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Non-Hermitian physics

Non-Hermitian systems are less studied than Hermitian ones (especially
quantum ones, due to the Dirac-Von Neumann axioms), but this does
not mean that they are not interesting.

Some interesting examples are
m Asymmetric transport
m Logarithmic conformal field theories.

m Electrical circuits with non-reciprocal devices (e.g. diodes or
operational amplifiers).

m Etc.
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Dilatation operators and spin chains

Let us consider the N' = 4 SYM theory with gauge group SU(N) and
focus on operators of the form Tr(XNZt=N) and permutations of it.

[Minahan, Zarembo, 2002] showed that the one-loop dimension of these
operators can be computed using an effective su(2) spin chain

N =45YM

Scalar fields X, Z
Single trace operator
Anomalous dimension
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Dilatation operators and spin chains

Let us consider the N' = 4 SYM theory with gauge group SU(N) and
focus on operators of the form Tr(XNZt=N) and permutations of it.

[Minahan, Zarembo, 2002] showed that the one-loop dimension of these
operators can be computed using an effective su(2) spin chain

N =45YM su(2) spin chain

Scalar fields X, Z Spin up or down

Single trace operator Closed spin chain
Anomalous dimension Heisenberg Hamiltonian

More explicitly,
A= Do+ g*H+0(g")

where H Z,L:1 S;-Si11 o Zlel P+
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The finitely twisted Hamiltonian

However, we are more interested in a deformation of N' =4 SYM called
~vi-deformation. [Fokken, Sieg, Wilhelm, 2013] proved that a similar
relation holds, but with a deformed permutation.

Juan Miguel Nieto Garcia The eclectic spin chain as a limit



The finitely twisted Hamiltonian

However, we are more interested in a deformation of N' =4 SYM called
~vi-deformation. [Fokken, Sieg, Wilhelm, 2013] proved that a similar
relation holds, but with a deformed permutation.

In particular we are interested on the dimension of single trace operators
with three different kinds of scalar fields (= su(3) spin chain). The
effective Hamiltonian of the deformed theory is given by

L

~ N Bl
H(Q17q27<13) - ZP )
=1

where P2 acts non-trivially on sites a and b as follows

Pl11) = |11) , P22) = |22) , P[33) = |33) ,

N 1 . 1 . 1
Pl12) = =21y, P|23)=—=1[32), PBJ31)=—|13),
|>q3|> !>q1!> |>q2|>
Pl21) =q312),  P[32) =q1[23),  P[13)=q[31).
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Eclectic spin chain

The eclectic spin chain corresponds to the small coupling and strong
twist limit of the ~;-deformation.

If we substitute g; = % and compute the € — 0 limit of the finitely
twisted Hamiltonian

L
X : ] /141
He oo = elinoeH(gl £ £y = ZP -

ee e -

where P is a deformed permutation operator, whose only non-vanishing
entries are

PR1)=¢12), P32 =623), P[13)=&31).
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This Hamiltonian is not diagonalisable

To show that this Hamiltonian is non-diagonalisable, we can check that
there exist states |¢) such that (H¢, ¢,.¢,)|%) # 0 for any g < k and

(ﬁ61,§27§3)q|w> # 0 for any g > k.
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This Hamiltonian is not diagonalisable

To show that this Hamiltonian is non-diagonalisable, we can check that
there exist states |¢) such that (H¢, ¢,.¢,)|%) # 0 for any g < k and
(H517§27§3)q|w> # 0 for any q > k.

If we consider the state consisting of only 1's as our vacuum, then the 2’'s
will behave as right-moving excitations while the 3's will behave as
left-moving excitations. In addition, if a 2 encounters a 3, they cannot
pass through each other, forming an impenetrable wall.

By repeatedly applying the Hamiltonian to a state that contains the
three kinds of fields, walls of the form ...222233333... will start forming.
Once all the 2's and 3's are “locked” into a wall, the state will vanish if
we apply the Hamiltonian another time.

We will denote by L the number of fields of the operator/chain sites, by
M the number of 2's and 3's, and by K the number of 3's.
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The goal

As with many problems in physics, we can try to find the (generalised)
eigenstates of the eclectic spin Hamiltonian with only the usual methods

and brute force, but (as expected) this approach becomes prohibitively
difficult very soon.

Instead, we want to take advantage of the fact that the system is

integrable at finite values of the g;'s: We will compute the eigenvalues
and eigenvectors using the Bethe ansatz and study their g; — oo limit.
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The goal

As with many problems in physics, we can try to find the (generalised)
eigenstates of the eclectic spin Hamiltonian with only the usual methods
and brute force, but (as expected) this approach becomes prohibitively
difficult very soon.

Instead, we want to take advantage of the fact that the system is
integrable at finite values of the g;'s: We will compute the eigenvalues

and eigenvectors using the Bethe ansatz and study their g; — oo limit.

