q < 1. Then we have with

equivalence of norms
(FyLpr(R")" = B @/P-D(R")

11



Proof. By [24, Theorem 1.1], we have that
B]ilin{p,q,r}Lp,T (Rn) — F;Lp,r (Rn)
except if p = ¢ < r, but in this case
B: (R") = F (R") < F*L, (R"),
On the other hand, by [24, Theorem 1.2], we get
FL, (R") < BiL,(R"),
According to Theorem [4.1], we know that

(Biintpary Lor (R") = (BiLp i (RM)" = B/ D(R").

Moreover, see [27, Theorem 2.11.3], (B;AR”))’ = B2 ArW/PD(Rm) . Therefore (F;LW(R"))/

Bgoséron(l/l’*l) (Rn)
O
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