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K-functional and J-functional

Definition
Let (Xo, X1) be a compatible couple.
(i) The Peetre K-functional is defined for each f € Xo+ X1 and t > 0 by
K(f, t; X0, X1) := inf{|follx, + tllfillx, - = fo+ i},

where the infimum extends over all representations f = fy + f; of f with
fo € Xp and 1 € Xj.

(ii) The Peetre J-functional is defined for each f € Xo N X; and t > 0 by

J(F, £ Xo, Xa) = max{{|f[x, , £ [[Fllx, }-
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K-spaces

Definition

Let (Xo, X1) be a compatible couple. For 0 <6 <1, 1< g < o0, and
v € W(0,00), we put

(X0, X1)o,q,v:k == {f € Xo+ X1 : ||fllo,q,v:k < 00},
where

#lloasis = 1l g = [0 MW KEEXXD

Remark

If v=1 on (0,00) in this definition, then we obtain the classical space
(X0, X1)0,q:k-

Modifications:

Replacing (0,00) by (0,1) or by (1,00), we get the spaces

(X0, X1)0,q,v:k:(0,1) €quip with ||t~ v(t) K(f, £ X0, X1)|[ . 01)

or (Xo, X1)6,q,v;K:(1,00) €Quip with Ht_e_l/q v(t) K(f, t; Xo, X1) ‘q;(l’oo).
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J-spaces

Definition
Let (Xo, X1) be a compatible couple, 0 <6 <1, 1< g < oo, and let
v € W(0,00). The space

(X0, X1)0,q,v:4

consists of all f € Xy + X; for which there is a strongly measurable

function
u: (0,00) — Xo N X1

such that - 4
s .
f= / u(s) — (convergence in Xy + Xi) (1)
0 S
and for which the functional
_ o —0—-1 .
1Fll.0010 = 1l s = 0| 022000 Sule), & X0, 0|
is finite (the infimum extends over all representations (1) of f).
v
Modifications: (X()7 X1)97q7v;_/;(071) and (Xo, X1)9,q,v;J;(1,oo)-
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Slowly varying functions

Definition (Slowly varying functions)

be SV(0,+00) <= be MT(0,4+0), b is finite on (0,+0c0), and
Ve>0 3 h.e MT(0,+00;1), T h_.€ MH(0,+0c0;]) such that

t°b(t) = h.(t) and t °b(t)~h_(t) Vt>0

Examples
Ut):=1+4|logt|, t>0
/1 ::K, f,'::flof,'_l, i>1, ieN
Q b(t) =£%(t) :=[[",¢¥(t), t>0, meN,
a=(a1,...,anm) € R™

Q b(t) =exp <|Iog t|5> , t>0, pBe(0,1)
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Properties of K-spaces

Theorem

Let (Xo, X1) and (Yo, Y1) be compatible couples, 0 < 6 <1, 1 < g < o0,
and let v e W(0, 00).
A. If

Htfefl/q v(t) min{1, t}H < 00, (2)

q,(0,00)

then:
(i) The space (Xo, X1)9,q,v:k is an intermediate space between Xy and X,
that is,

XoN Xy — (Xo, Xl)e,q,v;K — Xp + Xi.
(ii) The space (Xo, X1)0,q,v:k is a Banach space.

B. If condition (2) is not satisfied, then (Xo, X1)g,q,v:k = {0}.

C. Moreover, if v € SV(0,00) satisfies (2), then (Xo, X1)g q,v:k and
(Yo, Y1)o,q,v:k are interpolation spaces with respect to couples (Xp, X1)
and (YO, Yl).

v
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Properties of J-spaces

Theorem

Let (Xo, X1) and (Yo, Y1) are compatible couples, 0 < 0 <1, 1< g < o0,
and let v € W(0, 00).

A. If
r 1 1 1 1
+0-1/q min{l,} < 00, (—-I——/ :1) (3)
v(t) t) g (0,00) 9 4
then:

(i) The space (Xo, X1)s,q,v:4 is an intermediate space between Xq and X,
that is,

XoN Xy — (Xo, Xl)G,q,v;J — Xo + Xi.
(ii) The space (Xo, X1)0,q,v:s is @ Banach space.
B. (iii) /f condition (3) is not satisfied, then the functional ||.|/9,q.v:
vanishes on Xo N X1 and thus it is not a norm provided that Xo N Xy # {0}.
C. Moreover, if v € SV(0,00) satisfies (3), then (Xo, X1)g,q,v.y and
(Y0, Y1),q,v:s are interpolation spaces with respect to couples (Xo, X1)
and (Y(), Yl).