However, this task is not as easy as it seems. Let us illustrate it with an
example.
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The example

Consider the finitely twisted Hamiltonian for the case of L =3, M =2
and K =1 (one 1, one 2 and one 3), which can be represented as

0 0 0ig3s q1 @

0 0 O @ 93 q
- 0.0 0ia g g5
H(Q17q2,q3) = 11 19 0 0

q3 Q q

11 -1i9 0 0

Cil %—3 %—2 !

@ @ 50 00

In the strong twist limit, only the upper right block is non-trivial, so it is
clearly non-diagonalisable.
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Eigenvalues

This matrix can be diagonalised for generic values of the twist
parameters, with eigenvalues

+ qi
A=E >
iy U

1 (g1 — a2)(92 — 93)(g3 — q1) qi
M =+—" |9+
2 V2 919293 Z
1 (g1 — q2)(g2 — g3)(g3 — q1) qi
M =+—" |90- .
3 V2 919293 ZJ:

In the strongly twisted limit, these three eigenvalues vanish,

]
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Eigenvectors

Let us focus on the eigenvectors associated to A

T (g1 + g2 + g3)? BtRtq ateta ataetaoa gy
Vi = 2 2 + ) + ) + s Ly by .
2(qn + a2+ q3)> + 3(A7) Al Al Al
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Eigenvectors

Let us focus on the eigenvectors associated to A

T (g1 + g2 + g3)? nt@t+d ateta ateta
Vl - 2 12 + ) + ) + 9 Ly Ly .
2(q+ g2+ g3)> +3(A)) Al Al Al

Substituting g; — % both vectors become the same up to a sign in the
limit of large twist

+1
lim v = == (1,1,1,0,0,0) .
e—0 \/§

A similar situation occurs for the other four eigenvectors.
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Eigenvectors

Let us focus on the eigenvectors associated to A

T (g1 + g2 + g3)? nt@t+d ateta ateta
Vl - 2 12 + ) + ) + 9 Ly Ly .
2(q+ g2+ g3)> +3(A)) Al Al Al

Substituting g; — % both vectors become the same up to a sign in the
limit of large twist

+1
lim v = == (1,1,1,0,0,0) .
e—0 \/§

A similar situation occurs for the other four eigenvectors.

Thus, out of the six linearly independent vectors that exist, we are only
able to find three. Where are the remaining three?
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Generalised eigenvectors

The situation may seem dire, but we will show later that the key to
finding the remaining vectors of the Hilbert space is to realise that they
cannot be eigenvectors of the eclectic Hamiltonian, but generalised
eigenvectors.
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Generalised eigenvectors

The situation may seem dire, but we will show later that the key to
finding the remaining vectors of the Hilbert space is to realise that they
cannot be eigenvectors of the eclectic Hamiltonian, but generalised
eigenvectors.

After playing with the eigenvectors a bit, we find that the linear
combination

vl“L +v; 1

v +vil V3
is actually one of the missing vectors. In fact, we can check that it is a
generalised eigenvector of rank 2 associated with (1,1,1,0,0,0). We can
do similar computations for the other pairs to recover the remaining two
vectors.

(0,0,0,1,1,1) ,
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The problem

This is not a peculiarity of this example. [Ahn, Staudacher, 2020] found
that generic eigenvectors at strong twist become states of the form

(k) = ™ML, 1,2,...,2,3,...,3)
=1

where U is the operator that shifts all positions to the left by one site.
They called these states locked states (as the relative positions of the
excitations are frozen) and they are eigenvectors of the eclectic

Hamiltonian. Although they only find eigenvectors of this type, they also
show that those cannot be the only eigenvectors.
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Questions

This raises the following questions:
m Why are some eigenvectors missing?
m Can we find the remaining eigenvectors?

m Is there a way to find the generalised eigenvectors?

If we want construct a Bethe ansatz that works on non-diagonalisable
systems, like the one we are considering, we have to answer these
questions first.
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Perturbation theory

Given two diagonalisable matrices, A and B such that [A, B] # 0, we can
consider the matrix
H(e) =A+¢eB,

with € € C, which will be non-Hermitian.
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Perturbation theory

Given two diagonalisable matrices, A and B such that [A, B] # 0, we can
consider the matrix
H(e) =A+¢eB,

with € € C, which will be non-Hermitian.
It is well known that Hermitian matrices can have points €, such that

two or more eigenvalues of H(ex) are degenerate, i.e. become equal.
This is, of course, also true for non-Hermitian matrices.

Juan Miguel Nieto Garcia The eclectic spin chain as a limit



Perturbation theory

Given two diagonalisable matrices, A and B such that [A, B] # 0, we can
consider the matrix
H(e) =A+¢eB,

with € € C, which will be non-Hermitian.

