Spaces of integrable functions associated to vector
measures and limiting real interpolation

Antonio Manzano,
Universidad de Burgos, Spain

Joint work with Antonio Fernandez (Universidad de Sevilla)

Mini Workshop “Function Spaces, Interpolation Theory and Related Topics 2026”
Madrid, 10-12 March, 2026

Antonio Manzano, Universidad de Burgos, Spain

Spaces of integrable functions ass d to vector measures an: g real interpolation



Introduction
e0

Among all interpolation methods, the real method (-,-)g,q,0 < 6 <1 and 1 < g < oo, has
been the most studied. Probably it is due to its flexible construction. Thus, there exist

different equivalent definitions of this method, being specially prominent those ones using

the K- and J-functionals of Peetre.
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Among all interpolation methods, the real method (-,-)g,q,0 < 6 <1 and 1 < g < oo, has
been the most studied. Probably it is due to its flexible construction. Thus, there exist
different equivalent definitions of this method, being specially prominent those ones using

the K- and J-functionals of Peetre. Let us recall the construction of the space (Ao, A1)s,q -

olet A= (Ao, A1) be a Banach couple; i.e., Ag and A; are Banach spaces
continuously embedded in some Hausdorff topological vector space. Then,
the sum and intersection spaces

Y(A):=Ao+ A and A(A):= A NA,
are Banach spaces when endowed with the norms K(1,-) and J(1,),
respectively. For t > 0, the K-functional and the J-functional are given by

K(l’7 a;Ao,Al) = inf{Hao||A0 + t||al||A1 ra=a + a, a; € A,'}, ac Z(A)

J(t; a; Ao, Ar) = max{||alla, tllalla}, @ € A(A).
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Among all interpolation methods, the real method (-,-)g,q,0 < 6 <1 and 1 < g < oo, has
been the most studied. Probably it is due to its flexible construction. Thus, there exist
different equivalent definitions of this method, being specially prominent those ones using

the K- and J-functionals of Peetre. Let us recall the construction of the space (Ao, A1)s,q -

olet A= (Ao, A1) be a Banach couple; i.e., Ag and A; are Banach spaces
continuously embedded in some Hausdorff topological vector space. Then,
the sum and intersection spaces

Y(A):=Ao+ A and A(A):= A NA,
are Banach spaces when endowed with the norms K(1,-) and J(1,),
respectively. For t > 0, the K-functional and the J-functional are given by

K(l’7 a;Ao,Al) = inf{Hao||A0 + t||al||A1 ra=a + a, a; € A,'}, ac Z(A)
J(t, a; Ao, A1) := max{||al 4, tllalla,}, @ € A(A).

elet 0 <A <1,1<qg< 0, the real interpolation space Agﬁq = (Ao, A1)o,q

is formed by all elements a € Ag + A; with a finite norm

o a dt\9
-6
llallo,q:x == (/ (t K(t, a;AO,A1)> ’ ) ,  when 1< ¢g< o0,
0

llallo.q:x = sug t P K(t,a; Ay, A1), when g = oc.
t>
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o The space (Ag, A1)g,q can be also described using the J-functional.
Namely, an element a € (Ag, A1)g,q if and only if

> dt =
a= / u(t)T (convergence in X(A)),
0

where u(t) is a strongly measurable function with values in A(A) and

(/ODO (t—e J(t, u(t);A07A1))q f)l/q <00, ifl<g<oo (1)

(integral is replaced by supremum when g = c0)
The infimum of (1) taken over all possible representations u(t) gives an
equivalent norm || - ||g, gy to || - |lo, g:k-

Lorentz spaces L?9 can be obtained applying (-,)g,q to a couple of Lebesgue spaces.
- 1
o Let (2, X, 1) be a o-finite measure space. For any 0 < § = — < 1 and
p
1< g < o0, then

(L(1), L (1)) 0,4 = L9 (1)
In particular,

(L2 (), LY (1))
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Some extensions of the classical real method

The definition of the real method (-, -)g,q has been generalised in several directions. For
instance, an extension of this method consists in replacing in its construction the function

t? by a more general function f(t).

° A(%q = (Ao, A1)o,q : @ € Ag + A; with a finite norm

*  K(t,a; Ag, AL)\ 9 dt\ 7
lallg.q := (/ (%) t) . when 1< g < oo,
0

K(t,a; Ag, A1)
7

" ,  when g=oc.

l[alle,q == sup
>0

@ J. Gustavsson, A function parameter in connection with interpolation of Banach
spaces, Math. Scand. 42 (1978), 289-305.

@ S. Janson, Minimal and Maximal Methods of Interpolation, J. Funct. Anal. 44
(1981), 50-73.

@ L.E. Persson, Interpolation with a parameter function, Math. Scand. 59 (1986),
199-222.
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Some extensions of the classical real method

The definition of the real method (-, -)g,q has been generalised in several directions. For
instance, an extension of this method consists in replacing in its construction the function

t? by a more general function f(t).

° Aﬁq = (Ao, A1)f,q: @ € Ap + Aq with a finite norm

> K(t, a; Ag, AL )\ 9 dt\ 9
- Klt,2i Ao, Au)y e ot hen 1 <
lallrq (/O (FE B ) when 12q <,

K(t,a; Ao, Ar)
fe)y 7

where f is a positive function defined on (0, 00) that satisfies certain suitable

conditions for the main theorems of interpolation theory to be still valid.

llallf,q == sup when g = oc.
t>0

@ J. Gustavsson, A function parameter in connection with interpolation of Banach
spaces, Math. Scand. 42 (1978), 289-305.

@ S. Janson, Minimal and Maximal Methods of Interpolation, J. Funct. Anal. 44
(1981), 50-73.

@ L.E. Persson, Interpolation with a parameter function, Math. Scand. 59 (1986),
199-222.
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Some extensions of the classical real method

An advantage of the real method with a function parameter (-,-)f q is that working with a
couple of Lebesgue spaces one obtains a larger class of spaces than Lebesgue and Lorentz

spaces provided by the classical real method (-, )g,q. In fact,

e Let (2,X, 1) be a o-finite measure space. Then

(L), L), , = LP9(logL)* (1),
when f(t) = t%(1+|logt|)_°‘, l<p<oo,1<g<ooandacR.
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Some extensions of the classical real method

An advantage of the real method with a function parameter (-,-)f q is that working with a
couple of Lebesgue spaces one obtains a larger class of spaces than Lebesgue and Lorentz

spaces provided by the classical real method (-, )g,q. In fact,

e Let (2,X, 1) be a o-finite measure space. Then

(L (u), L (), = LP(logL)" (1),
when f(t) = t%(1+||ogt|)_°‘, l<p<oo,1<g<ooandacR.
Some authors have investigated the logarithmic interpolation spaces (Ao, A1)g,q,a-

e These spaces correspond to the case where f(t) = t?¢%(t), being ¢4(t) a
broken logarithmic function, i.e., A = (ag, o) € R?, ¢(t) = 1 + |log t| and

Ary ] oo(t), if 0<t<1,
é(t)_{é%(t), if 1<t<oo.

@ J. Gustavsson, A function parameter in connection with interpolation of Banach
spaces, Math. Scand. 42 (1978), 289-305.

@ W. D. Evans and B. Opic, Real interpolation with logarithmic functors and
reiteration, Canad. J. Math. 52 (2000), 920-960.