v,
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Main results for K-spaces
Theorem

Let (Xo, X1) be a compatible couple and 1 < q < oo. If b € SV(0, o)
satisfies

/ t71h9(t)dt < oo forall x>0, / t71b9(t) dt = co, (4)
X 0

and a € SV/(0,00) is defined by

a(x) = b=/ (x) / £ 1b9(t) dt forall x >0, (5)

then
(X0, X1)o,q,6:x = (X0, X1)0,q,2:4

the space Xo N X1 is dense in (Xo, X1)0,q,b:K -
Moreover, if 1 < g < oo and Xy N Xy is dense in Xo and in X1, then
(Xos X1)0,q,6:6 = (X85 X1)0.q15.5 = (X0: X1)o,q15:K»

where b(x) := m and 3(x) := a(ll/x) for all x > 0.
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Theorem
Let (Xo, X1) be a compatible couple and 1 < g < co. If b€ SV (0, 00)

satisfies 0
/ t~1bh9(t) dt < oo, (6)

0
the function B € SV (0, 00) is given by
B(x) := b(x) ifx € [1,00), B(x) = B(x) ifxe€ (0,1), (7)
where f € SV/(0,00) is such that

.¢] oo
/ t~189(t)dt < oo for all x >0, / t=189(t) dt = oo,

(%) 0
and A(x) := B~99'(x) / t=1BI(t)dt for all x >0, (8)
then Jx

(X0, X1)0,q,6:k =(Xo, Xo + X1)0,q,8:x = (X0, Xo + X1)0,9,4:4
=Xo + (X0, X1)o,q,8:k = Xo + (X0, X1)0,9,4:4,
the space X is dense in (Xo, X1)0,q,b:K"

(X0, X1)0,q,6:k = (X05 X1)0,q,b:K:(1,00)
(Xo, Xo + X1)0,9,8:6 = (X0, Xo + X1)0,q,B:K:(1,00)5
(X0, Xo + X1)o,g,4:0 = (X0, Xo + X1)0,q,4J:(1,00)-
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Theorem

If the assumptions of the previous theorem are satisfied, 1 < q < oo, and
Xo N Xy is dense in Xy and in Xy, then

(X0, X1)o,q,6:6 =(X0: X0 N X1)g 18,5 = (X0, X0 N X1)g 14k
:XO ()(07 Xl)o,q{é;./ — X6 N (Xéﬂ X{)O,q;A;K

:(X67 X{)o7q;5;Ja

where b(x) := b / L ,B(x) = B(1/ ) and A(x) == (1/ ) for all x > 0.
Moreover,

(X(), Xl)O,q,b;K - (X07 Xl)O,q,b;K;(l,oo)a
(X(;? X(; N X]/.)07q{§;J - (X67 X(S n X],.)O,q{é;J;(O,l)’
(Xé, X(/> N X{)o,qu”;K = (X67 Xé n Xl,)O,q{A;K;(O,l)’

(X0 X1)o,q5,5 = (X6 X1)o g 15,5:0.1)
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The case g =

Theorem

Let (Xo, X1) be a compatible couple. If b € SV(0,00) N AC(0, ) satisfies

b is strictly decreasing, b(0) = oo, b(o0) =0, (9)
and if 2( )
be(x
=— .a. 1
a(x) X(—b'(x)) for a.a. x >0, (10)
then

(X0, X1)0,00,6:k = (X0, X1)0,00,a:J-
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Theorem

Let (Xo, X1) be a compatible couple and let b € SV(0,00) N AC(0, o)
satisfy
b is strictly decreasing, b(0) < oo, b(c0) = 0. (11)

Assume that the function B € SV/(0, c0) is given by
B(x) := b(x) ifx € [1,00), B(x) :=cp(x) ifxe€(0,1), (12)
where 3 € SV(0,00) N AC(0, c0) is such that

B is strictly decreasing, [((0) =00, p(c0) =0, (13)
and c is a positive constant chosen in such a way that B € AC(0,00). If
B2(x)
Ax) := ———+—= foraa. 14
(x) X(—B'()) ora.a. x >0, (14)

then

(Xo, X1)0,00,b:k =(X0, Xo + X1)0,00,8:k = (X0, X0 + X1)0,00,4:J
=Xo + (X0, X1)0,00,8:k = Xo + (X0, X1)0,00,4:J

Bohumir Opic (Prague, Czech Republic) Limiting K- and J-spaces in the real interpo Madrid, March, 2026 12 /22