It is well known that Hermitian matrices can have points €, such that
two or more eigenvalues of H(ex) are degenerate, i.e. become equal.
This is, of course, also true for non-Hermitian matrices.

However, non-Hermitian matrices can have another type of degeneration.
In particular, non-Hermitian matrices can have points ¢, such that two or
more eigenvectors of H(e,) coalesce, i.e. become equal. These points
are called exceptional points.
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Characteristic polynomials and eigenvectors

Before continuing, it is worth refreshing some concepts about Jordan
normal forms.

Given a matrix M, we say that ); is an eigenvalue of M with algebraic
multiplicity n; if it is a zero of degree n; of the characteristic polynomial
of M, that is, if

det(M — M) o< (A — )™,

where 1 is the identity matrix. We say that v; is an eigenvector of M
associated with the eigenvalue \; if

Mv; = N\jv; .

The total number of linearly independent vectors that fulfil this equation,
i.e. the dimension of Ker(M — \;l), is called geometric multiplicity of
Aj
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Generalised eigenvectors

If the geometric multiplicity is smaller than the algebraic multiplicity, we
say that the matrix is non-diagonalisable or defective.

In that case, we can “make up for the missing vectors” by introducing
generalised eigenvectors. Given a defective eigenvalue A; and an
eigenvector v,-(;) associated with it, we define the generalised
eigenvector of rank n as the vector fulfilling

(M — )\,-]I)v(n) — ()

iha T Vo ’
where the index « labels the possible geometric multiplicity of the

eigenvalue A;. The set of interlocked generalised eigenvectors is called
Jordan chain.

We can check that a generalised eigenvector of rank n satisfies the

weaker condition
(M-I =0.
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Jordan normal form

Generalised eigenvectors are all linearly independent, but not necessarily
orthogonal. This is enough to write a similarity transformation that
changes a given square matrix into a block diagonal matrix of the form,
with blocks of the form

A1 0 O
0 AN 1 0
J’ — 0 0 A,‘ 1
0 0 0 X\

This matrix is called the Jordan normal form of M, and each block is
called Jordan block or Jordan cell.
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A theorem

In this talk | will be making extensive use of the following theorem on the
upper bound of generalised eigenvectors

Theorem

The number of generalised eigenvectors of rank | is never larger than the

number of true eigenvectors, i.e.,
dim {Ker(M — AI)'} — dim { Ker(M — AI)'~!} < dim {Ker(M — AI)}.

In fact, dim {Ker(M — XI)'} — dim { Ker(M — AI)!~1} <
dim {Ker(M — XI)"} — dim { Ker(M — XI)"~'} for any two n < |.

The proof of this theorem comes from noticing that, if v(") is a
generalised eigenvector of rank n, then (M — AI)'v(") is either zero or a
generalised eigenvector of rank n— /.
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Some explanations are in order

Now we can justify the peculiarities we saw in the previous example.
Let us consider an N x N matrix M(e) such that is diagonalisable for

almost all ¢, but it becomes similar to a single Jordan cell of size N when
e =0.
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Some explanations are in order

Now we can justify the peculiarities we saw in the previous example.

Let us consider an N x N matrix M(e) such that is diagonalisable for
almost all ¢, but it becomes similar to a single Jordan cell of size N when
e=0.

If we consider the definition of eigenvector and apply the limit, we find
lim [(M(e) — AD)vi] = [Iim(/\/l(e) - /\,-]I)} [Iim v,-} =0,
e—0 e—0 e—0
M(0) — T lim A,} [Iim v,-] =0.
e—0 e—0

This means that all eigenvectors of the diagonalisable matrix become
the only eigenvector of the defective matrix M(0). This is the
mathematical explanation behind the coalescence of eigenvectors.
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That's good, but, where are the generalised eigenvectors?

If we want to find the generalised eigenvectors, we first have notice that
[M(E) — )\1]1][/\/](6) — )\2]1](041 Vi + ao V2) =0,
holds for any constants «;.

If we take the limit of this expression and use that all eigenvalues have
the same limit, we find

[M(o) ~Llim Al} [I\/I(O) ~ Llim Az} [ (a1 vi + a Vz)] -

~ | M(0) ~ T lim )\,-r [lim(a1 v +azv2)| =0,

e—0 —0

lim
e—0

which is the weaker definition of a generalised eigenvector of rank 2.
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But that is not enough

However, this is not enough to find the generalised eigenvector, as a
general linear combination will always be an eigenvector

lim [M(E) — )\1}1](041 Vi + ao V2) = |in’2)042 ()\2 — )\1) w=0.
e—

e—0

If we want to find a generalised eigenvector we need a linear combination
that is not an eigenvector. This is accomplished if we choose both «; to
diverge as (A2 — A1)~ L.
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Constructing the generalised eigenvector of rank 2

Taking into account that coalescing eigenvectors can still differ by a
phase factor, we define the following linear combination

vi — Bjivj

with B--:vT~v-
[vi = Bjivj] S

wij =

where |v|2 = vl - v is the usual vector norm.

lim 0 wj; becomes a % indeterminate form, which gives us the

generalised eigenvector of rank 2 when computed using L'Hopital's rule.