@ W. D. Evans, B. Opic and L. Pick, Real interpolation with logarithmic functors, J.
Inequal. Appl. 7 (2002), 187—-2609.
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Some extensions of the classical real method

In the construction of (Ag, A1)g, q,a it is possible to consider 1 < g < oo and not only

0< 0 <1, but 6 even taking the values 0 and 1.
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Some extensions of the classical real method

In the construction of (Ag, A1)g, q,a it is possible to consider 1 < g < oo and not only
0< 6 <1, but 6 even taking the values 0 and 1. For these limiting values 6 = 0 and

6 = 1, the extra function £*(t) is essential to get a meaningful definition of (Ag, A1)a,q.a-
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Some ex ons of the classical real method

In the construction of (Ag, A1)g, q,a it is possible to consider 1 < g < oo and not only
0< 6 <1, but 6 even taking the values 0 and 1. For these limiting values 6 = 0 and

6 = 1, the extra function £*(t) is essential to get a meaningful definition of (Ag, A1)a,q.a-

A different approach consists in considering ordered Banach couples (Ap, A1), say Ay C Ay
(where “C” means continuous inclusion). Then just making a natural modification in the
definition of the real method (Ag, A1)e,q, two limiting classes of real interpolation spaces,

(Ao, A1)1,q:k and (Ao, A1)o,qis, can be defined without involving any auziliary function.
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In the construction of (Ag, A1)g, q,a it is possible to consider 1 < g < oo and not only
0< 6 <1, but 6 even taking the values 0 and 1. For these limiting values 6 = 0 and

6 = 1, the extra function £*(t) is essential to get a meaningful definition of (Ag, A1)a,q.a-

A different approach consists in considering ordered Banach couples (Ap, A1), say Ay C Ay
(where “C” means continuous inclusion). Then just making a natural modification in the
definition of the real method (Ag, A1)e,q, two limiting classes of real interpolation spaces,
(Ao, A1)1,q:k and (Ao, A1)o,qis, can be defined without involving any auziliary function.

e If Ay C A; and 1 < g < oo, the limiting K-space /_\Lq;K = (Ao, A1)1,q:K

consists of those a € A; which have a finite norm

1
* [K(t,a)]?dt\° K(t,a)
1,q;K (/1 [ : } t>’ _q<oo(§g|i : ,q oo)

El
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Some extensions of the classical real method

In the construction of (Ag, A1)g, q,a it is possible to consider 1 < g < oo and not only
0< 6 <1, but 6 even taking the values 0 and 1. For these limiting values 6 = 0 and

6 = 1, the extra function £*(t) is essential to get a meaningful definition of (Ag, A1)a,q.a-

A different approach consists in considering ordered Banach couples (Ap, A1), say Ay C Ay
(where “C” means continuous inclusion). Then just making a natural modification in the
definition of the real method (Ag, A1)e,q, two limiting classes of real interpolation spaces,

(Ao, A1)1,q:k and (Ao, A1)o,qis, can be defined without involving any auziliary function.

e If Ay C A; and 1 < g < oo, the limiting K-space /_\Lq;K = (Ao, A1)1,q:K

consists of those a € A; which have a finite norm

1
* [K(t,a)]?dt\° K(t,a)
La:K (/1 { t } t)a _CI<OO(§2I$ : »q OO)

On the other hand, the limiting J-space Ao’q;_] = (Ao, A1)0,q;J is formed by
all elements a € A; for which there is a strongly measurable function u(t)

El

> dt
with values in A such that a = / u(t)T (convergence in A;) and

(/100 J(t,u(t))? ?)é < oo, 1<g< o0 (igpl)J(t, u(t)) < oo, g = oo).

lall g, :=infimum of the last quantity over all representations u(t) of a.
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Some extensions of the classical real method

The spaces (Ao, A1)1,q;x were studied for the first time by Gomez and Milman in 1986.

@ M. E. Gomez and M. Milman, Extrapolation spaces and almost-everywhere
convergence of singular integrals, J. London Math. Soc. 34 (1986), 305-316.
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Some extensions of the classical real method

The spaces (Ao, A1)1,q;x were studied for the first time by Gomez and Milman in 1986.

@ M. E. Gomez and M. Milman, Extrapolation spaces and almost-everywhere
convergence of singular integrals, J. London Math. Soc. 34 (1986), 305-316.

More recently, the extreme interpolation methods (Ag, A1)1,q:x and (Ao, A1)o,q.s have been

investigated by Cobos, Ferndndez-Cabrera, Kithn and Ullrich in 2009

@ F. Cobos, L. M. Fernandez-Cabrera, T. Kithn and T. Ullrich, On a extreme class of
real interpolation spaces, J. Funct. Anal. 256 (2009), 2321-2366.

and subsequently in different papers by these authors and by others.
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Some extensions of the classical real method

The spaces (Ao, A1)1,q;x were studied for the first time by Gomez and Milman in 1986.

@ M. E. Gomez and M. Milman, Extrapolation spaces and almost-everywhere
convergence of singular integrals, J. London Math. Soc. 34 (1986), 305-316.

More recently, the extreme interpolation methods (Ag, A1)1,q:x and (Ao, A1)o,q.s have been

investigated by Cobos, Ferndndez-Cabrera, Kithn and Ullrich in 2009

@ F. Cobos, L. M. Fernandez-Cabrera, T. Kithn and T. Ullrich, On a extreme class of
real interpolation spaces, J. Funct. Anal. 256 (2009), 2321-2366.

and subsequently in different papers by these authors and by others.
o (Ao, A1)1,q:x and (Ao, A1)o,q.s are intermediate Banach spaces with respect
to (Ao, A1) for every 1 < g < o0, i.e.
Ao C (Ao, A1)1,q.x C A, Ao C (Ao, A1)o.q C A,
and
(Ao, A1)1,00,k = Ar, (Ao, A1)o,1,0 = Ao

Moreover, limiting K- and J-spaces are increasing with g in the sense that

if p<q, (Ao, A1)1,pk € (Ao, A1)1,g:k and (Ao, A1)ops € (Ao, A1)o,qJ-
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Some extensions of the classical real method

As an intrinsic problem related to interpolation theory, it has been constantly investigated
the description of the spaces obtained by applying an interpolation method to concrete

compatible couples of spaces.
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Some extensions of the classical real method

As an intrinsic problem related to interpolation theory, it has been constantly investigated
the description of the spaces obtained by applying an interpolation method to concrete
compatible couples of spaces. In recent years, this question has awakened a lot of attention
when the couple is formed by spaces of scalar integrable functions associated to a vector

measure. This issue immediately shows differences with the case of a scalar measure.
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Some extensions of the classical real method

As an intrinsic problem related to interpolation theory, it has been constantly investigated
the description of the spaces obtained by applying an interpolation method to concrete
compatible couples of spaces. In recent years, this question has awakened a lot of attention
when the couple is formed by spaces of scalar integrable functions associated to a vector

measure. This issue immediately shows differences with the case of a scalar measure.

e If m is a vector measure,

(L>(m), L}(m)).

1, is different from LP(m), 1< p < oo.
£

In fact, the inclusion mapping L>°(m) C L*(m) is weakly compact and thus,
by Beauzamy'’s result, (L°°(m), L*(m))1 , is reflexive for 1 < p < oco.
L

THEOREM (Beauzamy, Lecture Notes in Math. (1978))

Let0<f<land1l<g< oo.