Remark
Note that, under the assumptions of the previous theorem

(X07X1)07007b;K = (X07X1)0,oo,b;K;(1,oo)v

(X0, Xo + X1)0,00,8:6 = (X0, Xo + X1)0,00,B:K;(1,00)-
Moreover, if [|A(t)||s,(1,e) < o0, then also

(Xo, Xo + X1)0,00,4:0 = (Xo, Xo + X1)0,00,4:45(1,00)-

In a particular case, when b is of logarithmic type, some mentioned results
on a description of limiting K- spaces by means of limiting J- spaces have
been obtained by F. Cobos and T. Kiihn (if (Xp, X1) is an ordered couple)
and by F. Cobos and A. Segurado (for a general couple (Xp, X1)). Note
that in the mentioned particular case these authors have also described
duals of limiting K-spaces.
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Main results for J-spaces

Theorem
Let (Xo, X1) be a compatible couple and 1 < g < oo. If a € SV(0, c0)
satisfies

/ t~'a=9(t)dt < oo forall x>0, / t~'a=9(t) dt = 0o, (15)
0 0

and b € SV(0,00) is defined by
’ X , -1
b(x) :=a" 9 /q(x)</ t~1a=9 (1) dt) for all x >0, (16)
0

(X0, X1)0,q,a;0 = (X0, X1)0,q,b:K -
If 1 < q < oo, then the space Xo N X1 is dense in (Xo, X1)0,q,2:J-
Moreover, if 1 < g < oo and Xy N Xy is dense in Xo and in X7, then

(X0, X1)0,q,2:0 = (X0, X1)o,q 1.6 = (X0, X1)g 415>

where 5(x) := a(ll/x) and b(x) := m for all x > 0.

then
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Theorem
Let (Xp, X1) be a compatible couple and 1 < q < co. If a € SV(0, )

satisfies 00 )
/ t~1a=9'(t) dt < oo, (17)
0
the function A € SV(0, ) is given by
A(x) :=a(x) if xe(0,1], A(x) = a(x) if xe (1,00), (18)
where the function ov € SV/(0,00) is such that
/ t~la"9'(t)dt < oo forall x>0, / t~2a~9'(t) dt = oo,
0 0
X —1
aNd By = A979(x) </ 149 (1) dt> forall x>0,  (19)
0
(X0, X1)0,q,a:0 =(Xo, Xo N X1)0,q,4:0 = (X0, Xo N X1)0,9,8:Kk
=Xo N (X0, X1)o,q,4:0 = Xo N (X0, X1)0,q,B8: >
(X0, X1)0,q,a.0 = (X0, X1)0,q,2,0:(0,1)
(Xo, Xo N X1)0,g,4,0 = (X0, Xo N X1)0,q,4:4:(0,1)5

(Xo, Xo N X1)0,9,8: = (X0, Xo N X1)0,q,B:k:(0,1)>
If1 < q < oo, then Xo N X is dense in (Xo, X1)0,q,a:J-

then

4
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Theorem
If the assumptions of the previous theorem are satisfied, 1 < q < oo, and

Xo N X7 is dense in Xy and in Xy, then
(Xoa X1)6,q7a;J :(X6? X(/) + X{)(),q{AN;K = (X(,)? Xé + X],.)O,q{é;J
:X(; + (Xé’ X{)(),qu";K - Xé + (X(/)a X{)o,q;é;J

:(Xé, X{)O,q{é;Ka

where 3(x) := a(ll/x)’AN(X) A(1/ y and B(x) := B(l/ y for all x > 0.
Moreover,

(X0, X1)0,q,a:0 = (X0, X1)0,q,2;0:(0,1)
(X0, X0+ Xi)o,quiik = (X0, X0 + X1)o g1 kc:(1,00)
(Xo, X + X{)O,q{é;J = (Xo, Xo + X{)O,qié;J;(l,OO)’
(Xé,X{)o,q:s:;K = (X&X{)O,q{é;K;(l,OO)'
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Thecase g=1

Theorem
Let (Xp, X1) be a compatible couple. If a € SV(0,00) N AC(0, c0) satisfies

a is strictly decreasing, a(0) = oo, a(c0) =0, (20)
and if
b(x) := —xa’(x) fora.a. x>0, (21)
then
(X0, X1)0,1,a,0 = (X0, X1)o,1,b: 5
the space Xo N X1 is dense in (Xo, X1)0,1,2:J-

Moreover, if Xo N Xy is dense in Xy and in Xy, then

(X0, X1)0,1,2:0 = (X0 X1)o,00,5:6 = (X0, X1) 00,5,

where 3(x) := a(11/x) and b(x) := b(ll/x) for all x > 0.
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Theorem