Similarly to what happens with eigenvectors, this process is independent
of which vectors v; and v; we chose.
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Plus ultra

Similarly, to find the generalised eigenvector of rank n we need to
consider the linear combination of n eigenvectors, as it fulfils the relation

(M) - H!%A,}n [!m) (;a v,-)] ~0.

Therefore, we can recursively define the vectors

'('nfl) /B(n 1 n 1)
W'('n) . with 5(n 1) ( J(n—l)) /g,n 1)

] ‘ (n 1) B(n 1) (n— 1)’

where we fix W( ) = = v;. The limit of the vector w( ") gives us a linear
combination of generahsed eigenvectors up to rank n+1 (as we are
solving the weaker definition of generalised eigenvector).
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Properties of the WU(.k)

(K)

The vectors w @ are constructed in such a way that they are
orthonormal for any value of e.

This, together with the fact that the limit of W( ") gives us a linear
combination of generalised eigenvectors up to rank n+1, |s enough to
show that the vectors {limc_o vj, limc_0 W( ) .o limesg W )} are
equal to the generalised eigenvectors of I\/I(O) up to elgenvectors of lower
rank.

Notice that these results extrapolate immediately to matrices with more
than one Jordan cell as long as all the cells have different eigenvalues.
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Can we extend the method?

We have established a method that gives us the generalised eigenvectors
as long as all the Jordan cells have different eigenvalues. Now, we want
to see what happens if we apply it to a matrix with two or more Jordan
cells with the same eigenvalue.

Using [Ahn, Staudacher, 2020], we find that the eclectic spin chain with
L =5 M =3 and K =1 has two Jordan blocks of size five and one
respectively, so we can use it as a testing ground.

If we focus on states of zero momentum, the Hamiltonian of the finitely
twisted case can be written as

2 q3 qa Qg2 0 0
% 0 @B @ q+q O
1 1
b Nk = 1 0 a3 q1
(1,92,93) L L 0 1 g3 q2
@ a3
1 101 1
o Trwogog )7
o 0 g 5 & 2
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Simpler matrix

However, this matrix is very difficult to diagonalise analytically. For the
sake of this example, we will consider a simpler matrix

2 ¢ a1 g 0 0
0 0 ¢ g qa+tq O
F/(l) _ 0 0 1 0 qs3 qi1
0 0 0 1 q3 q2
0O 0 0 O 0 g3
0 0 0 O L 2

If when we substitute g; — % and compute the € — 0 limit, we will
obtain the same strongly twisted Hamiltonian.
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The eigenvectors...

The eigenvectors of this matrix are

v =(1,0,0,0,0,0) ,
v2 = (&3, —2¢,0,0,0,0) ,

vs = (& + &¢, —263¢,0,—¢,0,0)
v = (& + e, —263¢,0,-,0,0)

1+2v2 22 2 443V2 8+ 512
= <£§ 2483 3 (£1+§2)§3

2+\[(§1+§2) 3€+2+\/§(51+§2)?’*2+\/§ 3¢+ 242

5%62 1—2 3 §3e 1—+2 3 142 3 e
IS S L Sy, L LY.
1-2v2 2442 e 4-3V2 ; 8-5V2
v6=<5;‘f 2_f(§1+§2)€36+2 NS +8)5 -5 ok vy A SRS
5%62 14+ V2 3 §3€ 142 3 1-2 3 &t
> +TEIEYT+ > 5251*2_\/§§3€!2_\/§ .
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and their limits

It is easy to see that all the vectors coalesce to d; = (1,0,0,0,0,0) at the
exceptional point. In addition, if we construct the following five vectors

W _ Vvi—(vi-vi)v

Wi1t = )

’ €
we get that they all become proportional to &, = (0,1,0,0,0,0) in the
limit of vanishing €. If we consider now the following four vectors

1) ( 1) (1)) (1)

(20 Wip — Wi Wi )Woy
b 6 ’

we find different linear combinations of i3 and {4 when ¢ approaches 0.
This should not be possible.
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and their limits

This is not possible, as we have found only a single eigenvector. We can
indeed check that all these linear combinations are actually generalised
eigenvectors of rank 3. The only explanation is that they all are, but they
differ by an eigenvector.
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and their limits

This is not possible, as we have found only a single eigenvector. We can
indeed check that all these linear combinations are actually generalised
eigenvectors of rank 3. The only explanation is that they all are, but they
differ by an eigenvector.