(Ao, A1)g,q is reflexive < [: AgN Ay — Ag+ Ar is weakly compact.
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Some extensions of the classical real method

As an intrinsic problem related to interpolation theory, it has been constantly investigated
the description of the spaces obtained by applying an interpolation method to concrete
compatible couples of spaces. In recent years, this question has awakened a lot of attention
when the couple is formed by spaces of scalar integrable functions associated to a vector

measure. This issue immediately shows differences with the case of a scalar measure.

e If m is a vector measure,

(L>(m), L}(m)).

1, is different from LP(m), 1< p < oo.
:

In fact, the inclusion mapping L>°(m) C L*(m) is weakly compact and thus,
by Beauzamy'’s result, (L°°(m), L*(m))1 , is reflexive for 1 < p < oco.
L

THEOREM (Beauzamy, Lecture Notes in Math. (1978))

Let0<f<land1l<g< oo.

(Ao, A1)g,q is reflexive < [: AgN Ay — Ag+ Ar is weakly compact.

However, LP(m), p > 1, is not reflexive whenever L}(m) # L} (m).
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Some extensions of the classical real method

e If m is a vector measure,

(L*°(m), Ll(m))17p is different from LP(m), 1< p < 0.

@ A. Ferndndez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of
scalar integrable functions with respect to vector measures, J. Math. Anal. Appl. 376
(2011), 203-211.

THEOREM (Ferndndez, Mayoral and Naranjo, J. Math. Anal. Appl. (2011))

|f0<9:%<1and1§q§oo,itho|ds

(L(m), LY(m)), , = (L=(m), Ly, (m)), , = LP(Im]]).
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Some extensions of the classical real method

e If m is a vector measure,

(L*°(m), Ll(m))17p is different from LP(m), 1< p < 0.

@ A. Ferndndez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of
scalar integrable functions with respect to vector measures, J. Math. Anal. Appl. 376
(2011), 203-211.

THEOREM (Ferndndez, Mayoral and Naranjo, J. Math. Anal. Appl. (2011))

|f0<9:%<1and1§q§oo,itho|ds

(L(m), LY(m)), , = (L=(m), Ly, (m)), , = LP(Im]]).

Some preliminaries about spaces of integrable functions with respect to a vector measure:

e Let ¥ be a o-algebra of a nonempty set 2 and let E be a Banach space. A
mapping m : X — E such that m(()) = 0 and is countably additive (i.e.,

> m(A,) converges to m(UA,) in E, for any sequence (A,) C X of disjoint
sets) is said to be a vector measure. When E = R and m does not take
negative values, as usual, we name positive scalar measure.

Antonio Manzano, Universidad de Burgos, Spain
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Some extensions of the classical real method

Given a vector measure m: ¥ — E, L°(m) denotes the space of measurable
functions f : Q — R. Two functions f, g € L%(m) will be identified if are
equal m-a.e,, that is, if {w € Q: f(w) # g(w)} is m-null. It means that
[m||({w € Q: f(w) # g(w)}) =0, where ||m|| is the semivariation of m:

[Iml[(A) == sup {[{m,x")[ (A) : x" € B(E")}, A€ ¥.

Antonio Manzano, Universidad de Burgos, Spain
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Some extensions of the classical real method

Given a vector measure m: ¥ — E, L°(m) denotes the space of measurable
functions f : Q — R. Two functions f, g € L%(m) will be identified if are
equal m-a.e,, that is, if {w € Q: f(w) # g(w)} is m-null. It means that
[m||({w € Q: f(w) # g(w)}) =0, where ||m|| is the semivariation of m:
[|m||(A) :=sup {|{(m,x*)| (A) : x* € B(E")}, A€ X.
o f € L%m) is called integrable (w.r.t.m) if
i) feLr(|(m,x*)]), for all x* € E*; i.e. f is weakly integrable (w.r.t.m)
ii) given any A € ¥, there exists an element fA fdm € E such that
([, fdm, x*) = [, fd{m,x*), for all x* € E*.
Let
LL(m):={f: fis weakly integrable},
LY(m):={f : fis integrable},
endowed with the norm

Il = sun { [ I£1dlmx)x < B(ED)}

Antonio Manzano, Universidad de Burgos, Spain

Spaces of integrable functions associated to vector measures and limiting real interpolation



Introduction
0O000000e0000

Some extensions of the classical real method

Given a vector measure m: ¥ — E, L°(m) denotes the space of measurable
functions f : Q — R. Two functions f, g € L%(m) will be identified if are
equal m-a.e,, that is, if {w € Q: f(w) # g(w)} is m-null. It means that
[m||({w € Q: f(w) # g(w)}) =0, where ||m|| is the semivariation of m:
[|m||(A) :=sup {|{(m,x*)| (A) : x* € B(E")}, A€ X.
o f € L%m) is called integrable (w.r.t.m) if
i) feLr(|(m,x*)]), for all x* € E*; i.e. f is weakly integrable (w.r.t.m)
ii) given any A € ¥, there exists an element fA fdm € E such that
([, fdm, x*) = [, fd{m,x*), for all x* € E*.
Let
LL(m):={f: fis weakly integrable},
LY(m):={f : fis integrable},
endowed with the norm
Il = sun { [ I£1dlmx)x < B(ED)}

o [°°(m) :={f: f is essentially bounded} equipped with the essential
supremum norm. It holds that L>°(m) C L'(m) with

11l my < Nl oo gy [ImI (), £ € L% (m).

Antonio Manzano, Universidad de Burgos, Spain
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Some extensions of the classical real method

e A function f € L%(m) is said to be
i) weakly p-integrable (w.r.t.m), 1 < p < oo, when |f|P € L} (m),

i) p-integrable (w.r.t.m), 1 < p < oo, when |f|P € L'(m).

t
LP (m) :={f : f is weakly p-integrable},
LP(m) :={f : f is p-integrable},
with the norm

17l = s { ([ 177 dltmox)) " 5 € BED] .

Antonio Manzano, Universidad de Burgos, Spain
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Some extensions of the classical real method

e A function f € L%(m) is said to be
i) weakly p-integrable (w.r.t.m), 1 < p < oo, when |f|P € L} (m),

i)

flP € L(m).

p-integrable (w.r.t.m), 1 < p < oo, when

LP (m) :={f : f is weakly p-integrable},
LP(m) :={f : f is p-integrable},

with the norm

17l = s { ([ 177 dltmox))"" 5 € BED] .

e Some properties:

For every real number p > 1, LP(m) and LP (m) are Banach lattices
with, respectively, order continuous norm and the Fatou property.
LP(m) and LB (m) may not be reflexive for p > 1.

If 1 < p; < p2 < 00, then

L=(m) C LP2(m) C L8:(m) C LP(m) € L&) (m) € L}(m) € LL,(m).

If mis a finite positive scalar measure, LP(m) and L,(m) coincide with
the classical Lebesgue space L”.

@ A. Ferndndez, F. Mayoral, F. Naranjo, C. Sdez and E.A. Sdnchez—Pérez, Spaces of

p-integrable functions with respect to a vector measure, Positivity, 10 (2006),-1-16.
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Some extensions of the classical real method

This kind of spaces finds applications in some important problems. For instance, when

studying the representation of abstract Banach lattices as spaces of integrable functions.
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Some extensions of the classical real method

This kind of spaces finds applications in some important problems. For instance, when

studying the representation of abstract Banach lattices as spaces of integrable functions.

Thus, it is worthy to mention that every order continuous Banach lattice E with a weak
order unit can be represented (order isometrically) as an Ll(m)-space of a vector measure

m defined on a o-algebra.