Let (Xo, X1) be a compatible couple and let a € SV(0,00) N AC(0, c0)
satisfy

a is strictly decreasing, a(0) = oo, a(o0) > 0. (22)
Assume that the function A € SV/(0,c0) is given by
A(x) := a(x) ifx € (0,1], A(x) :=ca(x) ifx e (1,00), (23)
where o € SV/(0,00) N AC(0, 00) is such that
« is strictly decreasing, «(0) = oo, «(o0) =0,
and c is a positive constant chosen in such a way that A € AC(0, ). If

B(x) := —xA’(x) fora.a. x>0, (24)
(X0, X1)0,1,a:0 = (X0, Xo N X1)0,1,4.0 = (X0, Xo N X1)0.1,B:K,
(X0, X1)0,1,a0 = (X05 X1)0,1,4,4:(0,1)
(X0, Xo N X1)o,1,4,0 = (Xo, Xo N X1)0,1,4:7:(0,1)5
(Xo, Xo N X1)0,1,8:k = (X0, Xo N X1)0,1,B:k:(0,1)5
Xo N Xy is dense in (Xo, X1)0,1,2:J-
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Theorem

If the assumptions of the previous theorem are satisfied and Xy M Xi is
dense in Xy and in Xq, then
(XO7 X1)6,1,a;J - (X(;? X(; + X]/.)O,oo7A~’K = (X67 Xé + X]/.)O7QO7E’J
- X(S + (X(/)7 X{)O,OO,A;K - Xé + (X67 X{)O,oo,é;,l?
= (X(;’X{)O,oo,é;K

where 3(x) := a(ll/x),[\(x) = A(ll/x)' and B(x) := -5 for all x > 0.

B(1/x)
Moreover,

(XO’ Xl)O,l,a;J = (XO, Xl)O,l,a;J;(O,l)a
(X67 X]/.)O,Oo,g;K = (X67 X]/.)O,oo,é;K;(l,oo)’
(X0/7 Xé + X{)O,QO7A~’K = (XOI7 X(/] + X]/.)O’oo,AnyK,(l,oo)

If | B(t) ]| oo (1,e) < 00, then also

(X67 Xé + X]I.)O7OO7B’J = (Xol7 X(’] + X{)(],oo’é,_]’(]”oo)
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Applications
Definition
Let neIN, 1< p<oo,1<qg<ooandlet be SV(0,00) be such that
1E79 b(t)lgyo0) = 00 and  [|t7Y9 b(t)llgy1,00) < 00-  (25)
The Besov space Bg;g(]R”) consists of all f € L,(IR") for which the norm
[Fllggs = IFllo + 1796(E)er(F, Dpllao.0 (26)

v

is finite.

Theorem

lfnelN,1<p<oo,1<qg<oo, andbe SV(0,00) is such that (25)
holds, then the set C3°(IR") is dense in the space B,gjg(]R").

Remark
Note that, under the assumptions of the previous theorem

(Lp(IR"), Wy (IR"))o,q.6k = Bpg(IR")-
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The space H; := H;(IR")
If s€ IR and 1 < p < oo, then the fractional Sobolev (or Bessel potential)

space H; := HZ(IR") is the collections of all tempered distributions f on
IR" satisfying

11l = IF (L + [x2)2FF)]lp < o0,

where the symbol F denotes the Fourier transform.
Let s € R and the operator /s is given by

If = F7H(1 + |x|?)s/2Ff). (27)

If s,c € Rand 1 < p < oo, then /s is a lift which maps Hj isomorphically
onto Hy~*. Consequently,

Is(Hy) = Hy .

Moreover, if s € IR and 1 < p < oo, then

(H) = Hy°.
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The dual of the space BJ2(IR")

Theorem
LetneN,1< p<oo,1<qg< oo, andlet be SV(0,00) be such that

1£79 b(e)lgiozy = 00 and (|79 b(t)]|gy(1,00) < 00
If a € SV (0,00) is defined by
a(x) = b9 (x) [ t'pI(t)dt forall x >0,

then (Bg;S(IR”))/ is the set of all functions f € H;l(]R”) which satisfy
/ I,1f 7’) /
N(F) = ol + || ot f T

() " HP + |7 ra(r)

where the operator |1 is defined by (27). Moreover,

< 00,
q’,(0,1)

] (B2Sy , = N(f) for all fe(Bg;g)’.

On taking b(x) = (1 + |Inx|)? if x > 0, where 8 > —1/q, in this

theorem, one obtains the result proved by F. Cobos and 0. Dominguez
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