After some algebra, we find that the vector (0,& — 1,3, —¢3,0,0) is
indeed another eigenvector of the strongly twisted Hamiltonian.
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. and their limits

This is not possible, as we have found only a single eigenvector. We can
indeed check that all these linear combinations are actually generalised
eigenvectors of rank 3. The only explanation is that they all are, but they
differ by an eigenvector.

After some algebra, we find that the vector (0,& — 1,3, —¢3,0,0) is
indeed another eigenvector of the strongly twisted Hamiltonian.

If we continue the process, we find

lim w® = (0,0,0,0,1,0) = ds , lim w® =(0,0,0,0,0,1) = d .
€E—r

e—0
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A diagram

We can condense all the information about generalised eigenvectors into
the following diagram

Span{lim v; } Span{lim wl.(jw} Span{lim wl.(jz)} Span{lim w;.3)} Span{lim W;-A)}

/ﬁ3
i ——————— i >ﬁ5 — O
\fm
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Information from the diagram

The diagram seems to indicate a Jordan block of size 5 and a Jordan
block of size 1.

We can check if this is correct by using the definition of generalised
eigenvector and the information from the diagram. After some tedious
algebra

s 26305 — 383(&1 4 &2) s + 263(63 + €3 + 36162) (03 + 0a) — 2(&3 + &3 + 4836 + 461830

4¢7
pye 26305 — £3(3&1 + £2)0a — £3(€1 + 362) 03 + (€2 + &2 4 661£) o _
4¢3
&l +0) — (G + &) _ pole fla, = 0
263 &3 ’

Alés(d3 — da) — (& — &2)] =0 .
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This problem keeps getting worse as we increase the number of states. If
we analyse the case with L = 7, we find the following diagram

{s
/ \
03 — s g — {12
/ \
i —— o 4 — 15
\ /’
s — 0Oy 1 — 013

/NS
NN

1o

Thus, we conclude that this phenomenon is not an accident but a feature.
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Why are eigenvectors misplaced?

If we come back to the relation

[M(O) — Tlim A,} [Iim v,-} =0,
e—0 e—0

we should notice that this condition is sufficient but not necessary. This

means that the limit of an eigenvector is always an eigenvector of the

defective matrix, but not all eigenvectors of the defective matrix have to
be the limit of eigenvectors.

For the distinguishable case both lim._,q w,.(."fl) and

Ker{(M(0) — AI)"} /Ker{(M(0) — AI)"~1} were one-dimensional and we
could identify both spaces. Now we cannot do it.
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Four examples

How the Jordan chains mix depends on how we approach the exceptional
point. Consider these four matrices, which become the same at the

exceptional point
0 1 € (O
& 0 0 0o &2 .
€ 0 0 0 0 0

0 1 €2 0 1 &2
((2 64 E2> (62 €4 E>
0o o0 ¢ 0o o ¢
The results of applying our recipe to each matrix can be summarised in
the following diagrams

0y —— 0y ——

/ \ 3 — iy —> dp G — iy — O3

a3 u3

In these four examples we see that the Jordan chain of one eigenvector
can appear wherever it wants, depending on how we approach the
exceptional point.
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A fifth example

This mixing can be even more confusing with larger Jordan chains.
Consider the matrix

e 1 €€ 0 O
0 1 € 0
0 0 ¢ & 0
0 0 0 ¢ 1
0 0 0 0 ¢

the diagram representing the structure of the vectors we obtain takes the

form
175 7 s
g

So, we cannot be sure if s is a generalised eigenvector of rank 1, 2 or 4.

A~

u

We call this effect chain mixing for obvious reasons.
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But there is hope

Despite the chain mixing, the procedures still conserve two important
properties:

It is complete, in the sense that it gives us all the generalised
eigenvectors of M(0).

If a generalised eigenvector of rank n appears at the m-th step,
necessarily an eigenvector of rank n — 1 should have appeared at the
m — 1-th step.
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The twist and the nested Bethe ansatz

Now we want to apply the procedure to the eclectic spin chain for any
values of L and M, but we will focus exclusively in the K = 1 case.l

First we have to diagonalise the finite twist spin chain. This can be done
using a slightly modified version of the Nested Coordinate Bethe Ansatz
of [Sutherland, 1985], as we have to deal with the twists.

!General K coming soon.
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The twist and the nested Bethe ansatz

Now we want to apply the procedure to the eclectic spin chain for any
values of L and M, but we will focus exclusively in the K = 1 case.l

First we have to diagonalise the finite twist spin chain. This can be done
using a slightly modified version of the Nested Coordinate Bethe Ansatz
of [Sutherland, 1985], as we have to deal with the twists.