@ G. P. Curbera, Operators into L' of a vector measure and applications to Banach
lattices, Math. Ann. 293 (1992), 317-330.

A similar representation can be obtained using an LP(m)-space, in the case when E is in

addition p-convex.

@ E. A. Sanchez-Pérez, Compactness arguments for spaces of p-integrable functions
with respect to a vector measure and factorization of operators through
Lebesgue-Bochner spaces, lllinois J. Math. 45 (2001), 907-923.

@ A. Ferndndez, F. Mayoral, F. Naranjo, C. Sdez and E.A. Sdnchez—Pérez, Spaces of
p-integrable functions with respect to a vector measure, Positivity 10 (2006), 1-16.




Introduction
000000000080

Some extensions of the classical real method

If order continuity fails but E has a Fatou type property and a weak order unit belonging
to its order continuous part, then E can be identified (order isometrically) with a space

L (m) associated to a vector measure m on a o-algebra.

@ G. P. Curbera and W. J. Ricker, Banach lattices with the Fatou property and optimal
domains of kernel operators, Indag. Math. (N.S.) 17 (2006), 187-204.

For a Banach lattice E that is in addition p-convex, an analogous representation as an

Lf (m)-space holds.

@ G. P. Curbera and W. J. Ricker, The Fatou property in p-convex Banach lattices, J.
Math. Anal. Appl. 328 (2007), 287-294.
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Some extensions of the classical real method

e When m is a finite positive scalar measure, ||m|| and m coincide. But in
general, for an arbitrary vector measure m, it holds that

LP(m) # LP([m]l) := LPP(lml]), 1 < p < oo

For 1 < p < g < 0o, we have the following continuous inclusions:
L>(m) SLOY(||m]l) SLI(||ml]) S LP(lm]]) € LP(m) C Lf,(m) S LP>(||ml]).
@ A. Ferndndez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of

scalar integrable functions with respect to vector measures, J. Math. Anal. Appl. 376
(2011), 203-211.
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Some extensions of the classical real method

e When m is a finite positive scalar measure, ||m|| and m coincide. But in
general, for an arbitrary vector measure m, it holds that

LP(m) # LP([m]l) := LPP(lml]), 1 < p < oo

For 1 < p < g < 0o, we have the following continuous inclusions:
L>(m) SLOY(||m]l) SLI(||ml]) S LP(lm]]) € LP(m) C Lf,(m) S LP>(||ml]).

@ A. Ferndndez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of
scalar integrable functions with respect to vector measures, J. Math. Anal. Appl. 376
(2011), 203-211.

e Lorentz-Zygmund space LP9(log L)*(||m||), for a vector measure m

For 1 < p,q < oo and a € R, the space LP9(log L)*(||m]|) is formed by all

functions f € L%(m) for which

1
oo i o qdt)\ e
£l e-a(tog Ly (lmil) = (/0 [t”(”“ogt') f*(t)] t) =0

(with the usual modification if g = 0c0). Here f, is the decreasing
rearrangement (w.r.t.m) of f given by

f(t) :=inf{s >0:||m||({w € Q:|f(w)| >s}) < t}.
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As far as we know, there is no description regarding the spaces obtained when applying
limiting interpolation methods to Banach couples formed by function spaces associated to

vector measures.
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As far as we know, there is no description regarding the spaces obtained when applying
limiting interpolation methods to Banach couples formed by function spaces associated to
vector measures. We have obtained some results about this question when considering

(0, g; J)-methods.
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As far as we know, there is no description regarding the spaces obtained when applying
limiting interpolation methods to Banach couples formed by function spaces associated to
vector measures. We have obtained some results about this question when considering

(0, g; J)-methods.

Our main result in this sense is the following:

THEOREM 1
For 1 < g < o0, it holds that

(L(m), LX(m)) ., = (L2(m), Ly, (m))g ., = L(log L)~} (||ml).
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To establish Theorem 1, it is very helpful to us the next important description of

(0, g; J)-spaces in terms of the K-functional:

THEOREM (Cobos, Fernandez-Cabrera, Kiihn and Ullrich, J. Funct. Anal. (2009))

If Ag, A1 are Banach spaces such that Ag C A; and 1 < g < oo, then

(Ao, A1)o,q:0 = (Aos A1)log,q:K >

where the space Alogﬁ;K = (Ao, A1)log,q:k, 1 < g < 00, consists of all
elements a € A; for which the following norm is finite

/°° K(t,a) 19 dt g
) 1< g< oo,
1 1+|0gt t

< {K(“’)} C
t>F1) 1+logt |’ S

llalhog,q:k =

@ F. Cobos, L. M. Fernandez-Cabrera, T. Kiihn and T. Ullrich, On an extreme class of
real interpolation spaces, J. Funct. Anal. 256 (2009), 2321-2366.
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These estimates for the K-functional that apply to the Banach couples (L*°(m), L} (m)) and

(L°°(m), Ll(m)) are very useful to us too:

THEOREM (Ferndndez, Mayoral and Naranjo, J. Math. Anal. Appl. (2011))

If f € LL(m), then
f(t) < K (¢ F; L(m), Ly, (m)) -
On the other hand, if f € L*(m), then

-1

K (t,f; L=(m), LY(m)) < t/t f.(s)ds.
0

@ A. Ferndndez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of
scalar integrable functions with respect to vector measures, J. Math. Anal. Appl. 376
(2011), 203-211.
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THEOREM 1

For 1 < g < o0, it holds that

(L(m), L (m)),g ., = (L=(m). Ly (m)), ., = L(log L)~(|m]).
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THEOREM 1

For 1 < g < o0, it holds that

(L(m), L (m)),g ., = (L=(m). Ly (m)), ., = L(log L)~(|m]).

Sketch of the proof
We assume that g < oo (if g = co the proof follows with menor changes).
Put mg := ||m||(Q). Note that £.(t) = 0 if t > mgq. Due to L}(m) C LL,(m),

(Loo(m)’ Ll(m))o}q;J < (Loo(m)’ La’(m))oﬂ;-/'
In order to see that

(L (m), L (m)),. ., € L(10g 1) (lml),
take any f € (L°°(m), Lﬁ,(m))qud. Since f.(t) < K (t71, f; L°°(m), LL,(m)),

11l Los a1og Ly 1mi)) = (/Omn [(1+ | log t])£.(£)] dtt) @
< (-/Omn [(1 + | |Og t‘)ilK(tfl, f‘; ch‘:(rn)7 L%V(m))]q dt‘)q.

t
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The change of variables u = ? gives that

11| o< aiog L)1 (1m1))

([ (s 20 o )] )
< max{l, miﬂ} (/100 {(1 v ‘Iog %D*l K(u, f; L=(m), L;(m))r ‘L“) %.

Using that

(o o () < e
= 1+ |logul

and keeping in mind the equivalent description of (-,-)o,q:s as (-, -)iog,q:K"

11l o09(10g L)1l mil) 1
1 rK (u, f; L(m), Ly, (m))19du \°
max{l —}(1+\|ogm9|) (/1 [ 1+logu } u

=max{1. ?Q}(l + [log mal ) [1Fllwo=m), 2, m); g e = Il (), 22,0000
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Now we prove that
L>(log L) (||mll)  (L>(m), L} (m)) ., -
We will use Hardy inequality (for non-increasing functions) with the weight

W) = g ey

THEOREM  (Arifio and Muckenhoupt, Trans. Amer. Math. Soc. (1990))

If 1 < g < oo and W is a non-negative function on (0, +00), are equivalent:
1) There exists C > 0 such that the Hardy inequality

/000 [1/Otg(s)ds} dt<C/ t)TW(t) dt

holds for every non-negative non-increasing function g on (0, +00).