For example, the ansatz for the case of two different excitations takes the
form

[123(p1, P2)) = Z Aoze’ i(prm+panp) 13 Cl3 + A23e i(p1m+pant) 93 :| 52 +53 +‘0>
1<m<m<L @ s
n

2
+ Z Asoe’ i(prn1+pan2) 93 CI3 + A32e i(pLma+pany) 93~ :| 53 +S2 +‘0> ,
1<m <m<L %' 95"

!General K coming soon.
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Bethe equations

Imposing periodicity of this ansatz, we get the following Bethe matrix
equations

L ~ Lz i,
a3 A2 422 Ax ‘7_32422 Ao A_zz

il | 93423 | _ [ A | _ A3 il | Gy Axz | _ [ A | _ 23

e = = | = S(p1, p e ~ = =S p: ~
a LAz i (p1, P2) Am | q3LA§2 Ay (P2, P1) i
a; FAss As3 A3z a; LAgs As3 Ass
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Bethe equations

Imposing periodicity of this ansatz, we get the following Bethe matrix
equations

L x Lz N
qi A 422 Ax q3 LAgz Ao A_zz
i A A A ipoL | 95 A2 A A
el | Bl | | A g, 23| | el | 92 = | A3 | 2 s, Az |
a LAz - (p1, P2) Ay q3LA§2 As> (P2, P1) i

a; tAss A3z Ass a; “Ass Ass A3z
Which generalises to

ePil g3 — S( o, pus1) - - S(pr Pm)S (P P1) - - - S(Pres Pr—t) »

where fi is the flavour of the k-th excitation.
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Results of the NCBA

Let me skip the details of the computations and go straight to the
answer.

The ansatz for general M and K = 1 takes the form

M ) qZ n;
=3 Wi(o)e ZiPv" (q23q3) Sart SnaSnl Snla Sy 10)
k=1o0€Sy
In terms of the rapidity variable e = +1 we have
-1 -

1 Ug_j—X
~(ld.) = J Id.
Viild) (q1<J2CI3)’J.11) Ug—j—1—X+1 Villd.)

with the other coefficients fixed by periodicity.
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Bethe equations

The rapidities u; and the auxiliary rapidity X have to satisfy the Bethe
equations

M
q2q3 X — Uk
MH =1,
Jj=

(919293) (X —ue—1
q3L X — Uk Uk—Uj+1_<uk+1>L
G1G293 X — U — 1 ug —uj—1 Uk

J#k
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Rapidities

Analysing the Bethe equations, we find that the solutions behave as

i~ e*u_ u~—1+¢cuy , X~ up+ev,

Wherea:%andq/:ZL—@

The Bethe equations become

in
¢k

where § = £1683.

o= S —u) . u)t = S w) . o= 2

Rz

Juan Miguel Nieto Garcia The eclectic spin chain as a limit



Coefficients

The coefficients satisfy

wl(/d) . 1 uy — X
Po(ld.)  qigegzur —X+1°

So, substituting the behaviour of the rapidities

<w2(ld.)): 1 1 N( 1 3)
wl(/d) 910203 2*(”*:;;6)6&7‘76’\{ *ée’YJr

e, e
€ +u: ur —0eV T _ 1 S
(1)) | nessu- —qraazus qa2as(u_—u)(2—u_eturer—ve7) | Eu_—uy)
1/12(7') N € _ —0eT P (Zltuo e —upe?) - u iu -
u_ —uy (u,—u+)(2—u,e°‘+u+ea—\7€"f) -
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How do they behave?

¢2(/d‘)ei(P1n1+pzn2)Z3:: ~ ¢(1=a)(m—n1)
2

)

n
o(r)e et B (1) (mm)—a
a2

wl(ld.)e’(P1”1+P2"z)L3:2 ~ F3-(Ha)(m—m)
qzl

. n2
1/11(7')e’(P1"2+Pz"1)qi?;71 ~ 3—a—(1=a)(n—m) 7

9>

so we can ignore the second and third contribution, as they are always
subleading.
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Leading wavefunction

Putting everything together, we find

m m
: q : q
vy~ {wz(ld')e’“’l"l“’z"ﬂ—qiz oy 5oy (m)elPrntem) o oy Sy | 10)
2 2

ny <ny
~ 3 [(53!17)"1 =) —m) 2,4 g3t 1 (&3u—)" Sma—(-a)m=m) gl g2t g
n<ny L(=&2u4)" Lo g(us = uy) (—Eup)M 1o

Q

L1 n I—a L

-1 _\" _

e SS ) Tkt [0 B g
o1 S2ut &oup tom E(u— — uy) (—&uy)

Using the Bethe equation (—&uy )t = €(u_ — uy ), we can combine the
two terms into

L n
Bn 2y (-2 ) Shrsinio = 100w

Sauy
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The eigenvector

L
m by (F2 ) s = [0 )

Lur =\ Luy

This wavefunction has the form of a locked state, so it is an eigenstate of
the eclectic Hamiltonian.