2) W belongs to the class of functions By, i.e. there exists C > 0 for which

/ Mdtgg/ W(t) dt, forall r > 0.
r i rd 0

Antonio Manzano, Universidad de Burgos, Spain
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1
7 it holds that

We note that for the function W(t) = 1+ log £])7
og

/ Mdtgﬂ/ W(t)dt, for all r> 0. (2)
,  t9 r?Jo

In fact, since t — t(1 + |log t|) is a non-decreasing function on (0, c0),

o0 W o0
/ ) g — / ! dt
;o td r tIT(1 4 |log t])d

1 /OO 1 dt
ra=1(1+|logr|)a—t J, t3(1 4 |logt|)

SN S o VR
= ra Y14 |logr)at J, 27 ra(1+|logr|)a-t

In other words,

< W(t 1
/ ( )dtg , for every r > 0.
. td ra(1+ |logr|)a—1

Antonio Manzano, Universidad de Burgos, Spain
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On the other hand, if 0 < r < 1, it follows that

r r 1 1 1
W(t)dt = dt — . ’
/o ) /0 M logt) e~ q—1 (4 logr)o

and clearly, for r > 1,

r 1 1 1
W(t)dt > dt = .
|, weae= | (1T ot g1

Thus,

r 1 1
W(t)dt > . , for each r > 0.
[ wodz 2 e

Antonio Manzano, Universidad de Burgos, Spain
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Therefore, we have seen the validity of the following inequalities

< W(t) 1
< .
/ tq dt ra(1+ |log r|)a—1t’ r>0 (3)

and

W= S g 0 “

As a consequence of (3) and (4), we get the promised inequality (2) because

< W(t 1 1
/ (t) g < <9 / W(t)dt, for all r > 0.
B (TN T e

Hardy |nequal|ty with W(t) implies that, for every f € L°9(log L)~*(||ml]),

(/000 (1+\|ogt| [ /f ds} dt>q (5)

f(t) 9\
< ([ [esa) §) = 1Aestrirson,

1 t
It follows in particular that the function ?/ f.(s)ds is finite a.e., and hence
0
f e LX(|Iml) € L*(m).
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Thus, for any f € L°9(log L)~1(||m]|), using the description of (-,)o,q.s as
-1
(s Nog,qik and the inequality K (t, f; L°(m), L}(m)) < t [y fu(s)ds,

£l (oo (m), 2 (m))o.gs == Il (L0 (m), L2 (m))10g.a

%K (¢, £ 1°%(m), LY (m)) 19 dt ) ° f.(s)dsqadt |
:</1 [ e 1+ logt )} Cf) < /1 {tf(]).-i-bgt }O:rt

1
1 u a
1 1 7\°
([ sriagy o ) 00 ) < 1l atrsion

Then L>9(log L)~ *(||m]|) € (L>°(m), L}(m)), 4. 15 proved. a
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REMARK Applying certain results on variants of Hardy inequality with
appropriate parameters, such as those established in

@ C. Bennett and K. Rudnic, On Lorentz-Zygmund spaces, Dissertationes Math.
(Rozprawy Mat.) 175 (1980), pp. 67

@ W. D. Evans, B. Opic and L. Pick, Real interpolation with logarithmic functors, J.
Inequal. Appl. 7 (2002), 187—2609.

it is possible to obtain directly the validity of (5), and thus to deduce that

fe LX(||m]) C LX(m) if f € L>9(log L)~1(||m]||). Then, reasoning as in the

proof of Theorem 1, it follows that ||f|\(Loo(m)7L1(m))oﬁq;J < 1 ll oo sagiog Ly-1()imll)-

However, we have preferred to show the concrete calculations for the validity

1

of (2) with the function W(t) = ————
2) (t) t(1+ |log t])9

of (5). O

, which leads to the validity
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Combining the following abstract results,

THEOREM A (Cobos, Fernindez-Cabrera, Kiihn and Ullrich, J. Funct. Anal. (2009))

Assume that Ag, A; are Banach spaces such that Ay C A;. Let
1 1
0<bp<b;<1,1<qg<o0and 6+?:1. Then

((Ao, A1)00,95 (Aos A1)61,4)0,q:
. ([ K(t.f; Ao, AL) 19dtN G
{f€A1'</1 {t90(1+|ogt)1/q/} T) sor

THEOREM B (Cobos, Ferndndez-Cabrera, Kiihn and Ullrich, J. Funct. Anal. (2009))

Assume that Ag, A; are Banach spaces such that Ap C A;. Let
1 1
0<f<l,1<g<ooand —+ — =1 Then
q9 q

) (Ao A1)o.qs A1)o.qu = {f cA: (/100 [M]qﬂ)% <oo}_

t9(1 +logt)V/a'l t
ii) (Ao, (Ao, A1)e,q)o.q:s = (Ao, A)o,:s-
and Theorem 1 (or similar arguments to those used in its proof), we can obtain a

description of the limiting J-spaces for other different couples.
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COROLLARY 2

Letl<r<p<oo,1<g<oand %+$:1. It holds that:
a) (Los(|lmll), L2(m)), ., = (L29(m]), L (m)), ., = LP9(log L)~
b) (L>*(m), LP9([Iml]))g g,; = L*9(log L)~ (|| ml]).
1
c) (LP9(llml[), L~9([ml1)),q,, = LP9(log L)~ (|[ml]).

1
7

7 (lImll)-

Antonio Manzano, Universidad de Burgos, Spain
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COROLLARY 2

Letl<r<p<oo,1<g<oand %+$:1. It holds that:
a) (Los(|lmll), L2(m)), ., = (L29(m]), L (m)), ., = LP9(log L)~
b) (L>*(m), LP9([Iml]))g g,; = L*9(log L)~ (|| ml]).
1
c) (LP9(llml[), L~9([ml1)),q,, = LP9(log L)~ (|[ml]).

Furthermore, taking into account the inclusion relationship between the spaces LP'9(||m]|),

1
7

7 (lImll)-

LP(m) and Lf,(m), and Theorem 1 and Corollary 2, it is possible to deduce the next result.

COROLLARY 3

For any 1 < p,q < oo,
(L2°(m), LP(m))g, g,y = (L= (m), LE,(m))g 4., = L (log L) (|| ml]).
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COROLLARY 2

Letl<r<p<oo,1<g<oand %+$:1. It holds that:
a) (Los(|lmll), L2(m)), ., = (L29(m]), L (m)), ., = LP9(log L)~
b) (L>*(m), LP9([Iml]))g g,; = L*9(log L)~ (|| ml]).
1
c) (LP9(llml[), L~9([ml1)),q,, = LP9(log L)~ (|[ml]).

Furthermore, taking into account the inclusion relationship between the spaces LP'9(||m]|),

1
7

7 (lImll)-

LP(m) and Lf,(m), and Theorem 1 and Corollary 2, it is possible to deduce the next result.