In addition, it only depends on the rapidities through the ratio =
Written in momenta, the wavefunction depends only on the totaI
momentum p; + po. The prefactor ﬁ is only a normalisation that we

can erase.
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The generalised eigenvector of rank 2

To find the generalised eigenvector of rank 2, we can consider the linear
combination

P [¢(p1, p2)) — e[ (p1. p2))

with p1 + p2 = pj + p5, that is, the linear combination of two coalescing
vectors.

o gau_\"™M u’ gul \™
PLw(p1, po)) — LI (p], p3)) = 27 Z [ ey <7§ZU+> (—&ulp <*§2u4 ‘

n =1
452 +63+ ) 4 S—(-a)(L-2) u_ (u)t u’ (€3u )t S+ s2H gyt
m+2 Elum —uy) (—&us 2 £ — uf) (—Eau,)? t
43— (-a)-2) [ um (Guo)tt b (sau’,)“l} s+ |g)
Eu_ —uy) (—&up)l gl —uf) (—&u)t | TH TEE

;o L ny

Q2-alo U T s §3u_ 2,4 <3+ 2—a ), (2)

- Sp TS ol0) = €T [ (us Jug))
ur Eupul n12:1< §2U+> "o

which also only depends on Z—’ proportional to the total momentum.
+
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The generalised eigenvector of rank 3

Similarly, we construct the generalised eigenvector of rank 3 as

Ei(p1+p{) ip: ip! o Ei(pﬁp{/) ip ip!’ 7y
—_— (e Hp(pr, p2)) — e 1|w(p1,Pz)>) - (e L (p1s p2)) — €1 [9(py, P )))
&Pl _ eip1 Pl _ eim

L n

~ 3— Eau— 2,4 3+ 3—a; (3

A const. €7 D <7 > Soy Snital0) =€ @ (u_jup)) .
=1 [T
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The generalised eigenvector of rank 3

Similarly, we construct the generalised eigenvector of rank 3 as

ei(pl‘”’{) . P ;o Ei(p1+p{/) i ip!’ "o
S (e ) - e”l\w(pl,pz») S (Pten ) — )
&Pl _ eip1 Pl _ eimy
3—a _ &u 2.+ 3,0
~ const. € Z s san\o) = [N u_ Jup)) .
=1 [T

In general, at every step we find only one vector of the form

L
|¢(k)(u_/u+)> = const. Z <_§3u> 52’+531+k‘0>

= Souy

Thus, we can claim that we have a single Jordan chain of length L —1
for every allowed value of the total momentum.

Juan Miguel Nieto Garcia The eclectic spin chain as a limit






The case of M = 3

The case of M = 3 has some additional subtleties, but it is mostly similar.

m+1°n

) & —a-) &
322 > <_

e101+22) [y, po, p3)) — €/ CPLEPD) |yl h, ) ~ const i (f §§u2,>n SErsE st o)

gl \"
L) satsmlisatol0),

n1+27n1+3
=1 ST
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Where everything changes

However, everything changes when we try to compute the generalised
eigenvector of rank 3.

In that case, we find the linear combination

: _55“2— " g2+ g2+ g3+ 10
a1 Z n “n+3 n1+4|>

' &uy

L

Gur \™
> (-84 sispnsitio|

s &ouy

+ a2

where a; and a, depend on the states we choose. This is an indication
that we have an eigenvector in disguise.
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Counting linearly independent vectors

We would like to have a way to find how many linearly independent
vectors we find at a given step.

Turns out that this is not a difficult task. The behaviour at € = 0 of the
wavefunction is controlled by the momentum factors

n _no
ei(mm+pznz+p3na)% ~ el@=D[(m=n3)+(na—n3)]
a°
Thus, terms with the same (n; — n3) + (n2 — n3) will appear at the same

step of the computation.

Therefore, the number of linearly independent vectors will be equal to
the number of integer solutions of (n1 — n3) + (n2 — n3) = n.
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System of Diophantine equations

In addition, to solving (n1 — n3) 4+ (n2 — n3) = n, we need to maintain
the ordering 1 < nm < np < n3 < L.

The computation simplifies if we introduce the variables x; +1 = ny — n;
and xo + 1 = n3 — np, giving us

x1+2x% =n—-3=A, x1 >0, x>0, x1+x+2<L-1.
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System of Diophantine equations

In addition, to solving (n1 — n3) 4+ (n2 — n3) = n, we need to maintain
the ordering 1 < nm < np < n3 < L.

The computation simplifies if we introduce the variables x; +1 = ny — n;
and xo + 1 = n3 — np, giving us

x1+2x% =n—-3=A, x1 >0, x>0, x1+x+2<L-1.