COROLLARY 3
For any 1 < p,q < oo,
(L%(m), LP(m))g g5 = (L%(m), L, (m))g 4, = L>(log L)~ ([|ml]).
Proof
For 1 < g < p < o0, it holds that LP9(||m||) C LP(||m]|) C LP(m) C L*(m).
Then, it follows from Corollary 2b) and Theorem 1 that
L>(log L)~ (| ml) = (L% (m), L>9([Iml))g, ¢, 5 € (L%(m), L2([Im][))o 4.,
C(L(m), L2(m))g gy € (L(m), LX(m)), ., = L(log L) (|| m])).
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Similarly, if 1 < p < g < oo, then L9(||m||) C LP(||m]||) C LP(m) C L (m).
Applying Corollary 2b) and Theorem 1, we have that

L>(log L)~*(|ml) = (L% (m), L([Im]))q,q.5  (L(m), LP(m]))o.q.

C (L(m), LP(m))g,q,y € (L(m), L}(m))g ., = L= (log L) ([|ml])-

In conclusion

(L (m), LP(m))y 41 = L(log L) (|Im]). for 1 < p.q < oc.

By analogous arguments, it holds that
(L%(m), L5, (m))g g, = L (log L) 7 (|m]]), for 1 < p,q < oc.
and the proof is finished. O
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Similarly, if 1 < p < g < oo, then L9(||m||) C LP(||m]||) C LP(m) C L (m).
Applying Corollary 2b) and Theorem 1, we have that

L>9(log L) (|| mll) = (L>°(m), LU(|m]}))gq,5 S (L% (m), LP([Im]]))g g,
C (L (m), LP(m))g gy  (L(m), LX(m)), = L(log L)~ (||m]]).
In conclusion
(L>(m), LP(m))g 4., = L™9(log L)7X(||ml]), for 1 < p,q < oc.

By analogous arguments, it holds that
s —1
(L (m), L5,(m))o g,y = L% (log L)~ *(||ml]), for 1 < p,q < o0.
and the proof is finished. O
Theorem 1 and Corollaries 2 and 3 provide versions in the setting of vector measures of

some known results established for the case of positive scalar measures. If in particular m is

a finite positive scalar measure, these results can be derived from ours.
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Another significant application of scalar integrable function spaces with respect to a vector
measure refers to the so-called optimal domain of an operator T acting from a Banach

function space X into a Banach space E.
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Another significant application of scalar integrable function spaces with respect to a vector
measure refers to the so-called optimal domain of an operator T acting from a Banach
function space X into a Banach space E.

Namely, if X is an order continuous Banach function space on a finite measure space
(Q,%, i), under some natural condition on T, L*(mt) is the optimal domain for T within
the class of order continuous Banach function spaces (here, the E-valued function

mr(A) = T(xa), A € ¥, is the vector measure associated to T), that is, L*(mt) is the
largest space (in that class of spaces) to which T can be extended as a continuous operator,

still with values in E.

@ G. P. Curbera and W. J. Ricker, Optimal domains for kernel operators via
interpolation, Math. Nachr. 244 (2002), 47-63.
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Another significant application of scalar integrable function spaces with respect to a vector
measure refers to the so-called optimal domain of an operator T acting from a Banach
function space X into a Banach space E.

Namely, if X is an order continuous Banach function space on a finite measure space
(Q,%, i), under some natural condition on T, L*(mt) is the optimal domain for T within
the class of order continuous Banach function spaces (here, the E-valued function

mr(A) = T(xa), A € ¥, is the vector measure associated to T), that is, L*(mt) is the
largest space (in that class of spaces) to which T can be extended as a continuous operator,

still with values in E.

@ G. P. Curbera and W. J. Ricker, Optimal domains for kernel operators via
interpolation, Math. Nachr. 244 (2002), 47-63.

The space LP(m7) has also an important optimality property if T is a p-th power factorable

operator from X into E, in the sense that L°(m7) is mazimal among all order continuous

Banach function spaces Y that continuously contain X and such that T has an extension

from Y into E which is itself p-th power factorable.

@ S. Okada, W. J. Ricker and E. A. Sanchez-Pérez, “Optimal domain and integral
extension of operators acting in function spaces”, Operator Theory: Advances and
Applications, Vol. 180, Birkhauser-Verlag, Basel, 2008.
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e By a Banach function space X on a finite measure space (2, %, i), or on p
for short, we mean that X is an ideal of the space of (u-a.e. equivalence
classes of ) measurable functions L%(y), endowed with a complete norm

|| - Ix that is compatible with the u-a.e. order and such that L°°(u) C X.

A Banach function space X is order continuous if every order bounded
increasing sequence in X is norm convergent.
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e By a Banach function space X on a finite measure space (2, %, i), or on p
for short, we mean that X is an ideal of the space of (u-a.e. equivalence
classes of ) measurable functions L%(y), endowed with a complete norm

|| - Ix that is compatible with the u-a.e. order and such that L°°(u) C X.

A Banach function space X is order continuous if every order bounded
increasing sequence in X is norm convergent.

e Let X be a Banach function space on a finite measure space (2, %, 1) and
let E be a Banach space. Given 1 < p < 0o, an operator T : X — E is said
to be p-th power factorable if there is a constant C > 0 such that

1||P
IT(F)lle < Clifllx, = C||IF1F] . £ ex.

This class of operators has turned out to be useful for analyzing some factorization

properties of operators between function spaces.

@ S. Okada, W. J. Ricker and E. A. Sanchez-Pérez, “Optimal domain and integral
extension of operators acting in function spaces”, Operator Theory: Advances and

Applications, Vol. 180, Birkhauser-Verlag, Basel, 2008.

@ O. Galdames and E. A. Sanchez-Pérez., Factorizing kernel operators, Integral Equ.
Oper. Theory 75 (2013), 13-29.
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The interpolation properties of p-th power factorable operators when considering the

complex method were studied in

@ R. del Campo, A. Fernandez, O. Galdames, F. Mayoral and F. Naranjo, Complex
interpolation of operators and optimal domains, Integral Equ. Oper. Theory 80
(2014), 229-238.
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The interpolation properties of p-th power factorable operators when considering the

complex method were studied in

@ R. del Campo, A. Fernandez, O. Galdames, F. Mayoral and F. Naranjo, Complex
interpolation of operators and optimal domains, Integral Equ. Oper. Theory 80
(2014), 229-238.

whereas their behaviour under the classical real method has been investigated in
@ R. del Campo, A. Fernandez, F. Mayoral, F. Naranjo and E. A. Sdnchez—Pérez,

Lorentz spaces of vector measures and real interpolation of operators, Quaest. Math.
43 (2020), 591-609.
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The interpolation properties of p-th power factorable operators when considering the

complex method were studied in

@ R. del Campo, A. Fernandez, O. Galdames, F. Mayoral and F. Naranjo, Complex
interpolation of operators and optimal domains, Integral Equ. Oper. Theory 80
(2014), 229-238.

whereas their behaviour under the classical real method has been investigated in
@ R. del Campo, A. Fernandez, F. Mayoral, F. Naranjo and E. A. Sdnchez—Pérez,

Lorentz spaces of vector measures and real interpolation of operators, Quaest. Math.
43 (2020), 591-609.

In both cases the authors deal with operators that satisfy an additional (but natural)

condition, namely to be u-determined.
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The interpolation properties of p-th power factorable operators when considering the

complex method were studied in

@ R. del Campo, A. Fernandez, O. Galdames, F. Mayoral and F. Naranjo, Complex
interpolation of operators and optimal domains, Integral Equ. Oper. Theory 80

(2014), 220-238.

whereas their behaviour under the classical real method has been investigated in

@ R. del Campo, A. Fernandez, F. Mayoral, F. Naranjo and E. A. Sdnchez—Pérez,
Lorentz spaces of vector measures and real interpolation of operators, Quaest. Math.
43 (2020), 591-609.