If we also introduce xp such that xg +x1 + xo +2 = L — 1, we can write
the system of equations

X+x1+x=L-3
x1+2x =A
x; =0

Juan Miguel Nieto Garcia The eclectic spin chain as a limit



(x0, X1, %2) Number of sol.

(4,0,0) 1

(3,1,0)

(2,2,0), (3,0,1)

(1,3,0), (2,1,1)

(0,4,0), (1,2,1), (2,0,2)

(0,3,1), (1,1,2)

(0,2,2), (1,0,3)

(0,1,3)

o|Njo|c| N wIN o>

RIEININWNN -

(0,0,4)

Thus, we conjecture Jordan cells of sizes 1, 5 and 9.
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Mixed flavour S-matrix

The case of general M follows the same structure. The momenta behave
as

oo L9 (1), m)—(at8-20mus _ ((a=1) X (i)
%" "

)

where we have used that (M — K)(a — 1) = K(8 — 1) to make the final
rewriting.

Therefore, the number of linearly independent vectors at a given step is

equal to the number of integer solutions of > ;(ny — ni) = n, with
restriction 1 < (ny — ny—1) < -+ < (nm —m) < (npy—m) < L—1.
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System of linear Diophantine equations

Performing the substitution nj11 — nj = x; + 1 and writing the inequality
ny — np < L —1 as the equality xo + nyy — n1 = L — 1, we map the
problem to a system of linear Diophantine equations
St — LM
ot lg) = A
xj =0
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Number of solutions

To find the number of solutions, we have to realise that the set of
integers (xo + 1, x1,...,xpm—1) is a solution for length L if
(x0, X1, --.,Xm—1) is a solution for length L — 1.

Thus, we can find the number of solutions for L by adding the number of
solutions with length L and xp = 0 to the number of solutions for L — 1.
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Number of solutions

To find the number of solutions, we have to realise that the set of
integers (xo + 1, x1,...,xpm—1) is a solution for length L if
(x0, X1, --.,Xm—1) is a solution for length L — 1.

Thus, we can find the number of solutions for L by adding the number of
solutions with length L and xp = 0 to the number of solutions for L — 1.

If we write the system of Diophantine equations with xg = 0 (and
subtract the first and second equations), we find
X =LMm
SEMG-Dxl=A+ ML,
x; =0

which is exactly the system we would find for length L — 1 and M — 1
excitations.
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The recurrence relation

Thus, the number of solutions for A, L and M is equal to the number of
solutions for A, L — 1 and M plus the number of solutions for
A+M—-L L—1and M—1.

This is more clear if we define the generating function

F(L,M,x) = Z xB4{Solutions for given values of L, M, A} .
A=0

There, it becomes the recurrence relation
F(LLM,x)=F(L—1,M,x)+x""MF(L-1,M —1,x) ,
L2

supplemented by the initial condition F(L,2,x) = > =5 x/ from the
M = 2 case.
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Gaussian polynomials

There is a special function with the properties we need, the Gaussian
polynomials or g-deformed binomial coefficients

M—-1
L—1 1— xL=k
F(L,M, x) = :H4 ,
( ) 7X) (M_1>X et 1 — xk

Thus, we can find the number of solutions by reading the coefficients of
these polynomials.

This result was obtained independently by [Ahn, Corcoran, Staudacher,
2021] using combinatorial arguments.
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Gaussian polynomials

There is a special function with the properties we need, the Gaussian
polynomials or g-deformed binomial coefficients

M—-1
L—1 1— xL=k
F(L,M, x) = :H4 ,
( ) 7X) (M_1>X et 1 — xk

Thus, we can find the number of solutions by reading the coefficients of
these polynomials.

This result was obtained independently by [Ahn, Corcoran, Staudacher,
2021] using combinatorial arguments.

We can extract some general properties from it. For example, the longest
Jordan cell has to be of size (L — M)(M — 1) + 1. After some careful
computations, we even can check that chain mixing does not spoil this
result.
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Results

m We have constructed a reliable method that uses the eigenvectors of
a diagonalisable matrix to compute the generalised eigenvectors of
the non-diagonalisable matrix that arises at an exceptional point.

m The method works straightforwardly for matrices with
distinguishable Jordan cells. However, it needs some additional work
for matrices with degenerate Jordan cells.

m We applied this method to the specific case of the eclectic spin
chain of [Ipsen, Staudacher, Zippelius, 2019]. We were able to find
the Jordan cell structure for the case of K = 1.2

m Our results match those of [Ahn, Corcoran, Staudacher, 2021],
which were computed by other means.

m It would be interesting to apply to other integrable systems, e.g.,
those in [De Leeuw, Pribytok, Ryan, 2019].

2General K coming soon.
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