In both cases the authors deal with operators that satisfy an additional (but natural)

condition, namely to be u-determined.

As far as we know, nothing is known about interpolation of p-th power factorable operators
by limiting methods. We have obtained some positive results when interpolating by

(1, g; K)-methods.
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Some additional definitions and notation:

e Given an order continuous Banach function space X on a finite measure
space (2,X, 1) and a Banach space E, T : X — E is called u-determined if
1 and mt have exactly the same null sets, where mt : £ — E is the vector
measure associated to T, given by mr(A) := T(xa).
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Some additional definitions and notation:

e Given an order continuous Banach function space X on a finite measure
space (2,X, 1) and a Banach space E, T : X — E is called u-determined if
1 and mt have exactly the same null sets, where mt : £ — E is the vector
measure associated to T, given by my(A) := T(xa). In that case LP(m7),
1 < p < 0, is an order continuous Banach function space on (2, X, ).

@ S. Okada, W. J. Ricker and E. A. Sanchez-Pérez, “Optimal domain and integral
extension of operators acting in function spaces”, Operator Theory: Advances and
Applications, Vol. 180, Birkhauser-Verlag, Basel, 2008.
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Some additional definitions and notation:

e Given an order continuous Banach function space X on a finite measure
space (2,X, 1) and a Banach space E, T : X — E is called u-determined if
1 and mt have exactly the same null sets, where mt : £ — E is the vector
measure associated to T, given by my(A) := T(xa). In that case LP(m7),
1 < p < 0, is an order continuous Banach function space on (2, X, ).

@ S. Okada, W. J. Ricker and E. A. Sanchez-Pérez, “Optimal domain and integral
extension of operators acting in function spaces”, Operator Theory: Advances and
Applications, Vol. 180, Birkhauser-Verlag, Basel, 2008.

e If A= (Ag, A1) and B = (By, By) are Banach couples such that Ay C A;
and By C By, it is said to be that T is an admissible operator between the
couples A and B when T is a continuous linear operator from A; to B,
whose restriction to Ag defines a continuous linear operator from Ag to Bp.
In that case T : (Ao, A1)1,g:6 — (Bo, B1)1,q:k is a continuous operator, with
” ||Ao7Bo }]
” TH(AO,A1)1 ak+(Bo,B1)1,q:k < H T||A17B1 |:1 + max{O Iog ” T||A1,B1 )
@ F. Cobos, L. M. Ferndndez-Cabrera, T. Kithn and T. Ullrich, On an extreme class of
real interpolation spaces, J. Funct. Anal. 256 (2009), 2321-2366,
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e For an admissible operator T between X = (Xp, X1) and E = (Ey, E),
where Xp C X; and Ey C Ej, we denote by T; the restriction T : X; — E;,
i=0,1, and by Tk the operator T : (Xo, X1)1,9:xk — (Eo, E1)1,q:k- We

alsoset m;:=m, (i=0,1,) and my gk :=m, .
i 245
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e For an admissible operator T between X = (Xp, X1) and E = (Ey, E),
where Xp C X; and Ey C Ej, we denote by T; the restriction T : X; — E;,
i=0,1,and by T; a:K the operator T : (X07X1)17q;K — (EO7 El)l,q;K- We
also set m; :=m, (i=0,1,) and my gk := m,

Our precise 1nterpolat10n result on p-th power factorable operators is the following:

THEOREM 6

Let X = (Xo, X1) be a Banach couple of order continuous Banach function
spaces on the same finite measure space such that Xo C Xi, and let

E= (Eo, E1) be a couple of Banach spaces with Eg C E;. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is pu-determined. When Ty : Xo — Ep and T; : Xy — E; are p-th power
factorable operators for some 1 < p < oo, then

T1gk @ (Xo, X1)1,q:6 = (Eo, E1)1,4:k

is also p-th power factorable for every 1 < g < cc.
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e For an admissible operator T between X = (Xp, X1) and E = (Ey, E),
where Xp C X; and Ey C Ej, we denote by T; the restriction T : X; — E;,
i=0,1,and by T; a:K the operator T : (X07X1)17q;K — (EO7 El)l,q;K- We
also set m; :=m, (i=0,1,) and my gk := m,

Our precise 1nterpolat10n result on p-th power factorable operators is the following:

THEOREM 6

Let X = (Xo, X1) be a Banach couple of order continuous Banach function
spaces on the same finite measure space such that Xo C Xi, and let

E= (Eo, E1) be a couple of Banach spaces with Eg C E;. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is pu-determined. When Ty : Xo — Ep and T; : Xy — E; are p-th power
factorable operators for some 1 < p < oo, then

T1gk @ (Xo, X1)1,q:6 = (Eo, E1)1,4:k

is also p-th power factorable for every 1 < g < cc.

It follows from this characterization for a pu-determined p-th power factorable operator:
o If T: X — E is a u-determined operator, then
T is p-th power factorable if and only if X C LP(m7)

Antonio Manzano, iversidad de Burgos, Spain
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and from our Theorems 4 and 5:

THEOREM 4

Let X = (Xp, X1) be a Banach couple of order continuous Banach function

spaces on the same finite measure space such that Xo C Xi, and let

E= (Eo, E1) be a couple of Banach spaces with Eg C E;. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is p-determined. For every 1 < g < oo, it holds that

(L (mo), LH(m1)), e © LH(mrgik)-
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and from our Theorems 4 and 5:

THEOREM 4

Let X = (Xp, X1) be a Banach couple of order continuous Banach function

spaces on the same finite measure space such that Xo C Xi, and let

E= (Eo, E1) be a couple of Banach spaces with Eg C E;. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is p-determined. For every 1 < g < oo, it holds that

(L (mo), LH(m1)), e © LH(mrgik)-

Theorem 4 relates the limiting K-space (L'(mo), Ll(ml))l 4« of the ordered Banach couple
formed by the optimal domains of Ty and T; with the optimal domain Ll(mlﬁq;K) of T1,q:k-
To establish it, we use the crucial fact that L'(m7) is the (order continuous) optimal

domain for the operator T.
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and from our Theorems 4 and 5:

THEOREM 4

Let X = (Xp, X1) be a Banach couple of order continuous Banach function

spaces on the same finite measure space such that Xo C Xi, and let

E= (Eo, E1) be a couple of Banach spaces with Eg C E;. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is p-determined. For every 1 < g < oo, it holds that

(L (mo), LH(m1)), e © LH(mrgik)-

Theorem 4 relates the limiting K-space (L'(mp), Ll(ml))l 4« of the ordered Banach couple
formed by the optimal domains of Ty and T; with the optimal domain Ll(mlyq;K) of T1,q:k-
To establish it, we use the crucial fact that L'(m7) is the (order continuous) optimal

domain for the operator T.

THEOREM 5

Under the same hypotheses as Theorem 4, for 1 < p < co and 1 < g < o0,
it holds that

(LP(mo), LP(m1))y g < L7 (Mg -
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THEOREM 5

Let X = (Xp, X1) be a Banach couple of order continuous Banach function

spaces on the same finite measure space such that Xo C Xi, and let

E= (Eo, E1) be a couple of Banach spaces with Eg C E;. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is p-determined. For 1 < p < co and 1 < g < oo, it holds that

(LP(mo), LP(m1))y gk © L7 (Mg -

Sketch of the proof of Theorem 5
Using that

(Lp(m0)7 Lp(ml))l,q;K < (Lp(m0)7 Lp(ml))l,pq;K7
it is sufficient to check that
(LP(mo), LP(m1)); gk © LP(M1gik)-
Keeping in mind Theorem 4, we will prove that

|F17 € (L*(mo), L'(m)), 4. € L (mgk), for £ € (LP(mo), LP(m1))y g -
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Applying a known estimate of the K-functional for p-convexifications given in

@ L. Maligranda, The K-functional for p-convexifications, Positivity 17 (2013),

707-710.
we obtain that
£1p||9 B o0 K(t,|f|P; Ll(mo),Ll(ml)) qdt
R : T
/‘X’ K(sp,\f|P;L1(m0),L1(m1)) ads
- ¢ | 'S
1 sP s
N /OO{K(S,fI:Lp(mo)»L”(ml))p}qu
B sP s
= ||f| (LP(mo),LP(m1)); g
In fact, it holds that
1 1
11l Loy g ) = 11 IILf”mlqK 117l {fmo) tm)y o Il mo). o(m)); g

and consequently the space (LP(mo), LP(m1)); .. is continuously embedded
into LP (ml,q;K) . ]
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Finally, we show some interpolation results for other classes of operators related to p-th
power factorable operators, such as bidual (p, g)-power-concave operators or g-concave
operators.

e Let X be a Banach function space on a finite measure space (2, X, ) and
let E be a Banach space. For 1 < p,q < oo, an operator T : X — E is said
to be bidual (p, g)-power-concave if there exists a constant C > 0 such that

Z IT(F)|P < cSup{<Z|f\q/P > £ B(X[q]*)},

foraIInENand fi,...,fheX.
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Finally, we show some interpolation results for other classes of operators related to p-th
power factorable operators, such as bidual (p, g)-power-concave operators or g-concave
operators.

e Let X be a Banach function space on a finite measure space (2, X, ) and
let E be a Banach space. For 1 < p,q < oo, an operator T : X — E is said
to be bidual (p, g)-power-concave if there exists a constant C > 0 such that

Z IT(F)|P < cSup{<Z|f\q/P > £ B(X[q]*)},

foraIInENand fi,...,fheX.

Bidual (1, g)-power-concave operators are also known as bidual g-concave
operators. A bidual g-concave operator is, in particular, g-concave.
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Finally, we show some interpolation results for other classes of operators related to p-th
power factorable operators, such as bidual (p, g)-power-concave operators or g-concave
operators.

e Let X be a Banach function space on a finite measure space (2, X, ) and
let E be a Banach space. For 1 < p,q < oo, an operator T : X — E is said
to be bidual (p, g)-power-concave if there exists a constant C > 0 such that

Z IT(F)|P < cSup{<Z|f\q/P > £ B(X[q]*)},

foraIInENand fi,...,fheX.

Bidual (1, g)-power-concave operators are also known as bidual g-concave
operators. A bidual g-concave operator is, in particular, g-concave.

o If T : X — E is u-determined (being X order continuous), then T is
bidual (p, q)-power-concave if and only if there is a function 0 < w € L'(1)
such that X C L9(w du) C LP(m7), where

LI9(wdp) = {f € Lo0u) : /Q [f|9wdp < oo}

endowed with the norm ||| a(,, 4, = Il |f|7w ||1/q
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THEOREM 7

Let X = (Xp, X1) be a Banach couple of order continuous Banach function
spaces on the same finite measure space such that Xy C Xi, and let

= (Eo, E1) be a couple of Banach spaces with Ey C Ej. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is p-determined. Whenever Ty : Xy — Eg and T; : X; — E; are bidual
(p, g)-power-concave operators for some 1 < p < oo and 1 < g < oo,

T1qik * (X0, X1)1,g:6 = (Eo, E1)1,q:6
is also bidual (p, g)-power-concave.
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THEOREM 7

Let X = (Xp, X1) be a Banach couple of order continuous Banach function
spaces on the same finite measure space such that Xy C Xi, and let

= (Eo, E1) be a couple of Banach spaces with Ey C Ej. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is p-determined. Whenever Ty : Xy — Eg and T; : X; — E; are bidual
(p, g)-power-concave operators for some 1 < p < oo and 1 < g < oo,

T1qik * (X0, X1)1,g:6 = (Eo, E1)1,q:6
is also bidual (p, g)-power-concave.

Its proof uses Theorem 5 and the next fact proved by Cobos, Ferndndez-Cabrera, Kithn and Ullrich

e For 1 < g < 0o and any weights wy > wy > 0 p-a.e., it holds that

(L9(wo dp), LI (w1 dp))g 4 = L9 (w dp), where w :=w; (1 + = q log le)

Antonio Manzano, iversidad de Burgos, Spain

Spaces of integrable functions associated to vector measures an g real interpolation



Limiting interpolation of some related classes of operators

000000000800

THEOREM 7

Let X = (Xp, X1) be a Banach couple of order continuous Banach function
spaces on the same finite measure space such that Xy C Xi, and let

= (Eo, E1) be a couple of Banach spaces with Ey C Ej. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is p-determined. Whenever Ty : Xy — Eg and T; : X; — E; are bidual
(p, g)-power-concave operators for some 1 < p < oo and 1 < g < oo,

T1,gk © (Xo, Xi)1,q:6 = (Eo, Ev)1,q:6
is also bidual (p, g)-power-concave.
Its proof uses Theorem 5 and the next fact proved by Cobos, Ferndndez-Cabrera, Kithn and Ullrich
e For 1 < g < 0o and any weights wy > wy > 0 p-a.e., it holds that
wo
(L9(wo dp), LI (w1 dp))g 4 = L9 (w dp), where w :=w; (1 + = q log Wl).

Observe that w € L}(11) whenever w; € L1(u) for i = 0,1, since it is not
1
difficult to check that 0 < w < —wg + (1 — 7> wy p-a.e.
q q
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COROLLA

Let X = (Xp, X1) be a Banach couple of order continuous Banach function
spaces on the same finite measure space such that Xo C Xi, and let

= (Eo, E1) be a couple of Banach spaces with Ey C E;. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is u-determined. In addition, suppose that Xy and Xj are g-convex for
1 < g < co. If the operators Tg : Xo — Eg and T7 : X; — E; are g-concave,

Tiqk © (Xo, Xt)1,g:6 = (Eos E1)1,qi6
is g-concave.
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COROLLA

Let X = (Xp, X1) be a Banach couple of order continuous Banach function
spaces on the same finite measure space such that Xo C Xi, and let

= (Eo, E1) be a couple of Banach spaces with Ey C E;. Assume that T is
an admissible operator between the couples X and E and moreover that T;
is u-determined. In addition, suppose that Xy and Xj are g-convex for
1 < g < co. If the operators Tg : Xo — Eg and T7 : X; — E; are g-concave,

T1g:k + (Xo, X1)1,4:6 — (Eo, E1)1,g:6

is g-concave.

Proof
Due to X; is a g-convex order continuous Banach function space,

T; : X; — E; is a g-concave operator
is equivalent to

T; : Xi — E; is a bidual (1, g)-power-concave operator.
Applying Theorem 7 with p = 1, we deduce that
T1.g:k : (Xo, X1)1,:6 = (Eo, E1)1,4:k is also bidual (1, g)-power-concave.

In particular, as mentioned, T; 4.k is g-concave. U
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